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Aachen, January 1983 #��� ����

Foreword to the Second, Revised Edition

The First Edition of this volume appeared in December 1983. In
July 1984 a ‘Reprint with Corrections’ was undertaken. It
contained about 30 corrections which were also published in
Acta Cryst. (1984). A40, 485. In May 1985 a Brief Teaching
Edition appeared. The present Second Edition of Volume A is
considerably revised, and new material has been added; the major
changes are:

(1) Corrections of all errors which have come to my attention;
again, a list of these corrections will be published in Acta Cryst.
Section A.

(2) In a number of places text portions or footnotes have been
added or revised in order to incorporate new material or to
enhance the clarity of the presentation. This applies especially to
part (iv) of Computer Production of Volume A and to Sections 1,
2.1, 2.6, 2.11, 2.13, 2.16, 5.3, 8.2.2, 8.2.6, 9.1, 9.2, 9.3, 10.2, 10.4,
and 14.3.

(3) References have been added, corrected or replaced by more
recent ones, especially in Sections 2, 8, 9, 10, and 14.

(4) The Subject Index has been considerably revised.
(5) New diagrams have been prepared for the 17 plane groups

(Section 6) and for the 25 trigonal space groups in Section 7. It is
planned that in the next edition also the tetragonal and hexagonal

space groups will receive new diagrams.* In order to conform to
the triclinic, monoclinic, and orthorhombic space-group diagrams,
in the new diagrams the symmetry elements are given on the left
and the general position on the right.

(6) The major addition, however, is the incorporation of two
new sections, 8.3.6 and 15, on normalizers of space groups. In
Section 8.3.6 normalizers are treated within the framework of
space-group symmetry, whereas Section 15 contains complete
lists for affine and Euclidean normalizers of plane groups, space
groups, and point groups. Both sections contain examples,
applications, and suitable references. The incorporation of
Section 8.3.6 has necessitated a repagination of all pages beyond
Section 8.

I am indebted to all authors and readers who have supplied
corrections and improvements. Particular thanks are due to E.
Koch and W. Fischer (Marburg) and to H. Wondratschek
(Karlsruhe) for writing the new Sections 15 and 8.3.6. I am
grateful to R. A. Becker (Aachen) for the preparation of the new
diagrams and to D. W. Penfold and M. H. Dacombe (Chester) for
the technical editing of this volume.

Aachen, October 1986 #��� ����

* The 1989 Reprint of the Second, Revised Edition contains new diagrams for the hexagonal space groups and for the tetragonal space groups of crystal class 4/mmm.
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Foreword to the Third, Revised Edition

The Second, Revised Edition of this volume appeared in 1987, a
Reprint with Corrections followed in 1989. All corrections in the
Second Edition were also published in Acta Cryst. (1987). A43,
836–838. The present Third Edition of Volume A contains
corrections of all errors which have come to my attention, mainly
in Sections 1 and 2. A list of these errors will be published again in
Acta Cryst. Section A.

The main feature of the Third Edition is the incorporation of
new diagrams for the tetragonal and, in particular, for the cubic
space groups. With these additions the present volume contains
new diagrams for the plane groups and for all tetragonal, trigonal,
hexagonal, and cubic space groups. Revised diagrams for the
triclinic, monoclinic, and orthorhombic space groups are planned
for the next edition.

The cubic diagrams have been thoroughly re-designed. They
contain, among others, new symbols for the ‘inclined’ two- and
threefold axes, explicit graphical indication of the horizontal �4-

axes (rather than their twofold ‘subaxes’), complete sets of
‘heights’ (fractions) for the horizontal fourfold axes and for the �4-
inversion points, as well as for the symmetries 42�m and 63�m in
cubic, tetragonal, and hexagonal space groups. These changes
have required also substantial modifications in Section 1.4. This
section and its footnotes should be helpful towards a better
understanding of the complexities of the cubic diagrams. Finally,
Table 5.1 has been extended by one page (p. 80).

I am indebted to all authors and readers who have supplied
corrections and improvements. I am grateful to R. A. Becker
(Aachen) for the preparation of the new diagrams, to H. Arnold
(Aachen), E. Koch and W. Fischer (Marburg) and to H.
Wondratschek (Karlsruhe) for helpful discussions on and
checking of the cubic diagrams, and to M. H. Dacombe (Chester)
for the technical editing of this volume.

Aachen, January 1992 #��� ����

Foreword to the Fourth, Revised Edition

Only two years ago, in 1992, the Third, Revised Edition of this
volume appeared. A list of corrections in the Third Edition was
published in Acta Cryst. (1993). A49, 592–593. The present
Fourth Edition of Volume A contains corrections of all errors
which have been brought to my attention, mainly in Section 2.
A list of these errors will again be published in Acta Cryst.
Section A.

There are four novel features in the Fourth Edition:

(i) The incorporation of new diagrams for the triclinic,
monoclinic, and orthorhombic space groups. With these additions,
the space-group-diagram project is completed, i.e. all 17 plane-
group and 230 space-group descriptions now contain new
diagrams. Also, the explanatory diagrams in Section 2.6 (Figs.
2.6.1 to 2.6.10) are newly done.

(ii) The new graphical symbol � � � � �� for ‘double’ glide
planes e oriented ‘normal’ and ‘inclined’ to the plane of projection
has been incorporated in the following 17 space-group diagrams
(cf. de Wolff et al., Acta Cryst. (1992). A48, 727–732):

Orthorhombic: Abm2 (No. 39), Aba2 (41), Fmm2 (42),
Cmca (64), Cmma (67), Ccca (68) (both origins),
Fmmm (69);

Tetragonal: I4mm (107), I4cm (108), I�42m (121),
I4/mmm (139), I4/mcm (140);

Cubic: Fm�3 (202), Fm�3m (225), Fm3� c (226), I�43m (217),
Im�3m (229).

(iii) These changes and the publication of three Nomenclature
Reports by the International Union of Crystallography in recent
years have necessitated substantial additions to and revisions of
Section 1, Symbols and Terms; in particular, printed and graphical
symbols, as well as explanations, for the new ‘double’ glide plane
e have been added, as have been references to the three
nomenclature reports.

(iv) The introduction of the glide plane e leads to new space-
group symbols for the following five space groups:

Space group No. 39 41 64 67 68
Present symbol: Abm2 Aba2 Cmca Cmma Ccca
New symbol: Aem2 Aea2 Cmce Cmme Ccce.

The new symbols have been added to the headlines of these space
groups; they are also incorporated in the right-hand column of
Table 12.5. It is intended that these new symbols will be given as
the ‘main’ symbols in the next edition of Volume A.

It is a great pleasure to thank R. A. Becker (Aachen) for his
year-long work of preparing the new space-group diagrams. I am
again indebted to H. Arnold (Aachen), E. Koch and W. Fischer
(Marburg), and to H. Wondratschek (Karlsruhe) for the patient
and careful checking of the new diagrams. I am grateful to S. E.
King (Chester) for the technical editing of this volume and to E.
Nowack (Aachen) for help in the rearrangement of Section 1.

Aachen, January 1994 #��� ����
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Foreword to the Fifth, Revised Edition

Six years ago, in 1995, the Fourth Edition of Volume A appeared,
followed by corrected reprints in 1996 and 1998. A list of
corrections and innovations in the Fourth Edition was published in
Acta Cryst. (1995). A51, 592–595.

The present Fifth Edition is much more extensively revised than
any of its predecessors, even though the casual reader may not
notice these changes. In keeping with the new millennium, the
production of this edition has been completely computer-based.
Although this involved an unusually large amount of effort at the
start, it will permit easy and flexible modifications, additions and
innovations in the future, including a possible electronic version
of the volume. In the past, all corrections had to be done by ‘cut-
and-paste’ work based on the printed version of the book.

The preparation of this new edition involved the following steps:

(i) The space-group tables (Parts 6 and 7) were reprogrammed
and converted to LATEX by M. I. Aroyo and P. B. Konstantinov in
Sofia, Bulgaria, and printed from the LATEX files. This work is
described in the article ‘Computer Production of Volume A’.

(ii) The existing, recently prepared space-group diagrams were
scanned and included in the LATEX files.

(iii) The text sections of the volume were re-keyed in SGML
format under the supervision of S. E. Barnes and N. J. Ashcroft
(Chester) and printed from the resulting SGML files.

The following scientific innovations of the Fifth Edition are
noteworthy, apart from corrections of known errors and flaws;
these changes will again be published in Acta Cryst. Section A.

(1) The incorporation of the new symbol for the ‘double’ glide
plane ‘e’ into five space-group symbols, which was started in the
Fourth Edition (cf. Foreword to the Fourth Edition and Chapter
1.3), has been completed:

In the headlines of space groups Nos. 39, 41, 64, 67 and 68, the
new symbols containing the ‘e’ glide are now the ‘main’ symbols

and the old symbols are listed as ‘Former space-group symbol’;
the new symbols also appear in the diagrams.

The symbol ‘e’ now also appears in the table in Section 1.3.1
and in Tables 3.1.4.1, 4.3.2.1, 12.3.4.1, 14.2.3.2 and 15.2.1.3.

(2) Several parts of the text have been substantially revised and
reorganized, especially the article Computer Production of
Volume A, Sections 2.2.13, 2.2.15 and 2.2.16, Parts 8, 9 and 10,
Section 14.2.3, and Part 15.

(3) A few new topics have been added:
Section 9.1.8, with a description of the Delaunay reduction (H.

Burzlaff & H. Zimmermann);
Chapter 9.3, Further properties of lattices (B. Gruber);
in Chapter 15.2, the affine normalizers of orthorhombic and

monoclinic space groups are now replaced by Euclidean normal-
izers for special metrics (E. Koch, W. Fischer & U. Müller).

(4) The fonts for symbols for groups and for ‘augmented’
(4� 4) matrices and (4� 1) columns have been changed, e.g. �
instead of �, � ������� �	 ���� � ������� �	 �
 cf. Chapter 1.1.

It is my pleasure to thank all those authors who have
contributed new programs or sections or who have substantially
revised existing articles: M. I. Aroyo (Sofia), H. Burzlaff
(Erlangen), B. Gruber (Praha), E. Koch (Marburg), P. B.
Konstantinov (Sofia), U. Müller (Marburg), H. Wondratschek
(Karlsruhe) and H. Zimmermann (Erlangen). I am indebted to
S. E. Barnes and N. J. Ashcroft (Chester) for the careful and
dedicated technical editing of this volume. Finally, I wish to
express my sincere thanks to K. Stróż (Katowice) for his extensive
checking of the data in the space-group tables using his program
SPACER [J. Appl. Cryst. (1997), 30, 178–181], which has led to
several subtle improvements in the present edition.

Aachen, November 2001 #��� ����
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History of the International Tables

The present work can be considered as the first volume of the third
series of the International Tables. The first series was published in
1935 in two volumes under the title Internationale Tabellen zur
Bestimmung von Kristallstrukturen with C. Hermann as editor.
The publication of the second series under the title International
Tables for X-ray Crystallography started with Volume I in 1952,
with N. F. M. Henry and K. Lonsdale as editors. [Full references
are given at the end of Part 2. Throughout this volume, the earlier
editions are abbreviated as IT (1935) and IT (1952).] Three further
volumes followed in 1959, 1962 and 1974. Comparison of the title
of the present series, International Tables for Crystallography,
with those of the earlier series reveals the progressively more
general nature of the tables, away from the special topic of X-ray
structure determination. Indeed, it is the aim of the present work to
provide data and text which are useful for all aspects of
crystallography.

The present volume is called A in order to distinguish it from
the numbering of the previous series. It deals with crystallographic
symmetry in ‘direct space’. There are six other volumes in the
present series: A1 (Symmetry relations between space groups), B
(Reciprocal space), C (Mathematical, physical and chemical
tables), D (Physical properties of crystals), E (Subperiodic
groups) and F (Crystallography of biological macromolecules).

The work on this series started at the Rome Congress in 1963
when a new ‘Commission on International Tables’ was formed,
with N. F. M. Henry as chairman. The main task of this
commission was to prepare and publish a Pilot Issue, consisting of
five parts as follows:

Year Part Editors

1972 Part 1: Direct Space N. F. M. Henry
1972 Part 2: Reciprocal Space Th. Hahn & H. Arnold
1969 Part 3: Patterson Data M. J. Buerger
1973 Part 4: Synoptic Tables J. D. H. Donnay,

E. Hellner &
N. F. M. Henry

1969 Part 5: Generalised Symmetry V. A. Koptsik

The Pilot Issue was widely distributed with the aim of trying out
the new ideas on the crystallographic community. Indeed, the
responses to the Pilot Issue were a significant factor in
determining the content and arrangement of the present volume.

Active preparation of Volume A started at the Kyoto Congress
in 1972 with a revised Commission under the Chairmanship of Th.
Hahn. The main decisions on the new volume were taken at a full
Commission meeting in August 1973 at St. Nizier, France, and
later at several smaller meetings at Amsterdam (1975), Warsaw
(1978) and Aachen (1977/78/79). The manuscript of the volume
was essentially completed by the time of the Ottawa Congress
(1981), when the tenure of the Commission officially expired.

The major work of the preparation of the space-group tables in
the First Edition of Volume A was carried out between 1972 and
1978 by D. S. Fokkema at the Rekencentrum of the Rijksuni-
versiteit Groningen as part of the Computer trial project, in close
cooperation with A. Vos, D. W. Smits, the Editor and other
Commission members. The work developed through various
stages until at the end of 1978 the complete plane-group and
space-group tables were available in printed form. The following

years were spent with several rounds of proofreading of these
tables by all members of the editorial team, with preparation and
many critical readings of the various theoretical sections and with
technical preparations for the actual production of the volume.

The First Edition of Volume A was published in 1983. With
increasing numbers of later ‘Revised Editions’, however, it
became apparent that corrections and modifications could not be
done further by ‘cut-and-paste’ work based on the printed version
of the volume. Hence, for this Fifth Edition, the plane- and space-
group data have been reprogrammed and converted to an
electronic form by M. I. Aroyo and P. B. Konstantinov (details
are given in the following article Computer Production of Volume
A) and the text sections have been re-keyed in SGML format. The
production of the Fifth Edition was thus completely computer-
based, which should allow for easier corrections and modifications
in the future, as well as the possibility of an electronic version of
the volume.

Scope and arrangement of Volume A

The present volume treats the symmetries of one-, two- and three-
dimensional space groups and point groups in direct space. It thus
corresponds to Volume 1 of IT (1935) and to Volume I of IT
(1952). Not included in Volume A are ‘partially periodic groups’,
like layer, rod and ribbon groups, or groups in dimensions higher
than three. (Subperiodic groups are discussed in Volume E of this
series.) The treatment is restricted to ‘classical’ crystallographic
groups (groups of rigid motions); all extensions to ‘generalized
symmetry’, like antisymmetric groups, colour groups, symmetries
of defect crystals etc., are beyond the scope of this volume.

Compared to its predecessors, the present volume is consider-
ably increased in size. There are three reasons for this:

(i) Extensive additions and revisions of the data and diagrams in
the Space-group tables (Parts 6 and 7), which lead to a standard
layout of two pages per space group (see Section 2.2.1), as
compared to one page in IT (1935) and IT (1952);

(ii) Replacement of the introductory text by a series of
theoretical sections;

(iii) Extension of the synoptic tables.

The new features of the description of each space group, as
compared to IT (1952), are as follows:

(1) Addition of Patterson symmetry;
(2) New types of diagrams for triclinic, monoclinic and

orthorhombic space groups;
(3) Diagrams for cubic space groups, including stereodiagrams

for the general positions;
(4) Extension of the origin description;
(5) Indication of the asymmetric unit;
(6) List of symmetry operations;
(7) List of generators;
(8) Coordinates of the general position ordered according to the

list of generators selected;
(9) Inclusion of oriented site-symmetry symbols;
(10) Inclusion of projection symmetries for all space groups;
(11) Extensive listing of maximal subgroups and minimal

supergroups;
(12) Special treatment (up to six descriptions) of monoclinic

space groups;
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(13) Symbols for the lattice complexes of each space group
(given as separate tables in Part 14).

(14) Euclidean and affine normalizers of plane and space
groups are listed in Part 15.

The volume falls into two parts which differ in content and, in
particular, in the level of approach:

The first part, Parts 1–7, comprises the plane- and space-group
tables themselves (Parts 6 and 7) and those parts of the volume
which are directly useful in connection with their use (Parts 1–5).
These include definitions of symbols and terms, a guide to the use
of the tables, the determination of space groups, axes transforma-
tions, and synoptic tables of plane- and space-group symbols.
Here, the emphasis is on the practical side. It is hoped that these
parts with their many examples may be of help to a student or
beginner of crystallography when they encounter problems during
the investigation of a crystal.

In contrast, Parts 8–15 are of a much higher theoretical level
and in some places correspond to an advanced textbook of
crystallography. They should appeal to those readers who desire a
deeper theoretical background to space-group symmetry. Part 8
describes an algebraic approach to crystallographic symmetry,
followed by treatments of lattices (Part 9) and point groups (Part
10). The following three parts deal with more specialized topics
which are important for the understanding of space-group
symmetry: symmetry operations (Part 11), space-group symbols
(Part 12) and isomorphic subgroups (Part 13). Parts 14 and 15
discuss lattice complexes and normalizers of space groups,
respectively.

At the end of each part, references are given for further studies.

Contributors to the space-group tables

The crystallographic calculations and the computer typesetting
procedures for the First Edition (1983) were performed by D. S.
Fokkema. For the Fifth Edition, the space-group data were
reprogrammed and converted to an electronic form by M. I. Aroyo
and P. B. Konstantinov. Details are given in the following article
Computer Production of Volume A.

The following authors supplied lists of data for the space-group
tables in Parts 6 and 7:

Headline and Patterson symmetry: Th. Hahn & A. Vos.
Origin: J. D. H. Donnay, Th. Hahn & A. Vos.
Asymmetric unit: H. Arnold.
Names of symmetry operations: W. Fischer & E. Koch.
Generators: H. Wondratschek.
Oriented site-symmetry symbols: J. D. H. Donnay.

Maximal non-isomorphic subgroups: H. Wondratschek.
Maximal isomorphic subgroups of lowest index: E. F. Bertaut

& Y. Billiet; W. Fischer & E. Koch.
Minimal non-isomorphic supergroups: H. Wondratschek, E. F.

Bertaut & H. Arnold.

The space-group diagrams for the First Edition were prepared
as follows:

Plane groups: Taken from IT (1952).
Triclinic, monoclinic & orthorhombic space groups: M. J.

Buerger; amendments and diagrams for ‘synoptic’ descriptions of
monoclinic space groups by H. Arnold. The diagrams for the
space groups Nos. 47–74 (crystal class mmm) were taken, with
some modifications, from the book: M. J. Buerger (1971),
Introduction to Crystal Geometry (New York: McGraw-Hill) by
kind permission of the publisher.

Tetragonal, trigonal & hexagonal space groups: Taken from IT
(1952); amendments and diagrams for ‘origin choice 2’ by H.
Arnold.

Cubic space groups, diagrams of symmetry elements: M. J.
Buerger; amendments by H. Arnold & W. Fischer. The diagrams
were taken from the book: M. J. Buerger (1956), Elementary
Crystallography (New York: Wiley) by kind permission of the
publisher.

Cubic space groups, stereodiagrams of general positions: G. A.
Langlet.

New diagrams for all 17 plane groups and all 230 space groups
were incorporated in stages in the Second, Third and Fourth
Editions of this volume. This project was carried out at Aachen by
R. A. Becker. All data and diagrams were checked by at least two
further members of the editorial team until no more discrepancies
were found.

At the conclusion of this Preface, it should be mentioned that
during the preparation of this volume several problems led to long
and sometimes controversial discussions. One such topic was the
subdivision of the hexagonal crystal family into either hexagonal
and trigonal or hexagonal and rhombohedral systems. This was
resolved in favour of the hexagonal–trigonal treatment, in order to
preserve continuity with IT (1952); the alternatives are laid out in
Sections 2.1.2 and 8.2.8.

An even greater controversy evolved over the treatment of the
monoclinic space groups and in particular over the question
whether the b axis, the c axis, or both should be permitted as the
‘unique’ axis. This was resolved by the Union’s Executive
Committee in 1977 by taking recourse to the decision of the 1951
General Assembly at Stockholm [cf. Acta Cryst. (1951). 4, 569]. It
is hoped that the treatment of monoclinic space groups in this
volume (cf. Section 2.2.16) represents a compromise acceptable to
all parties concerned.
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Starting from the ‘Generators selected’ for each space group, the
following data were produced by computer on the so-called
‘computer tape’:

(i) The coordinate triplets of the general and special positions;
(ii) the locations of the symmetry elements;
(iii) the projection data;
(iv) the reflection conditions.

For some of these items minor interference by hand was
necessary.

Further data, such as the headline and the sub- and supergroup
entries, were supplied externally, in the form of punched cards.
These data and their authors are listed in the Preface. The file
containing these data is called the ‘data file’. To ensure that the
data file was free of errors, all its entries were punched and coded
twice. The two resulting data files were compared by a computer
program and corrected independently by hand until no more
differences remained.

By means of a typesetting routine, which directs the different
items to given positions on a page, the proper lay-out was obtained
for the material on the computer tape and the data file. The
resulting ‘page file’ also contained special instructions for the
typesetting machine, for instance concerning the typeface to be
used. The final typesetting in which the page file was read
sequentially line by line was done without further human
interference. After completion of the pages the space-group
diagrams were added. Their authors are listed in the Preface too.

In the following a short description of the computer programs is
given.

(i) Positions

In the computer program the coordinate triplets of the general
position are considered as matrix representations of the symmetry
operations (cf. Section 2.11) and are given by (4� 4) matrices.
The matrices of the general position are obtained by single-sided
multiplication of the matrices representing the generators until no
new matrices are found. Resulting matrices which differ only by a
lattice translation are considered as equal. The matrices are
translated into the coordinate-triplet form by a printing routine.

The coordinate triplets of the special positions describe points,
lines, or planes, each of which is mapped onto itself by at least one
symmetry operation of the space group (apart from the identity).
This means that they can be found as a subspace of three-
dimensional space which is invariant with respect to this
symmetry operation. In practice, for a particular symmetry
operation � the special coordinate triplet � representing the
invariant subspace is computed. All triplets of the corresponding
Wyckoff position are obtained by applying all symmetry
operations of the space group to �. In the resulting list triplets
which are identical to a previous one, or differ by a lattice
translation from it, are omitted. To generate all special Wyckoff
positions the complete procedure, mentioned above, is repeated
for all symmetry operations � of the space group. Finally, it was
decided to make the sequence of the Wyckoff positions and the
first triplet of each position the same as in earlier editions of the
Tables. Therefore, the Wyckoff letters and the first triplets were
supplied by hand after which the necessary arrangements were
carried out by the computer program.

(ii) Symmetry operations

Under the heading Symmetry operations, for each of the
operations the name of the operation and the location of the
corresponding symmetry element are given. To obtain these
entries a list of all conceivable symmetry operations including
their names was supplied to the computer. After decomposi-
tion of the translation part into a location part and a glide or
screw part, each symmetry operation of a space group is
identified with an operation in the list by comparing their
rotation parts and their glide or screw parts. The location of
the corresponding symmetry element is, for symmetry opera-
tions without glide or screw parts, calculated as the subspace
of three-dimensional space that is invariant under the
operation. For operations containing glide or screw compo-
nents, this component is first subtracted from the (4� 4)
matrix representing the operation according to the procedure
described in Section 11.3, and then the invariant subspace is
calculated.

From the complete set of solutions of the equation describing
the invariant subspace it must be decided whether this set
constitutes a point, a line, or a plane. For rotoinversion axes the
location of the inversion point is found from the operation itself,
whereas the location and direction of the axis is calculated from
the square of the operation.

(iii) Symmetry of special projections

The coordinate doublets of a projection are obtained by
applying a suitable projection operator to the coordinate triplets
of the general position. The coordinate doublets, i.e. the projected
points, exhibit the symmetry of a plane group for which, however,
the coordinate system may differ from the conventional
coordinate system of that plane group. The program contains a
list with all conceivable transformations and with the coordinate
doublets of each plane group in standard notation. After
transformation, where necessary, the coordinate doublets of the
particular projection are identified with those of a standard plane
group. In this way the symmetry group of the projection and the
relations between the projected and the conventional coordinate
systems are determined.

(iv) Reflection conditions

For each Wyckoff position the triplets h, k, l are divided into
two sets,

(1) triplets for which the structure factors are systematically
zero (extinctions), and

(2) triplets for which the structure factors are not systematically
zero (reflections).

Conditions that define triplets of the second set are called
reflection conditions.

The computer program contained a list of all conceivable
reflection conditions. For each Wyckoff position the general and
special reflection conditions were found as follows. A set of h, k, l
triplets with h, k, and l varying from 0 to 12 was considered. For
the Wyckoff position under consideration all structure factors
were calculated for this set of h, k, l triplets for positions x � 1�p,
y � 1�q, z � 1�r with p, q, and r different prime numbers larger
than 12.

In this way accidental zeros were avoided. The h, k, l triplets
were divided into two groups: those with zero and those with non-
zero structure factors. The reflection conditions for the Wyckoff
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position under consideration were selected from the stored list of
all conceivable reflection conditions by the following procedure:

(1) All conditions which apply to at least one h, k, l triplet of the
set with structure factor zero are deleted from the list of all
conceivable reflection conditions,

(2) conditions which do not apply to at least one h, k, l triplet of
the set with structure factor non-zero are deleted,

(3) redundant conditions are removed by ensuring that each h, k,
l triplet with structure factor non-zero is described by one
reflection condition only.

Finally the completeness of the resulting reflection conditions
for the Wyckoff position was proved by verifying that for each h,
k, l triplet with non-zero structure factor there is a reflection
condition that describes it. If this turned out not to be the case the
list of all conceivable reflection conditions stored in the program
was evidently incomplete and had to be extended by the missing
conditions, after which the procedure was repeated.

Fifth, Revised Edition, 2002

�� 	� 
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The computer production of the space-group tables in 1983
described above served well for the first and several subsequent
editions of Volume A. With time, however, it became apparent
that a modern, versatile and flexible computer version of the entire
volume was needed (cf. Preface and Foreword to the Fifth,
Revised Edition).

Hence, in October 1997, a new project for the electronic
production of the Fifth Edition of Volume A was started. Part of
this project concerned the computerization of the plane- and
space-group tables (Part 6 and 7), excluding the space-group
diagrams. The aim was to produce a PostScript file of the content
of these tables which could be used for printing from and in which
the layout of the tables had to follow exactly that of the previous
editions of Volume A. Having the space-group tables in electronic
form opens the way for easy corrections and modifications of later
editions, as well as for a possible future electronic edition of
Volume A.

The LATEX document preparation system [Lamport, L. (1994). A
Document Preparation System, 2nd ed. Reading, MA: Addison-
Wesley], which is based on the TEX typesetting software, was
used for the preparation of these tables. It was chosen because of
its high versatility and general availability on almost any
computer platform.

A separate file was created for each plane and space group and
each setting. These ‘data files’ contain the information listed in the
plane- and space-group tables and are encoded using standard
LATEX constructs. These specially designed commands and
environments are defined in a separate ‘package’ file, which
essentially contains programs responsible for the typographical
layout of the data. Thus, the main principle of LATEX – keeping
content and presentation separate – was followed as closely as
possible.

The final typesetting of all the plane- and space-group tables
was done by a single computer job, taking 1 to 2 minutes on a
modern workstation. References in the tables from one page to
another were automatically computed. The result is a PostScript
file which can be fed to a laser printer or other modern printing or
typesetting equipment.

The different types of data in the LATEX files were either keyed
by hand or computer generated, and were additionally checked by
specially written programs. The preparation of the data files can be
summarized as follows:

Headline, Origin, Asymmetric unit: hand keyed.
Symmetry operations: partly created by a computer program.

The algorithm for the derivation of symmetry operations from
their matrix representation is similar to that described in the
literature [e.g. Hahn, Th. & Wondratschek, H. (1994). Symmetry
of Crystals. Sofia: Heron Press]. The data were additionally
checked by automatic comparison with the output of the computer
program SPACER [Stróż, K. (1997). SPACER: a program to
display space-group information for a conventional and noncon-
ventional coordinate system. J. Appl. Cryst. 30, 178–181].

Generators: transferred automatically from the database of the
forthcoming Volume A1 of International Tables for Crystal-
lography, Symmetry Relations between Space Groups (edited by
H. Wondratschek & U. Müller), hereafter referred to as IT A1.

General positions: created by a program. The algorithm uses
the well known generating process for space groups based on
their solvability property (H. Wondratschek, Part 8 of this
volume).

Special positions: The first representatives of the Wyckoff
positions were typed in by hand. The Wyckoff letters are assigned
automatically by the TEX macros according to the order of
appearance of the special positions in the data file. The
multiplicity of the position, the oriented site-symmetry symbol
and the rest of the representatives of the Wyckoff position were
generated by a program. Again, the data were compared with the
results of the program SPACER.

Reflection conditions: hand keyed. A program for automatic
checking of the special-position coordinates and the corre-
sponding reflection conditions with h, k, l ranging from �20 to
20 was developed.

Symmetry of special projections: hand keyed.
Maximal subgroups and minimal supergroups: most of the data

were automatically transferred from the data files of IT A1. The
macros for their typesetting were reimplemented to obtain exactly
the layout of Volume A. The data of isomorphic subgroups (IIc)
with indices greater than 4 were added by hand.

The contents of the LATEX files and the arrangement of the data
correspond exactly to that of previous editions of this volume with
the following exceptions:

(i) Introduction of the glide-plane symbol ‘e’ [Wolff, P. M. de,
Billiet, Y., Donnay, J. D. H., Fischer, W., Galiulin, R. B., Glazer,
A. M., Hahn, Th., Senechal, M., Shoemaker, D. P., Wondratschek,
H., Wilson, A. J. C. & Abrahams, S. C. (1992). Symbols for
symmetry elements and symmetry operations. Acta Cryst. A48,
727–732] in the conventional Hermann–Mauguin symbols as
described in Chapter 1.3, Note (x). The new notation was also
introduced for some origin descriptions and in the nonconven-
tional Hermann–Mauguin symbols of maximal subgroups.

(ii) Changes in the subgroup and supergroup data following the
IT A1 conventions:

(1) Introduction of space-group numbers for subgroups and
supergroups.

(2) Introduction of braces indicating the conjugation relations
for maximal subgroups of types I and IIa.

(3) Rearrangement of the subgroup data: subgroups are listed
according to rising index and falling space-group number within
the same lattice-relation type.

(4) Analogous rearrangement of the supergroup data: the
minimal supergroups are listed according to rising index and
increasing space-group number. In a few cases of type-II minimal
supergroups, however, the index rule is not followed.

(5) Nonconventional symbols of monoclinic subgroups: in the
cases of differences between Volume A and IT A1 for these
symbols, those used in IT A1 have been chosen.
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(6) Isomorphic subgroups: in listing the isomorphic subgroups
of lowest index (type IIc), preference was given to the index and
not to the direction of the principal axis (as had been the case in
previous editions of this volume).

(iii) Improvements to the data in Volume A proposed by K.
Stróż:

(1) Changes of the translational part of the generators (2) and (3)
of Fd �3 (203), origin choice 2;

(2) Changes in the geometrical description of the glide planes
of type x� 2x� z for the groups R3m (160), R3c (161), R �3m (166),
R �3c (167), and the glide planes �x� y� x for Fm�3m (225), Fd �3m
(227);

(3) Changes in the sequence of the positions and symmetry
operations for the ‘rhombohedral axes’ descriptions of space
groups R32 (155), R3m (160), R3c (161), R �3m (166) and R �3c
(167), cf. Sections 2.2.6 and 2.2.10.

The electronic preparation of the plane- and space-group tables
was carried out on various Unix and Windows-based computers in
Sofia, Bilbao and Karlsruhe. The development of the computer
programs and the layout macros in the package file was done in
parallel by different members of the team, which included Asen
Kirov (Sofia), Eli Kroumova (Bilbao), Preslav Konstantinov and
Mois Aroyo. Hans Wondratschek and Theo Hahn contributed to
the final arrangement and checking of the data.



1.1. Printed symbols for crystallographic items

BY TH. HAHN

1.1.1. Vectors, coefficients and coordinates

Printed symbol Explanation

a, b, c; or ai Basis vectors of the direct lattice
a, b, c Lengths of basis

vectors, lengths
of cell edges Lattice or cell

parameters�, �, � Interaxial (lattice)
angles b � c,
c � a, a � b

V Cell volume of the direct lattice
G Matrix of the geometrical

coefficients (metric tensor) of the
direct lattice

gij Element of metric matrix (tensor) G
r; or x Position vector (of a point or an

atom)
r Length of the position vector r
xa, yb, zc Components of the position vector r
x, y, z; or xi Coordinates of a point (location of

an atom) expressed in units of a,
b, c; coordinates of end point of
position vector r; coefficients of
position vector r

x �
x
y
z

�
�

�
� �

x1

x2

x3

�
�

�
�

Column of point coordinates or
vector coefficients

t Translation vector
t Length of the translation vector t
t1, t2, t3; or ti Coefficients of translation vector t

t �
t1

t2

t3

�
�

�
�

Column of coefficients of translation
vector t

u Vector with integral coefficients
u, v, w; or ui Integers, coordinates of a (primitive)

lattice point; coefficients of vector
u

u �
u
v
w

�
�

�
� �

u1

u2

u3

�
�

�
�

Column of integral point coordinates
or vector coefficients

o Zero vector
o Column of zero coefficients
a�, b�, c�; or a�i New basis vectors after a

transformation of the coordinate
system (basis transformation)

r�; or x�; x�, y�, z�; or
x�i

Position vector and point coordinates
after a transformation of the
coordinate system (basis
transformation)

�r; or �x; �x, �y, �z; or �xi New position vector and point
coordinates after a symmetry
operation (motion)

1.1.2. Directions and planes

Printed symbol Explanation

[uvw] Indices of a lattice direction (zone axis)
�uvw� Indices of a set of all symmetrically

equivalent lattice directions
(hkl) Indices of a crystal face, or of a single

net plane (Miller indices)
(hkil) Indices of a crystal face, or of a single

net plane, for the hexagonal axes a1,
a2, a3, c (Bravais–Miller indices)

�hkl� Indices of a set of all symmetrically
equivalent crystal faces (‘crystal
form’), or net planes

�hkil� Indices of a set of all symmetrically
equivalent crystal faces (‘crystal
form’), or net planes, for the
hexagonal axes a1, a2, a3, c

hkl Indices of the Bragg reflection (Laue
indices) from the set of parallel
equidistant net planes (hkl)

dhkl Interplanar distance, or spacing, of
neighbouring net planes (hkl)

1.1.3. Reciprocal space

Printed symbol Explanation

a�, b�, c�; or a�i Basis vectors of the reciprocal lattice
a�, b�, c� Lengths of basis vectors of the

reciprocal lattice
��, ��, �� Interaxial (lattice) angles of the

reciprocal lattice b� � c�, c� � a�,
a� � b�

r�; or h Reciprocal-lattice vector
h, k, l; or hi Coordinates of a reciprocal-lattice point,

expressed in units of a�, b�, c�,
coefficients of the reciprocal-lattice
vector r�

V � Cell volume of the reciprocal lattice
G� Matrix of the geometrical coefficients

(metric tensor) of the reciprocal
lattice

1.1.4. Functions

Printed symbol Explanation

�	xyz
 Electron density at the point x, y, z
P	xyz
 Patterson function at the point x, y, z
F	hkl
; or F Structure factor (of the unit cell),

corresponding to the Bragg reflection
hkl

�F	hkl
�; or �F� Modulus of the structure factor F	hkl

�	hkl
; or � Phase angle of the structure factor

F	hkl


����
���
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1.1.5. Spaces

Printed symbol Explanation

n Dimension of a space
X Point
�X Image of a point X after a symmetry

operation (motion)
En (Euclidean) point space of dimension n
Vn Vector space of dimension n
L Vector lattice
L Point lattice

1.1.6. Motions and matrices

Printed symbol Explanation

�; � Symmetry operation; motion
(W, w) Symmetry operation �, described by an

	n � n
 matrix W and an 	n � 1

column w

� Symmetry operation �, described by an
	n  1
 � 	n  1
 ‘augmented’ matrix

I 	n � n
 unit matrix
� Translation
(I, t) Translation �, described by the 	n � n


unit matrix I and an 	n � 1
 column t
� Translation �, described by an

	n  1
 � 	n  1
 ‘augmented’ matrix
� Identity operation
(I, o) Identity operation �, described by the

	n � n
 unit matrix I and the 	n � 1

column o

� Identity operation �, described by the
	n  1
 � 	n  1
 ‘augmented’ unit
matrix

Printed symbol Explanation

�, or � Position vector (of a point or an atom),
described by an 	n  1
 � 1
‘augmented’ column

(P, p); or (S, s) Transformation of the coordinate
system, described by an 	n � n

matrix P or S and an 	n � 1
 column
p or s

�; or � Transformation of the coordinate
system, described by an
	n  1
 � 	n  1
 ‘augmented’ matrix

(Q, q) Inverse transformation of (P, p)
� Inverse transformation of �

1.1.7. Groups

Printed symbol Explanation

� Space group
� Group of all translations of �
� Supergroup; also used for site-symmetry

group
� Subgroup
� Group of all motions (Euclidean group)
� Group of all affine mappings (affine

group)
��	�
; or ��	�
 Euclidean or affine normalizer of a

space group �
� Point group
� Eigensymmetry (inherent symmetry)

group
[i] Index i of sub- or supergroup
� Element of a space group �

3
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1.2. Printed symbols for conventional centring types

BY TH. HAHN

1.2.1. Printed symbols for the conventional centring types of one-, two- and three-dimensional cells

For ‘reflection conditions’, see Tables 2.2.13.1 and 2.2.13.3. For the new centring symbol S, see Note (iii) below.

Printed symbol Centring type of cell
Number of lattice
points per cell Coordinates of lattice points within cell

One dimension

� Primitive 1 0

Two dimensions

p Primitive 1 0, 0

c Centred 2 0, 0; 1
2,

1
2

h* Hexagonally centred 3 0, 0; 2
3,

1
3;

1
3,

2
3

Three dimensions

P Primitive 1 0, 0, 0

C C-face centred 2 0, 0, 0; 1
2,

1
2, 0

A A-face centred 2 0, 0, 0; 0, 1
2,

1
2

B B-face centred 2 0, 0, 0; 1
2, 0, 1

2

I Body centred 2 0, 0, 0; 1
2,

1
2,

1
2

F All-face centred 4 0, 0, 0; 1
2,

1
2, 0; 0, 1

2,
1
2;

1
2, 0, 1

2

R†

Rhombohedrally centred
(description with ‘hexagonal axes’)
Primitive
(description with ‘rhombohedral axes’)

���
��

3

1

0, 0, 0; 2
3 , 1

3 , 1
3 ; 1

3 , 2
3 , 2

3 (‘obverse setting’)
0, 0, 0; 1

3 , 2
3 , 1

3 ; 2
3 , 1

3 , 2
3 (‘reverse setting’)

�

0, 0, 0

H‡ Hexagonally centred 3 0, 0, 0; 2
3,

1
3, 0; 1

3,
2
3, 0

* The two-dimensional triple hexagonal cell h is an alternative description of the hexagonal plane net, as illustrated in Fig. 5.1.3.8. It is not used for systematic plane-group
description in this volume; it is introduced, however, in the sub- and supergroup entries of the plane-group tables (Part 6). Plane-group symbols for the h cell are listed in
Chapter 4.2. Transformation matrices are contained in Table 5.1.3.1.
† In the space-group tables (Part 7), as well as in IT (1935) and IT (1952) [for reference notation, see footnote on first page of Chapter 2.1], the seven rhombohedral R space
groups are presented with two descriptions, one based on hexagonal axes (triple cell), one on rhombohedral axes (primitive cell). In the present volume, as well as in
IT (1952), the obverse setting of the triple hexagonal cell R is used. Note that in IT (1935) the reverse setting was employed. The two settings are related by a rotation of the
hexagonal cell with respect to the rhombohedral lattice around a threefold axis, involving a rotation angle of 60�, 180� or 300� (cf. Fig. 5.1.3.6). Further details may be found
in Chapter 2.1, Section 4.3.5 and Chapter 9.1. Transformation matrices are contained in Table 5.1.3.1.
‡ The triple hexagonal cell H is an alternative description of the hexagonal Bravais lattice, as illustrated in Fig. 5.1.3.8. It was used for systematic space-group description in
IT (1935), but replaced by P in IT (1952). In the space-group tables of this volume (Part 7), it is only used in the sub- and supergroup entries (cf. Section 2.2.15). Space-group
symbols for the H cell are listed in Section 4.3.5. Transformation matrices are contained in Table 5.1.3.1.

1.2.2. Notes on centred cells

(i) The centring type of a cell may change with a change of the
basis vectors; in particular, a primitive cell may become a centred
cell and vice versa. Examples of relevant transformation matrices
are contained in Table 5.1.3.1.

(ii) Section 1.2.1 contains only those conventional centring
symbols which occur in the Hermann–Mauguin space-group
symbols. There exist, of course, further kinds of centred cells

which are unconventional; an interesting example is provided by
the triple rhombohedral D cell, described in Section 4.3.5.3.

(iii) For the use of the letter S as a new general, setting-
independent ‘centring symbol’ for monoclinic and orthorhombic
Bravais lattices see Chapter 2.1, especially Table 2.1.2.1, and de
Wolff et al. (1985).

(iv) Symbols for crystal families and Bravais lattices in one, two
and three dimensions are listed in Table 2.1.2.1 and are explained in
the Nomenclature Report by de Wolff et al. (1985).
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1.3. Printed symbols for symmetry elements

BY TH. HAHN

1.3.1. Printed symbols for symmetry elements and for the corresponding symmetry operations in one, two and three
dimensions

For ‘reflection conditions’, see Tables 2.2.13.2 and 2.2.13.3.

Printed symbol Symmetry element and its orientation Defining symmetry operation with glide or screw vector

m

�
Reflection plane, mirror plane Reflection through the plane

Reflection line, mirror line (two dimensions) Reflection through the line

Reflection point, mirror point (one dimension) Reflection through the point

a, b or c ‘Axial’ glide plane Glide reflection through the plane, with glide vector

a � �010� or � �001� 1
2 a

b � �001� or � �100� 1
2 b

c �

����
���

� �100� or � �010� 1
2 c

� �1�10� or � �110� 1
2 c

� �100� or � �010� or � ��1�10�
� �1�10� or � �120� or � ��2�10�

1
2 c
1
2 c

�
hexagonal coordinate system

e � ‘Double’ glide plane (in centred cells only) Two glide reflections through one plane, with
perpendicular glide vectors

� �001� 1
2 a and 1

2 b
� �100� 1

2 b and 1
2 c

� �010� 1
2 a and 1

2 c
� �1�10�; � �110� 1

2 �a � b� and 1
2 c; 1

2 �a 	 b� and 1
2 c

� �01�1�; � �011� 1
2 �b � c� and 1

2 a; 1
2 �b 	 c� and 1

2 a
� ��101�; � �101� 1

2 �a � c� and 1
2 b; 1

2 �a 	 c� and 1
2 b

n ‘Diagonal’ glide plane Glide reflection through the plane, with glide vector

� �001�; � �100�; � �010� 1
2 �a � b�; 1

2 �b � c�; 1
2 �a � c�

� �1�10� or � �01�1� or � ��101� 1
2 �a � b � c�

� �110�; � �011�; � �101� 1
2 �	a � b � c�; 1

2 �a 	 b � c�; 1
2 �a � b 	 c�

d 
 ‘Diamond’ glide plane Glide reflection through the plane, with glide vector

� �001�; � �100�; � �010� 1
4 �a � b�; 1

4 �b � c�; 1
4 ��a � c�

� �1�10�; � �01�1�; � ��101� 1
4 �a � b � c�; 1

4 ��a � b � c�; 1
4 �a � b � c�

� �110�; � �011�; � �101� 1
4 �	a � b � c�; 1

4 ��a 	 b � c�; 1
4 �a � b 	 c�

g Glide line (two dimensions) Glide reflection through the line, with glide vector

� �01�; � �10� 1
2 a; 1

2 b
1 None Identity

2, 3, 4, 6

����
���

n-fold rotation axis, n Counter-clockwise rotation of 360�n degrees around the
axis (see Note viii)

n-fold rotation point, n (two dimensions) Counter-clockwise rotation of 360�n degrees around the
point

�1 Centre of symmetry, inversion centre Inversion through the point
�2 � m, �3, �4, �6 Rotoinversion axis, �n, and inversion point on the axis�� Counter-clockwise rotation of 360�n degrees around the

axis, followed by inversion through the point on the
axis�� (see Note viii)

21 n-fold screw axis, np Right-handed screw rotation of 360�n degrees around
the axis, with screw vector (pitch) (p�n) t; here t is
the shortest lattice translation vector parallel to the
axis in the direction of the screw

31, 32

41, 42, 43

61, 62, 63, 64, 65

� In the rhombohedral space-group symbols R3c (161) and R�3c (167), the symbol c refers to the description with ‘hexagonal axes’; i.e. the glide vector is 1
2 c, along [001]. In

the description with ‘rhombohedral axes’, this glide vector is 1
2 �a � b � c�, along [111], i.e. the symbol of the glide plane would be n: cf. Section 4.3.5.

� For further explanations of the ‘double’ glide plane e, see Note (x) below.

 Glide planes d occur only in orthorhombic F space groups, in tetragonal I space groups, and in cubic I and F space groups. They always occur in pairs with alternating glide
vectors, for instance 1

4 �a � b� and 1
4 �a 	 b�. The second power of a glide reflection d is a centring vector.

 Only the symbol m is used in the Hermann–Mauguin symbols, for both point groups and space groups.
�� The inversion point is a centre of symmetry if n is odd.
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1.3.2. Notes on symmetry elements and symmetry
operations

(i) Section 1.3.1 contains only those symmetry elements and
symmetry operations which occur in the Hermann–Mauguin
symbols of point groups and space groups. Further so-called
‘additional symmetry elements’ are described in Chapter 4.1 and
listed in Tables 4.2.1.1 and 4.3.2.1 in the form of ‘extended
Hermann–Mauguin symbols’.

(ii) The printed symbols of symmetry elements (symmetry
operations), except for glide planes (glide reflections), are
independent of the choice and the labelling of the basis vectors
and of the origin. The symbols of glide planes (glide reflections),
however, may change with a change of the basis vectors. For this
reason, the possible orientations of glide planes and the glide
vectors of the corresponding operations are listed explicitly in
columns 2 and 3.

(iii) In space groups, further kinds of glide planes and glide
reflections (called g) occur which are not used in the Hermann–
Mauguin symbols. They are listed in the space-group tables (Part 7)
under Symmetry operations and in Table 4.3.2.1 for the tetragonal
and cubic space groups; they are explained in Sections 2.2.9 and
11.1.2.

(iv) Whereas the term ‘symmetry operation’ is well defined (cf.
Section 8.1.3), the word ‘symmetry element’ is used by crystal-
lographers in a variety of often rather loose meanings. In 1989, the
International Union of Crystallography published a Nomenclature
Report which first defines a ‘geometric element’ as a geometric
item that allows the fixed points of a symmetry operation (after
removal of any intrinsic glide or screw translation) to be located and
oriented in a coordinate system. A ‘symmetry element’ then is
defined as a concept with a double meaning, namely the
combination of a geometric element with the set of symmetry
operations having this geometric element in common (‘element
set’). For further details and tables, see de Wolff et al. (1989) and
Flack et al. (2000).

(v) To each glide plane, infinitely many different glide reflections
belong, because to each glide vector listed in column 3 any lattice
translation vector parallel to the glide plane may be added; this
includes centring vectors of centred cells. Each resulting vector is a
glide vector of a new glide reflection but with the same plane as the
geometric element. Any of these glide operations can be used as a
‘defining operation’.

Examples
(1) Glide plane n � �001�: All vectors �u � 1

2�a � �v � 1
2�b are glide

vectors (u, v any integers); this includes 1
2 �a � b�, 1

2 �a 	 b�,
1
2 �	a � b�, 1

2 �	a 	 b�.
(2) Glide plane e � �001� in a C-centred cell: All vectors �u �

1
2�a � vb and ua � �v � 1

2�b are glide vectors, this includes 1
2 a

and 1
2 b (which are related by the centring vector), i.e. the glide

plane e is at the same time a glide plane a and a glide plane b;
for this ‘double’ glide plane e see Note (x) below.

(3) Glide plane c � �1�10� in an F-centred cell: All vectors
1
2 u�a � b� � �v � 1

2�c are glide vectors; this includes 1
2 c and

1
2 �a � b� c�, i.e. the glide plane c is at the same time a glide
plane n.

(vi) If among the infinitely many glide operations of the element
set of a symmetry plane there exists one operation with glide vector
zero, then this symmetry element is a mirror plane.

(vii) Similar considerations apply to screw axes; to the screw
vector defined in column 3 any lattice translation vector parallel to
the screw axis may be added. Again, this includes centring vectors
of centred cells.

Example
Screw axis 31 � �111� in a cubic primitive cell. For the first power
�right-handed screw rotation of 120��, all vectors �u � 1

3��a �
b � c� are screw vectors; this includes 1

3 �a � b � c�,
4
3 �a � b � c�, 	 2

3 �a � b � c�. For the second power �right-
handed screw rotation of 240��, all vectors �u � 2

3��a � b� c�
are screw vectors; this includes 2

3 �a � b � c�, 5
3 �a � b � c�;

	 1
3 �a � b � c�. The third power corresponds to all lattice

vectors u�a � b� c�.
Again, if one of the screw vectors is zero, the symmetry element

is a rotation axis.
(viii) In the space-group tables, under Symmetry operations, for

rotations, screw rotations and roto-inversions, the ‘sense of rotation’
is indicated by symbols like 3�, �4	 etc.; this is explained in Section
11.1.2.

(ix) The members of the following pairs of screw axes are
‘enantiomorphic’, i.e. they can be considered as a right- and a left-
handed screw, respectively, with the same screw vector: 31, 32; 41,
43; 61, 65; 62, 64. The following screw axes are ‘neutral’, i.e. they
contain left- and right-handed screws with the same screw vector:
21; 42; 63.

(x) In the third Nomenclature Report of the IUCr (de Wolff et al.,
1992), two new printed symbols for glide planes were proposed: e
for ‘double’ glide planes and k for ‘transverse’ glide planes.

For the e glide planes, new graphical symbols were introduced
(cf. Sections 1.4.1, 1.4.2, 1.4.3 and Note iv in 1.4.4); they are
applied to the diagrams of the relevant space groups: Seven
orthorhombic A-, C- and F-space groups, five tetragonal I-space
groups, and five cubic F- and I-space groups. The e glide plane
occurs only in centred cells and is defined by one plane with two
perpendicular glide vectors related by a centring translation; thus, in
Cmma (67), two glide operations a and b through the plane xy0
occur, their glide vectors being related by the centring vector
1
2 �a � b�; the symbol e removes the ambiguity between the symbols
a and b.

For five space groups, the Hermann–Mauguin symbol has been
modified:

Space group No. 39 41 64 67 68

New symbol: Aem2 Aea2 Cmce Cmme Ccce
Former symbol: Abm2 Aba2 Cmca Cmma Ccca

The new symbol is now the standard one; it is indicated in the
headline of these space groups, while the former symbol is given
underneath.

For the k glide planes, no new graphical symbol and no
modification of a space-group symbol are proposed.
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1.4. Graphical symbols for symmetry elements in one, two and three dimensions

BY TH. HAHN

1.4.1. Symmetry planes normal to the plane of projection (three dimensions) and symmetry lines in the plane of the
figure (two dimensions)

1.4.2. Symmetry planes parallel to the plane of projection

Symmetry plane or symmetry line Graphical symbol

Glide vector in units of lattice translation
vectors parallel and normal to the projection
plane Printed symbol

Reflection plane, mirror plane

Reflection line, mirror line (two dimensions)

�
None m

‘Axial’ glide plane

Glide line (two dimensions)

� 1
2 lattice vector along line in projection plane
1
2 lattice vector along line in figure plane

a, b or c
g

‘Axial’ glide plane 1
2 lattice vector normal to projection plane a, b or c

‘Double’ glide plane* (in centred cells only) Two glide vectors:
1
2 along line parallel to projection plane and
1
2 normal to projection plane

e

‘Diagonal’ glide plane One glide vector with two components:
1
2 along line parallel to projection plane,
1
2 normal to projection plane

n

‘Diamond’ glide plane† (pair of planes; in centred cells
only)

1
4 along line parallel to projection plane,

combined with 1
4 normal to projection plane

(arrow indicates direction parallel to the
projection plane for which the normal
component is positive)

d

* For further explanations of the ‘double’ glide plane e see Note (iv) below and Note (x) in Section 1.3.2.
† See footnote � to Section 1.3.1.

Symmetry plane Graphical symbol*
Glide vector in units of lattice translation vectors
parallel to the projection plane Printed symbol

Reflection plane, mirror plane None m

‘Axial’ glide plane 1
2 lattice vector in the direction of the arrow a, b or c

‘Double’ glide plane† (in centred cells only) Two glide vectors:
1
2 in either of the directions of the two arrows

e

‘Diagonal’ glide plane One glide vector with two components
1
2 in the direction of the arrow

n

‘Diamond’ glide plane‡ (pair of planes; in centred
cells only)

1
2 in the direction of the arrow; the glide vector is

always half of a centring vector, i.e. one quarter
of a diagonal of the conventional face-centred
cell

d

* The symbols are given at the upper left corner of the space-group diagrams. A fraction h attached to a symbol indicates two symmetry planes with ‘heights’ h and h � 1
2

above the plane of projection; e.g. 1
8 stands for h � 1

8 and 5
8. No fraction means h � 0 and 1

2 (cf. Section 2.2.6).
† For further explanations of the ‘double’ glide plane e see Note (iv) below and Note (x) in Section 1.3.2.
‡ See footnote � to Section 1.3.1.

7

International Tables for Crystallography (2006). Vol. A, Chapter 1.4, pp. 7–11.

Copyright © 2006 International Union of Crystallography



1.4.3. Symmetry planes inclined to the plane of projection (in cubic space groups of classes 43m and m3m only)

1.4.4. Notes on graphical symbols of symmetry planes

(i) The graphical symbols and their explanations (columns 2 and
3) are independent of the projection direction and the labelling of
the basis vectors. They are, therefore, applicable to any projection
diagram of a space group. The printed symbols of glide planes
(column 4), however, may change with a change of the basis
vectors, as shown by the following example.

In the rhombohedral space groups R3c (161) and R�3c (167), the
dotted line refers to a c glide when described with ‘hexagonal axes’
and projected along [001]; for a description with ‘rhombohedral
axes’ and projection along [111], the same dotted glide plane would
be called n. The dash-dotted n glide in the hexagonal description
becomes an a, b or c glide in the rhombohedral description; cf.
footnote � to Section 1.3.1.

(ii) The graphical symbols for glide planes in column 2 are not
only used for the glide planes defined in Chapter 1.3, but also for the
further glide planes g which are mentioned in Section 1.3.2 (Note
x) and listed in Table 4.3.2.1; they are explained in Sections 2.2.9
and 11.1.2.

(iii) In monoclinic space groups, the ‘parallel’ glide vector of a
glide plane may be along a lattice translation vector which is
inclined to the projection plane.

(iv) In 1992, the International Union of Crystallography
introduced the ‘double’ glide plane e and the graphical symbol
..– ..– for e glide planes oriented ‘normal’ and ‘inclined’ to the
plane of projection (de Wolff et al., 1992); for details of e glide
planes see Chapter 1.3. Note that the graphical symbol �� for e glide
planes oriented ‘parallel’ to the projection plane has already been
used in IT (1935) and IT (1952).

Symmetry plane

Graphical symbol* for planes normal to
Glide vector in units of lattice translation vectors for planes
normal to

Printed
symbol[011] and �01�1� [101] and �10�1� [011] and �01�1� [101] and �10�1�

Reflection plane, mirror
plane

None None m

‘Axial’ glide plane 1
2 lattice vector along [100] 1

2 lattice vector along �010�

1
2 lattice vector along �10�1�
or along �101�

���������
��������

a or b

‘Axial’ glide plane 1
2 lattice vector along �01�1� or

along [011]

‘Double’ glide plane† [in
space groups I�43m (217)
and Im�3m (229) only]

Two glide vectors:
1
2 along [100] and
1
2 along �01�1� or
1
2 along [011]

Two glide vectors:
1
2 along [010] and
1
2 along �10�1� or
1
2 along [101]

e

‘Diagonal’ glide plane One glide vector:
1
2 along �11�1� or
along [111]‡

One glide vector:
1
2 along �11�1� or
along [111]‡

n

‘Diamond’ glide plane¶
(pair of planes; in

1
2 along �1�11� or

along [111]�
1
2 along ��111� or

along �111��

1
2 along ��1�11� or

along �1�11��

���������
��������

d

centred cells only)
1
2 along ��1�11� or

along ��111��

* The symbols represent orthographic projections. In the cubic space-group diagrams, complete orthographic projections of the symmetry elements around high-symmetry
points, such as 0, 0, 0; 1

2 , 0, 0; 1
4 , 1

4 , 0, are given as ‘inserts’.
† For further explanations of the ‘double’ glide plane e see Note (iv) below and Note (x) in Section 1.3.2.
‡ In the space groups F�43m (216), Fm�3m (225) and Fd�3m (227), the shortest lattice translation vectors in the glide directions are t	1, 1

2 ,�12
 or t	1, 1
2 , 1

2
 and t	1
2 , 1,�12
 or

t	1
2 , 1, 1

2
, respectively.
� The glide vector is half of a centring vector, i.e. one quarter of the diagonal of the conventional body-centred cell in space groups I�43d (220) and Ia�3d (230).
¶ See footnote � to Section 1.3.1.

���������
��������
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1.4.5. Symmetry axes normal to the plane of projection and symmetry points in the plane of the figure

Symmetry axis or symmetry point
Graphical
symbol*

Screw vector of a right-handed screw rotation
in units of the shortest lattice translation vector
parallel to the axis

Printed symbol (partial
elements in
parentheses)

Identity None None 1

Twofold rotation axis
Twofold rotation point (two dimensions)

�
None 2

Twofold screw axis: ‘2 sub 1’ 1
2 21

Threefold rotation axis
Threefold rotation point (two dimensions)

�
None 3

Threefold screw axis: ‘3 sub 1’ 1
3 31

Threefold screw axis: ‘3 sub 2’ 2
3 32

Fourfold rotation axis

Fourfold rotation point (two dimensions)

�
None 4 (2)

Fourfold screw axis: ‘4 sub 1’ 1
4 41 	21


Fourfold screw axis: ‘4 sub 2’ 1
2

42 	2

Fourfold screw axis: ‘4 sub 3’ 3

4 43 	21


Sixfold rotation axis

Sixfold rotation point (two dimensions)

�
None 6 (3,2)

Sixfold screw axis: ‘6 sub 1’ 1
6 61 	31, 21


Sixfold screw axis: ‘6 sub 2’ 1
3 62 	32, 2


Sixfold screw axis: ‘6 sub 3’ 1
2 63 	3, 21


Sixfold screw axis: ‘6 sub 4’ 2
3 64 	31, 2


Sixfold screw axis: ‘6 sub 5’ 5
6 65 	32, 21


Centre of symmetry, inversion centre: ‘1 bar’

Reflection point, mirror point (one dimension)

�
None �1

Inversion axis: ‘3 bar’ None �3 	3, �1

Inversion axis: ‘4 bar’ None �4 	2

Inversion axis: ‘6 bar’ None �6 � 3�m

Twofold rotation axis with centre of symmetry None 2�m 	�1

Twofold screw axis with centre of symmetry 1

2 21�m 	�1


Fourfold rotation axis with centre of symmetry None 4�m 	�4, 2, �1

‘4 sub 2’ screw axis with centre of symmetry 1

2 42�m 	�4, 2, �1


Sixfold rotation axis with centre of symmetry None 6�m 	�6, �3, 3, 2, �1

‘6 sub 3’ screw axis with centre of symmetry 1

2 63�m 	�6, �3, 3, 21, �1


* Notes on the ‘heights’ h of symmetry points �1, �3, �4 and �6:
(1) Centres of symmetry �1 and �3, as well as inversion points �4 and �6 on �4 and �6 axes parallel to [001], occur in pairs at ‘heights’ h and h � 1

2. In the space-group diagrams,
only one fraction h is given, e.g. 1

4 stands for h � 1
4 and 3

4. No fraction means h � 0 and 1
2. In cubic space groups, however, because of their complexity, both fractions are

given for vertical �4 axes, including h � 0 and 1
2.

(2) Symmetries 4�m and 6�m contain vertical �4 and �6 axes; their �4 and �6 inversion points coincide with the centres of symmetry. This is not indicated in the space-group
diagrams.

(3) Symmetries 42�m and 63�m also contain vertical �4 and �6 axes, but their �4 and �6 inversion points alternate with the centres of symmetry; i.e. �1 points at h and h � 1
2

interleave with �4 or �6 points at h � 1
4 and h � 3

4. In the tetragonal and hexagonal space-group diagrams, only one fraction for �1 and one for �4 or �6 is given. In the cubic
diagrams, all four fractions are listed for 42�m; e.g. Pm�3n (No. 223): �1: 0, 1

2;
�4: 1

4 , 3
4.
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1.4.6. Symmetry axes parallel to the plane of projection

1.4.7. Symmetry axes inclined to the plane of projection (in cubic space groups only)

Symmetry axis Graphical symbol*

Screw vector of a right-handed screw
rotation in units of the shortest lattice
translation vector parallel to the axis

Printed symbol
(partial elements
in parentheses)

Twofold rotation axis None 2

Twofold screw axis: ‘2 sub 1’ 1
2 21

Fourfold rotation axis None 4 (2)

Fourfold screw axis: ‘4 sub 1’ 1
4 41 	21


Fourfold screw axis: ‘4 sub 2’ 1
2 42 	2


Fourfold screw axis: ‘4 sub 3’ 3
4 43 	21


Inversion axis: ‘4 bar’ None �4 	2

Inversion point on ‘4 bar’-axis – �4 point

* The symbols for horizontal symmetry axes are given outside the unit cell of the space-group diagrams. Twofold axes always occur in pairs, at ‘heights’ h and h � 1
2 above

the plane of projection; here, a fraction h attached to such a symbol indicates two axes with heights h and h � 1
2. No fraction stands for h � 0 and 1

2. The rule of pairwise
occurrence, however, is not valid for the horizontal fourfold axes in cubic space groups; here, all heights are given, including h � 0 and 1

2. This applies also to the horizontal
�4 axes and the �4 inversion points located on these axes.

Symmetry axis Graphical symbol*

Screw vector of a right-handed screw
rotation in units of the shortest lattice
translation vector parallel to the axis

Printed symbol
(partial elements
in parentheses)

Twofold rotation axis None 2

Twofold screw axis: ‘2 sub 1’ 1
2 21

Threefold rotation axis None 3

Threefold screw axis: ‘3 sub 1’ 1
3 31

Threefold screw axis: ‘3 sub 2’ 2
3 32

Inversion axis: ‘3 bar’ None �3 	3, �1


* The dots mark the intersection points of axes with the plane at h � 0. In some cases, the intersection points are obscured by symbols of symmetry elements with height
h � 0; examples: Fd�3 (203), origin choice 2; Pn�3n (222), origin choice 2; Pm�3n (223); Im�3m (229); Ia�3d (230).
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2.1. Classification and coordinate systems of space groups

BY TH. HAHN AND A. LOOIJENGA-VOS

2.1.1. Introduction

The present volume is a computer-based extension and complete
revision of the symmetry tables of the two previous series of
International Tables, the Internationale Tabellen zur Bestimmung
von Kristallstrukturen (1935) and the International Tables for X-ray
Crystallography (1952).*

The main part of the volume consists of tables and diagrams for
the 17 types of plane groups (Part 6) and the 230 types of space
groups (Part 7). The two types of line groups are treated separately
in Section 2.2.17, because of their simplicity. For the history of the
Tables and a comparison of the various editions, reference is made
to the Preface of this volume. Attention is drawn to Part 1 where the
symbols and terms used in this volume are defined.

The present part forms a guide to the entries in the space-group
tables with instructions for their practical use. Only a minimum of
theory is provided, and the emphasis is on practical aspects. For the
theoretical background the reader is referred to Parts 8–15, which
include also suitable references. A textbook version of space-group
symmetry and the use of these tables (with exercises) is provided by
Hahn & Wondratschek (1994).

2.1.2. Space-group classification

In this volume, the plane groups and space groups are classified
according to three criteria:

(i) According to geometric crystal classes, i.e. according to the
crystallographic point group to which a particular space group
belongs. There are 10 crystal classes in two dimensions and 32 in
three dimensions. They are described and listed in Part 10 and in
column 4 of Table 2.1.2.1. [For arithmetic crystal classes, see
Section 8.2.3 in this volume and Chapter 1.4 of International Tables
for Crystallography, Vol. C (2004).]

(ii) According to crystal families. The term crystal family
designates the classification of the 17 plane groups into four
categories and of the 230 space groups into six categories, as
displayed in column 1 of Table 2.1.2.1. Here all ‘hexagonal’,
‘trigonal’ and ‘rhombohedral’ space groups are contained in one
family, the hexagonal crystal family. The ‘crystal family’ thus
corresponds to the term ‘crystal system’, as used frequently in the
American and Russian literature.

The crystal families are symbolized by the lower-case letters a,
m, o, t, h, c, as listed in column 2 of Table 2.1.2.1. If these letters are
combined with the appropriate capital letters for the lattice-centring
types (cf. Chapter 1.2), symbols for the 14 Bravais lattices result.
These symbols and their occurrence in the crystal families are
shown in column 8 of Table 2.1.2.1; mS and oS are the standard
setting-independent symbols for the centred monoclinic and the
one-face centred orthorhombic Bravais lattices, cf. de Wolff et al.
(1985); symbols between parentheses represent alternative settings
of these Bravais lattices.

(iii) According to crystal systems. This classification collects the
plane groups into four categories and the space groups into seven
categories. The classifications according to crystal families and
crystal systems are the same for two dimensions.

For three dimensions, this applies to the triclinic, monoclinic,
orthorhombic, tetragonal and cubic systems. The only complication
exists in the hexagonal crystal family for which several subdivisions

into systems have been proposed in the literature. In this volume, as
well as in IT (1952), the space groups of the hexagonal crystal
family are grouped into two ‘crystal systems’ as follows: all space
groups belonging to the five crystal classes 3, �3, 32, 3m and �3m, i.e.
having 3, 31, 32 or �3 as principal axis, form the trigonal crystal
system, irrespective of whether the Bravais lattice is hP or hR; all
space groups belonging to the seven crystal classes 6, �6, 6�m, 622,
6mm, �62m and 6�mmm, i.e. having 6, 61, 62, 63, 64, 65 or �6 as
principal axis, form the hexagonal crystal system; here the lattice is
always hP (cf. Section 8.2.8). The crystal systems, as defined above,
are listed in column 3 of Table 2.1.2.1.

A different subdivision of the hexagonal crystal family is in use,
mainly in the French literature. It consists of grouping all space
groups based on the hexagonal Bravais lattice hP (lattice point
symmetry 6�mmm) into the ‘hexagonal’ system and all space
groups based on the rhombohedral Bravais lattice hR (lattice point
symmetry �3m) into the ‘rhombohedral’ system. In Section 8.2.8,
these systems are called ‘Lattice systems’. They were called
‘Bravais systems’ in earlier editions of this volume.

The theoretical background for the classification of space groups
is provided in Chapter 8.2.

2.1.3. Conventional coordinate systems and cells

A plane group or space group usually is described by means of
a crystallographic coordinate system, consisting of a crystal-
lographic basis (basis vectors are lattice vectors) and a crystal-
lographic origin (origin at a centre of symmetry or at a point of high
site symmetry). The choice of such a coordinate system is not
mandatory since in principle a crystal structure can be referred to
any coordinate system; cf. Section 8.1.4.

The selection of a crystallographic coordinate system is not
unique. Conventionally, a right-handed set of basis vectors is taken
such that the symmetry of the plane or space group is displayed best.
With this convention, which is followed in the present volume, the
specific restrictions imposed on the cell parameters by each crystal
family become particularly simple. They are listed in columns 6 and
7 of Table 2.1.2.1. If within these restrictions the smallest cell is
chosen, a conventional (crystallographic) basis results. Together
with the selection of an appropriate conventional (crystallographic)
origin (cf. Sections 2.2.2 and 2.2.7), such a basis defines a
conventional (crystallographic) coordinate system and a conven-
tional cell. The conventional cell of a point lattice or a space group,
obtained in this way, turns out to be either primitive or to exhibit one
of the centring types listed in Chapter 1.2. The centring type of a
conventional cell is transferred to the lattice which is described by
this cell; hence, we speak of primitive, face-centred, body-centred
etc. lattices. Similarly, the cell parameters are often called lattice
parameters; cf. Section 8.3.1 and Chapter 9.1 for further details.

In the triclinic, monoclinic and orthorhombic crystal systems,
additional conventions (for instance cell reduction or metrical
conventions based on the lengths of the cell edges) are needed to
determine the choice and the labelling of the axes. Reduced bases
are treated in Chapters 9.1 and 9.2, orthorhombic settings in Section
2.2.6.4, and monoclinic settings and cell choices in Section 2.2.16.

In this volume, all space groups within a crystal family are
referred to the same kind of conventional coordinate system with
the exception of the hexagonal crystal family in three dimensions.
Here, two kinds of coordinate systems are used, the hexagonal and
the rhombohedral systems. In accordance with common crystal-
lographic practice, all space groups based on the hexagonal Bravais
lattice hP (18 trigonal and 27 hexagonal space groups) are described

� Throughout this volume, these editions are abbreviated as IT (1935) and IT
(1952).
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Table 2.1.2.1. Crystal families, crystal systems, conventional coordinate systems and Bravais lattices in one, two and three
dimensions

No. of
space
groups

Conventional coordinate system

Crystal family Symbol* Crystal system
Crystallographic
point groups†

Restrictions on cell
parameters

Parameters to be
determined Bravais lattices*

One dimension

– – – 1, m 2 None a �

Two dimensions

Oblique
(monoclinic)

m Oblique 1, 2 2 None a, b
��

mp

Rectangular
(orthorhombic)

o Rectangular m, 2mm 7 � � 90� a, b op
oc

Square
(tetragonal)

t Square 4 , 4mm 3 a � b
� � 90�

a tp

Hexagonal h Hexagonal 3, 6
3m, 6mm

5 a � b
� � 120�

a hp

Three dimensions

Triclinic
(anorthic)

a Triclinic 1, 1 2 None a, b, c,
�,�, �

aP

Monoclinic m Monoclinic 2, m, 2�m 13 b-unique setting
� � � � 90�

a, b, c
��

mP
mS �mC, mA, mI�

c-unique setting
� � � � 90�

a, b, c,
��

mP
mS �mA, mB, mI�

Orthorhombic o Orthorhombic 222, mm2, mmm 59 � � � � � � 90� a, b, c oP

oS (oC, oA, oB)

oI

oF

Tetragonal t Tetragonal 4, 4, 4�m
422, 4mm, 42m,
4�mmm

68 a � b
� � � � � � 90�

a, c tP
tI

Hexagonal h Trigonal 3, 3
32, 3m, 3m

18 a � b
� � � � 90�, � � 120�

a, c hP

7 a � b � c
� � � � �
�rhombohedral axes,
primitive cell�

a � b
� � � � 90�, � � 120�

�hexagonal axes,
triple obverse cell�

a, � hR

Hexagonal 6, 6, 6�m
622, 6mm, 62m,
6�mmm

27 a � b
� � � � 90�, � � 120�

a, c hP

Cubic c Cubic 23, m3
432, 43m, m3m

36 a � b � c
� � � � � � 90�

a cP
cI
cF

* The symbols for crystal families (column 2) and Bravais lattices (column 8) were adopted by the International Union of Crystallography in 1985; cf. de Wolff et al. (1985).
† Symbols surrounded by dashed or full lines indicate Laue groups; full lines indicate Laue groups which are also lattice point symmetries (holohedries).
‡ These angles are conventionally taken to be non-acute, i.e. � 90�.
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only with a hexagonal coordinate system (primitive cell),* whereas
the seven space groups based on the rhombohedral Bravais lattice
hR are treated in two versions, one referred to ‘hexagonal axes’
(triple obverse cell) and one to ‘rhombohedral axes’ (primitive cell);
cf. Chapter 1.2. In practice, hexagonal axes are preferred because
they are easier to visualize.

Note: For convenience, the relations between the cell parameters
a, c of the triple hexagonal cell and the cell parameters a�, �� of the
primitive rhombohedral cell (cf. Table 2.1.2.1) are listed:

a � a�
���
2

� ��������������������
1 	 cos��

�
� 2a� sin

��

2

c � a�
���
3

� �����������������������
1 
 2 cos��

�

c
a
�

���
3
2

� �����������������������
1 
 2 cos��

1 	 cos��

�
�

��������������������������������
9

4 sin2����2� 	 3

�

a� � 1
3

�����������������
3a2 
 c2

�

sin
��

2
� 3

2
�����������������������
3 
 �c2�a2�� or cos�� � �c2�a2� 	 3

2

�c2�a2� 
 3
�

� For a rhombohedral description (D cell) of the hexagonal Bravais lattice see
Section 4.3.5.3.
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2.2. Contents and arrangement of the tables

BY TH. HAHN AND A. LOOIJENGA-VOS

2.2.1. General layout

The presentation of the plane-group and space-group data in Parts 6
and 7 follows the style of the previous editions of International
Tables. The entries for a space group are printed on two facing
pages as shown below; an example (Cmm2, No. 35) is provided
inside the front and back covers. Deviations from this standard
sequence (mainly for cubic space groups) are indicated on the
relevant pages.

Left-hand page:
(1) Headline
(2) Diagrams for the symmetry elements and the general

position (for graphical symbols of symmetry elements see
Chapter 1.4)

(3) Origin
(4) Asymmetric unit
(5) Symmetry operations

Right-hand page:
(6) Headline in abbreviated form
(7) Generators selected; this information is the basis for the

order of the entries under Symmetry operations and
Positions

(8) General and special Positions, with the following
columns:
Multiplicity
Wyckoff letter
Site symmetry, given by the oriented site-symmetry
symbol
Coordinates
Reflection conditions
Note: In a few space groups, two special positions with

the same reflection conditions are printed on the same
line

(9) Symmetry of special projections (not given for plane
groups)

(10) Maximal non-isomorphic subgroups
(11) Maximal isomorphic subgroups of lowest index
(12) Minimal non-isomorphic supergroups

Note: Symbols for Lattice complexes of the plane groups and space
groups are given in Tables 14.2.3.1 and 14.2.3.2. Normalizers of
space groups are listed in Part 15.

2.2.2. Space groups with more than one description

For several space groups, more than one description is available.
Three cases occur:

(i) Two choices of origin (cf. Section 2.2.7)
For all centrosymmetric space groups, the tables contain a

description with a centre of symmetry as origin. Some centrosym-
metric space groups, however, contain points of high site symmetry
that do not coincide with a centre of symmetry. For these 24 cases, a
further description (including diagrams) with a high-symmetry
point as origin is provided. Neither of the two origin choices is
considered standard. Noncentrosymmetric space groups and all
plane groups are described with only one choice of origin.

Examples
(1) Pnnn (48)

Origin choice 1 at a point with site symmetry 222
Origin choice 2 at a centre with site symmetry �1.

(2) Fd�3m �227�
Origin choice 1 at a point with site symmetry �43m
Origin choice 2 at a centre with site symmetry �3m.

(ii) Monoclinic space groups
Two complete descriptions are given for each of the 13

monoclinic space groups, one for the setting with ‘unique axis b’,
followed by one for the setting with ‘unique axis c’.

Additional descriptions in synoptic form are provided for the
following eight monoclinic space groups with centred lattices or
glide planes:

C2 �5�, Pc �7�, Cm �8�, Cc �9�, C2�m �12�, P2�c �13�,
P21�c �14�, C2�c �15�.

These synoptic descriptions consist of abbreviated treatments for
three ‘cell choices’, here called ‘cell choices 1, 2 and 3’. Cell choice
1 corresponds to the complete treatment, mentioned above; for
comparative purposes, it is repeated among the synoptic descrip-
tions which, for each setting, are printed on two facing pages. The
cell choices and their relations are explained in Section 2.2.16.

(iii) Rhombohedral space groups
The seven rhombohedral space groups R3 (146), R�3 �148�, R32

(155), R3m (160), R3c (161), R�3m (166), and R�3c (167) are
described with two coordinate systems, first with hexagonal axes
(triple hexagonal cell) and second with rhombohedral axes
(primitive rhombohedral cell). For both descriptions, the same
space-group symbol is used. The relations between the cell
parameters of the two cells are listed in Chapter 2.1.

The hexagonal triple cell is given in the obverse setting (centring
points 2

3 , 1
3 , 1

3 �
1
3 , 2

3 , 2
3). In IT (1935), the reverse setting (centring

points 1
3 , 2

3 , 1
3 �

2
3 , 1

3 , 2
3) was employed; cf. Chapter 1.2.

2.2.3. Headline

The description of each plane group or space group starts with a
headline on a left-hand page, consisting of two (sometimes three)
lines which contain the following information, when read from left
to right.

First line
(1) The short international (Hermann–Mauguin) symbol for the

plane or space group. These symbols will be further referred to
as Hermann–Mauguin symbols. A detailed discussion of space-
group symbols is given in Chapter 12.2, a brief summary in
Section 2.2.4.
Note on standard monoclinic space-group symbols: In order to

facilitate recognition of a monoclinic space-group type, the
familiar short symbol for the b-axis setting (e.g. P21�c for No.
14 or C2�c for No. 15) has been adopted as the standard
symbol for a space-group type. It appears in the headline of
every description of this space group and thus does not carry
any information about the setting or the cell choice of this
particular description. No other short symbols for monoclinic
space groups are used in this volume (cf. Section 2.2.16).

(2) The Schoenflies symbol for the space group.
Note: No Schoenflies symbols exist for the plane groups.
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(3) The short international (Hermann–Mauguin) symbol for the
point group to which the plane or space group belongs (cf.
Chapter 12.1).

(4) The name of the crystal system (cf. Table 2.1.2.1).

Second line
(5) The sequential number of the plane or space group, as

introduced in IT (1952).
(6) The full international (Hermann–Mauguin) symbol for the plane

or space group.
For monoclinic space groups, the headline of every

description contains the full symbol appropriate to that
description.

(7) The Patterson symmetry (see Section 2.2.5).

Third line
This line is used, where appropriate, to indicate origin choices,

settings, cell choices and coordinate axes (see Section 2.2.2). For
five orthorhombic space groups, an entry ‘Former space-group
symbol’ is given; cf. Chapter 1.3, Note (x).

2.2.4. International (Hermann–Mauguin) symbols for
plane groups and space groups (cf. Chapter 12.2)

2.2.4.1. Present symbols

Both the short and the full Hermann–Mauguin symbols consist of
two parts: (i) a letter indicating the centring type of the conventional
cell, and (ii) a set of characters indicating symmetry elements of the
space group (modified point-group symbol).

(i) The letters for the centring types of cells are listed in Chapter
1.2. Lower-case letters are used for two dimensions (nets), capital
letters for three dimensions (lattices).

(ii) The one, two or three entries after the centring letter refer to
the one, two or three kinds of symmetry directions of the lattice
belonging to the space group. These symmetry directions were
called blickrichtungen by Heesch (1929). Symmetry directions
occur either as singular directions (as in the monoclinic and
orthorhombic crystal systems) or as sets of symmetrically
equivalent symmetry directions (as in the higher-symmetrical
crystal systems). Only one representative of each set is required.
The (sets of) symmetry directions and their sequence for the
different lattices are summarized in Table 2.2.4.1. According to
their position in this sequence, the symmetry directions are referred
to as ‘primary’, ‘secondary’ and ‘tertiary’ directions.

This sequence of lattice symmetry directions is transferred to the
sequence of positions in the corresponding Hermann–Mauguin
space-group symbols. Each position contains one or two characters
designating symmetry elements (axes and planes) of the space
group (cf. Chapter 1.3) that occur for the corresponding lattice
symmetry direction. Symmetry planes are represented by their
normals; if a symmetry axis and a normal to a symmetry plane are
parallel, the two characters (symmetry symbols) are separated by a
slash, as in P63�m or P2�m (‘two over m’).

For the different crystal lattices, the Hermann–Mauguin space-
group symbols have the following form:

(i) Triclinic lattices have no symmetry direction because they
have, in addition to translations, only centres of symmetry, �1. Thus,
only two triclinic space groups, P1 (1) and P�1 �2�, exist.

(ii) Monoclinic lattices have one symmetry direction. Thus, for
monoclinic space groups, only one position after the centring letter
is needed. This is used in the short Hermann–Mauguin symbols, as
in P21. Conventionally, the symmetry direction is labelled either b
(‘unique axis b’) or c (‘unique axis c’).

In order to distinguish between the different settings, the full
Hermann–Mauguin symbol contains two extra entries ‘1’. They
indicate those two axial directions that are not symmetry directions

of the lattice. Thus, the symbols P121, P112 and P211 show that the
b axis, c axis and a axis, respectively, is the unique axis. Similar
considerations apply to the three rectangular plane groups pm, pg
and cm (e.g. plane group No. 5: short symbol cm, full symbol c1m1
or c11m).

(iii) Rhombohedral lattices have two kinds of symmetry
directions. Thus, the symbols of the seven rhombohedral space
groups contain only two entries after the letter R, as in R3m or R3c.

(iv) Orthorhombic, tetragonal, hexagonal and cubic lattices have
three kinds of symmetry directions. Hence, the corresponding
space-group symbols have three entries after the centring letter, as
in Pmna, P3m1, P6cc or Ia�3d.
Lattice symmetry directions that carry no symmetry elements for
the space group under consideration are represented by the symbol
‘1’, as in P3m1 and P31m. If no misinterpretation is possible, entries
‘1’ at the end of a space-group symbol are omitted, as in P6 (instead
of P611), R�3 (instead of R�31), I41 (instead of I4111), F23 (instead
of F231); similarly for the plane groups.

Table 2.2.4.1. Lattice symmetry directions for two and three
dimensions

Directions that belong to the same set of equivalent symmetry directions are
collected between braces. The first entry in each set is taken as the
representative of that set.

Lattice

Symmetry direction (position in Hermann–
Mauguin symbol)

Primary Secondary Tertiary

Two dimensions

Oblique Rotation
point
in planeRectangular [10] [01]

Square �10�
�01�

� � �1�1�
�11�

� �

Hexagonal �10�
�01�
��1�1�

��
�

��
�

�1�1�
�12�
��2�1�

��
�

��
�

Three dimensions

Triclinic None

Monoclinic* [010] (‘unique axis b’)

[001] (‘unique axis c’)

Orthorhombic [100] [010] [001]

Tetragonal [001] �100�
�010�

� � �1�10�
�110�

� �

Hexagonal [001] �100�
�010�
��1�10�

��
�

��
�

�1�10�
�120�
��2�10�

��
�

��
�

Rhombohedral
(hexagonal axes)

[001] �100�
�010�
��1�10�

��
�

��
�

Rhombohedral
�rhombohedral axes�

[111] �1�10�
�01�1�
��101�

��
�

��
�

Cubic �100�
�010�
�001�

��
�

��
�

�111�
�1�1�1�
��11�1�
��1�11�

�		�
		�

�		�
		�

�1�10� �110�
�01�1� �011�
��101� �101�

��
�

��
�

* For the full Hermann–Mauguin symbols see Section 2.2.4.1.
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Short and full Hermann–Mauguin symbols differ only for the
plane groups of class m, for the monoclinic space groups, and for the
space groups of crystal classes mmm, 4�mmm, �3m, 6�mmm, m�3 and
m�3m. In the full symbols, symmetry axes and symmetry planes for
each symmetry direction are listed; in the short symbols, symmetry
axes are suppressed as much as possible. Thus, for space group No.
62, the full symbol is P21�n 21�m 21�a and the short symbol is
Pnma. For No. 194, the full symbol is P63�m 2�m 2�c and the short
symbol is P63�mmc. For No. 230, the two symbols are I41�a �3 2�d
and Ia�3d.

Many space groups contain more kinds of symmetry elements
than are indicated in the full symbol (‘additional symmetry
elements’, cf. Chapter 4.1). A complete listing of the symmetry
elements is given in Tables 4.2.1.1 and 4.3.2.1 under the heading
Extended full symbols. Note that a centre of symmetry is never
explicitly indicated (except for space group P�1); its presence
or absence, however, can be readily inferred from the space-group
symbol.

2.2.4.2. Changes in Hermann–Mauguin space-group symbols
as compared with the 1952 and 1935 editions of
International Tables

Extensive changes in the space-group symbols were applied in IT
(1952) as compared with the original Hermann–Mauguin symbols
of IT (1935), especially in the tetragonal, trigonal and hexagonal
crystal systems. Moreover, new symbols for the c-axis setting of
monoclinic space groups were introduced. All these changes are
recorded on pp. 51 and 543–544 of IT (1952). In the present edition,
the symbols of the 1952 edition are retained, except for the
following four cases (cf. Chapter 12.4).

(i) Two-dimensional groups
Short Hermann–Mauguin symbols differing from the corre-

sponding full symbols in IT (1952) are replaced by the full symbols
for the listed plane groups in Table 2.2.4.2.

For the two-dimensional point group with two mutually
perpendicular mirror lines, the symbol mm is changed to 2mm.

For plane group No. 2, the entries ‘1’ at the end of the full symbol
are omitted:

No. 2: Change from p211 to p2.

With these changes, the symbols of the two-dimensional groups
follow the rules that were introduced in IT (1952) for the space
groups.

(ii) Monoclinic space groups
Additional full Hermann–Mauguin symbols are introduced for

the eight monoclinic space groups with centred lattices or glide
planes (Nos. 5, 7–9, 12–15) to indicate the various settings and cell
choices. A complete list of symbols, including also the a-axis

setting, is contained in Table 4.3.2.1; further details are given in
Section 2.2.16.

For standard short monoclinic space-group symbols see Sections
2.2.3 and 2.2.16.

(iii) Cubic groups
The short symbols for all space groups belonging to the two cubic

crystal classes m�3 and m�3m now contain the symbol �3 instead of 3.
This applies to space groups Nos. 200–206 and 221–230, as well
as to the two point groups m�3 and m�3m.

Examples
No. 205: Change from Pa3 to Pa�3
No. 230: Change from Ia3d to Ia�3d.

With this change, the centrosymmetric nature of these groups is
apparent also in the short symbols.

(iv) Glide-plane symbol e
For the recent introduction of the ‘double glide plane’ e into five

space-group symbols, see Chapter 1.3, Note (x).

2.2.5. Patterson symmetry

The entry Patterson symmetry in the headline gives the space group
of the Patterson function P(x, y, z). With neglect of anomalous
dispersion, this function is defined by the formula

P�x, y, z� � 1
V



h



k



l

�F�hkl��2 cos 2��hx � ky � lz��

The Patterson function represents the convolution of a structure
with its inverse or the pair-correlation function of a structure. A
detailed discussion of its use for structure determination is given by
Buerger (1959). The space group of the Patterson function is
identical to that of the ‘vector set’ of the structure, and is thus
always centrosymmetric and symmorphic.*

The symbol for the Patterson space group of a crystal structure
can be deduced from that of its space group in two steps:

(i) Glide planes and screw axes have to be replaced by the
corresponding mirror planes and rotation axes, resulting in a
symmorphic space group.

(ii) If this symmorphic space group is not centrosymmetric,
inversions have to be added.

There are 7 different Patterson symmetries in two dimensions
and 24 in three dimensions. They are listed in Table 2.2.5.1.
Account is taken of the fact that the Laue class �3m combines in two
ways with the hexagonal translation lattice, namely as �3m1 and as
�31m.

Note: For the four orthorhombic space groups with A cells (Nos.
38–41), the standard symbol for their Patterson symmetry,
Cmmm, is added (between parentheses) after the actual symbol
Ammm in the space-group tables.

The ‘point group part’ of the symbol of the Patterson symmetry
represents the Laue class to which the plane group or space group
belongs (cf. Table 2.1.2.1). In the absence of anomalous dispersion,
the Laue class of a crystal expresses the point symmetry of its
diffraction record, i.e. the symmetry of the reciprocal lattice
weighted with I(hkl).

Table 2.2.4.2. Changes in Hermann–Mauguin symbols for two-
dimensional groups

No. IT (1952)
Present
edition

6 pmm p2mm

7 pmg p2mg

8 pgg p2gg

9 cmm c2mm

11 p4m p4mm

12 p4g p4gm

17 p6m p6mm

� A space group is called ‘symmorphic’ if, apart from the lattice translations, all
generating symmetry operations leave one common point fixed. Permitted as
generators are thus only the point-group operations: rotations, reflections, inversions
and rotoinversions (cf. Section 8.1.6).
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2.2.6. Space-group diagrams

The space-group diagrams serve two purposes: (i) to show the
relative locations and orientations of the symmetry elements and (ii)
to illustrate the arrangement of a set of symmetrically equivalent
points of the general position.

All diagrams are orthogonal projections, i.e. the projection
direction is perpendicular to the plane of the figure. Apart from the
descriptions of the rhombohedral space groups with ‘rhombohedral
axes’ (cf. Section 2.2.6.6), the projection direction is always a cell
axis. If other axes are not parallel to the plane of the figure, they are
indicated by the subscript p, as ap, bp or cp. This applies to one or
two axes for triclinic and monoclinic space groups (cf. Figs. 2.2.6.1
to 2.2.6.3), as well as to the three rhombohedral axes in Fig. 2.2.6.9.

The graphical symbols for symmetry elements, as used in the
drawings, are displayed in Chapter 1.4.

In the diagrams, ‘heights’ h above the projection plane are
indicated for symmetry planes and symmetry axes parallel to the
projection plane, as well as for centres of symmetry. The heights are
given as fractions of the shortest lattice translation normal to the
projection plane and, if different from 0, are printed next to the
graphical symbols. Each symmetry element at height h is
accompanied by another symmetry element of the same type at
height h � 1

2 (this does not apply to the horizontal fourfold axes in
the cubic diagrams). In the space-group diagrams, only the
symmetry element at height h is indicated (cf. Chapter 1.4).

Schematic representations of the diagrams, displaying the origin,
the labels of the axes, and the projection direction [uvw], are given
in Figs. 2.2.6.1 to 2.2.6.10 (except Fig. 2.2.6.6). The general-
position diagrams are indicated by the letter �.

2.2.6.1. Plane groups

Each description of a plane group contains two diagrams, one for
the symmetry elements (left) and one for the general position
(right). The two axes are labelled a and b, with a pointing
downwards and b running from left to right.

2.2.6.2. Triclinic space groups

For each of the two triclinic space groups, three elevations (along
a, b and c) are given, in addition to the general-position diagram �
(projected along c) at the lower right of the set, as illustrated in Fig.
2.2.6.1.

The diagrams represent a reduced cell of type II for which the
three interaxial angles are non-acute, i.e. �,�, � �90	. For a cell of
type I, all angles are acute, i.e. �, �, � �90	. For a discussion of the
two types of reduced cells, reference is made to Section 9.2.2.

2.2.6.3. Monoclinic space groups (cf. Sections 2.2.2 and
2.2.16)

The ‘complete treatment’ of each of the two settings contains
four diagrams (Figs. 2.2.6.2 and 2.2.6.3). Three of them are
projections of the symmetry elements, taken along the unique
axis (upper left) and along the other two axes (lower left and upper
right). For the general position, only the projection along the unique
axis is given (lower right).

The ‘synoptic descriptions’ of the three cell choices (for each
setting) are headed by a pair of diagrams, as illustrated in Fig.
2.2.6.4. The drawings on the left display the symmetry elements and
the ones on the right the general position (labelled �). Each diagram
is a projection of four neighbouring unit cells along the unique axis.
It contains the outlines of the three cell choices drawn as heavy
lines. For the labelling of the axes, see Fig. 2.2.6.4. The headline of
the description of each cell choice contains a small-scale drawing,
indicating the basis vectors and the cell that apply to that
description.

2.2.6.4. Orthorhombic space groups and orthorhombic
settings

The space-group tables contain a set of four diagrams for each
orthorhombic space group. The set consists of three projections of
the symmetry elements [along the c axis (upper left), the a axis
(lower left) and the b axis (upper right)] in addition to the general-
position diagram, which is given only in the projection along c

Table 2.2.5.1. Patterson symmetries for two and three dimensions

Laue class Lattice type Patterson symmetry (with space-group number)

Two dimensions

2 p p2 (2)

2mm p c p2mm (6) c2mm (9)

4 p p4 (10)

4mm p p4mm (11)

6 p p6 (16)

6mm p p6mm (17)

Three dimensions

�1 P P�1 �2�
2�m P C P2�m �10� C2�m �12�
mmm P C I F Pmmm (47) Cmmm (65) Immm (71) Fmmm (69)

4�m P I P4�m �83� I4�m �87�
4�mmm P I P4�mmm �123� I4�mmm �139�
�3 P R P�3 �147� R�3 �148�
�3m1
�31m

�
P
P

R P�3m1 �164�
P�31m �162�

R�3m �166�

6�m P P6�m �175�
6�mmm P P6�mmm �191�
m�3 P I F Pm�3 �200� Im�3 �204� Fm�3 �202�
m�3m P I F Pm�3m �221� Im�3m �229� Fm�3m �225�
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(lower right). The projected axes, the origins and the projection
directions of these diagrams are illustrated in Fig. 2.2.6.5. They
refer to the so-called ‘standard setting’ of the space group, i.e. the
setting described in the space-group tables and indicated by the
‘standard Hermann–Mauguin symbol’ in the headline.

For each orthorhombic space group, six settings exist, i.e. six
different ways of assigning the labels a, b, c to the three
orthorhombic symmetry directions; thus the shape and orientation
of the cell are the same for each setting. These settings correspond
to the six permutations of the labels of the axes (including the
identity permutation); cf. Section 2.2.16:

abc bac cab cba bca acb�

The symbol for each setting, here called ‘setting symbol’, is a short-
hand notation for the transformation of the basis vectors of the

Table 2.2.6.1. Numbers of distinct projections and different
Hermann–Mauguin symbols for the orthorhombic space
groups (space-group number placed between parentheses),
listed according to point group as indicated in the headline

Number of
distinct
projections 222 mm2 2�m2�m2�m

6 Pmc21 �26� P 21�m 2�m 2�a �51�
(22 space groups) Pma2 (28) P 2�n 21�n 2�a �52�

Pca21 �29� P 2�m 2�n 21�a �53�
Pnc2 (30) P 21�c 2�c 2�a �54�
Pmn21 �31� P 2�b 21�c 21�m �57�
Pna21 �33� P 21�b 2�c 21�n �60�
Cmc21 �36� P 21�n 21�m 21�a �62�
Amm2 (38) C 2�m 2�c 21�m �63�
Abm2 (39) C 2�m 2�c 21�a �64�
Ama2 (40) I 21�m 21�m 21�a �74�
Aba2 (41)

Ima2 (46)

3 P2221 �17� Pmm2 (25) P 2�c 2�c 2�m �49�
(25 space groups) P21212 �18� Pcc2 (27) P 2�b 2�a 2�n �50�

C2221 �20� Pba2 (32) P 21�b 21�a 2�m �55�
C222 (21) Pnn2 (34) P 21�c 21�c 2�n �56�

Cmm2 (35) P 21�n 21�n 2�m �58�
Ccc2 (37) P 21�m 21�m 2�n �59�
Fmm2 (42) C 2�m 2�m 2�m �65�
Fdd2 (43) C 2�c 2�c 2�m �66�
Imm2 (44) C 2�m 2�m 2�a �67�
Iba2 (45) C 2�c 2�c 2�a �68�

I 2�b 2�a 2�m �72�
2 P 21�b 21�c 21�a �61�
(2 space groups) I 21�b 21�c 21�a �73�
1 P222 (16) P 2�m 2�m 2�m �47�
(10 space groups) P212121 �19� P 2�n 2�n 2�n �48�

F222 (22) F 2�m 2�m 2�m �69�
I222 (23) F 2�d 2�d 2�d �70�
I212121 �24� I 2�m 2�m 2�m �71�

Total: (59) (9) (22) (28)

Fig. 2.2.6.1. Triclinic space groups (� � general-position diagram).

Fig. 2.2.6.2. Monoclinic space groups, setting with unique axis b
(� � general-position diagram).

Fig. 2.2.6.3. Monoclinic space groups, setting with unique axis c.
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standard setting, a, b, c, into those of the setting considered. For
instance, the setting symbol cab stands for the cyclic permutation

a
 � c, b
 � a, c
 � b

or

�a
b
c
� � �abc�
0 1 0
0 0 1
1 0 0

�
�


� � �cab�,

where a
, b
, c
 is the new set of basis vectors. An interchange of two
axes reverses the handedness of the coordinate system; in order to
keep the system right-handed, each interchange is accompanied by
the reversal of the sense of one axis, i.e. by an element �1 in the
transformation matrix. Thus, bac denotes the transformation

�a
b
c
� � �abc�
0 1 0
1 0 0
0 0 �1

�
�


� � �bac��

The six orthorhombic settings correspond to six Hermann–Mauguin
symbols which, however, need not all be different; cf. Table
2.2.6.1.*

In the earlier (1935 and 1952) editions of International Tables,
only one setting was illustrated, in a projection along c, so that it
was usual to consider it as the ‘standard setting’ and to accept its cell
edges as crystal axes and its space-group symbol as ‘standard
Hermann–Mauguin symbol’. In the present edition, however, all six
orthorhombic settings are illustrated, as explained below.

The three projections of the symmetry elements can be
interpreted in two ways. First, in the sense indicated above, that
is, as different projections of a single (standard) setting of the space
group, with the projected basis vectors a, b, c labelled as in Fig.
2.2.6.5. Second, each one of the three diagrams can be considered as
the projection along c
 of either one of two different settings: one
setting in which b
 is horizontal and one in which b
 is vertical
(a
, b
, c
 refer to the setting under consideration). This second
interpretation is used to illustrate in the same figure the space-group
symbols corresponding to these two settings. In order to view these
projections in conventional orientation (b
 horizontal, a
 vertical,
origin in the upper left corner, projection down the positive c
 axis),
the setting with b
 horizontal can be inspected directly with the
figure upright; hence, the corresponding space-group symbol is
printed above the projection. The other setting with b
 vertical and
a
 horizontal, however, requires turning the figure over 90	, or
looking at it from the side; thus, the space-group symbol is printed
at the left, and it runs upwards.

The ‘setting symbols’ for the six settings are attached to the three
diagrams of Fig. 2.2.6.6, which correspond to those of Fig. 2.2.6.5.
In the orientation of the diagram where the setting symbol is read in
the usual way, a
 is vertical pointing downwards, b
 is horizontal
pointing to the right, and c
 is pointing upwards from the page. Each
setting symbol is printed in the position that in the space-group
tables is actually occupied by the corresponding full Hermann–
Mauguin symbol. The changes in the space-group symbol that are

Fig. 2.2.6.4. Monoclinic space groups, cell choices 1, 2, 3. Upper pair of
diagrams: setting with unique axis b. Lower pair of diagrams: setting
with unique axis c. The numbers 1, 2, 3 within the cells and the
subscripts of the labels of the axes indicate the cell choice (cf. Section
2.2.16). The unique axis points upwards from the page.

Fig. 2.2.6.5. Orthorhombic space groups. Diagrams for the ‘standard
setting’ as described in the space-group tables (� � general-position
diagram).

Fig. 2.2.6.6. Orthorhombic space groups. The three projections of the
symmetry elements with the six setting symbols (see text). For setting
symbols printed vertically, the page has to be turned clockwise by 90	 or
viewed from the side. Note that in the actual space-group tables instead
of the setting symbols the corresponding full Hermann–Mauguin space-
group symbols are printed.

� A space-group symbol is invariant under sign changes of the axes; i.e. the same
symbol applies to the right-handed coordinate systems abc, abc, abc, abc and the
left-handed systems abc, abc, abc, abc.
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associated with a particular setting symbol can easily be deduced by
comparing Fig. 2.2.6.6 with the diagrams for the space group under
consideration.

Not all of the 59 orthorhombic space groups have all six
projections distinct, i.e. have different Hermann–Mauguin symbols
for the six settings. This aspect is treated in Table 2.2.6.1. Only 22
space groups have six, 25 have three, 2 have two different symbols,
while 10 have all symbols the same. This information can be of help
in the early stages of a crystal-structure analysis.

The six setting symbols listed in the second paragraph of this
section form the column headings of the orthorhombic entries in
Table 4.3.2.1, which contains the extended Hermann–Mauguin
symbols for the six settings of each orthorhombic space group. Note
that some of these setting symbols exhibit different sign changes
compared with those in Fig. 2.2.6.6.

2.2.6.5. Tetragonal, trigonal P and hexagonal P space
groups

The pairs of diagrams for these space groups are similar to those
in IT (1935) and IT (1952). Each pair consists of a general-position
diagram (right) and a diagram of the symmetry elements (left), both
projected along c, as illustrated in Figs. 2.2.6.7 and 2.2.6.8.

2.2.6.6. Rhombohedral (trigonal R) space groups

The seven rhombohedral R space groups are treated in two
versions, the first based on ‘hexagonal axes’ (obverse setting), the
second on ‘rhombohedral axes’ (cf. Sections 2.1.3 and 2.2.2). The
pairs of diagrams are similar to those in IT (1952); the left or top one
displays the symmetry elements, the right or bottom one the general
position. This is illustrated in Fig. 2.2.6.9, which gives the axes a
and b of the triple hexagonal cell and the projections of the axes of
the primitive rhombohedral cell, labelled ap, bp and cp. For
convenience, all ‘heights’ in the space-group diagrams are fractions
of the hexagonal c axis. For ‘hexagonal axes’, the projection
direction is [001], for ‘rhombohedral axes’ it is [111]. In the
general-position diagrams, the circles drawn in heavier lines
represent atoms that lie within the primitive rhombohedral cell
(provided the symbol ‘�’ is read as 1 � z rather than as �z).

The pairs of drawings for the hexagonal and the rhombohedral
descriptions of a space group are the same. In the rhombohedral
descriptions of space groups Nos. 166 and 167, R�3m and R�3c, the
diagrams are omitted for reasons of space, and the reader is referred
to the drawings in the hexagonal descriptions.

2.2.6.7. Cubic space groups

For each cubic space group, one projection of the symmetry
elements along [001] is given, Fig. 2.2.6.10; for details of the
diagrams, see Chapter 1.4 and Buerger (1956). For face-centred
lattices F, only a quarter of the unit cell is shown; this is sufficient
since the projected arrangement of the symmetry elements is
translation-equivalent in the four quarters of an F cell. The three
stereoscopic general-position diagrams in the lower part of the page
are explained below.

The cubic diagrams given in IT (1935) were quite different from
the ones used here. No drawings for cubic space groups were
provided in IT (1952).

2.2.6.8. Diagrams of the general position

(i) Non-cubic space groups
In these diagrams, the ‘heights’ of the points are z coordinates,

except for monoclinic space groups with unique axis b where they
are y coordinates. For rhombohedral space groups, the heights are
always fractions of the hexagonal c axis. The symbols � and �
stand for �z and �z (or �y and �y) in which z or y can assume any
value. For points with symbols � or � preceded by a fraction, e.g.

Fig. 2.2.6.7. Tetragonal space groups (� � general-position diagram).

Fig. 2.2.6.8. Trigonal P and hexagonal P space groups (� = general-
position diagram).

Fig. 2.2.6.9. Rhombohedral R space groups. Obverse triple hexagonal cell
with ‘hexagonal axes’ a, b and primitive rhombohedral cell with
projections of ‘rhombohedral axes’ ap, bp, cp. Note: In the actual space-
group diagrams only the upper edges (full lines), not the lower edges
(dashed lines) of the primitive rhombohedral cell are shown
(� � general-position diagram).

Fig. 2.2.6.10. Cubic space groups (� � general-position stereodiagrams).

23

2.2. CONTENTS AND ARRANGEMENT OF THE TABLES



1
2� or 1

3�, the relative z or y coordinate is 1
2 etc. higher than that of

the point with symbol � or �.
Points represented by � and �, are related by inversion,

rotoinversion or mirror symmetry and are thus enantiomorphs of
each other. If�were to be occupied by the centre of a right-handed
molecule, the molecule at �, would be left-handed.

Where a mirror plane exists parallel to the plane of projection, the
two positions superimposed in projection are indicated by the use of
a ring divided through the centre. The information given on each
side refers to one of the two positions related by the mirror plane, as
in ��, �.

(ii) Stereodiagrams for cubic space groups (Fig. 2.2.6.10)
For each cubic space group, three diagrams are given with the

points of the general position as vertices of transparent polyhedra.
(The spheres at the vertices are depicted as opaque, however.) For
the ‘starting point’, the same coordinate values, x = 0.048, y = 0.12,
z = 0.08, as in the cubic diagrams of IT (1935) have been used. The
diagram on the left corresponds to that published in IT (1935); in
this figure, the height h of the centre of each polyhedron is given, if
different from zero. For space groups Nos. 198, 199 and 220, h
refers to the special point to which the polyhedron (triangle) is
connected by dotted lines. In all diagrams, polyhedra with height 1
are omitted. A grid of four squares is drawn to represent the four
quarters of the basal plane of the cell.

Of the three diagrams, the image on the left and the central one
form a stereopair, as well as the central image and that on the right
(Langlet, 1972). The stereoscopic effect is obtained by a 6	 tilt
between each view. The separation of neighbouring images has the
standard value of 55 mm. The presence of the two stereopairs has
the advantage that difficulties in seeing the polyhedra due to overlap
in one pair do not occur in the other. For space groups Nos. 219, 226
and 228, where the number of points was too large for one set, two
sets of three drawings are provided, one for the upper and one for
the lower half of the cell.

Notes:
(i) For space group P4132 �213�, the coordinates �x,�y,�z have been

chosen for the ‘starting point’ to bring out the enantiomorphism
with P4332 �212�.

(ii) For the description of a space group with ‘Origin choice 2’, the
coordinates x, y, z of all points have been shifted with the origin
to retain the same polyhedra for both origin choices.

Readers who wish to compare other approaches to space-group
diagrams and their history are referred to IT (1935), IT (1952) and
the following publications: Astbury & Yardley (1924); Belov et al.
(1980); Buerger (1956); Fedorov (1895; English translation, 1971);
Friedel (1926); Hilton (1903); Niggli (1919); Schiebold (1929).

2.2.7. Origin

The determination and description of crystal structures and
particularly the application of direct methods are greatly facilitated
by the choice of a suitable origin and its proper identification. This
is even more important if related structures are to be compared or if
‘chains’ of group–subgroup relations are to be constructed. In this
volume, as well as in IT (1952), the origin of the unit cell has been
chosen according to the following conventions (cf. Chapter 2.1 and
Section 2.2.2):

(i) All centrosymmetric space groups are described with an
inversion centre as origin. A further description is given if a
centrosymmetric space group contains points of high site symmetry
that do not coincide with a centre of symmetry.

Example: I41�amd �141�.
(ii) For noncentrosymmetric space groups, the origin is at a point

of highest site symmetry, as in P�6m2 (187). If no site symmetry is
higher than 1, except for the cases listed below under (iii), the origin
is placed on a screw axis, or a glide plane, or at the intersection of
several such symmetry elements.

Examples: Pca21 �29�; P61 �169�.
(iii) In space group P212121 �19�, the origin is chosen in such a

way that it is surrounded symmetrically by three pairs of 21 axes.
This principle is maintained in the following noncentrosymmetric
cubic space groups of classes 23 and 432, which contain P212121
as subgroup: P213 �198�, I213 �199�, F4132 �210�. It has been
extended to other noncentrosymmetric orthorhombic and cubic
space groups with P212121 as subgroup, even though in these
cases points of higher site symmetry are available: I212121 �24�,
P4332 �212�, P4132 �213�, I4132 �214�.

There are several ways of determining the location and site
symmetry of the origin. First, the origin can be inspected directly in
the space-group diagrams (cf. Section 2.2.6). This method permits
visualization of all symmetry elements that intersect the chosen
origin.

Another procedure for finding the site symmetry at the origin is to
look for a special position that contains the coordinate triplet 0, 0, 0
or that includes it for special values of the parameters, e.g. position
1a: 0, 0, z in space group P4 (75), or position 3a � x, 0, 1

3; 0, x, 2
3;

�x,�x, 0 in space group P3121 �152�. If such a special position occurs,
the symmetry at the origin is given by the oriented site-symmetry
symbol (see Section 2.2.12) of that special position; if it does not
occur, the site symmetry at the origin is 1. For most practical
purposes, these two methods are sufficient for the identification of
the site symmetry at the origin.

2.2.7.1. Origin statement

In the line Origin immediately below the diagrams, the site
symmetry of the origin is stated, if different from the identity. A
further symbol indicates all symmetry elements (including glide
planes and screw axes) that pass through the origin, if any. For space
groups with two origin choices, for each of the two origins the
location relative to the other origin is also given. An example is
space group Ccca (68).

In order to keep the notation as simple as possible, no rigid rules
have been applied in formulating the origin statements. Their
meaning is demonstrated by the examples in Table 2.2.7.1, which
should be studied together with the appropriate space-group
diagrams.

These examples illustrate the following points:

(i) The site symmetry at the origin corresponds to the point group
of the space group (examples E1–E3) or to a subgroup of this point
group (E4–E11).

The presence of a symmetry centre at the origin is always stated
explicitly, either by giving the symbol �1 (E1 and E4) or by the
words ‘at centre’, followed by the full site symmetry between
parentheses (E2 and E5). This completes the origin line, if no
further glide planes or screw axes are present at the origin.

(ii) If glide planes or screw axes are present, as in examples E4–
E11, they are given in the order of the symmetry directions listed in
Table 2.2.4.1. Such a set of symmetry elements is described here
in the form of a ‘point-group-like’ symbol (although it does not
describe a group). With the help of the orthorhombic symmetry
directions, the symbols in E4–E6 can be interpreted easily. The
shortened notation of E6 and E7 is used for space groups of crystal
classes mm2, 4mm, �42m, 3m, 6mm and �62m if the site symmetry at
the origin can be easily recognized from the shortened symbol.
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(iii) For the tetragonal, trigonal and hexagonal space groups, the
situation is more complicated than for the orthorhombic groups. The
tetragonal space groups have one primary, two secondary and two
tertiary symmetry directions. For hexagonal groups, these numbers
are one, three and three (Table 2.2.4.1). If the symmetry elements
passing through the origin are the same for the two (three)
secondary or the two (three) tertiary directions, only one entry is
given at the relevant position of the origin statement [example E7:
‘on 41g’ instead of ‘on 41(g, g)’]. An exception occurs for the site-
symmetry group 2mm (example E8), which is always written in full
rather than as 2m1.

If the symmetry elements are different, two (three) symbols are
placed between parentheses, which stand for the two (three)
secondary or tertiary directions. The order of these symbols
corresponds to the order of the symmetry directions within the
secondary or tertiary set, as listed in Table 2.2.4.1. Directions
without symmetry are indicated by the symbol 1. With this rule, the
last symbols in the examples E9–E11 can be interpreted.

Note that for some tetragonal space groups (Nos. 100, 113, 125,
127, 129, 134, 138, 141, 142) the glide-plane symbol g is used in the
origin statement. This symbol occurs also in the block Symmetry
operations of these space groups; it is explained in Sections 2.2.9
and 11.1.2.

(iv) To emphasize the orientation of the site-symmetry elements
at the origin, examples E9 and E10 start with ‘on 2[110]’ and E11
with ‘on 2[210]’. In E8, the site-symmetry group is 2mm. Together
with the space-group symbol this indicates that 2 is along the
primary tetragonal direction, that the two symbols m refer to the two
secondary symmetry directions [100] and [010], and that the tertiary
set of directions does not contribute to the site symmetry.

For monoclinic space groups, an indication of the orientation of
the symmetry elements is not necessary; hence, the site symmetry at
the origin is given by non-oriented symbols. For orthorhombic
space groups, the orientation is obvious from the symbol of the
space group.

(v) The extensive description of the symmetry elements passing
through the origin is not retained for the cubic space groups, as this
would have led to very complicated notations for some of the
groups.

2.2.8. Asymmetric unit

An asymmetric unit of a space group is a (simply connected)
smallest closed part of space from which, by application of all
symmetry operations of the space group, the whole of space is filled.
This implies that mirror planes and rotation axes must form
boundary planes and boundary edges of the asymmetric unit. A
twofold rotation axis may bisect a boundary plane. Centres of
inversion must either form vertices of the asymmetric unit or be
located at the midpoints of boundary planes or boundary edges. For
glide planes and screw axes, these simple restrictions do not hold.
An asymmetric unit contains all the information necessary for the
complete description of the crystal structure. In mathematics, an
asymmetric unit is called ‘fundamental region’ or ‘fundamental
domain’.

Example
The boundary planes of the asymmetric unit in space group
Pmmm (47) are fixed by the six mirror planes x, y, 0; x, y, 1

2;
x, 0, z; x, 1

2 , z; 0, y, z; and 1
2 , y, z. For space group P212121 �19�,

on the other hand, a large number of connected regions, each with
a volume of 1

4 V (cell), may be chosen as asymmetric unit.

In cases where the asymmetric unit is not uniquely determined by
symmetry, its choice may depend on the purpose of its application.
For the description of the structures of molecular crystals, for
instance, it is advantageous to select asymmetric units that contain
one or more complete molecules. In the space-group tables of this
volume, the asymmetric units are chosen in such a way that Fourier
summations can be performed conveniently.

For all triclinic, monoclinic and orthorhombic space groups, the
asymmetric unit is chosen as a parallelepiped with one vertex at the
origin of the cell and with boundary planes parallel to the faces of
the cell. It is given by the notation

0  xi  upper limit of xi,

where xi stands for x, y or z.
For space groups with higher symmetry, cases occur where the

origin does not coincide with a vertex of the asymmetric unit or
where not all boundary planes of the asymmetric unit are parallel to
those of the cell. In all these cases, parallelepipeds

lower limit of xi  xi  upper limit of xi

are given that are equal to or larger than the asymmetric unit. Where
necessary, the boundary planes lying within these parallelepipeds
are given by additional inequalities, such as x  y, y  1

2 � x etc.
In the trigonal, hexagonal and especially the cubic crystal

systems, the asymmetric units have complicated shapes. For this
reason, they are also specified by the coordinates of their vertices.
Drawings of asymmetric units for cubic space groups have been
published by Koch & Fischer (1974). Fig. 2.2.8.1 shows the
boundary planes occurring in the tetragonal, trigonal and hexagonal
systems, together with their algebraic equations.

Examples
(1) In space group P4mm (99), the boundary plane y � x occurs in

addition to planes parallel to the unit-cell faces; the asymmetric
unit is given by

0  x  1
2; 0  y  1

2; 0  z  1; x  y�

(2) In P4bm (100), one of the boundary planes is y � 1
2 � x. The

asymmetric unit is given by

0  x  1
2; 0  y  1

2; 0  z  1; y  1
2 � x�

(3) In space group R32 �155; hexagonal axes�, the boundary planes
are, among others, x � �1 � y��2, y � 1 � x, y � �1 � x��2.

Table 2.2.7.1. Examples of origin statements

Example
number

Space group
(No.) Origin statement

Meaning of last symbol
in E4–E11

E1 P�1 �2� at �1

E2 P2�m �10� at centre �2�m�
E3 P222 (16) at 222

E4 Pcca (54) at �1 on 1ca c � �010�, a � �001�
E5 Cmcm (63) at centre �2�m�

at 2�mc21

2 � �100�, m � �100�,
c � �010�, 21 � �001�

E6 Pcc2 (27) on cc2; short for:
on 2 on cc2

c � �100�, c � �010�,
2 � �001�

E7 P4bm (100) on 41g; short for:
on 4 on 41g

4 � �001�, g � �1�10� and
g � �110�

E8 P42mc �105� on 2mm on 42mc 42 � �001�, m � �100� and
m � �010�,
c ��1�10� and c � �110�

E9 P43212 �96� on 2[110] at
211�1, 2�

21 � �001�, 1 in �1�10� and
2 � �110�

E10 P3121 �152� on 2[110] at
31�1, 1, 2�1

31 � �001�, 2 � �110�

E11 P3112 �151� on 2[210] at
311�1, 1, 2�

31 � �001�, 2 � �210�
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The asymmetric unit is defined by

0  x  2
3; 0  y  2

3; 0  z  1
6;

x  �1 � y��2; y  min�1 � x, �1 � x��2�
Vertices: 0, 0, 0 1

2 , 0, 0 2
3 , 1

3 , 0 1
3 , 2

3 , 0 0, 1
2 , 0

0, 0, 1
6

1
2 , 0, 1

6
2
3 , 1

3 , 1
6

1
3 , 2

3 , 1
6 0, 1

2 , 1
6 �

It is obvious that the indication of the vertices is of great help in
drawing the asymmetric unit.

Fourier syntheses

For complicated space groups, the easiest way to calculate
Fourier syntheses is to consider the parallelepiped listed, without
taking into account the additional boundary planes of the
asymmetric unit. These planes should be drawn afterwards in the
Fourier synthesis. For the computation of integrated properties from
Fourier syntheses, such as the number of electrons for parts of the
structure, the values at the boundaries of the asymmetric unit must
be applied with a reduced weight if the property is to be obtained
as the product of the content of the asymmetric unit and the
multiplicity.

Example
In the parallelepiped of space group Pmmm (47), the weights for
boundary planes, edges and vertices are 1

2,
1
4 and 1

8, respectively.

Asymmetric units of the plane groups have been discussed by
Buerger (1949, 1960) in connection with Fourier summations.

2.2.9. Symmetry operations

As explained in Sections 8.1.6 and 11.1.1, the coordinate triplets of
the General position of a space group may be interpreted as a
shorthand description of the symmetry operations in matrix
notation. The geometric description of the symmetry operations is
found in the space-group tables under the heading Symmetry
operations.

2.2.9.1. Numbering scheme

The numbering �1� � � � � p� � � � of the entries in the blocks
Symmetry operations and General position (first block below
Positions) is the same. Each listed coordinate triplet of the general
position is preceded by a number between parentheses ( p). The
same number ( p) precedes the corresponding symmetry operation.
For space groups with primitive cells, both lists contain the same
number of entries.

For space groups with centred cells, to the one block General
position several (2, 3 or 4) blocks Symmetry operations correspond.
The numbering scheme of the general position is applied to each
one of these blocks. The number of blocks equals the multiplicity of
the centred cell, i.e. the number of centring translations below the
subheading Coordinates, such as �0, 0, 0�� , �2

3 , 1
3 , 1

3�� , �1
3 , 2

3 , 2
3��.

Whereas for the Positions the reader is expected to add these
centring translations to each printed coordinate triplet himself (in
order to obtain the complete general position), for the Symmetry
operations the corresponding data are listed explicitly. The different
blocks have the subheadings ‘For (0,0,0)� set’, ‘For �1

2 , 1
2 , 1

2�� set’,
etc. Thus, an obvious one-to-one correspondence exists between the
analytical description of a symmetry operation in the form of its
general-position coordinate triplet and the geometrical description
under Symmetry operations. Note that the coordinates are reduced
modulo 1, where applicable, as shown in the example below.

Example: Ibca (73)
The centring translation is t�1

2 , 1
2 , 1

2�. Accordingly, above the
general position one finds �0, 0, 0�� and �1

2 , 1
2 , 1

2��. In the block
Symmetry operations, under the subheading ‘For �0, 0, 0�� set’,
entry (2) refers to the coordinate triplet �x � 1

2 , �y, z � 1
2. Under the

subheading ‘For �1
2 , 1

2 , 1
2�� set’, however, entry (2) refers to

�x, �y � 1
2 , z. The triplet �x, �y � 1

2 , z is selected rather than
�x � 1, �y � 1

2 , z � 1, because the coordinates are reduced modulo
1.

In space groups with two origins where a ‘symmetry element’
and an ‘additional symmetry element’ are of different type (e.g.
mirror versus glide plane, rotation versus screw axis, Tables 4.1.2.2
and 4.1.2.3), the origin shift may interchange the two different types
in the same location (referred to the appropriate origin) under the
same number (p). Thus, in P4�nmm (129), (p) = (7) represents a �2
and a 21 axis, both in x, x, 0, whereas (p) = (16) represents a g and an
m plane, both in x, x, z.

2.2.9.2. Designation of symmetry operations

An entry in the block Symmetry operations is characterized as
follows.

Fig. 2.2.8.1. Boundary planes of asymmetric units occurring in the space-
group tables. (a) Tetragonal system. (b) Trigonal and hexagonal
systems. The point coordinates refer to the vertices in the plane z � 0.
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(i) A symbol denoting the type of the symmetry operation (cf.
Chapter 1.3), including its glide or screw part, if present. In most
cases, the glide or screw part is given explicitly by fractional
coordinates between parentheses. The sense of a rotation is
indicated by the superscript � or �. Abbreviated notations are
used for the glide reflections a�1

2 , 0, 0� � a; b�0, 1
2 , 0� � b;

c�0, 0, 1
2� � c. Glide reflections with complicated and unconven-

tional glide parts are designated by the letter g, followed by the
glide part between parentheses.

(ii) A coordinate triplet indicating the location and orientation
of the symmetry element which corresponds to the symmetry
operation. For rotoinversions, the location of the inversion point is
given in addition.

Details of this symbolism are presented in Section 11.1.2.

Examples
(1) a x, y, 1

4
Glide reflection with glide component �1

2 , 0, 0� through the plane
x, y, 1

4, i.e. the plane parallel to (001) at z � 1
4.

(2) �4� 1
4 , 1

4 , z; 1
4 , 1

4 , 1
4

Fourfold rotoinversion, consisting of a counter clockwise
rotation by 90	 around the line 1

4 , 1
4 , z, followed by an inversion

through the point 1
4 , 1

4 , 1
4.

(3) g�1
4 , 1

4 , 1
2� x, x, z

Glide reflection with glide component �1
4 , 1

4 , 1
2� through the

plane x, x, z, i.e. the plane parallel to �1�10� containing the point
0, 0, 0.

(4) g�1
3 , 1

6 , 1
6� 2x � 1

2 , x, z (hexagonal axes)
Glide reflection with glide component �1

3 , 1
6 , 1

6� through the
plane 2x � 1

2 , x, z, i.e. the plane parallel to �1�210�, which
intersects the a axis at � 1

2 and the b axis at 1
4; this operation

occurs in R�3c (167, hexagonal axes).
(5) Symmetry operations in Ibca (73)

Under the subheading ‘For (0, 0, 0)� set’, the operation
generating the coordinate triplet (2) �x � 1

2 ,�y, z � 1
2 from (1)

x, y, z is symbolized by 2�0, 0, 1
2� 1

4 , 0, z. This indicates a
twofold screw rotation with screw part �0, 0, 1

2� for which the
corresponding screw axis coincides with the line 1

4 , 0, z, i.e. runs
parallel to [001] through the point 1

4 , 0, 0. Under the subheading
‘For �1

2 , 1
2 , 1

2�� set’, the operation generating the coordinate
triplet (2) �x,�y � 1

2 , z from (1) x, y, z is symbolized by 2 0, 1
4 , z. It

is thus a twofold rotation (without screw part) around the line
0, 1

4 , z.

2.2.10. Generators

The line Generators selected states the symmetry operations and
their sequence, selected to generate all symmetrically equivalent
points of the General position from a point with coordinates x, y, z.
Generating translations are listed as t(1, 0, 0), t(0, 1, 0), t(0, 0, 1);
likewise for additional centring translations. The other symmetry
operations are given as numbers ( p) that refer to the corresponding
coordinate triplets of the general position and the corresponding
entries under Symmetry operations, as explained in Section 2.2.9
[for centred space groups the first block ‘For (0, 0, 0)� set’ must be
used].

For all space groups, the identity operation given by (1) is
selected as the first generator. It is followed by the generators
t(1, 0, 0), t(0, 1, 0), t(0, 0, 1) of the integral lattice translations and,
if necessary, by those of the centring translations, e.g. t�1

2 , 1
2 , 0� for a

C lattice. In this way, point x, y, z and all its translationally
equivalent points are generated. (The remark ‘and its translationally
equivalent points’ will hereafter be omitted.) The sequence chosen

for the generators following the translations depends on the crystal
class of the space group and is set out in Table 8.3.5.1 of Section
8.3.5.

Example: P121�c1 (14, unique axis b, cell choice 1)
After the generation of (1) x, y, z, the operation (2) which stands
for a twofold screw rotation around the axis 0, y, 1

4 generates point
(2) of the general position with coordinate triplet �x, y � 1

2 ,�z � 1
2.

Finally, the inversion (3) generates point (3) �x,�y,�z from point (1),
and point (4
) x,�y � 1

2 , z � 1
2 from point (2). Instead of (4
),

however, the coordinate triplet (4) x,�y � 1
2 , z � 1

2 is listed,
because the coordinates are reduced modulo 1.

The example shows that for the space group P121�c1 two
operations, apart from the identity and the generating translations,
are sufficient to generate all symmetrically equivalent points.
Alternatively, the inversion (3) plus the glide reflection (4), or the
glide reflection (4) plus the twofold screw rotation (2), might have
been chosen as generators. The process of generation and the
selection of the generators for the space-group tables, as well as the
resulting sequence of the symmetry operations, are discussed in
Section 8.3.5.

For different descriptions of the same space group (settings, cell
choices, origin choices), the generating operations are the same.
Thus, the transformation relating the two coordinate systems
transforms also the generators of one description into those of the
other.

From the Fifth Edition onwards, this applies also to the
description of the seven rhombohedral (R) space groups by means
of ‘hexagonal’ and ‘rhombohedral’ axes. In previous editions, there
was a difference in the sequence (not the data) of the ‘coordinate
triplets’ and the ‘symmetry operations’ in both descriptions (cf.
Section 2.10 in the First to Fourth Editions).

2.2.11. Positions

The entries under Positions* (more explicitly called Wyckoff
positions) consist of the one General position (upper block) and
the Special positions (blocks below). The columns in each block,
from left to right, contain the following information for each
Wyckoff position.

(i) Multiplicity M of the Wyckoff position. This is the number of
equivalent points per unit cell. For primitive cells, the multiplicity
M of the general position is equal to the order of the point group of
the space group; for centred cells, M is the product of the order of
the point group and the number (2, 3 or 4) of lattice points per cell.
The multiplicity of a special position is always a divisor of the
multiplicity of the general position.

(ii) Wyckoff letter. This letter is merely a coding scheme for the
Wyckoff positions, starting with a at the bottom position and
continuing upwards in alphabetical order (the theoretical back-
ground on Wyckoff positions is given in Section 8.3.2).

(iii) Site symmetry. This is explained in Section 2.2.12.

(iv) Coordinates. The sequence of the coordinate triplets is based
on the Generators (cf. Section 2.2.10). For centred space groups, the
centring translations, for instance �0, 0, 0�� �1

2 , 1
2 , 1

2��, are listed
above the coordinate triplets. The symbol ‘�’ indicates that, in
order to obtain a complete Wyckoff position, the components of

� The term Position (singular) is defined as a set of symmetrically equivalent points,
in agreement with IT (1935): Point position; Punktlage (German); Position
(French). Note that in IT (1952) the plural, equivalent positions, was used.
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these centring translations have to be added to the listed coordinate
triplets. Note that not all points of a position always lie within the
unit cell; some may be outside since the coordinates are formulated
modulo 1; thus, for example, �x,�y,�z is written rather than
�x � 1,�y � 1,�z � 1.

The M coordinate triplets of a position represent the coordinates
of the M equivalent points (atoms) in the unit cell. A graphic
representation of the points of the general position is provided by
the general-position diagram; cf. Section 2.2.6.

(v) Reflection conditions. These are described in Section 2.2.13.

The two types of positions, general and special, are characterized
as follows:

(i) General position
A set of symmetrically equivalent points, i.e. a ‘crystallographic

orbit’, is said to be in ‘general position’ if each of its points is left
invariant only by the identity operation but by no other symmetry
operation of the space group. Each space group has only one general
position.

The coordinate triplets of a general position (which always start
with x, y, z) can also be interpreted as a short-hand form of the
matrix representation of the symmetry operations of the space
group; this viewpoint is further described in Sections 8.1.6 and
11.1.1.

(ii) Special position(s)
A set of symmetrically equivalent points is said to be in ‘special

position’ if each of its points is mapped onto itself by the identity
and at least one further symmetry operation of the space group. This
implies that specific constraints are imposed on the coordinates of
each point of a special position; e.g. x � 1

4 , y � 0, leading to the
triplet 1

4 , 0, z; or y � x � 1
2, leading to the triplet x, x � 1

2 , z. The
number of special positions in a space group [up to 26 in Pmmm
(No. 47)] depends on the number and types of symmetry operations
that map a point onto itself.

The set of all symmetry operations that map a point onto itself
forms a group, known as the ‘site-symmetry group’ of that point. It
is given in the third column by the ‘oriented site-symmetry symbol’
which is explained in Section 2.2.12. General positions always
have site symmetry 1, whereas special positions have higher site
symmetries, which can differ from one special position to another.

If in a crystal structure the centres of finite objects, such as
molecules, are placed at the points of a special position, each such
object must display a point symmetry that is at least as high as the
site symmetry of the special position. Geometrically, this means
that the centres of these objects are located on symmetry elements
without translations (centre of symmetry, mirror plane, rotation
axis, rotoinversion axis) or at the intersection of several symmetry
elements of this kind (cf. space-group diagrams).

Note that the location of an object on a screw axis or on a glide
plane does not lead to an increase in the site symmetry and to a
consequent reduction of the multiplicity for that object. Accord-
ingly, a space group that contains only symmetry elements with
translation components does not have any special position. Such a
space group is called ‘fixed-point-free’. The 13 space groups of this
kind are listed in Section 8.3.2.

Example: Space group C12�c1 (15, unique axis b, cell choice 1)
The general position 8f of this space group contains eight
equivalent points per cell, each with site symmetry 1. The
coordinate triplets of four points, (1) to (4), are given explicitly,
the coordinates of the other four points are obtained by adding the
components 1

2 , 1
2 , 0 of the C-centring translation to the coordinate

triplets (1) to (4).

The space group has five special positions with Wyckoff
letters a to e. The positions 4a to 4d require inversion symmetry,
�1, whereas Wyckoff position 4e requires twofold rotation
symmetry, 2, for any object in such a position. For position 4e,
for instance, the four equivalent points have the coordinates
0, y, 1

4 � 0,�y, 3
4 �

1
2 , y � 1

2 , 1
4 �

1
2 ,�y � 1

2 , 3
4. The values of x and z are

specified, whereas y may take any value. Since each point of
position 4e is mapped onto itself by a twofold rotation, the
multiplicity of the position is reduced from 8 to 4, whereas the
order of the site-symmetry group is increased from 1 to 2.

From the entries ‘Symmetry operations’, the locations of the
four twofold axes can be deduced as 0, y, 1

4 � 0, y, 3
4 �

1
2 , y, 1

4 �1
2 , y, 3

4.

From this example, the general rule is apparent that the product of
the position multiplicity and the order of the corresponding site-
symmetry group is constant for all Wyckoff positions of a given
space group; it is the multiplicity of the general position.

Attention is drawn to ambiguities in the description of crystal
structures in a few space groups, depending on whether the
coordinate triplets of IT (1952) or of this edition are taken. This
problem is analysed by Parthé et al. (1988).

2.2.12. Oriented site-symmetry symbols

The third column of each Wyckoff position gives the Site
symmetry* of that position. The site-symmetry group is isomorphic
to a (proper or improper) subgroup of the point group to which the
space group under consideration belongs. The site-symmetry
groups of the different points of the same special position are
conjugate (symmetrically equivalent) subgroups of the space group.
For this reason, all points of one special position are described by
the same site-symmetry symbol.

Oriented site-symmetry symbols (cf. Fischer et al., 1973) are
employed to show how the symmetry elements at a site are related
to the symmetry elements of the crystal lattice. The site-symmetry
symbols display the same sequence of symmetry directions as
the space-group symbol (cf. Table 2.2.4.1). Sets of equivalent
symmetry directions that do not contribute any element to the site-
symmetry group are represented by a dot. In this way, the
orientation of the symmetry elements at the site is emphasized, as
illustrated by the following examples.

Examples
(1) In the tetragonal space group P42212 �94�, Wyckoff position 4f

has site symmetry ..2 and position 2b has site symmetry 2.22.
The easiest way to interpret the symbols is to look at the dots
first. For position 4f, the 2 is preceded by two dots and thus must
belong to a tertiary symmetry direction. Only one tertiary
direction is used. Consequently, the site symmetry is the
monoclinic point group 2 with one of the two tetragonal tertiary
directions as twofold axis.

Position b has one dot, with one symmetry symbol before and
two symmetry symbols after it. The dot corresponds, therefore,
to the secondary symmetry directions. The first symbol 2
indicates a twofold axis along the primary symmetry direction
(c axis). The final symbols 22 indicate two twofold axes along
the two mutually perpendicular tertiary directions �1�10� and
[110]. The site symmetry is thus orthorhombic, 222.

(2) In the cubic space group I23 (197), position 6b has 222.. as its
oriented site-symmetry symbol. The orthorhombic group 222
is completely related to the primary set of cubic symmetry

� Often called point symmetry: Punktsymmetrie or Lagesymmetrie (German):
symétrie ponctuelle (French).
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directions, with the three twofold axes parallel to the three
equivalent primary directions [100], [010], [001].

(3) In the cubic space group Pn�3n �222�, position 6b has 42.2 as its
site-symmetry symbol. This ‘cubic’ site-symmetry symbol
displays a tetragonal site symmetry. The position of the dot
indicates that there is no symmetry along the four secondary
cubic directions. The fourfold axis is connected with one of the
three primary cubic symmetry directions and two equivalent
twofold axes occur along the remaining two primary directions.
Moreover, the group contains two mutually perpendicular
(equivalent) twofold axes along those two of the six tertiary
cubic directions �110� that are normal to the fourfold axis. Each
pair of equivalent twofold axes is given by just one symbol 2.
(Note that at the six sites of position 6b the fourfold axes are
twice oriented along a, twice along b and twice along c.)

(4) In the tetragonal space group P42�nnm �134�, position 2a has
site symmetry �42m. The site has symmetry for all symmetry
directions. Because of the presence of the primary �4 axis, only
one of the twofold axes along the two secondary directions need
be given explicitly and similarly for the mirror planes m
perpendicular to the two tertiary directions.

The above examples show:
(i) The oriented site-symmetry symbols become identical to

Hermann–Mauguin point-group symbols if the dots are omitted.
(ii) Sets of symmetry directions having more than one equivalent

direction may require more than one character if the site-symmetry
group belongs to a lower crystal system than the space group under
consideration.

To show, for the same type of site symmetry, how the oriented
site-symmetry symbol depends on the space group under discus-
sion, the site-symmetry group mm2 will be considered in
orthorhombic and tetragonal space groups. Relevant crystal classes
are mm2, mmm, 4mm, �42m and 4�mmm. The site symmetry
mm2 contains two mutually perpendicular mirror planes intersect-
ing in a twofold axis.

For space groups of crystal class mm2, the twofold axis at the site
must be parallel to the one direction of the rotation axes of the space
group. The site-symmetry group mm2, therefore, occurs only in the
orientation mm2. For space groups of class mmm (full symbol
2�m 2�m 2�m), the twofold axis at the site may be parallel to a, b or
c and the possible orientations of the site symmetry are 2mm, m2m
and mm2. For space groups of the tetragonal crystal class 4mm, the
twofold axis of the site-symmetry group mm2 must be parallel to the
fourfold axis of the crystal. The two mirror planes must belong
either to the two secondary or to the two tertiary tetragonal
directions so that 2mm. and 2.mm are possible site-symmetry
symbols. Similar considerations apply to class �42m which can occur
in two settings, �42m and �4m2. Finally, for class 4�mmm (full symbol
4�m 2�m 2�m), the twofold axis of 2mm may belong to any of the
three kinds of symmetry directions and possible oriented site
symmetries are 2mm., 2.mm, m2m. and m.2m. In the first two
symbols, the twofold axis extends along the single primary direction
and the mirror planes occupy either both secondary or both tertiary
directions; in the last two cases, one mirror plane belongs to the
primary direction and the second to either one secondary or one
tertiary direction (the other equivalent direction in each case being
occupied by the twofold axis).

2.2.13. Reflection conditions

The Reflection conditions* are listed in the right-hand column of
each Wyckoff position.

These conditions are formulated here, in accordance with general
practice, as ‘conditions of occurrence’ (structure factor not
systematically zero) and not as ‘extinctions’ or ‘systematic
absences’ (structure factor zero). Reflection conditions are listed
for all those three-, two- and one-dimensional sets of reflections for
which extinctions exist; hence, for those nets or rows that are not
listed, no reflection conditions apply.

There are two types of systematic reflection conditions for
diffraction of crystals by radiation:

(1) General conditions. They apply to all Wyckoff positions of a
space group, i.e. they are always obeyed, irrespective of which
Wyckoff positions are occupied by atoms in a particular crystal
structure.

(2) Special conditions (‘extra’ conditions). They apply only to
special Wyckoff positions and occur always in addition to the
general conditions of the space group. Note that each extra
condition is valid only for the scattering contribution of those
atoms that are located in the relevant special Wyckoff position. If
the special position is occupied by atoms whose scattering power is
high, in comparison with the other atoms in the structure, reflections
violating the extra condition will be weak.

2.2.13.1. General reflection conditions

These are due to one of three effects:

(i) Centred cells. The resulting conditions apply to the whole
three-dimensional set of reflections hkl. Accordingly, they are
called integral reflection conditions. They are given in Table
2.2.13.1. These conditions result from the centring vectors of
centred cells. They disappear if a primitive cell is chosen instead of
a centred cell. Note that the centring symbol and the corresponding
integral reflection condition may change with a change of the basis
vectors (e.g. monoclinic: C � A � I).

Table 2.2.13.1. Integral reflection conditions for centred cells
(lattices)

Reflection
condition Centring type of cell Centring symbol

None Primitive P
R

�
*(rhombohedral axes)

h � k � 2n C-face centred C

k � l � 2n A-face centred A

h � l � 2n B-face centred B

h � k � l � 2n Body centred I

h � k, h � l and All-face centred F

k � l � 2n or:
h, k, l all odd or all
even (‘unmixed’)
�h � k � l � 3n Rhombohedrally

centred, obverse
setting (standard)

�						�
						�

R* (hexagonal axes)
h � k � l � 3n Rhombohedrally

centred, reverse
setting

h � k � 3n Hexagonally centred H†

* For further explanations see Chapters 1.2 and 2.1.
† For the use of the unconventional H cell, see Chapter 1.2.

� The reflection conditions were called Auslöschungen (German), missing spectra
(English) and extinctions (French) in IT (1935) and ‘Conditions limiting possible
reflections’ in IT (1952); they are often referred to as ‘Systematic or space-group
absences’ (cf. Chapter 12.3).
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(ii) Glide planes. The resulting conditions apply only to two-
dimensional sets of reflections, i.e. to reciprocal-lattice nets
containing the origin (such as hk0, h0l, 0kl, hhl). For this reason,
they are called zonal reflection conditions. The indices hkl of these
‘zonal reflections’ obey the relation hu � kv � lw � 0, where [uvw],
the direction of the zone axis, is normal to the reciprocal-lattice net.

Note that the symbol of a glide plane and the corresponding zonal
reflection condition may change with a change of the basis vectors
(e.g. monoclinic: c � n � a).

(iii) Screw axes. The resulting conditions apply only to one-
dimensional sets of reflections, i.e. reciprocal-lattice rows contain-

Table 2.2.13.2. Zonal and serial reflection conditions for glide planes and screw axes (cf. Chapter 1.3)

(a) Glide planes

Glide plane

Type of
reflections

Reflection
condition

Orientation of
plane Glide vector Symbol

Crystallographic coordinate system to which
condition applies

0kl k � 2n (100) b�2 b
�				�
				�

Monoclinic �a unique),
Tetragonal

�								�
								�

Orthorhombic,
Cubic

l � 2n c�2 c

k � l � 2n b�2 � c�2 n

k � l � 4n
�k, l � 2n��

b�4 � c�4 d

h0l l � 2n (010) c�2 c
�				�
				�

Monoclinic �b unique),
Tetragonal

�								�
								�

Orthorhombic,
Cubic

h � 2n a�2 a

l � h � 2n c�2 � a�2 n

l � h � 4n
�l, h � 2n��

c�4 � a�4 d

hk0 h � 2n (001) a�2 a
�				�
				�

Monoclinic (c unique),
Tetragonal

�								�
								�

Orthorhombic,
Cubic

k � 2n b�2 b

h � k � 2n a�2 � b�2 n

h � k � 4n
�h, k � 2n��

a�4 � b�4 d

h�h0l
0k�kl
�h0hl

l � 2n �11�20�
��2110�
�1�210�

��
��11�20�

c�2 c
��
�Hexagonal

hh�2h�l
2h�hhl
h�2h�hl

l � 2n �1�100�
�01�10�
��1010�

��
��1�100�

c�2 c
��
�Hexagonal

hhl
hkk
hkh

l � 2n
h � 2n
k � 2n

�1�10�
�01�1�
��101�

��
��1�10�

c�2
a�2
b�2

c, n
a, n
b, n

��
�Rhombohedral†

hhl, h�hl l � 2n �1�10�, �110� c�2 c, n
��
�Tetragonal‡

�														�
														�

Cubic§

2h � l � 4n a�4 � b�4 � c�4 d

hkk, hk�k h � 2n �01�1�, �011� a�2 a, n

2k � h � 4n �a�4 � b�4 � c�4 d

hkh, �hkh k � 2n ��101�, �101� b�2 b, n

2h � k � 4n �a�4 � b�4 � c�4 d

* Glide planes d with orientations (100), (010) and (001) occur only in orthorhombic and cubic F space groups. Combination of the integral reflection condition (hkl: all odd
or all even) with the zonal conditions for the d glide planes leads to the further conditions given between parentheses.
† For rhombohedral space groups described with ‘rhombohedral axes’ the three reflection conditions �l � 2n, h � 2n, k � 2n� imply interleaving of c and n glides, a and n
glides, b and n glides, respectively. In the Hermann–Mauguin space-group symbols, c is always used, as in R3c (161) and R�3c �167�, because c glides occur also in the
hexagonal description of these space groups.
‡ For tetragonal P space groups, the two reflection conditions (hhl and h�hl with l � 2n) imply interleaving of c and n glides. In the Hermann–Mauguin space-group symbols,
c is always used, irrespective of which glide planes contain the origin: cf. P4cc (103), P�42c �112� and P4�nnc �126�.
§ For cubic space groups, the three reflection conditions �l � 2n, h � 2n, k � 2n� imply interleaving of c and n glides, a and n glides, and b and n glides, respectively. In the
Hermann–Mauguin space-group symbols, either c or n is used, depending upon which glide plane contains the origin, cf. P�43n �218�, Pn�3n �222�, Pm�3n �223� vs
F�43c �219�, Fm�3c �226�, Fd�3c �228�.
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ing the origin (such as h00, 0k0, 00l). They are called serial
reflection conditions.

Reflection conditions of types (ii) and (iii) are listed in Table
2.2.13.2. They can be understood as follows: Zonal and serial
reflections form two- or one-dimensional sections through the
origin of reciprocal space. In direct space, they correspond to
projections of a crystal structure onto a plane or onto a line. Glide
planes or screw axes may reduce the translation periods in these
projections (cf. Section 2.2.14) and thus decrease the size of the
projected cell. As a consequence, the cells in the corresponding
reciprocal-lattice sections are increased, which means that
systematic absences of reflections occur.

For the two-dimensional groups, the reasoning is analogous. The
reflection conditions for the plane groups are assembled in Table
2.2.13.3.

For the interpretation of observed reflections, the general
reflection conditions must be studied in the order (i) to (iii), as
conditions of type (ii) may be included in those of type (i), while
conditions of type (iii) may be included in those of types (i) or (ii).
This is shown in the example below.

In the space-group tables, the reflection conditions are given
according to the following rules:

(i) for a given space group, all reflection conditions are listed;
hence for those nets or rows that are not listed no conditions apply.
No distinction is made between ‘independent’ and ‘included’
conditions, as was done in IT (1952), where ‘included’ conditions
were placed in parentheses;

(ii) the integral condition, if present, is always listed first,
followed by the zonal and serial conditions;

(iii) conditions that have to be satisified simultaneously are
separated by a comma or by ‘AND’. Thus, if two indices must be
even, say h and l, the condition is written h, l � 2n rather than
h � 2n and l � 2n. The same applies to sums of indices. Thus, there
are several different ways to express the integral conditions for an
F-centred lattice: ‘h � k, h � l, k � l � 2n’ or ‘h � k, h � l � 2n
and k � l � 2n’ or ‘h � k � 2n and h � l, k � l � 2n’ (cf. Table
2.2.13.1);

(iv) conditions separated by ‘OR’ are alternative conditions. For
example, ‘hkl � h � 2n � 1 or h � k � l � 4n’ means that hkl is
‘present’ if either the condition h � 2n � 1 or the alternative
condition h � k � l � 4n is fulfilled. Obviously, hkl is a ‘present’
reflection also if both conditions are satisfied. Note that ‘or’
conditions occur only for the special conditions described in
Section 2.2.13.2;

(v) in crystal systems with two or more symmetrically equivalent
nets or rows (tetragonal and higher), only one representative set (the
first one in Table 2.2.13.2) is listed; e.g. tetragonal: only the first
members of the equivalent sets 0kl and h0l or h00 and 0k0 are listed;

(vi) for cubic space groups, it is stated that the indices hkl are
‘cyclically permutable’ or ‘permutable’. The cyclic permutability of

(b) Screw axes

Type of
reflections

Reflection
conditions

Screw axis
Crystallographic coordinate system to which
condition appliesDirection of axis Screw vector Symbol

h00 h � 2n [100] a�2 21
Monoclinic �a unique�,

Orthorhombic, Tetragonal

� �				�
				�

Cubic
42

h � 4n a�4 41, 43

0k0 k � 2n [010] b�2 21
Monoclinic �b unique�,

Orthorhombic, Tetragonal

� �				�
				�

Cubic42

k � 4n b�4 41, 43

00l l � 2n [001] c�2 21
Monoclinic �c unique�,

Orthorhombic

�

��
�Tetragonal

�				�
				�

Cubic42

l � 4n c�4 41, 43

000l l � 2n [001] c�2 63

�			�
			�

Hexagonall � 3n c�3 31, 32, 62, 64

l � 6n c�6 61, 65

Table 2.2.13.2. (cont.)

Table 2.2.13.3. Reflection conditions for the plane groups

Type of
reflections

Reflection
condition

Centring type of plane
cell; or glide line with
glide vector

Coordinate
system to which
condition applies

hk None Primitive p All systems

h � k � 2n Centred c Rectangular

h � k � 3n Hexagonally centred h* Hexagonal

h0 h � 2n Glide line g normal to b
axis; glide vector 1

2 a

�			�
			�

Rectangular,
Square0k k � 2n Glide line g normal to a

axis; glide vector 1
2 b

* For the use of the unconventional h cell see Chapter 1.2.
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h, k and l in all rhombohedral space groups, described with
‘rhombohedral axes’, and of h and k in some tetragonal space
groups are not stated;

(vii) in the ‘hexagonal-axes’ descriptions of trigonal and
hexagonal space groups, Bravais–Miller indices hkil are used.
They obey two conditions:

(a) h � k � i � 0, i�e� i � ��h � k�;
(b) the indices h, k, i are cyclically permutable; this is not stated.

Further details can be found in textbooks of crystallography.

Note that the integral reflection conditions for a rhombohedral
lattice, described with ‘hexagonal axes’, permit the presence of only
one member of the pair hkil and �h�k�il for l �� 3n (cf. Table 2.2.13.1).
This applies also to the zonal reflections h�h0l and �hh0l, which for
the rhombohedral space groups must be considered separately.

Example
For a monoclinic crystal (b unique), the following reflection
conditions have been observed:

�1� hkl� h � k � 2n;

�2� 0kl� k � 2n; h0l� h, l � 2n; hk0� h � k � 2n;

�3� h00� h � 2n; 0k0� k � 2n; 00l� l � 2n�

Line (1) states that the cell used for the description of the space
group is C centred. In line (2), the conditions 0kl with k � 2n, h0l
with h � 2n and hk0 with h � k � 2n are a consequence of the
integral condition (1), leaving only h0l with l � 2n as a new
condition. This indicates a glide plane c. Line (3) presents no new
condition, since h00 with h � 2n and 0k0 with k � 2n follow
from the integral condition (1), whereas 00l with l � 2n is a
consequence of a zonal condition (2). Accordingly, there need
not be a twofold screw axis along [010]. Space groups obeying
the conditions are Cc (9, b unique, cell choice 1) and C2�c (15, b
unique, cell choice 1). On the basis of diffraction symmetry and
reflection conditions, no choice between the two space groups
can be made (cf. Part 3).

For a different choice of the basis vectors, the reflection
conditions would appear in a different form owing to the
transformation of the reflection indices (cf. cell choices 2 and 3
for space groups Cc and C2�c in Part 7).

2.2.13.2. Special or ‘extra’ reflection conditions

These apply either to the integral reflections hkl or to particular
sets of zonal or serial reflections. In the space-group tables, the
minimal special conditions are listed that, on combination with the
general conditions, are sufficient to generate the complete set of
conditions. This will be apparent from the examples below.

Examples
(1) P4222 �93�

General position 8p � 00l� l � 2n, due to 42; the projection on
[001] of any crystal structure with this space group has
periodicity 1

2 c.
Special position 4i� hkl� h � k � l � 2n; any set of symme-
trically equivalent atoms in this position displays additional I
centring.
Special position 4n� 0kl� l � 2n; any set of equivalent atoms in
this position displays a glide plane c � �100�. Projection of this
set along [100] results in a halving of the original c axis, whence
the special condition. Analogously for h0l: l � 2n.

(2) C12�c1 (15, unique axis b, cell choice 1)
General position 8f � hkl� h � k � 2n, due to the C-centred cell.

Special position 4d� hkl� k � l � 2n, due to additional A and B
centring for atoms in this position. Combination with the
general condition results in hkl� h � k, h � l, k � l � 2n or hkl
all odd or all even; this corresponds to an F-centred
arrangement of atoms in this position.
Special position 4b� hkl� l � 2n, due to additional halving of
the c axis for atoms in this position. Combination with the
general condition results in hkl� h � k, l � 2n; this corresponds
to a C-centred arrangement in a cell with half the original c axis.
No further condition results from the combination.

(3) I12�a1 (15, unique axis b, cell choice 3)
For the description of space group No. 15 with cell choice 3 (see
Section 2.2.16 and space-group tables), the reflection conditions
appear as follows:
General position 8f � hkl� h � k � l � 2n, due to the I-centred
cell.
Special position 4b� hkl� h � 2n, due to additional halving
of the a axis. Combination gives hkl� h, k � l � 2n, i.e. an
A-centred arrangement of atoms in a cell with half the original
a axis.
An analogous result is obtained for position 4d.

(4) Fmm2 (42)
General position 16e� hkl� h � k, h � l, k � l � 2n, due to the
F-centred cell.
Special position 8b� hkl� h � 2n, due to additional halving of
the a axis. Combination results in hkl� h, k, l � 2n, i.e. all
indices even; the atoms in this position are arranged in a
primitive lattice with axes 1

2 a, 1
2 b and 1

2 c.

For the cases where the special reflection conditions are
described by means of combinations of ‘OR’ and ‘AND’
instructions, the ‘AND’ condition always has to be evaluated with
priority, as shown by the following example.

Example: P�43n �218�
Special position 6d� hkl� h � k � l � 2n or h � 2n � 1, k � 4n
and l � 4n � 2.
This expression contains the following two conditions:

(a) hkl� h � k � l � 2n;
(b) h � 2n � 1 and k � 4n and l � 4n � 2.

A reflection is ‘present’ (occurring) if either condition (a) is
satisfied or if a permutation of the three conditions in (b) are
simultaneously fulfilled.

2.2.13.3. Structural or non-space-group absences

Note that in addition non-space-group absences may occur that
are not due to the symmetry of the space group (i.e. centred cells,
glide planes or screw axes). Atoms in general or special positions
may cause additional systematic absences if their coordinates
assume special values [e.g. ‘noncharacteristic orbits’ (Engel et al.,
1984)]. Non-space-group absences may also occur for special
arrangements of atoms (‘false symmetry’) in a crystal structure
(cf. Templeton, 1956; Sadanaga et al., 1978). Non-space-group
absences may occur also for polytypic structures; this is briefly
discussed by Durovič in Section 9.2.2.2.5 of International Tables
for Crystallography (2004), Vol. C. Even though all these
‘structural absences’ are fortuitous and due to the special
arrangements of atoms in a particular crystal structure, they have
the appearance of space-group absences. Occurrence of structural
absences thus may lead to an incorrect assignment of the space
group. Accordingly, the reflection conditions in the space-group
tables must be considered as a minimal set of conditions.

The use of reflection conditions and of the symmetry of reflection
intensities for space-group determination is described in Part 3.
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2.2.14. Symmetry of special projections

Projections of crystal structures are used by crystallographers in
special cases. Use of so-called ‘two-dimensional data’ (zero-layer
intensities) results in the projection of a crystal structure along the
normal to the reciprocal-lattice net.

Even though the projection of a finite object along any direction
may be useful, the projection of a periodic object such as a crystal
structure is only sensible along a rational lattice direction (lattice
row). Projection along a nonrational direction results in a constant
density in at least one direction.

2.2.14.1. Data listed in the space-group tables

Under the heading Symmetry of special projections, the
following data are listed for three projections of each space
group; no projection data are given for the plane groups.

(i) The projection direction. All projections are orthogonal, i.e.
the projection is made onto a plane normal to the projection
direction. This ensures that spherical atoms appear as circles in the
projection. For each space group, three projections are listed. If a
lattice has three kinds of symmetry directions, the three projection
directions correspond to the primary, secondary and tertiary
symmetry directions of the lattice (cf. Table 2.2.4.1). If a lattice

contains less than three kinds of symmetry directions, as in
the triclinic, monoclinic and rhombohedral cases, the additional
projection direction(s) are taken along coordinate axes, i.e. lattice
rows lacking symmetry.

The directions for which projection data are listed are as follows:

Triclinic

Monoclinic

(both settings)

Orthorhombic

�				�
				�

�001� �100� �010�

Tetragonal �001� �100� �110�
Hexagonal �001� �100� �210�
Rhombohedral �111� �1�10� �2�1�1�
Cubic �001� �111� �110�

(ii) The Hermann–Mauguin symbol of the plane group resulting
from the projection of the space group. If necessary, the symbols are
given in oriented form; for example, plane group pm is expressed
either as p1m1 or as p11m.

Table 2.2.14.1. Cell parameters a
, b
, �
 of the two-dimensional cell in terms of cell parameters a, b, c, �, �, � of the three-
dimensional cell for the projections listed in the space-group tables of Part 7

Monoclinic

Projection direction Triclinic Unique axis b Unique axis c Orthorhombic Projection direction Tetragonal

[001] a
 � a sin� a
 � a sin� a
 � a a
 � a [001] a
 � a

b
 � b sin� b
 � b b
 � b b
 � b b
 � a

�
 � 180	 � �� † �
 � 90	 �
 � � �
 � 90	 �
 � 90	

[100] a
 � b sin � a
 � b a
 � b sin � a
 � b [100] a
 � a

b
 � c sin� b
 � c sin� b
 � c b
 � c b
 � c

�
 � 180	 � �� † �
 � 90	 �
 � 90	 �
 � 90	 �
 � 90	

[010] a
 � c sin� a
 � c a
 � c a
 � c [110] a
 � �a�2� ���
2

�

b
 � � sin � b
 � a b
 � a sin � b
 � a b
 � c

�
 � 180	 � �� † �
 � � �
 � 90	 �
 � 90	 �
 � 90	

Projection direction Hexagonal Projection direction Rhombohedral ‡ Projection direction Cubic

[001] a
 � a

b
 � a

�
 � 120	

[111] a
 � 2���
3

� a sin���2� [001] a
 � a

b
 � a

�
 � 90	

b
 � 2���
3

� a sin���2�
�
 � 120	

[100] a
 � �a�2� ���
3

� �1�10� a
 � a cos���2� [111] a
 � a
��������
2�3

�

b
 � c b
 � a b
 � a
��������
2�3

�

�
 � 90	 �
 � � § �
 � 120	

[210] a
 � a�2

b
 � c

�
 � 90	

��211� a
 � 1���
3

� a
����������������������
1 � 2 cos�

� [110] a
 � �a�2�
���
2

�

b
 � a

�
 � 90	
b
 � a sin���2�
�
 � 90	

† cos�� � cos� cos � � cos�
sin� sin �

� cos�� � cos � cos�� cos�
sin � sin�

� cos �� � cos� cos� � cos �
sin� sin�

�

‡ The entry ‘Rhombohedral’ refers to the primitive rhombohedral cell with a � b � c,� � � � � (cf. Table 2.1.2.1).

§ cos � � cos�
cos��2

.
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(iii) Relations between the basis vectors a
, b
 of the plane group
and the basis vectors a, b, c of the space group. Each set of basis
vectors refers to the conventional coordinate system of the plane
group or space group, as employed in Parts 6 and 7. The basis
vectors of the two-dimensional cell are always called a
 and b

irrespective of which two of the basis vectors a, b, c of the three-
dimensional cell are projected to form the plane cell. All relations
between the basis vectors of the two cells are expressed as vector
equations, i.e. a
 and b
 are given as linear combinations of a, b and
c. For the triclinic or monoclinic space groups, basis vectors a, b or
c inclined to the plane of projection are replaced by the projected
vectors ap, bp, cp.

For primitive three-dimensional cells, the metrical relations
between the lattice parameters of the space group and the plane
group are collected in Table 2.2.14.1. The additional relations for
centred cells can be derived easily from the table.

(iv) Location of the origin of the plane group with respect to the
unit cell of the space group. The same description is used as for the
location of symmetry elements (cf. Section 2.2.9).

Example
‘Origin at x, 0, 0’ or ‘Origin at 1

4 , 1
4 , z’.

2.2.14.2. Projections of centred cells (lattices)

For centred lattices, two different cases may occur:

(i) The projection direction is parallel to a lattice-centring vector.
In this case, the projected plane cell is primitive for the centring
types A, B, C, I and R. For F lattices, the multiplicity is reduced
from 4 to 2 because c-centred plane cells result from projections
along face diagonals of three-dimensional F cells.

Examples
(1) A body-centred lattice with centring vector 1

2 �a � b � c� gives a
primitive net, if projected along [111], [�111], [1�11] or [11�1].

(2) A C-centred lattice projects to a primitive net along the
directions [110] and [1�10].

(3) An R-centred lattice described with ‘hexagonal axes’ (triple
cell) results in a primitive net, if projected along [�111], [211] or
[�1�21] for the obverse setting. For the reverse setting, the corres-
ponding directions are [1�11], [�2�11], [121]; cf. Chapter 1.2.

(ii) The projection direction is not parallel to a lattice-centring
vector (general projection direction). In this case, the plane cell has
the same multiplicity as the three-dimensional cell. Usually,
however, this centred plane cell is unconventional and a
transformation is required to obtain the conventional plane cell.
This transformation has been carried out for the projection data in
this volume.

Examples
(1) Projection along [010] of a cubic I-centred cell leads to an

unconventional quadratic c-centred plane cell. A simple cell
transformation leads to the conventional quadratic p cell.

(2) Projection along [010] of an orthorhombic I-centred cell leads to
a rectangular c-centred plane cell, which is conventional.

(3) Projection along [001] of an R-centred cell (both in obverse and
reverse setting) results in a triple hexagonal plane cell h (the
two-dimensional analogue of the H cell, cf. Chapter 1.2). A
simple cell transformation leads to the conventional hexagonal
p cell.

2.2.14.3. Projections of symmetry elements

A symmetry element of a space group does not project as a
symmetry element unless its orientation bears a special relation to
the projection direction; all translation components of a symmetry

operation along the projection direction vanish, whereas those
perpendicular to the projection direction (i.e. parallel to the plane of
projection) may be retained. This is summarized in Table 2.2.14.2
for the various crystallographic symmetry elements. From this table
the following conclusions can be drawn:

(i) n-fold rotation axes and n-fold screw axes, as well as
rotoinversion axes �4, parallel to the projection direction project
as n-fold rotation points; a �3 axis projects as a sixfold, a �6 axis as a
threefold rotation point. For the latter, a doubling of the projected
electron density occurs owing to the mirror plane normal to the
projection direction ��6 � 3�m�.

(ii) n-fold rotation axes and n-fold screw axes normal to the
projection direction (i.e. parallel to the plane of projection) do not
project as symmetry elements if n is odd. If n is even, all rotation
and rotoinversion axes project as mirror lines: the same applies to
the screw axes 42, 62 and 64 because they contain an axis 2. Screw
axes 21, 41, 43, 61, 63 and 65 project as glide lines because they
contain 21.

(iii) Reflection planes normal to the projection direction do not
project as symmetry elements but lead to a doubling of the projected
electron density owing to overlap of atoms. Projection of a glide
plane results in an additional translation; the new translation vector

Table 2.2.14.2. Projections of crystallographic symmetry
elements

Symmetry element in three
dimensions Symmetry element in projection

Arbitrary orientation

Symmetry centre �1
Rotoinversion axis �3 � 3 � �1

�
Rotation point 2 (at projection of

centre)

Parallel to projection direction

Rotation axis 2; 3; 4; 6 Rotation point 2; 3; 4; 6
Screw axis 21

31, 32

41, 42, 43

61, 62, 63, 64, 65

Rotation point 2
3
4
6

Rotoinversion axis �4
�6 � 3�m

�3 � 3 � �1

Rotation point 4
3, with overlap

of atoms
6

Reflection plane m Reflection line m

Glide plane with � component* Glide line g

Glide plane without � component* Reflection line m

Normal to projection direction

Rotation axis 2; 4; 6
3

Reflection line m
None

Screw axis 42; 62, 64

21; 41, 43; 61, 63, 65

31, 32

Reflection line m
Glide line g
None

Rotoinversion axis �4
�6 � 3�m

�3 � 3 � �1

Reflection line m parallel to axis
Reflection line m perpendicular

to axis (through projection of
inversion point)

Rotation point 2 (at projection
of centre)

Reflection plane m None, but overlap of atoms

Glide plane with glide vector t Translation with translation vector t

* The term ‘with � component’ refers to the component of the glide vector normal
to the projection direction.
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is equal to the glide vector of the glide plane. Thus, a reduction of
the translation period in that particular direction takes place.

(iv) Reflection planes parallel to the projection direction project
as reflection lines. Glide planes project as glide lines or as reflection
lines, depending upon whether the glide vector has or has not a
component parallel to the projection plane.

(v) Centres of symmetry, as well as �3 axes in arbitrary
orientation, project as twofold rotation points.

Example: C12�c1 (15, b unique, cell choice 1)
The C-centred cell has lattice points at 0, 0, 0 and 1

2 , 1
2 , 0. In all

projections, the centre �1 projects as a twofold rotation point.
Projection along [001]: The plane cell is centred; 2 � �010�
projects as m; the glide component �0, 0, 1

2� of glide plane c
vanishes and thus c projects as m.

Result: Plane group c2mm (9), a
 � ap, b
 � b.
Projection along [100]: The periodicity along b is halved because
of the C centring; 2 � �010� projects as m; the glide component
�0, 0, 1

2� of glide plane c is retained and thus c projects as g.
Result: Plane group p2gm (7), a
 � b�2, b
 � cp.

Projection along [010]: The periodicity along a is halved because
of the C centring; that along c is halved owing to the glide
component �0, 0, 1

2� of glide plane c; 2 � �010� projects as 2.
Result: Plane group p2 (2), a
 � c�2, b
 � a�2.

Further details about the geometry of projections can be found in
publications by Buerger (1965) and Biedl (1966).

2.2.15. Maximal subgroups and minimal supergroups

The present section gives a brief summary, without theoretical
explanations, of the sub- and supergroup data in the space-group
tables. The theoretical background is provided in Section 8.3.3 and
Part 13. Detailed sub- and supergroup data are given in
International Tables for Crystallography Volume A1 (2004).

2.2.15.1. Maximal non-isomorphic subgroups*

The maximal non-isomorphic subgroups � of a space group �
are divided into two types:

I translationengleiche or t subgroups

II klassengleiche or k subgroups�

For practical reasons, type II is subdivided again into two blocks:

IIa the conventional cells of � and � are the same

IIb the conventional cell of � is larger than that of �. †

Block IIa has no entries for space groups �with a primitive cell. For
space groups � with a centred cell, it contains those maximal
subgroups� that have lost some or all centring translations of � but
none of the integral translations (‘decentring’ of a centred cell).

Within each block, the subgroups are listed in order of increasing
index [i] and in order of decreasing space-group number for each
value of i.

(i) Blocks I and IIa
In blocks I and IIa, every maximal subgroup � of a space group

� is listed with the following information:

[i] HMS1 (HMS2, No.) Sequence of numbers.

The symbols have the following meaning:

[i]: index of � in � (cf. Section 8.1.6, footnote);

HMS1: Hermann–Mauguin symbol of �, referred to the coordinate
system and setting of �; this symbol may be unconventional;

(HMS2, No.): conventional short Hermann–Mauguin symbol of �,
given only if HMS1 is not in conventional short form, and the
space-group number of �.

Sequence of numbers: coordinate triplets of � retained in �. The
numbers refer to the numbering scheme of the coordinate triplets of
the general position of � (cf. Section 2.2.9). The following
abbreviations are used:

Block I (all translations retained):
Number � Coordinate triplet given by

Number, plus those obtained by
adding all centring translations
of �.

(Numbers) � The same, but applied to all
Numbers between parentheses.

Block IIa (not all translations retained):
Number � �t1, t2, t3� Coordinate triplet obtained by

adding the translation t1, t2, t3 to
the triplet given by Number.

�Numbers� � �t1, t2, t3� The same, but applied to all
Numbers between parentheses.

In blocks I and IIa, sets of conjugate subgroups are linked by
left-hand braces. For an example, see space group R�3 (148) below.

Examples

�1� �� C1m1 �8�
I

IIa

�2� C1 �P1, 1�
�2� P1a1 �Pc, 7�
�2� P1m1 �Pm, 6�

1�
1; 2 � �1�2, 1�2, 0�
1; 2

where the numbers have the following meaning:

1� x, y, z; x � 1�2, y � 1�2, z

1; 2 x, y, z; x,�y, z

1; 2 � �1�2, 1�2, 0� x, y, z; x � 1�2,�y � 1�2, z�

�2� �� Fdd2 �43�
I �2� F112 �C2, 5� �1� 2��

where the numbers have the following meaning:

�1; 2�� x, y, z; x � 1�2, y � 1�2, z;

x � 1�2, y, z � 1�2; x, y � 1�2, z � 1�2;

�x,�y, z; �x � 1�2,�y � 1�2, z;

�x � 1�2,�y, z � 1�2; �x,�y � 1�2, z � 1�2�

�3� �� P42�nmc � P42�n21�m2�c �137�
I �2� P2�n21�m1 �Pmmn, 59� 1; 2; 5; 6; 9; 10; 13; 14.

Operations 42, 2 and c, occurring in the Hermann–Mauguin
symbol of �, are lacking in �. In the unconventional ‘tetragonal
version’ P2�n21�m1 of the symbol of�, 21�m stands for two sets
of 21�m (along the two orthogonal secondary symmetry
directions), implying that � is orthorhombic. In the conventional
‘orthorhombic version’, the full symbol of � reads
P21�m21�m2�n and the short symbol Pmmn.

� Space groups with different space-group numbers are non-isomorphic, except for
the members of the 11 pairs of enantiomorphic space groups which are isomorphic.
� Subgroups belonging to the enantiomorphic space-group type of � are isomorphic
to � and, therefore, are listed under IIc and not under IIb.
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(ii) Block IIb
Whereas in blocks I and IIa every maximal subgroup � of � is

listed, this is no longer the case for the entries of block IIb. The
information given in this block is:

[i] HMS1 (Vectors) (HMS2, No.)

The symbols have the following meaning:

[i]: index of � in �;

HMS1: Hermann–Mauguin symbol of �, referred to the coordinate
system and setting of �; this symbol may be unconventional;*

(Vectors): basis vectors a
, b
, c
 of� in terms of the basis vectors a,
b, c of �. No relations are given for unchanged axes, e.g. a
 � a is
not stated;

(HMS2, No.): conventional short Hermann–Mauguin symbol, given
only if HMS1 is not in conventional short form, and the space-
group number of �.

In addition to the general rule of increasing index [i] and
decreasing space-group number (No.), the sequence of the IIb
subgroups also depends on the type of cell enlargement. Subgroups
with the same index and the same kind of cell enlargement are listed
together in decreasing order of space-group number (see example 1
below).

In contradistinction to blocks I and IIa, for block IIb the
coordinate triplets retained in � are not given. This means that the
entry is the same for all subgroups � that have the same Hermann–
Mauguin symbol and the same basis-vector relations to �, but
contain different sets of coordinate triplets. Thus, in block IIb, one
entry may correspond to more than one subgroup,† as illustrated by
the following examples.

Examples

�1� �� Pmm2 �25�
IIb � � � �2� Pbm2 �b
 � 2b� �Pma2, 28�� �2� Pcc2 �c
 � 2c� �27��

� � � �2� Cmm2 �a
 � 2a, b
 � 2b� �35�� � � �
Each of the subgroups is referred to its own distinct basis a
, b
,
c
, which is different in each case. Apart from the translations of
the enlarged cell, the generators of the subgroups, referred to a
,
b
, c
, are as follows:

Pbm2 x, y, z; �x,�y, z; x,�y � 1�2, z or
x, y, z; �x,�y � 1�2, z; x,�y, z

Pcc2 x, y, z; �x,�y, z; x,�y, z � 1�2
Cmm2 x, y, z; x � 1�2, y � 1�2, z; �x,�y, z; x,�y, z or

x, y, z; x � 1�2, y � 1�2, z; �x,�y, z; x,�y � 1�2, z or
x, y, z; x � 1�2, y � 1�2, z; �x,�y � 1�2, z; x,�y, z or
x, y, z; x � 1�2, y � 1�2, z; �x,�y � 1�2, z; x,�y � 1�2, z�

There are thus 2, 1 or 4 actual subgroups that obey the same
basis-vector relations. The difference between the several
subgroups represented by one entry is due to the different sets
of symmetry operations of � that are retained in �. This can

also be expressed as different conventional origins of � with
respect to �.

�2� � � P3m1 �156�
IIb � � � �3� H3m1 �a
 � 3a, b
 � 3b� �P31m, 157�
The nine subgroups of type P31m may be described in two
ways:

(i) By partial ‘decentring’ of ninetuple cells (a
 � 3a,
b
 � 3b, c
 � c) with the same orientations as the cell of the
group ��a, b, c� in such a way that the centring points 0, 0, 0;
2�3, 1�3, 0; 1�3, 2�3, 0 (referred to a
, b
, c
) are retained. The
conventional space-group symbol P31m of these nine sub-
groups is referred to the same basis vectors a

 � a � b,
b

 � a � 2b, c

 � c, but to different origins; cf. Section
2.2.15.5. This kind of description is used in the space-group
tables of this volume.

(ii) Alternatively, one can describe the group � with an
unconventional H-centred cell (a
 � a � b, b
 � a � 2b,
c
 � c) referred to which the space-group symbol is H31m.
‘Decentring’ of this cell results in the conventional space-group
symbol P31m for the subgroups, referred to the basis vectors a
,
b
, c
. This description is used in Section 4.3.5.

(iii) Subdivision of k subgroups into blocks IIa and IIb
The subdivision of k subgroups into blocks IIa and IIb has no

group-theoretical background and depends on the coordinate
system chosen. The conventional coordinate system of the space
group � (cf. Section 2.1.3) is taken as the basis for the subdivision.
This results in a uniquely defined subdivision, except for the seven
rhombohedral space groups for which in the space-group tables both
‘rhombohedral axes’ (primitive cell) and ‘hexagonal axes’ (triple
cell) are given (cf. Section 2.2.2). Thus, some k subgroups of a
rhombohedral space group are found under IIa (klassengleich,
centring translations lost) in the hexagonal description, and under
IIb (klassengleich, conventional cell enlarged) in the rhombohedral
description.

Example: �� R�3 �148� �� P�3 �147�
Hexagonal axes
I �2� R3 �146� �1� 2� 3��

�3� R�1 �P�1, 2� �1� 4��
IIa �3� P�3 �147�

�3� P�3 �147�
�3� P�3 �147�

��
�

1� 2� 3� 4� 5� 6
1� 2� 3� �4� 5� 6� � �1

3 , 2
3 , 2

3�
1� 2� 3� �4� 5� 6� � �2

3 , 1
3 , 1

3�
IIb none

Rhombohedral axes
I �2� R3 �146� 1� 2� 3

�3� R�1 �P�1, 2� 1� 4
IIa none
IIb �3� P�3 �a
 � a � b, b
 � b � c, c
 � a � b � c� �147��

Apart from the change from IIa to IIb, the above example
demonstrates again the restricted character of the IIb listing,
discussed above. The three conjugate subgroups P�3 of index [3] are
listed under IIb by one entry only, because for all three subgroups
the basis-vector relations between � and � are the same. Note the
brace for the IIa subgroups, which unites conjugate subgroups into
classes.

2.2.15.2. Maximal isomorphic subgroups of lowest index (cf.
Part 13)

Another set of klassengleiche subgroups are the isomorphic
subgroups listed under IIc, i.e. the subgroups � which are of the

� Unconventional Hermann–Mauguin symbols may include unconventional cells
like c centring in quadratic plane groups, F centring in monoclinic, or C and F
centring in tetragonal space groups. Furthermore, the triple hexagonal cells h and H
are used for certain sub- and supergroups of the hexagonal plane groups and of the
trigonal and hexagonal P space groups, respectively. The cells h and H are defined
in Chapter 1.2. Examples are subgroups of plane groups p3 (13) and p6mm (17) and
of space groups P3 (143) and P6�mcc �192�.
� Without this restriction, the amount of data would be excessive. For instance,
space group Pmmm (47) has 63 maximal subgroups of index [2], of which seven are
t subgroups and listed explicitly under I. The 16 entries under IIb refer to 50 actual
subgroups and the one entry under IIc stands for the remaining 6 subgroups.
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same or of the enantiomorphic space-group type as �. The kind of
listing is the same as for block IIb. Again, one entry may
correspond to more than one isomorphic subgroup.

As the number of maximal isomorphic subgroups of a space
group is always infinite, the data in block IIc are restricted to the
subgroups of lowest index. Different kinds of cell enlargements are
presented. For monoclinic, tetragonal, trigonal and hexagonal space
groups, cell enlargements both parallel and perpendicular to the
main rotation axis are listed; for orthorhombic space groups, this is
the case for all three directions, a, b and c. Two isomorphic
subgroups �1 and �2 of equal index but with cell enlargements in
different directions may, nevertheless, play an analogous role with
respect to �. In terms of group theory,�1 and�2 then are conjugate
subgroups in the affine normalizer of �, i.e. they are mapped onto
each other by automorphisms of �.* Such subgroups are collected
into one entry, with the different vector relationships separated by
‘or’ and placed within one pair of parentheses; cf. example (4).

Examples
�1� �� P�31c �163�

IIc �3� P�31c �c
 � 3c� �163�� �4� P�31c �a
 � 2a, b
 � 2b� �163�.
The first subgroup of index [3] entails an enlargement of the c
axis, the second one of index [4] an enlargement of the mesh size
in the a,b plane.

�2� �� P23 �195�
IIc �27� P23 �a
 � 3a, b
 � 3b, c
 � 3c� �195�.
It seems surprising that [27] is the lowest index listed, even
though another isomorphic subgroup of index [8] exists. The
latter subgroup, however, is not maximal, as chains of maximal
non-isomorphic subgroups can be constructed as follows:

P23 � �4� I23 �a
 � 2a, b
 � 2b, c
 � 2c� � �2� P23 �a
, b
, c
�
or

P23 � �2� F23 �a
 � 2a, b
 � 2b, c
 � 2c� � �4� P23 �a
, b
, c
��
�3� �� P3112 �151�

IIc �2� P3212 �c
 � 2c� �153�; �4� P3112 �a
 � 2a, b
 � 2b� �151�;
�7� P3112 �c
 � 7c� �151��

Note that the isomorphic subgroup of index [4] with c
 � 4c is
not listed, because it is not maximal. This is apparent from the
chain

P3112 � �2� P3212 �c
 � 2c� � �2� P3112 �c

 � 2c
 � 4c��
�4� �1� Pnnm �58�

IIc �3� Pnnm �a
 � 3a or b
 � 3b� �58�; �3� Pnnm �c
 � 3c� �58�;
but �2� Pnna �52�
IIc �3� Pnna �a
 � 3a� �52�; �3� Pnna �b
 � 3b� �52�;

�3� Pnna �c
 � 3c� �52��
For �1 � Pnnm, the x and y directions are analogous, i.e. they
may be interchanged by automorphisms of �1. Such an
automorphism does not exist for �2 � Pnna because this
space group contains glide reflections a but not b.

2.2.15.3. Minimal non-isomorphic supergroups

If � is a maximal subgroup of a group �, then � is called a
minimal supergroup of �. Minimal non-isomorphic supergroups are

again subdivided into two types, the translationengleiche or t
supergroups I and the klassengleiche or k supergroups II. For the
minimal t supergroups I of �, the listing contains the index [i] of �
in �, the conventional Hermann–Mauguin symbol of � and its
space-group number in parentheses.

There are two types of minimal k supergroups II: supergroups
with additional centring translations (which would correspond to
the IIa type) and supergroups with smaller conventional unit cells
than that of � (type IIb). Although the subdivision between IIa and
IIb supergroups is not indicated in the tables, the list of minimal
supergroups with additional centring translations (IIa) always
precedes the list of IIb supergroups. The information given is
similar to that for the non-isomorphic subgroups IIb, i.e., where
applicable, the relations between the basis vectors of group and
supergroup are given, in addition to the Hermann–Mauguin
symbols of � and its space-group number. The supergroups are
listed in order of increasing index and increasing space-group
number.

The block of supergroups contains only the types of the non-
isomorphic minimal supergroups � of �, i.e. each entry may
correspond to more than one supergroup �. In fact, the list of
minimal supergroups � of � should be considered as a backwards
reference to those space groups � for which � appears as a maximal
subgroup. Thus, the relation between � and � can be found in the
subgroup entries of �.

Example: �� Pna21 �33�
Minimal non-isomorphic supergroups

I �2� Pnna �52�� �2� Pccn �56�� �2� Pbcn �60�� �2� Pnma �62��
II � � ��2� Pnm21 �a
 � 1

2a� �Pmn21, 31�� � � � �
Block I lists, among others, the entry [2] Pnma (62). Looking up
the subgroup data of Pnma (62), one finds in block I the entry
[2] Pn21a �Pna21�. This shows that the setting of Pnma does not
correspond to that of Pna21 but rather to that of Pn21a. To
obtain the supergroup � referred to the basis of Pna21, the basis
vectors b and c must be interchanged. This changes Pnma to
Pnam, which is the correct symbol of the supergroup of Pna21.

Note on R supergroups of trigonal P space groups: The trigonal P
space groups Nos. 143–145, 147, 150, 152, 154, 156, 158, 164
and 165 each have two rhombohedral supergroups of type II.
They are distinguished by different additional centring transla-
tions which correspond to the ‘obverse’ and ‘reverse’ settings of a
triple hexagonal R cell; cf. Chapter 1.2. In the supergroup tables
of Part 7, these cases are described as [3] R3 (obverse) (146); [3]
R3 (reverse) (146) etc.

2.2.15.4. Minimal isomorphic supergroups of lowest index

No data are listed for isomorphic supergroups IIc because they
can be derived directly from the corresponding data of subgroups
IIc (cf. Part 13).

2.2.15.5. Note on basis vectors

In the subgroup data, a
, b
, c
 are the basis vectors of the
subgroup � of the space group �. The latter has the basis vectors a,
b, c. In the supergroup data, a
, b
, c
 are the basis vectors of the
supergroup � and a, b, c are again the basis vectors of �. Thus, a, b,
c and a
, b
, c
 exchange their roles if one considers the same group–
subgroup relation in the subgroup and the supergroup tables.

Examples
�1� �� Pba2 �32�

Listed under subgroups IIb, one finds, among other entries,
�2� Pna21 �c
 � 2c� �33�; thus, c�Pna21� � 2c�Pba2�.� For normalizers of space groups, see Section 8.3.6 and Part 15, where also

references to automorphisms are given.
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Under supergroups II of Pna21 �33�, the corresponding entry
reads �2� Pba2 �c
 � 1

2 c� �32�; thus c�Pba2� � 1
2 c�Pna21�.

(2) Tetragonal k space groups with P cells. For index [2], the
relations between the conventional basis vectors of the group
and the subgroup read (cf. Fig. 5.1.3.5)

a
 � a � b, b
 � �a � b �a
, b
 for the subgroup��
Thus, the basis vectors of the supergroup are

a
 � 1
2�a � b�, b
 � 1

2�a � b� �a
, b
 for the supergroup��
An alternative description is

a
 � a � b, b
 � a � b �a
, b
 for the subgroup�
a
 � 1

2�a � b�, b
 � 1
2��a � b� �a
, b
 for the supergroup��

(3) Hexagonal k space groups. For index [3], the relations between
the conventional basis vectors of the sub- and supergroup read
(cf. Fig 5.1.3.8)

a
 � a � b, b
 � a � 2b �a
, b
 for the subgroup��
Thus, the basis vectors of the supergroup are

a
 � 1
3�2a � b�, b
 � 1

3��a � b� �a
, b
 for the supergroup��
An alternative description is

a
 � 2a � b, b
 � �a � b �a
, b
 for the subgroup�
a
 � 1

3�a � b�, b
 � 1
3�a � 2b� �a
, b
 for the supergroup��

2.2.16. Monoclinic space groups

In this volume, space groups are described by one (or at most two)
conventional coordinate systems (cf. Sections 2.1.3 and 2.2.2).
Eight monoclinic space groups, however, are treated more
extensively. In order to provide descriptions for frequently
encountered cases, they are given in six versions.

The description of a monoclinic crystal structure in this volume,
including its Hermann–Mauguin space-group symbol, depends
upon two choices:

(i) the unit cell chosen, here called ‘cell choice’;
(ii) the labelling of the edges of this cell, especially of the

monoclinic symmetry direction (‘unique axis’), here called
‘setting’.

2.2.16.1. Cell choices

One edge of the cell, i.e. one crystal axis, is always chosen along
the monoclinic symmetry direction. The other two edges are located
in the plane perpendicular to this direction and coincide with
translation vectors in this ‘monoclinic plane’. It is sensible and
common practice (see below) to choose these two basis vectors
from the shortest three translation vectors in that plane. They are
shown in Fig. 2.2.16.1 and labelled e, f and g, in order of increasing
length.* The two shorter vectors span the ‘reduced mesh’, here e
and f; for this mesh, the monoclinic angle is 120	, whereas for the
other two primitive meshes larger angles are possible.

Other choices of the basis vectors in the monoclinic plane are
possible, provided they span a primitive mesh. It turns out, however,
that the space-group symbol for any of these (non-reduced) meshes
already occurs among the symbols for the three meshes formed by e,
f, g in Fig. 2.2.16.1; hence only these cases need be considered.
They are designated in this volume as ‘cell choice 1, 2 or 3’ and are
depicted in Fig. 2.2.6.4. The transformation matrices for the three
cell choices are listed in Table 5.1.3.1.

2.2.16.2. Settings

The term setting of a cell or of a space group refers to the
assignment of labels (a, b, c) and directions to the edges of a given
unit cell, resulting in a set of basis vectors a, b, c. (For orthorhombic
space groups, the six settings are described and illustrated in Section
2.2.6.4.)

The symbol for each setting is a shorthand notation for the
transformation of a given starting set abc into the setting
considered. It is called here ‘setting symbol’. For instance, the
setting symbol bca stands for

a
 � b, b
 � c, c
 � a

or

�a
b
c
� � �abc�
0 0 1
1 0 0
0 1 0

�
�


� � �bca�,

where a
, b
, c
 is the new set of basis vectors. (Note that the setting
symbol bca does not mean that the old vector a changes its label to
b, the old vector b changes to c, and the old c changes to a.)
Transformation of one setting into another preserves the shape of
the cell and its orientation relative to the lattice. The matrices of
these transformations have one entry �1 or �1 in each row and
column; all other entries are 0.

In monoclinic space groups, one axis, the monoclinic symmetry
direction, is unique. Its label must be chosen first and, depending
upon this choice, one speaks of ‘unique axis b’, ‘unique axis c’ or
‘unique axis a’.† Conventionally, the positive directions of the two
further (‘oblique’) axes are oriented so as to make the monoclinic
angle non-acute, i.e.� 90	, and the coordinate system right-handed.
For the three cell choices, settings obeying this condition and
having the same label and direction of the unique axis are
considered as one setting; this is illustrated in Fig. 2.2.6.4.

Note: These three cases of labelling the monoclinic axis are often
called somewhat loosely b-axis, c-axis and a-axis ‘settings’. It must
be realized, however, that the choice of the ‘unique axis’ alone does
not define a single setting but only a pair, as for each cell the labels
of the two oblique axes can be interchanged.

Fig. 2.2.16.1. The three primitive two-dimensional cells which are spanned
by the shortest three translation vectors e, f, g in the monoclinic plane.
For the present discussion, the glide vector is considered to be along e
and the projection of the centring vector along f.

� These three vectors obey the ‘closed-triangle’ condition e � f � g � 0; they can
be considered as two-dimensional homogeneous axes.

� In IT (1952), the terms ‘1st setting’ and ‘2nd setting’ were used for ‘unique axis c’
and ‘unique axis b’. In the present volume, these terms have been dropped in favour
of the latter names, which are unambiguous.
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Table 2.2.16.1 lists the setting symbols for the six monoclinic
settings in three equivalent forms, starting with the symbols a b c
(first line), a b c (second line) and a b c (third line); the unique axis
is underlined. These symbols are also found in the headline of the
synoptic Table 4.3.2.1, which lists the space-group symbols for all
monoclinic settings and cell choices. Again, the corresponding
transformation matrices are listed in Table 5.1.3.1.

In the space-group tables, only the settings with b and c unique
are treated and for these only the left-hand members of the double
entries in Table 2.2.16.1. This implies, for instance, that the c-axis
setting is obtained from the b-axis setting by cyclic permutation of
the labels, i.e. by the transformation

�a
b
c
� � �abc�
0 1 0
0 0 1
1 0 0

�
�


� � �cab��

In the present discussion, also the setting with a unique is included,
as this setting occurs in the subgroup entries of Part 7 and in Table
4.3.2.1. The a-axis setting a
b
c
 � cab is obtained from the c-axis
setting also by cyclic permutation of the labels and from the b-axis
setting by the reverse cyclic permutation: a
b
c
 � bca.

By the conventions described above, the setting of each of the
cell choices 1, 2 and 3 is determined once the label and the direction
of the unique-axis vector have been selected. Six of the nine
resulting possibilities are illustrated in Fig. 2.2.6.4.

2.2.16.3. Cell choices and settings in the present tables

There are five monoclinic space groups for which the Hermann–
Mauguin symbols are independent of the cell choice, viz those space
groups that do not contain centred lattices or glide planes:

P2 �No� 3�, P21 �4�, Pm �6�, P2�m �10�, P21�m �11��
In these cases, description of the space group by one cell choice is
sufficient.

For the eight monoclinic space groups with centred lattices or
glide planes, the Hermann–Mauguin symbol depends on the choice
of the oblique axes with respect to the glide vector and/or the
centring vector. These eight space groups are:

C2 �5�, Pc �7�, Cm �8�, Cc �9�, C2�m �12�, P2�c �13�,
P21�c �14�, C2�c �15��

Here, the glide vector or the projection of the centring vector onto
the monoclinic plane are always directed along one of the vectors e,
f or g in Fig. 2.2.16.1, i.e. are parallel to the shortest, the second-
shortest or the third-shortest translation vector in the monoclinic
plane (note that a glide vector and the projection of a centring vector
cannot be parallel). This results in three possible orientations of the
glide vector or the centring vector with respect to these crystal axes,
and thus in three different full Hermann–Mauguin symbols (cf.
Section 2.2.4) for each setting of a space group.

Table 2.2.16.2 lists the symbols for centring types and glide
planes for the cell choices 1, 2, 3. The order of the three cell choices
is defined as follows: The symbols occurring in the familiar
‘standard short monoclinic space-group symbols’ (see Section
2.2.3) define cell choice 1; for ‘unique axis b’, this applies to the
centring type C and the glide plane c, as in Cm (8) and P21�c �14�.
Cell choices 2 and 3 follow from the anticlockwise order 1–2–3 in
Fig. 2.2.6.4 and their space-group symbols can be obtained from
Table 2.2.16.2. The c-axis and the a-axis settings then are derived
from the b-axis setting by cyclic permutations of the axial labels, as
described in Section 2.2.16.2.

In the two space groups Cc (9) and C2�c �15�, glide planes occur
in pairs, i.e. each vector e, f, g is associated either with a glide vector
or with the centring vector of the cell. For Pc (7), P2�c �13� and

P21�c �14�, which contain only one type of glide plane, the left-
hand member of each pair of glide planes in Table 2.2.16.2 applies.

In the space-group tables of this volume, the following
treatments of monoclinic space groups are given:

(1) Two complete descriptions for each of the five monoclinic
space groups with primitive lattices and without glide planes, one
for ‘unique axis b’ and one for ‘unique axis c’, similar to the
treatment in IT (1952).

(2) A total of six descriptions for each of the eight space groups
with centred lattices or glide planes, as follows:

(a) One complete description for ‘unique axis b’ and ‘cell
choice’ 1. This is considered the standard description of the
space group, and its short Hermann–Mauguin symbol is used
as the standard symbol of the space group.

This standard short symbol corresponds to the one symbol
of IT (1935) and to that of the b-axis setting in IT (1952), e.g.
P21�c or C2�c. It serves only to identify the space-group type
but carries no information about the setting or cell choice of a
particular description. The standard short symbol is given in
the headline of every description of a monoclinic space group;
cf. Section 2.2.3.
(b) Three condensed (synoptic) descriptions for ‘unique axis
b’ and the three ‘cell choices’ 1, 2, 3. Cell choice 1 is repeated
to facilitate comparison with the other cell choices. Diagrams
are provided to illustrate the three cell choices: cf. Section
2.2.6.
(c) One complete description for ‘unique axis c’ and ‘cell
choice’ 1.
(d) Three condensed (synoptic) descriptions for ‘unique axis c’
and the three ‘cell choices’ 1, 2, 3. Again cell choice 1 is
repeated and appropriate diagrams are provided.

All settings and cell choices are identified by the appropriate full
Hermann–Mauguin symbols (cf. Section 2.2.4), e.g. C12�c1 or
I112�b. For the two space groups Cc (9) and C2�c �15� with pairs
of different glide planes, the ‘priority rule’ (cf. Section 4.1.1) for

Table 2.2.16.1. Monoclinic setting symbols (unique axis is
underlined)

Unique axis b Unique axis c Unique axis a

abc c�ba cab ac�b bca �bac Starting set abc

bca a�cb abc ba�c cab �cba Starting set abc

cab b�ac bca cb�a abc �acb Starting set abc

Note: An interchange of two axes involves a change of the handedness of the
coordinate system. In order to keep the system right-handed, one sign reversal is
necessary.

Table 2.2.16.2. Symbols for centring types and glide planes of
monoclinic space groups

Setting

Cell choice

1 2 3

Unique axis b Centring type C A I

Glide planes c, n n, a a, c

Unique axis c Centring type A B I

Glide planes a, n n, b b, a

Unique axis a Centring type B C I

Glide planes b, n n, c c, b
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glide planes (e before a before b before c before n) is not followed.
Instead, in order to bring out the relations between the various
settings and cell choices, the glide-plane symbol always refers to
that glide plane which intersects the conventional origin.

Example: No. 15, standard short symbol C2�c
The full symbols for the three cell choices (rows) and the three
unique axes (columns) read

C12�c1 A12�n1 I12�a1
A112�a B112�n I112�b
B2�b11 C2�n11 I2�c11�

Application of the priority rule would have resulted in the
following symbols

C12�c1 A12�a1 I12�a1
A112�a B112�b I112�a
B2�b11 C2�c11 I2�b11�

Here, the transformation properties are obscured.

2.2.16.4. Comparison with earlier editions of International
Tables

In IT (1935), each monoclinic space group was presented in one
description only, with b as the unique axis. Hence, only one short
Hermann–Mauguin symbol was needed.

In IT (1952), the c-axis setting (first setting) was newly
introduced, in addition to the b-axis setting (second setting). This
extension was based on a decision of the Stockholm General
Assembly of the International Union of Crystallography in 1951 [cf.
Acta Cryst. (1951), 4, 569 and Preface to IT (1952)]. According to
this decision, the b-axis setting should continue to be accepted as
standard for morphological and structural studies. The two settings
led to the introduction of full Hermann–Mauguin symbols for all 13
monoclinic space groups (e.g. P121�c1 and P1121�b) and of two
different standard short symbols (e.g. P21�c and P21�b) for the
eight space groups with centred lattices or glide planes [cf. p. 545 of
IT (1952)]. In the present volume, only one of these standard short
symbols is retained (see above and Section 2.2.3).

The c-axis setting (primed labels) was obtained from the b-axis
setting (unprimed labels) by the following transformation

�a
b
c
� � �abc�
1 0 0
0 0 �1
0 1 0

�
�


� � �ac�b��

This corresponds to an interchange of two labels and not to the more
logical cyclic permutation, as used in the present volume. The
reason for this particular transformation was to obtain short space-
group symbols that indicate the setting unambiguously; thus the
lattice letters were chosen as C (b-axis setting) and B (c-axis
setting). The use of A in either case would not have distinguished
between the two settings [cf. pp. 7, 55 and 543 of IT (1952); see also
Table 2.2.16.2].

As a consequence of the different transformations between b- and
c-axis settings in IT (1952) and in this volume, some space-group
symbols have changed. This is apparent from a comparison of pairs
such as P121�c1 & P1121�b and C12�c1 & B112�b in IT (1952)
with the corresponding pairs in this volume, P121�c1 & P1121�a
and C12�c1 & A112�a. The symbols with B-centred cells appear
now for cell choice 2, as can be seen from Table 2.2.16.2.

2.2.16.5. Selection of monoclinic cell

In practice, the selection of the (right-handed) unit cell of a
monoclinic crystal can be approached in three ways, whereby the
axes refer to the b-unique setting; for c unique similar considera-
tions apply:

(i) Irrespective of their lengths, the basis vectors are chosen such
that, in Fig. 2.2.16.1, one obtains c � e, a � f and b normal to a and
c pointing upwards. This corresponds to a selection of cell choice 1.
It ensures that the crystal structure can always be referred directly
to the description and the space-group symbol in IT (1935) and
IT (1952). However, this is at the expense of possibly using a non-
reduced and, in many cases, even a very awkward cell.

(ii) Selection of the reduced mesh, i.e. the shortest two translation
vectors in the monoclinic plane are taken as axes and labelled a and
c, with either a � c or c � a. This results with equal probability in
one of the three cell choices described in the present volume.

(iii) Selection of the cell on special grounds, e.g. to compare the
structure under consideration with another related crystal structure.
This may result again in a non-reduced cell and it may even
necessitate use of the a-axis setting. In all these cases, the
coordinate system chosen should be carefully explained in the
description of the structure.

2.2.17. Crystallographic groups in one dimension

In one dimension, only one crystal family, one crystal system and
one Bravais lattice exist. No name or common symbol is required
for any of them. All one-dimensional lattices are primitive, which is
symbolized by the script letter �; cf. Chapter 1.2.

There occur two types of one-dimensional point groups, 1 and
m � �1. The latter contains reflections through a point (reflection
point or mirror point). This operation can also be described as
inversion through a point, thus m � �1 for one dimension; cf.
Chapters 1.3 and 1.4.

Two types of line groups (one-dimensional space groups)
exist, with Hermann–Mauguin symbols �1 and �m � ��1, which
are illustrated in Fig. 2.2.17.1. Line group �1, which consists of one-
dimensional translations only, has merely one (general) position
with coordinate x. Line group �m consists of one-dimensional
translations and reflections through points. It has one general and
two special positions. The coordinates of the general position are x
and �x; the coordinate of one special position is 0, that of the other 1

2.
The site symmetries of both special positions are m � �1. For �1, the
origin is arbitrary, for �m it is at a reflection point.

The one-dimensional point groups are of interest as ‘edge
symmetries’ of two-dimensional ‘edge forms’; they are listed in
Table 10.1.2.1. The one-dimensional space groups occur as
projection and section symmetries of crystal structures.

Fig. 2.2.17.1. The two line groups (one-dimensional space groups). Small
circles are reflection points; large circles represent the general position;
in line group �1, the vertical bars are the origins of the unit cells.
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3.1. Space-group determination and diffraction symbols

BY A. LOOIJENGA-VOS AND M. J. BUERGER

3.1.1. Introduction

In this chapter, the determination of space groups from the Laue
symmetry and the reflection conditions, as obtained from diffraction
patterns, is discussed. Apart from Section 3.1.6.5, where differences
between reflections hkl and �h�k�l due to anomalous dispersion are
discussed, it is assumed that Friedel’s rule holds, i.e. that
�F�hkl��2 � �F��h�k�l��2. This implies that the reciprocal lattice
weighted by �F�hkl��2 has an inversion centre, even if this is not
the case for the crystal under consideration. Accordingly, the
symmetry of the weighted reciprocal lattice belongs, as was
discovered by Friedel (1913), to one of the eleven Laue classes
of Table 3.1.2.1. As described in Section 3.1.5, Laue class plus
reflection conditions in most cases do not uniquely specify the space
group. Methods that help to overcome these ambiguities, especially
with respect to the presence or absence of an inversion centre in the
crystal, are summarized in Section 3.1.6.

3.1.2. Laue class and cell

Space-group determination starts with the assignment of the Laue
class to the weighted reciprocal lattice and the determination of the
cell geometry. The conventional cell (except for the case of a
primitive rhombohedral cell) is chosen such that the basis vectors
coincide as much as possible with directions of highest symmetry
(cf. Chapters 2.1 and 9.1).

The axial system should be taken right-handed. For the different
crystal systems, the symmetry directions (blickrichtungen) are
listed in Table 2.2.4.1. The symmetry directions and the convention
that, within the above restrictions, the cell should be taken as small
as possible determine the axes and their labels uniquely for crystal
systems with symmetry higher than orthorhombic. For orthorhom-
bic crystals, three directions are fixed by symmetry, but any of the

three may be called a, b or c. For monoclinic crystals, there is one
unique direction. It has to be decided whether this direction is called
b, c or a. If there are no special reasons (physical properties,
relations with other structures) to decide otherwise, the standard
choice b is preferred. For triclinic crystals, usually the reduced cell
is taken (cf. Chapter 9.2), but the labelling of the axes remains a
matter of choice, as in the orthorhombic system.

If the lattice type turns out to be centred, which reveals itself by
systematic absences in the general reflections hkl (Section 2.2.13),
examination should be made to see whether the smallest cell has
been selected, within the conventions appropriate to the crystal
system. This is necessary since Table 3.1.4.1 for space-group
determination is based on such a selection of the cell. Note,
however, that for rhombohedral space groups two cells are
considered, the triple hexagonal cell and the primitive rhombohe-
dral cell.

The Laue class determines the crystal system. This is listed in
Table 3.1.2.1. Note the conditions imposed on the lengths and the
directions of the cell axes as well as the fact that there are crystal
systems to which two Laue classes belong.

3.1.3. Reflection conditions and diffraction symbol

In Section 2.2.13, it has been shown that ‘extinctions’ (sets of
reflections that are systematically absent) point to the presence of a
centred cell or the presence of symmetry elements with glide or
screw components. Reflection conditions and Laue class together
are expressed by the Diffraction symbol, introduced by Buerger
(1935, 1942, 1969); it consists of the Laue-class symbol, followed
by the extinction symbol representing the observed reflection
conditions. Donnay & Harker (1940) have used the concept of
extinctions under the name of ‘morphological aspect’ (or aspect for
short) in their studies of crystal habit (cf. Crystal Data, 1972).
Although the concept of aspect applies to diffraction as well as to
morphology (Donnay & Kennard, 1964), for the present tables the
expression ‘extinction symbol’ has been chosen because of the
morphological connotation of the word aspect.

The Extinction symbols are arranged as follows. First, a capital
letter is given representing the centring type of the cell (Section
1.2.1). Thereafter, the reflection conditions for the successive
symmetry directions are symbolized. Symmetry directions not
having reflection conditions are represented by a dash. A symmetry
direction with reflection conditions is represented by the symbol for
the corresponding glide plane and/or screw axis. The symbols
applied are the same as those used in the Hermann–Mauguin space-
group symbols (Section 1.3.1). If a symmetry direction has more
than one kind of glide plane, for the diffraction symbol the same
letter is used as in the corresponding space-group symbol. An
exception is made for some centred orthorhombic space groups
where two glide-plane symbols are given (between parentheses) for
one of the symmetry directions, in order to stress the relation
between the diffraction symbol and the symbols of the ‘possible
space groups’. For the various orthorhombic settings, treated in
Table 3.1.4.1, the top lines of the two-line space-group symbols in
Table 4.3.2.1 are used. In the monoclinic system, dummy numbers
‘1’ are inserted for two directions even though they are not
symmetry directions, to bring out the differences between the
diffraction symbols for the b, c and a settings.

Table 3.1.2.1. Laue classes and crystal systems

Laue class Crystal system
Conditions imposed on cell
geometry

�1 Triclinic None

2�m Monoclinic � � � � 90� (b unique)

� � � � 90� (c unique)

mmm Orthorhombic � � � � � � 90�

4�m Tetragonal a � b�� � � � � � 90�

4�mmm

�3 Trigonal a � b�� � � � 90�� � � 120�

(hexagonal axes)
�3m a � b � c�� � � � �

(rhombohedral axes)

6�m Hexagonal a � b�� � � � 90�� � � 120�

6�mmm

m�3 Cubic a � b � c�� � � � � � 90�

m�3m
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Example
Laue class: 12�m1
Reflection conditions:

hkl � h � k � 2n;
h0l � h, l � 2n; 0kl � k � 2n; hk0 � h � k � 2n;
h00 � h � 2n; 0k0 � k � 2n; 00l � l � 2n�

As there are both c and n glide planes perpendicular to b, the
diffraction symbol may be given as 1 2�m 1C1c1 or as
1 2�m 1C1n1. In analogy to the symbols of the possible space
groups, C1c1 (9) and C1 2�c 1 �15�, the diffraction symbol is
called 1 2�m 1C1c1.
For another cell choice, the reflection conditions are:

hkl � k � l � 2n;
h0l � h, l � 2n; 0kl � k � l � 2n; hk0 � k � 2n;
h00 � h � 2n; 0k0 � k � 2n; 00l � l � 2n�

For this second cell choice, the glide planes perpendicular to b
are n and a. The diffraction symbol is given as 1 2�m 1A1n1, in
analogy to the symbols A1n1 (9) and A1 2�n 1 �15� adopted for
the possible space groups.

3.1.4. Deduction of possible space groups

Reflection conditions, diffraction symbols, and possible space
groups are listed in Table 3.1.4.1. For each crystal system, a
different table is provided. The monoclinic system contains
different entries for the settings with b, c and a unique. For
monoclinic and orthorhombic crystals, all possible settings and cell
choices are treated. In contradistinction to Table 4.3.2.1, which lists
the space-group symbols for different settings and cell choices in a
systematic way, the present table is designed with the aim to make
space-group determination as easy as possible.

The left-hand side of the table contains the Reflection conditions.
Conditions of the type h � 2n or h � k � 2n are abbreviated as h or
h � k. Conditions like h � 2n, k � 2n, h � k � 2n are quoted as h,
k; in this case, the condition h � k � 2n is not listed as it follows
directly from h � 2n, k � 2n. Conditions with l � 3n, l � 4n,
l � 6n or more complicated expressions are listed explicitly.

From left to right, the table contains the integral, zonal and serial
conditions. From top to bottom, the entries are ordered such that left
columns are kept empty as long as possible. The leftmost column
that contains an entry is considered as the ‘leading column’. In this
column, entries are listed according to increasing complexity. This
also holds for the subsequent columns within the restrictions
imposed by previous columns on the left. The make-up of the table
is such that observed reflection conditions should be matched
against the table by considering, within each crystal system, the
columns from left to right.

The centre column contains the Extinction symbol. To obtain the
complete diffraction symbol, the Laue-class symbol has to be added
in front of it. Be sure that the correct Laue-class symbol is used if
the crystal system contains two Laue classes. Particular care is
needed for Laue class �3m in the trigonal system, because there are
two possible orientations of this Laue symmetry with respect to the
crystal lattice, �3m1 and �31m. The correct orientation can be
obtained directly from the diffraction record.

The right-hand side of the table gives the Possible space groups
which obey the reflection conditions. For crystal systems with two
Laue classes, a subdivision is made according to the Laue
symmetry. The entries in each Laue class are ordered according
to their point groups. All space groups that match both the reflection

conditions and the Laue symmetry, found in a diffraction
experiment, are possible space groups of the crystal.

The space groups are given by their short Hermann–Mauguin
symbols, followed by their number between parentheses, except for
the monoclinic system, where full symbols are given (cf. Section
2.2.4). In the monoclinic and orthorhombic sections of Table
3.1.4.1, which contain entries for the different settings and cell
choices, the ‘standard’ space-group symbols (cf. Table 4.3.2.1) are
printed in bold face. Only these standard representations are treated
in full in the space-group tables.

Example
The diffraction pattern of a compound has Laue class mmm.
The crystal system is thus orthorhombic. The diffraction spots
are indexed such that the reflection conditions are 0kl � l � 2n;
h0l � h � l � 2n; h00 � h � 2n; 00l � l � 2n. Table 3.1.4.1 shows
that the diffraction symbol is mmmPcn–. Possible space groups
are Pcn2 (30) and Pcnm (53). For neither space group does the
axial choice correspond to that of the standard setting. For No.
30, the standard symbol is Pnc2, for No. 53 it is Pmna. The
transformation from the basis vectors ae, be, ce, used in the
experiment, to the basis vectors as, bs, cs of the standard setting is
given by as � be, bs � �ae for No. 30 and by as � ce, cs � �ae
for No. 53.

Possible pitfalls

Errors in the space-group determination may occur because of
several reasons.

(1) Twinning of the crystal
Difficulties that may be encountered are shown by the following

example. Say that a monoclinic crystal (b unique) with the angle �
fortuitously equal to � 90� is twinned according to (100). As this
causes overlap of the reflections hkl and �hkl, the observed Laue
symmetry is mmm rather than 2�m. The same effect may occur
within one crystal system. If, for instance, a crystal with Laue class
4�m is twinned according to (100) or (110), the Laue class 4�mmm
is simulated (twinning by merohedry, cf. Catti & Ferraris, 1976, and
Koch, 1999). Further examples are given by Buerger (1960). Errors
due to twinning can often be detected from the fact that the observed
reflection conditions do not match any of the diffraction symbols.

(2) Incorrect determination of reflection conditions
Either too many or too few conditions may be found. For serial

reflections, the first case may arise if the structure is such that its
projection on, say, the b direction shows pseudo-periodicity. If the
pseudo-axis is b�p, with p an integer, the reflections 0k0 with k 	� p
are very weak. If the exposure time is not long enough, they may
be classified as unobserved which, incorrectly, would lead to the
reflection condition 0k0 � k � p. A similar situation may arise for
zonal conditions, although in this case there is less danger of errors.
Many more reflections are involved and the occurrence of pseudo-
periodicity is less likely for two-dimensional than for one-
dimensional projections.

For ‘structural’ or non-space-group absences, see Section 2.2.13.
The second case, too many observed reflections, may be due to

multiple diffraction or to radiation impurity. A textbook description
of multiple diffraction has been given by Lipson & Cochran (1966).
A well known case of radiation impurity in X-ray diffraction is the
contamination of a copper target with iron. On a photograph taken
with the radiation from such a target, the iron radiation with
�(Fe) � 5�4�(Cu) gives a reflection spot 4h
4k
4l at the position
5h
5k
5l for copper ���Cu K ����1�5418 A

�
, ��Fe K ����1�9373 A

� �.
For reflections 0k0, for instance, this may give rise to reflected
intensity at the copper 050 position so that, incorrectly, the
condition 0k0 � k � 2n may be excluded.
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(3) Incorrect assignment of the Laue symmetry
This may be caused by pseudo-symmetry or by ‘diffraction

enhancement’. A crystal with pseudo-symmetry shows small
deviations from a certain symmetry, and careful inspection of the
diffraction pattern is necessary to determine the correct Laue class.
In the case of diffraction enhancement, the symmetry of the
diffraction pattern is higher than the Laue symmetry of the crystal.
Structure types showing this phenomenon are rare and have to fulfil

specified conditions. For further discussions and references, see
Perez-Mato & Iglesias (1977).

3.1.5. Diffraction symbols and possible space groups

Table 3.1.4.1 contains 219 extinction symbols which, when
combined with the Laue classes, lead to 242 different diffraction
symbols. If, however, for the monoclinic and orthorhombic systems

Table 3.1.4.1. Reflection conditions, diffraction symbols and possible space groups

TRICLINIC. Laue class �1

Reflection conditions Extinction symbol

Point group

1 �1

None P– P1�1� P�1 �2�

MONOCLINIC, Laue class 2�m

Unique axis b Laue class 1 2�m 1

Reflection conditions

Extinction symbol

Point group

hkl
0kl hk0

h0l
h00 00l 0k0 2 m 2�m

P1–1 P121 (3) P1m1 (6) P1 2�m 1 �10�
k P1211 P1211 �4� P1 21�m 1 �11�

h P1a1 P1a1 (7) P1 2�a 1 �13�
h k P1 21�a 1 P1 21�a 1 �14�
l P1c1 P1c1 (7) P1 2�c 1 �13�
l k P1 21�c 1 P1 21�c 1 �14�
h � l P1n1 P1n1 (7) P1 2�n 1 �13�
h � l k P1 21�n 1 P1 21�n 1 �14�

h � k h k C1–1 C121 (5) C1m1 (8) C1 2�m 1 �12�
h � k h, l k C1c1 C1c1 (9) C1 2�c 1 �15�
k � l l k A1–1 A121 (5) A1m1 (8) A1 2�m 1 �12�
k � l h, l k A1n1 A1n1 (9) A1 2�n 1 �15�
h � k � l h � l k I1–1 I121 (5) I1m1 (8) I1 2�m 1 �12�
h � k � l h, l k I1a1 I1a1 (9) I1 2�a 1 �15�

Unique axis c Laue class 1 1 2�m

Reflection conditions

Extinction symbol

Point group

hkl
0kl h0l

hk0
h00 0k0 00l 2 m 2�m

P11– P112 (3) P11m (6) P11 2�m �10�
l P1121 P1121 �4� P11 21�m �11�

h P11a P11a (7) P11 2�a �13�
h l P11 21�a P11 21�a �14�
k P11b P11b (7) P11 2�b �13�
k l P11 21�b P11 21�b �14�
h � k P11n P11n (7) P11 2�n �13�
h � k l P11 21�n P11 21�n �14�

h � l h l B11– B112 (5) B11m (8) B11 2�m �12�
h � l h, k l B11n B11n (9) B11 2�n �15�
k � l k l A11– A112 (5) A11m (8) A11 2�m �12�
k � l h, k l A11a A11a (9) A11 2�a �15�
h � k � l h � k l I11– I112 (5) I11m (8) I11 2�m �12�
h � k � l h, k l I11b I11b (9) I11 2�b �15�
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Unique axis a Laue class 2�m 1 1

Reflection conditions

Extinction symbol

Point group

hkl
h0l hk0

0kl
0k0 00l h00 2 m 2�m

P–11 P211 (3) Pm11 (6) P2�m 11 �10�
h P2111 P2111 (4) P21�m 11 �11�

k Pb11 Pb11 (7) P2�b 11 �13�
k h P21�b 11 P21�b 11 �14�
l Pc11 Pc11 (7) P2�c 11 �13�
l h P21�c 11 P21�c 11 �14�
k � l Pn11 Pn11 (7) P2�n 11 �13�
k � l h P21�n 11 P21�n 11 �14�

h � k k h C–11 C211 (5) Cm11 (8) C2�m 11 �12�
h � k k, l h Cn11 Cn11 (9) C2�n 11 �15�
h � l l h B–11 B211 (5) Bm11 (8) B2�m 11 �12�
h � l k, l h Bb11 Bb11 (9) B2�b 11 �15�
h � k � l k � l h I–11 I211 (5) Im11 (8) I2�m 11 �12�
h � k � l k, l h Ic11 Ic11 (9) I2�c 11 �15�

ORTHORHOMBIC, Laue class mmm (2�m 2�m 2�m)
In this table, the symbol e in the space-group symbol represents the two glide planes given between parentheses in the corresponding extinction symbol. Only for
one of the two cases does a bold printed symbol correspond with the standard symbol.

Reflection conditions Laue class mmm (2�m 2�m 2�m)

hkl 0kl h0l hk0 h00 0k0 00l
Extinction
symbol

Point group

222

mm2
m2m
2mm mmm

P--- --- --- P222 (16) Pmm2 (25) Pmmm (47)

Pm2m (25)

P2mm (25)

l P--- ---21 P2221 �17�
k P---21--- P2212 �17�
k l P---2121 P22121 �18�

h P21--- --- P2122 �17�
h l P21---21 P21221 �18�
h k P2121--- P21212 �18�
h k l P212121 P212121 �19�

h h P--- ---a Pm2a (28)

P21ma �26� Pmma (51)

k k P--- ---b Pm21b �26�
P2mb (28) Pmmb (51)

h � k h k P--- ---n Pm21n �31�
P21mn �31� Pmmn (59)

h h P---a--- Pma2 (28) Pmam (51)

P21am �26�
h h h P---aa P2aa (27) Pmaa (49)

h k h k P---ab P21ab �29� Pmab (57)

h h � k h k P---an P2an (30) Pman (53)

l l P---c--- Pmc21 �26�
P2cm (28) Pmcm (51)

l h h l P---ca P21ca �29� Pmca (57)

l k k l P---cb P2cb (32) Pmcb (55)

l h � k h k l P---cn P21cn �33� Pmcn (62)

Table 3.1.4.1. Reflection conditions, diffraction symbols and possible space groups (cont.)

MONOCLINIC, Laue class 2�m (cont.)
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Reflection conditions Laue class mmm (2�m 2�m 2�m)

hkl 0kl h0l hk0 h00 0k0 00l
Extinction
symbol

Point group

222

mm2
m2m
2mm mmm

h � l h l P---n--- Pmn21 �31�
P21nm �31� Pmnm (59)

h � l h h l P---na P2na (30) Pmna (53)

h � l k h k l P---nb P21nb �33� Pmnb (62)

h � l h � k h k l P---nn P2nn (34) Pmnn (58)

k k Pb--- --- Pbm2 (28)

Pb21m �26� Pbmm (51)

k h h k Pb---a Pb21a �29� Pbma (57)

k k k Pb---b Pb2b (27) Pbmb (49)

k h � k h k Pb---n Pb2n (30) Pbmn (53)

k h h k Pba--- Pba2 (32) Pbam (55)

k h h h k Pbaa Pbaa (54)

k h k h k Pbab Pbab (54)

k h h � k h k Pban Pban (50)

k l k l Pbc--- Pbc21 �29� Pbcm (57)

k l h h k l Pbca Pbca (61)

k l k k l Pbcb Pbcb (54)

k l h � k h k l Pbcn Pbcn (60)

k h � l h k l Pbn--- Pbn21 �33� Pbnm (62)

k h � l h h k l Pbna Pbna (60)

k h � l k h k l Pbnb Pbnb (56)

k h � l h � k h k l Pbnn Pbnn (52)

l l Pc--- --- Pcm21 �26�
Pc2m (28) Pcmm (51)

l h h l Pc---a Pc2a (32) Pcma (55)

l k k l Pc---b Pc21b �29� Pcmb (57)

l h � k h k l Pc---n Pc21n �33� Pcmn (62)

l h h l Pca--- Pca21 �29� Pcam (57)

l h h h l Pcaa Pcaa (54)

l h k h k l Pcab Pcab (61)

l h h � k h k l Pcan Pcan (60)

l l l Pcc--- Pcc2 (27) Pccm (49)

l l h h l Pcca Pcca (54)

l l k k l Pccb Pccb (54)

l l h � k h k l Pccn Pccn (56)

l h � l h l Pcn --- Pcn2 (30) Pcnm (53)

l h � l h h l Pcna Pcna (50)

l h � l k h k l Pcnb Pcnb (60)

l h � l h � k h k l Pcnn Pcnn (52)

k � l k l Pn --- --- Pnm21 �31� Pnmm (59)

Pn21m �31�
k � l h h k l Pn---a Pn21a �33� Pnma (62)

k � l k k l Pn---b Pn2b (30) Pnmb (53)

k � l h � k h k l Pn---n Pn2n (34) Pnmn (58)

k � l h h k l Pna --- Pna21 �33� Pnam (62)

k � l h h h k l Pnaa Pnaa (56)

k � l h k h k l Pnab Pnab (60)

k � l h h � k h k l Pnan Pnan (52)

k � l l k l Pnc --- Pnc2 (30) Pncm (53)

k � l l h h k l Pnca Pnca (60)

Table 3.1.4.1. Reflection conditions, diffraction symbols and possible space groups (cont.)

ORTHORHOMBIC, Laue class mmm (2�m 2�m 2�m) (cont.)
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Reflection conditions Laue class mmm (2�m 2�m 2�m)

hkl 0kl h0l hk0 h00 0k0 00l
Extinction
symbol

Point group

222

mm2
m2m
2mm mmm

k � l l k k l Pncb Pncb (50)

k � l l h � k h k l Pncn Pncn (52)

k � l h � l h k l Pnn --- Pnn2 (34) Pnnm (58)

k � l h � l h h k l Pnna Pnna (52)

k � l h � l k h k l Pnnb Pnnb (52)

k � l h � l h � k h k l Pnnn Pnnn (48)

h � k k h h � k h k C --- --- --- C222 (21) Cmm2 (35) Cmmm (65)

Cm2m (38)

C2mm (38)

h � k k h h � k h k l C--- ---21 C2221 �20�
h � k k h h, k h k C--- ---(ab) Cm2e (39) Cmme (67)

C2me (39)

h � k k h, l h � k h k l C---c --- Cmc21 �36� Cmcm (63)

C2cm (40)

h � k k h, l h, k h k l C---c(ab) C2ce (41) Cmce (64)

h � k k, l h h � k h k l Cc --- --- Ccm21 �36� Ccmm (63)

Cc2m (40)

h � k k, l h h, k h k l Cc ---(ab) Cc2e (41) Ccme (64)

h � k k, l h, l h � k h k l Ccc --- Ccc2 (37) Cccm (66)

h � k k, l h, l h, k h k l Ccc(ab) Ccce (68)

h � l l h � l h h l B --- --- --- B222 (21) Bmm2 (38) Bmmm (65)

Bm2m (35)

B2mm (38)

h � l l h � l h h k l B---21--- B2212 �20�
h � l l h � l h, k h k l B--- ---b Bm21b �36� Bmmb (63)

B2mb (40)

h � l l h, l h h l B ---(ac)--- Bme2 (39) Bmem (67)

B2em (39)

h � l l h, l h, k h k l B ---(ac)b B2eb (41) Bmeb (64)

h � l k, l h � l h h k l Bb --- --- Bbm2 (40) Bbmm (63)

Bb21m (36)

h � l k, l h � l h, k h k l Bb---b Bb2b (37) Bbmb (66)

h � l k, l h, l h h k l Bb(ac)--- Bbe2 (41) Bbem (64)

h � l k, l h, l h, k h k l Bb(ac)b Bbeb (68)

k � l k � l l k k l A --- --- --- A222 (21) Amm2 (38) Ammm (65)

Am2m (38)

A2mm (35)

k � l k � l l k h k l A21--- --- A2122 �20�
k � l k � l l h, k h k l A--- ---a Am2a (40) Amma (63)

A21ma �36�
k � l k � l h, l k h k l A---a --- Ama2 (40) Amam (63)

A21am �36�
k � l k � l h, l h, k h k l A---aa A2aa (37) Amaa (66)

k � l k, l l k k l A(bc)--- --- Aem2 (39) Aemm (67)

Ae2m (39)

k � l k, l l h, k h k l A(bc)--- a Ae2a (41) Aema (64)

k � l k, l h, l k h k l A(bc)a --- Aea2 (41) Aeam (64)

k � l k, l h, l h, k h k l A(bc)aa Aeaa (68)

h � k � l k � l h � l h � k h k l I --- --- --- I222 �23�
I212121�24�

� �
*

Imm2 (44) Immm (71)

Im2m (44)

Table 3.1.4.1. Reflection conditions, diffraction symbols and possible space groups (cont.)
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Reflection conditions Laue class mmm (2�m 2�m 2�m)

hkl 0kl h0l hk0 h00 0k0 00l
Extinction
symbol

Point group

222

mm2
m2m
2mm mmm

I2mm (44)

h � k � l k � l h � l h, k h k l I --- ---(ab) Im2a (46) Imma (74)

I2mb (46) Immb (74)

h � k � l k � l h, l h � k h k l I ---(ac)--- Ima2 (46) Imam (74)

I2cm (46) lmcm (74)

h � k � l k � l h, l h, k h k l I --- cb I2cb (45) Imcb (72)

h � k � l k, l h � l h � k h k l I(bc)--- --- Iem2 (46) Iemm (74)

Ie2m (46)

h � k � l k, l h � l h, k h k l Ic --- a Ic2a (45) Icma (72)

h � k � l k, l h, l h � k h k l Iba --- Iba2 (45) Ibam (72)

h � k � l k, l h, l h, k h k l Ibca Ibca (73)

Icab (73)

h � k, h � l, k � l k, l h, l h, k h k l F --- --- --- F222 (22) Fmm2 (42) Fmmm (69)

Fm2m (42)

F2mm (42)

h � k, h � l, k � l k, l h � l � 4n; h, l h � k � 4n; h, k h � 4n k � 4n l � 4n F---dd F2dd (43)

h � k, h � l, k � l k � l � 4n; k, l h, l h � k � 4n; h, k h � 4n k � 4n l � 4n Fd---d Fd2d (43)

h � k, h � l, k � l k � l � 4n; k, l h � l � 4n; h, l h, k h � 4n k � 4n l � 4n Fdd--- Fdd2 (43)

h � k, h � l, k � l k � l � 4n; k, l h � l � 4n; h, l h � k � 4n; h, k h � 4n k � 4n l � 4n Fddd Fddd (70)

* Pair of space groups with common point group and symmetry elements but differing in the relative location of these elements.

TETRAGONAL, Laue classes 4�m and 4�mmm

Laue class

4�m 4�mmm �4�m 2�m 2�m�

Reflection conditions
Extinction
symbol

Point group

hkl hk0 0kl hhl 00l 0k0 hh0 4 �4 4�m 422 4mm �42m �4m2 4�mmm

P --- --- --- P4 (75) P�4 �81� P4�m �83� P422 (89) P4mm (99) P�42m (111) P4�mmm �123�
P�4m2 �115�

k P---21--- P4212 �90� P�421m �113�
l P42--- --- P42 �77� P42�m �84� P4222 �93�
l k P4221--- P42212 �94�

l � 4n P41--- ---
P41 �76�
P43 �78�

� �
†

P4122 �91�
P4322 �95�

� �
†

l � 4n k P4121---
P41212 �92�
P43212 �96�

� �
†

l l P --- --- c P42mc �105� P�42c �112� P42�mmc �131�
l l k P---21c P�421c �114�

k k P --- b --- P4bm (100) P�4b2 �117� P4�mbm �127�
k l l k P --- bc P42bc �106� P42�mbc �135�
l l P --- c --- P42cm �101� P�4c2 �116� P42�mcm �132�
l l l P --- cc P4cc (103) P4�mcc �124�
k � l l k P --- n --- P42nm �102� P�4n2 �118� P42�mnm �136�
k � l l l k P --- nc P4nc (104) P4�mnc �128�

h � k k Pn --- --- P4�n �85� P4�nmm �129�
h � k l k P42�n--- --- P42�n �86�
h � k l l k Pn --- c P42�nmc �137�

Table 3.1.4.1. Reflection conditions, diffraction symbols and possible space groups (cont.)

ORTHORHOMBIC, Laue class mmm (2�m 2�m 2�m) (cont.)
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(as well as for the R space groups of the trigonal system), the
different cell choices and settings of one space group are
disregarded, 101 extinction symbols* and 122 diffraction symbols
for the 230 space-group types result.

Only in 50 cases does a diffraction symbol uniquely identify just
one space group, thus leaving 72 diffraction symbols that
correspond to more than one space group. The 50 unique cases
can be easily recognized in Table 3.1.4.1 because the line for the
possible space groups in the particular Laue class contains just one
entry.

The non-uniqueness of the space-group determination has two
reasons:

(i) Friedel’s rule, i.e. the effect that, with neglect of anomalous
dispersion, the diffraction pattern contains an inversion centre, even
if such a centre is not present in the crystal.

Example
A monoclinic crystal (with unique axis b) has the diffraction
symbol 1 2�m 1P1c1. Possible space groups are P1c1 (7) without
an inversion centre, and P12�c1 �13� with an inversion centre. In
both cases, the diffraction pattern has the Laue symmetry
1 2�m 1.

One aspect of Friedel’s rule is that the diffraction patterns are the
same for two enantiomorphic space groups. Eleven diffraction
symbols each correspond to a pair of enantiomorphic space groups.

In Table 3.1.4.1, such pairs are grouped between braces. Either of
the two space groups may be chosen for structure solution. If due to
anomalous scattering Friedel’s rule does not hold, at the refinement
stage of structure determination it may be possible to determine the
absolute structure and consequently the correct space group from
the enantiomorphic pair.

(ii) The occurrence of four space groups in two ‘special’ pairs,
each pair belonging to the same point group: I222 (23) &
I212121 (24) and I23 (197) & I213 (199). The two space groups
of each pair differ in the location of the symmetry elements with
respect to each other. In Table 3.1.4.1, these two special pairs are
given in square brackets.

3.1.6. Space-group determination by additional methods

3.1.6.1. Chemical information

In some cases, chemical information determines whether or not
the space group is centrosymmetric. For instance, all proteins
crystallize in noncentrosymmetric space groups as they are
constituted of L-amino acids only. Less certain indications may
be obtained by considering the number of molecules per cell and the
possible space-group symmetry. For instance, if experiment shows
that there are two molecules of formula A�B� per cell in either space
group P21 or P21�m and if the molecule A�B� cannot possibly have
either a mirror plane or an inversion centre, then there is a strong
indication that the correct space group is P21. Crystallization of
A�B� in P21�m with random disorder of the molecules cannot be
excluded, however. In a similar way, multiplicities of Wyckoff
positions and the number of formula units per cell may be used to
distinguish between space groups.

Laue class

4�m 4�mmm �4�m 2�m 2�m�
Reflection conditions

Extinction
symbol

Point group

hkl hk0 0kl hhl 00l 0k0 hh0 4 �4 4�m 422 4mm �42m �4m2 4�mmm

h � k k k Pnb --- P4�nbm �125�
h � k k l l k Pnbc P42�nbc �133�
h � k l l k Pnc --- P42�ncm �138�
h � k l l l k Pncc P4�ncc �130�
h � k k � l l k Pnn --- P42�nnm �134�
h � k k � l l l k Pnnc P4�nnc �126�

h � k � l h � k k � l l l k I --- --- --- I4 (79) I�4 �82� I4�m �87� I422 (97) I4mm (107) I�42m �121� I4�mmm �139�
I�4m2 �119�

h � k � l h � k k � l l l � 4n k I41--- --- I41 �80� I4122 (98)

h � k � l h � k k � l  l � 4n k h I --- --- d I41md �109� I�42d �122�
h � k � l h � k k, l l l k I --- c --- I4cm (108) I�4c2 �120� I4�mcm �140�
h � k � l h � k k, l  l � 4n k h I --- cd I41cd �110�
h � k � l h, k k � l l l � 4n k I41�a--- --- I41�a �88�
h � k � l h, k k � l  l � 4n k h Ia --- d I41�amd �141�
h � k � l h, k k, l  l � 4n k h Iacd I41�acd �142�

� Pair of enantiomorphic space groups, cf. Section 3.1.5.
 Condition: 2h � l � 4n; l.

Table 3.1.4.1. Reflection conditions, diffraction symbols and possible space groups (cont.)

TETRAGONAL, Laue classes 4�m and 4�mmm (cont.)

� The increase from 97 (IT, 1952) to 101 extinction symbols is due to the separate
treatment of the trigonal and hexagonal crystal systems in Table 3.1.4.1, in
contradistinction to IT (1952), Table 4.4.3, where they were treated together. In
IT (1969), diffraction symbols were listed by Laue classes and thus the number of
extinction symbols is the same as that of diffraction symbols, namely 122.
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TRIGONAL, Laue classes �3 and �3m

Laue class

Reflection conditions

Extinction
symbol

�3
�3m1 ��3 2�m 1�
�3m �31m ��3 1 2�m�

Hexagonal axes Point group

hkil h�h0l hh2hl 000l 3 �3

321 3m1 �3m1

312 31m �31m32 3m �3m

P --- --- --- P3 (143) P�3 �147� P321 (150) P3m1 (156) P�3m1 �164� P312 (149) P31m (157) P�31m �162�

l � 3n P31--- ---
P31�144�
P32�145�

� �
� P3121 �152�

P3221 �154�
� �

� P3112 �151�
P3212 �153�

� �
�

l l P --- --- c P31c (159) P�31c �163�
l l P --- c --- P3cl (158) P�3c1 �165�

�h � k � l � 3n h � l � 3n l � 3n l � 3n R(obv)--- --- � R3 (146) R�3 �148� R32 (155) R3m (160) R�3m �166�
�h � k � l � 3n h � l � 3n� l l � 3n l � 6n R(obv)--- c R3c (161) R�3c �167�
h � k � l � 3n �h � l � 3n l � 3n l � 3n R(rev)--- --- R3 (146) R�3 �148� R32 (155) R3m (160) R�3m �166�
h � k � l � 3n �h � l � 3n� l l � 3n l � 6n R(rev)--- c R3c (161) R�3c �167�

Rhombohedral axes
Extinction
symbol

Point group

hkl hhl hhh 3 �3 32 3m �3m

R --- --- R3(146) R�3 �148� R32 (155) R3m (160) R�3m �166�
l h R --- c R3c (161) R�3c �167�

� Pair of enantiomorphic space groups; cf. Section 3.1.5.
� For obverse and reverse settings cf. Section 1.2.1. The obverse setting is standard in these tables.
The transformation reverse � obverse is given by a�obv.� � �a�rev.�, b�obv.� � �b�rev.�, c�obv.� � c�rev.�.

HEXAGONAL, Laue classes 6�m and 6�mmm

Laue class

Reflection conditions

Extinction
symbol

6�m 6�mmm �6�m 2�m 2�m�
Point group

h�h0l hh2hl 000l 6 �6 6�m 622 6mm

�62m
�6m2 6�mmm

P --- --- --- P6 (168) P�6 �174� P6�m �175� P622 (177) P6mm (183) P�62m �189� P6�mmm �191�
P�6m2 �187�

l P63--- --- P63 �173� P63�m �176� P6322 �182�

l � 3n P62--- ---
P62 �171�
P64 �172�

� �
**

P6222 �180�
P6422 �181�

� �
**

l � 6n P61--- ---
P61 �169�
P63 �170�

� �
**

P6122 �178�
P6522 �179�

� �
**

l l P--- --- c P63mc �186� P�62c �190� P63�mmc �194�
l l P--- c --- P63cm �185� P�6c2 �188� P63�mcm �193�
l l l P--- cc P6cc (184) P6�mcc (192)

** Pair of enantiomorphic space groups, cf. Section 3.1.5.

Table 3.1.4.1. Reflection conditions, diffraction symbols and possible space groups (cont.)
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3.1.6.2. Point-group determination by methods other than
the use of X-ray diffraction

This is discussed in Chapter 10.2. In favourable cases, suitably
chosen methods can prove the absence of an inversion centre or a
mirror plane.

3.1.6.3. Study of X-ray intensity distributions

X-ray data can give a strong clue to the presence or absence of an
inversion centre if not only the symmetry of the diffraction pattern
but also the distribution of the intensities of the reflection spots is
taken into account. Methods have been developed by Wilson and
others that involve a statistical examination of certain groups of
reflections. For a textbook description, see Lipson & Cochran
(1966) and Wilson (1970). In this way, the presence of an inversion
centre in a three-dimensional structure or in certain projections can
be tested. Usually it is difficult, however, to obtain reliable
conclusions from projection data. The same applies to crystals
possessing pseudo-symmetry, such as a centrosymmetric arrange-
ment of heavy atoms in a noncentrosymmetric structure. Several
computer programs performing the statistical analysis of the
diffraction intensities are available.

3.1.6.4. Consideration of maxima in Patterson syntheses

The application of Patterson syntheses for space-group determi-
nation is described by Buerger (1950, 1959).

3.1.6.5. Anomalous dispersion

Friedel’s rule, �F�hkl��2 � �F��h�k�l��2, does not hold for non-
centrosymmetric crystals containing atoms showing anomalous
dispersion. The difference between these intensities becomes
particularly strong when use is made of a wavelength near the
resonance level (absorption edge) of a particular atom in the crystal.
Synchrotron radiation, from which a wide variety of wavelengths
can be chosen, may be used for this purpose. In such cases, the
diffraction pattern reveals the symmetry of the actual point group of
the crystal (including the orientation of the point group with respect
to the lattice).

3.1.6.6. Summary

One or more of the methods discussed above may reveal whether
or not the point group of the crystal has an inversion centre. With
this information, in addition to the diffraction symbol, 192 space
groups can be uniquely identified. The rest consist of the eleven
pairs of enantiomorphic space groups, the two ‘special pairs’ and
six further ambiguities: 3 in the orthorhombic system (Nos. 26 &
28, 35 & 38, 36 & 40), 2 in the tetragonal system (Nos. 111 & 115,
119 & 121), and 1 in the hexagonal system (Nos. 187 & 189). If not
only the point group but also its orientation with respect to the
lattice can be determined, the six ambiguities can be resolved. This
implies that 204 space groups can be uniquely identified, the only
exceptions being the eleven pairs of enantiomorphic space groups
and the two ‘special pairs’.

CUBIC, Laue classes m�3 and m�3m

Laue class

Reflection conditions (Indices are permutable, apart from
space group No. 205) ††

Extinction
symbol

m�3 �2�m �3� m�3m �4�m �3 2�m�
Point group

hkl 0kl hhl 00l 23 m�3 432 �43m m�3m

P --- --- --- P23 (195) Pm�3 �200� P432 (207) P�43m �215� Pm�3m �221�

l
P21--- ---
P42--- ---

�
P213 �198� P4232 �208�

l � 4n P41--- ---
P4132 �213�
P4332 �212�

� �


l l P--- ---n P�43n �218� Pm�3n �223�
k†† l Pa --- --- Pa�3 �205�
k � l l Pn --- --- Pn�3 �201� Pn�3m �224�
k � l l l Pn---n Pn�3n �222�

h � k � l k � l l l I --- --- ---
I23 �197�
I213 �199�

� �
�� Im�3 �204� I432 (211) I�43m �217� Im�3m �229�

h � k � l k � l l l � 4n I41--- --- I4132 �214�
h � k � l k � l 2h � l � 4n, l l � 4n I--- ---d l�43d �220�
h � k � l k, l l l Ia --- --- Ia�3 �206�
h � k � l k, l 2h � l � 4n, l l � 4n Ia---d Ia�3d �230�
h � k, h � l, k � l k, l h � l l F --- --- --- F23 (196) Fm�3 �202� F432 (209) F�43m �216� Fm�3m �225�
h � k, h � l, k � l k, l h � l l � 4n F41--- --- F4132 �210�
h � k, h � l, k � l k, l h, l l F--- ---c F�43c �219� Fm�3c �226�
h � k, h � l, k � l k � l � 4n, k, l h � l l � 4n Fd --- --- Fd�3 �203� Fd�3m �227�
h � k, h � l, k � l k � l � 4n, k, l h, l l � 4n Fd---c Fd�3c �228�

†† For No. 205, only cyclic permutations are permitted. Conditions are 0kl: k � 2n; h0l: l � 2n; hk0: h � 2n.
 Pair of enantiomorphic space groups, cf. Section 3.1.5.
�� Pair of space groups with common point group and symmetry elements but differing in the relative location of these elements.

Table 3.1.4.1. Reflection conditions, diffraction symbols and possible space groups (cont.)
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4.1. Introduction to the synoptic tables

BY E. F. BERTAUT

4.1.1. Introduction

The synoptic tables of this section comprise two features:
(i) Space-group symbols for various settings and choices of the

unit cell. Changes of the basis vectors generally cause changes of
the Hermann–Mauguin space-group symbol. These axis transfor-
mations involve not only permutations of axes, conserving the
shape of the cell, but also transformations which lead to different
cell shapes and even to multiple cells.

(ii) Extended Hermann–Mauguin space-group symbols, in
addition to the short and full symbols. The occurrence of ‘additional
symmetry elements’ (see below) led to the introduction of
‘extended space-group symbols’ in IT (1952); they are system-
atically developed in the present section. These additional
symmetry elements are displayed in the space-group diagrams
and are important for the tabulated ‘Symmetry operations’.

For each crystal system, the text starts with a historical note on
the synoptic tables in the earlier editions of International Tables*
followed by a discussion of points (i) and (ii) above. Finally, those
group–subgroup relations (cf. Section 8.3.3) are treated that can be
recognized from the full and the extended Hermann–Mauguin
space-group symbols. This applies mainly to the translationen-
gleiche or t subgroups (type I, cf. Section 2.2.15) and to the
klassengleiche or k subgroups of type IIa. For the k subgroups of
types IIb and IIc, inspection of the synoptic Table 4.3.2.1 provides
easy recognition of only those subgroups which originate from the
decentring of certain multiple cells: C or F in the tetragonal system
(Section 4.3.4), R and H in the trigonal and hexagonal systems
(Section 4.3.5).

4.1.2. Additional symmetry elements

In space groups, ‘due to periodicity’, symmetry elements occur that
are not recorded in the Hermann–Mauguin symbols. These
additional symmetry elements are products of a symmetry
translation � and a symmetry operation �. This product is ��
and its geometrical representation is found in the space-group
diagrams (cf. Sections 8.1.2 and 11.1.1).†

Two cases have to be distinguished:

(i) Symmetry operations of the same nature
The symmetry operations � and �� are of the same nature and

only the locations of their symmetry elements differ. This occurs
when the translation vector t is perpendicular to the symmetry
element of � (symmetry plane or symmetry axis); it also holds
when � is an inversion or a rotoinversion (see below).

Table 4.1.2.1 summarizes the symmetry elements, located at the
origin, and the location of those ‘additional symmetry elements’
which are generated by periodicity in the interior of the unit cell.
‘Additional’ axes �3, 6, 61, 62, 63, 64, 65 do not occur. The first
column of Table 4.1.2.1 specifies �, the second column the
translation vector t, the third the location of the symmetry element
of ��. The last column indicates space groups and plane groups
with representative diagrams. Other orientations of the
symmetry axes and symmetry planes can easily be derived from
the table.

Example
Let � be a threefold rotation with Seitz symbol (3�0, 0, 0) and
axis along 0, 0, z. The product with the translation ��1, 0, 0�,
perpendicular to the axis, is (3�1, 0, 0) and again is a threefold
rotation, for �3�1, 0, 0�3 � �1�0, 0, 0�; its location is 2

3 , 1
3 , z.

Table 4.1.2.1 also deals with certain powers �p of symmetry
operations �, namely with p � 2 for operations of order four and
with p � 2, 3, 4 for operations of order six. These powers give rise
to their own ‘additional symmetry elements’, as illustrated by the
following list and by the example below (operations of order 2 or 3
obviously do not have to be considered).

� 4, 42 41, 43 �4 6 �6 �3 61 65 63 62 64

�p 2 21 2 3, 2 3, m 3, �1 31, 21 32, 21 3, 21 32, 2 31, 2

Example
62 in 0, 0, z; the powers to be considered are

�62�2 � 32� �62�3 � 2� �62�4 � �32�2�

The axes 32 and 2 at 0, 0, z create additional symmetry elements:

32 at 1
3,

2
3, z� 2

3,
1
3, z and 2 at 1

2, 0, z� 0, 1
2, z� 1

2,
1
2, z�

If � is an inversion operation with its centre of symmetry at point
M, the operation �� creates an additional centre at the endpoint of
the translation vector 1

2 t, drawn from M (cf. Table 4.1.2.1, where M
is in 0,0,0).

(ii) Symmetry operations of different nature
The symmetry operations � and �� are of a different nature and

have different symbols, corresponding to rotation and screw axes, to
mirror and glide planes, to screw axes of different nature, and to
glide planes of different nature, respectively.‡

In this case, the translation vector t has a component parallel
to the symmetry axis or symmetry plane of �. This parallel
component determines the nature and the symbol of the additional
symmetry element, whereas the normal component of t is
responsible for its location, as explained in Section 11.1.1. If the
normal component is zero, symmetry element and additional
symmetry element coincide geometrically. Note that such addi-
tional symmetry elements with glide or screw components exist
even in symmorphic space groups.

Integral and centring translations: In primitive lattices, only
integral translations occur and Tables 4.1.2.1 and 4.1.2.2 are
relevant. For centred lattices, Tables 4.1.2.1 and 4.1.2.2 remain
valid for the integral translations, whereas Table 4.1.2.3 has to be
considered for the centring translations, which cause further
‘additional symmetry elements’.

4.1.2.1. Integral translations

Table 4.1.2.2 lists representative symmetry elements, corre-
sponding to �, and their associated glide planes and screw axes,
corresponding to ��. The upper part of the table contains the
diagonal twofold axes and symmetry planes that appear as tertiary
symmetry elements in tetragonal and cubic space groups and as

� Comparison tables, pp. 28–44, IT (1935); Index of symbols of space groups, pp.
542–553, IT (1952).
� � is represented by (W, w) where W is the matrix part, w the column part, referred
to a conventional coordinate system. � is represented by (I, t) and �� by (W , w � t).

� The location and nature (screw axis, glide plane) of these additional symmetry
elements were listed in the space-group tables of IT (1935) under the heading
Weitere Symmetrieelemente, but were suppressed in IT (1952).
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secondary symmetry elements in rhombohedral space groups
(referred to rhombohedral axes). The middle part lists the twofold
axes and symmetry planes that are secondary and tertiary symmetry
elements in trigonal and hexagonal space groups and secondary
symmetry elements in rhombohedral space groups (referred to
hexagonal axes). The lower part illustrates the occurrence of
threefold screw axes in rhombohedral and cubic space groups for
the orientation [111].

Note that integral translations do not produce additional glide or
screw components in triclinic, monoclinic and orthorhombic
groups.

Example
The operation (3�1, 0, 0) in a rhombohedral or cubic space group
represents a screw rotation 31 with axis along [111]. Indeed, the
third power of (3�1, 0, 0) is the translation t(1,1,1), i.e. the
periodicity along the threefold axis. The translation t(1, 0, 0) is
decomposed uniquely into the screw component 1

3 , 1
3 , 1

3 parallel
to and the location component 2

3 , � 1
3 , � 1

3 perpendicular to the
threefold axis. The location of the 31 axis is then found to be
x, x � 2

3 , x � 1
3, which can also be expressed as x � 1

3 , x, x � 2
3 or

x � 2
3 , x � 1

3 , x.

For 2, m and c, the locations of the symmetry elements at the
origin and within the cell can be interchanged.

Example
According to Table 4.1.2.2, the c plane located in x, x, z implies
an n plane in x, x � 1

2 , z. Vice versa, an n plane in x, x, z implies a
c plane in x, x � 1

2 , z.

In the rhombohedral space groups R3c (161) and R�3c (167) and
in their cubic supergroups, diagonal n planes in x, x, z and, by
symmetry, in z, x, x and x, z, x coexist with c planes in x, x � 1

2 , z,
a planes in z, x, x � 1

2 and b planes in x � 1
2 , z, x, respectively (cf.

Section 4.3.5).
Note that the symbol of a glide plane depends on the reference

frame. Thus, the above-mentioned n planes in the rhombohedral

description become c planes in the hexagonal description of R3c
and R�3c; similarly, the a, b and c planes become n planes; cf.
Sections 1.3.1 and 1.4.4.

4.1.2.2. Centring translations*

The general rules given under (i) and (ii) remain valid. In lattices
C, A, B, I and F, a centring vector t with a component parallel to the
symmetry element leads to an additional symmetry element of a
different kind. When the centring vector t is perpendicular to the
symmetry element or when the symmetry element is an inversion
centre or a rotoinversion axis, the additional symmetry element is of
the same kind.

The first part of Table 4.1.2.3 contains pairs of symmetry planes
related by a centring translation. Each box has three or four entries,
which define three or four pairs of ‘associated’ planes; the cell under
F contains all the planes under C, A and B. Hence, their locations are
not repeated under F. Again, the locations of the two planes can be
interchanged.

Example
The product of the C-centring translation, i.e. t�1

2 , 1
2 , 0�, and the

reflection through a mirror plane m, located in 0, y, z, is a glide
reflection b with glide plane in 1

4 , y, z. Similarly, C centring
associates a glide plane c in 0, y, z with a glide plane n in 1

4 , y, z.

Note that the mirror plane and ‘associated’ glide plane coincide
geometrically when the centring translation is parallel to the mirror
(i.e. no normal component exists); see the first cell under A, the
second under B, the third cell under C. Also, two ‘associated’ glide
planes (a, b) or (b, c) or (a, c) coincide geometrically. These
‘double’ glide planes are symbolized by ‘e’; see Table 4.1.2.3 and
Section 1.3.2, Note (x).

Table 4.1.2.1. Location of additional symmetry element, if the translation vector t is perpendicular to the symmetry axis along
0, 0, z or to the symmetry plane in x, y, 0

The symmetry centre at 0,0,0 is included. The table is restricted to integral translations (for centring translations, see Table 4.1.2.3). The symbol � indicates
cyclic permutation.

Symmetry element
at the origin Translation vector t

Location of additional
symmetry element

Representative plane and space groups
(numbers)

2, 21 1,0,0 1
2 , 0, z P2 �3�, P21 �4�, p2 �2�

0,1,0 0, 1
2 , z

1,1,0 1
2 , 1

2 , z

3, 31, 32 1,0,0 2
3 , 1

3 , z P3 �143�---P32 �145�, p3 �13�
1,1,0 1

3 , 2
3 , z

4, 41, 42, 43 1,0,0 1
2 , 1

2 , z P4 �75�---P43 �78�, p4�10�
6, 61, 62, 63, 64, 65 – – P6 �168�---P65 �173�, p6 �16�
m, a, b, n, d, e 0,0,1 x, y, 1

2 Pm �6�, Pa, Pb, Pn �7�, Fddd �70�, Cmme �67�
�1 1,0,0 � 1

2 , 0, 0 � P�1 (2)

1,1,0 � 1
2 , 1

2 , 0 �

1,1,1 1
2 , 1

2 , 1
2

�3 – – P�3 (147)

�4 0,1,0 1
2 , 1

2 , z P�4 (81)

�6 0,1,0 1
3 , 2

3 , z P�6 (174)

1,1,0 2
3 , 1

3 , z

� For the ‘R centring’ see Section 4.3.5.
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Glide reflections whose square is a pure centring translation are
called d; other diagonal glide planes are called g and n; in each case,
the glide component is given between parentheses (cf. Sections
2.2.9 and 11.1.2).

The second part of Table 4.1.2.3 summarizes pairs of symmetry
axes and, in the bottom line, pairs of symmetry centres related by
a centring translation. For instance, the B-centring translation
t�1

2 , 0, 1
2� associates a rotation axis 2 along x, 0, 0 with a screw

axis 21 along x, 0, 1
4. Here, too, the locations can be interchanged.

Example
The product of the translation t�0, 1

2 , 1
2� with a twofold rotation

around x, x, 0 is the operation �2�0, 1
2 , 1

2�, which occurs, for
instance, in F432 (209). The square of this operation is the
fractional translation t�1

2 , 1
2 , 0�. The translation t�0, 1

2 , 1
2� is

decomposed into a ‘screw part’ 1
4 , 1

4 , 0 and a ‘location part’
� 1

4 , 1
4 , 1

2 perpendicular to it. The location of the additional
symmetry element 21 is then found to be x, x � 1

4 , 1
4 which is

parallel to that of the axis 2 in x, x, 0.

Table 4.1.2.2. Additional symmetry elements and their locations, if the translation vector t is inclined to the symmetry axis or
symmetry plane

The table is restricted to integral translations and thus is valid for P lattices and for integral translations in centred lattices (for centring translations see Table
4.1.2.3).

Symmetry element at the origin Additional symmetry element
Representative
plane and space
groups (numbers)Symbol Location Translation vector t Symbol

Screw or glide
component Location

Tetragonal, rhombohedral and cubic coordinate systems

2 x, x, 0 1, 0, 0 21
1
2 , 1

2 , 0 x, x � 1
2 , 0 P422 (89)

0, 1, 0 1
2 , 1

2 , 0 R32 (155)

P432 (207)

m x, x, z 1, 0, 0 g 1
2 , 1

2 , 0 x, x � 1
2 , z p4mm (11)

0, 1, 0 1
2 , 1

2 , 0 P4mm (99)

R3m (160)

P�43m (215)

c x, x, z 1, 0, 0 n 1
2 , 1

2 , 1
2 x, x � 1

2 , z P�42c (112)

0, 1, 0 1
2 , 1

2 , 1
2 R3c (161)

P�43n (218)

Hexagonal coordinate system

2 x, 0, 0 1, 1, 0 21
1
2 , 0, 0 x, 1

2 , 0 P321 (150)

0, 1, 0 � 1
2 , 0, 0 R32 (155)

2 x, 2x, 0 0, 1, 0 21
1
2 , 1, 0 x, 2x � 1

2 , 0 P312 (149)

1, 1, 0 P622 (177)

m x, 2x, z 0, 1, 0 b 1
2 , 1, 0 x, 2x � 1

2 , z P3m1 (156)

1, 1, 0 p3m1 (14)

R3m (160)

c x, 2x, z 0, 1, 0 n 1
2 , 1, 1

2 x, 2x � 1
2 , z P3c1 (158)

1, 1, 0 P�6c2 (188)

R3c (161)

m x, 0, z 1, 1, 0 a 1
2 , 0, 0 x, 1

2 , z P31m (157)

0, 1, 0 � 1
2 , 0, 0 p31m (15)

c x, 0, z 1, 1, 0 n 1
2 , 0, 1

2 x, 1
2 , z P31c (159)

0, 1, 0 � 1
2 , 0, 1

2 P�62c (190)

Rhombohedral and cubic coordinate systems

3 x, x, x 1, 0, 0 31
1
3 , 1

3 , 1
3 x, x � 2

3 , x � 1
3

R3 (146)

0, 1, 0

0, 0, 1

3 x, x, x 2, 0, 0 32
2
3 , 2

3 , 2
3 x, x � 1

3 , x � 2
3 P23 (195)

0, 2, 0

0, 0, 2
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Inversions. The ‘midpoint rule’ given under (i) for integral
translations remains valid. When M occupies successively the eight
positions of inversion centres in the primitive cell (cf. Table
4.1.2.1), each of the centrings C, A, B and I creates eight
supplementary centres, whereas the F centring produces 3 � 8 �
24 supplementary centres, leading to a total of 32 inversion centres.

Example
For C centring, add 1

4 , 1
4 , 0 (cf. Table 4.1.2.3) to the eight

locations of symmetry centres, given in Table 4.1.2.1, in order to
obtain the eight additional symmetry centres 1

4 , 1
4 , 0; 3

4 , 1
4 , 0;

1
4 , 3

4 , 0; 3
4 , 3

4 , 0; 1
4 , 1

4 , 1
2;

3
4 , 1

4 , 1
2;

1
4 , 3

4 , 1
2;

3
4 , 3

4 , 1
2.

Table 4.1.2.3 contains only representative cases. For 4 and 41
axes, only the standard orientation [001] is given. For diagonal
twofold axes, only the orientation [110] is considered. When
the locations of all additional symmetry elements of a chosen
species are desired, it is sufficient to insert the location of one of the
elements into the coordinate triplets of the general position and to
remove redundancies.

Example
Insert the location x, x � 2

3 , x � 1
3 of a 31 axis (see Table 4.1.2.2)

into the general position of a cubic space group to obtain four
distinct locations of 31 axes in P groups and sixteen in F groups.

4.1.2.3. The priority rule

When more than one kind of symmetry element occurs for a
given symmetry direction, the question of choice arises for defining
the appropriate Hermann–Mauguin symbol. This choice is made in
order of descending priority:

m, e, a, b, c, n, d; and rotation axes before screw axes.

This priority rule is explicitly stated in IT (1952), pages 55 and 543.
It is applied to the space-group symbols in IT (1952) and the present
edition. There are a few exceptions, however:

(i) For glide planes in centred monoclinic space groups, the
priority rule is purposely not followed in this volume, in order to
bring out the relations between the three ‘cell choices’ given for
each setting (cf. Sections 2.2.16 and 4.3.2).

Table 4.1.2.3. Additional symmetry elements due to a centring vector t and their locations

Symmetry element
at the origin

Additional symmetry elements

Representative space
groups (numbers)

C, t�1
2 , 1

2 , 0� A, t�0, 1
2 , 1

2� B, t�1
2 , 0, 1

2� I , t�1
2 , 1

2 , 1
2� F

Symbol Location Symbol Location Symbol Location Symbol Location Symbol Location Symbol

m 0, y, z b 1
4 , y, z n 0, y, z c 1

4 , y, z n 1
4 , y, z b, n, c, e Cmmm, Ammm,

Bmmm (65)

c n b m b Immm (71), Fmmm
(69)

b m c n c Cccm, Amaa, Bbmb
(66) Ibca (73)

e e Aem2 (39)

d�0, 1
4 , 1

4� d�0, 3
4 , 1

4� d�0, 3
4 , 3

4� d�0, 1
4 , 3

4� d, d, d Fddd (70)

m x, 0, z a x, 1
4 , z c x, 1

4 , z n x, 0, z n x, 1
4 , z a, c, n, e As above

a m n c c

c n m a a

e e Fmm2 (42)

d�1
4 , 0, 1

4� d�3
4 , 0, 1

4� d�1
4 , 0, 3

4� d�3
4 , 0, 3

4� d, d, d

m x, y, 0 n x, y, 0 b x, y, 1
4 a x, y, 1

4 n x, y, 1
4 n, b, a, e As above

b a m n a

a b n m b

e e Cmme (67)

d�1
4 , 1

4 , 0� d�3
4 , 3

4 , 0� d�1
4 , 3

4 , 0� d�3
4 , 1

4 , 0� d, d, d

m x, x, z g�1
2 , 1

2 , 0� x, x, z g�1
4 , 1

4 , 1
2� x, x � 1

4 , z g�1
4 , 1

4 , 1
2� x, x � 1

4 , z n�1
2 , 1

2 , 1
2� x, x, z g, g, g I4mm (107), F�43m

(216)

c n�1
2 , 1

2 , 1
2� g�1

4 , 1
4 , 0� g�1

4 , 1
4 , 0� g�1

2 , 1
2 , 0� n, g, g F�43c (219)

e e I4cm (108)

d�1
4 , 1

4 , 1
4� d�3

4 , 3
4 , 3

4� I�43d (220)

2 x, 0, 0 21 x, 1
4 , 0 2 x, 1

4 , 1
4 21 x, 0, 1

4 21 x, 1
4 , 1

4 21, 2, 21 C222, A222, B222
(21)

2 0, y, 0 21
1
4 , y, 0 21 0, y, 1

4 2 1
4 , y, 1

4 21
1
4 , y, 1

4 21, 21, 2 I222 (23)

2 0, 0, z 2 1
4 , 1

4 , z 21 0, 1
4 , z 21

1
4 , 0, z 21

1
4 , 1

4 , z 2, 21, 21 F222 (22)

2 x,�x, 0 2 x,�x � 1
2 , 0 21�� 1

4 , 1
4 , 0� x,�x � 1

4 , 1
4 21�1

4 , � 1
4 , 0� x,�x � 1

4 , 1
4 2 x,�x, 1

4 2, 21, 21 C422 (P422) (89),
I422 (97)

4 0, 0, z 4 0, 1
2 , z 42 � 1

4 , 1
4 , z 42

1
4 , 1

4 , z 42 0, 1
2 , z 4, 42, 42 F432 (209)

41 0, 0, z 41 0, 1
2 , z 43 � 1

4 , 1
4 , z 43

1
4 , 1

4 , z 43 0, 1
2 , z 41, 43, 43 F4132 (210)

�1 0, 0, 0 �1 1
4 , 1

4 , 0 �1 0, 1
4 , 1

4
�1 1

4 , 0, 1
4

�1 1
4 , 1

4 , 1
4

�1, �1, �1 Immm (71), Fmmm
(69)
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(ii) For orthorhombic space groups, the priority rule is applied
only to the ‘standard symbol’. The symbols for the other five
settings are obtained from the standard symbol by the appropriate
transformations, without invoking the priority rule again (cf. Table
4.3.2.1).

(iii) Space groups I222 (23) and I212121 (24) are two distinct
groups. Both contain parallel twofold rotation and screw axes and
thus would receive the same symbol according to the priority rule.
In I222, the three rotation axes and the three screw axes intersect,
whereas in I212121 neither the three rotation axes nor the three
screw axes intersect (cf. Section 4.3.3).

(iv) For space group No. 73, the standard symbol
Ibca was adopted, instead of Ibaa according to the rule, because
Ibca displays the equivalence of the three symmetry directions
clearly.

(v) The full symbols of space groups Ibca (73) and Imma (74)
were written I2�b 2�c 2�a and I2�m 2�m 2�a in IT (1952), in
application of the priority rule. In the present edition, these symbols
are changed to I21�b 21�c 21�a and I21�m 21�m 21�a, because
both space groups contain I212121 (and not I222) as subgroup.

(vi) In tetragonal space groups with both a and b glide planes
parallel to [001], the preference was given to b, as in P4bm (100).

(vii) In cubic space groups where tertiary symmetry planes with
glide components 1

2 , 0, 0; 0, 1
2 , 0; 0, 0, 1

2 and 1
2 , 1

2 , 1
2 coexist, the

tertiary symmetry element was called n in P groups (instead of a, b
or c) but c in F groups, because these symmetry elements intersect
the origin.

(viii) Space groups I23 (197) and I213 (199) are two distinct
space groups. For this pair, the same arguments apply as given
above for I222 and I212121.
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4.2. Symbols for plane groups (two-dimensional space groups)

BY E. F. BERTAUT

4.2.1. Arrangement of the tables

Comparative tables for the 17 plane groups first appeared in
IT (1952). The classification of plane groups is discussed in Chapter
2.1. Table 4.2.1.1 lists for each plane group its system, lattice
symbol, point group and the plane-group number, followed by
the short, full and extended Hermann–Mauguin symbols. Short
symbols are included only where different from the full symbols.
The next column contains the full symbol for another setting which
corresponds to an interchange of the basis vectors a and b; it is only
needed for the rectangular system. Multiple cells c and h for the
square and the hexagonal system are introduced in the last column.

4.2.2. Additional symmetry elements and extended
symbols

‘Additional symmetry’ elements are
(i) rotation points 2, 3 and 4, reproduced in the interior of the cell

(cf. Table 4.1.2.1 and plane-group diagrams in Part 6);
(ii) glide lines g which alternate with mirror lines m.
In the extended plane-group symbols, only the additional glide

lines g are listed: they are due either to c centring or to ‘inclined’
integral translations, as shown in Table 4.1.2.2.

4.2.3. Multiple cells

The c cell in the square system is defined as follows:

a� � a � b; b� � �a � b,

with ‘centring points’ at 0, 0; 1
2 , 1

2. It plays the same role as the three-
dimensional C cell in the tetragonal system (cf. Section 4.3.4).

Likewise, the triple cell h in the hexagonal system is defined as
follows:

a� � a � b; b� � a � 2b,

with ‘centring points’ at 0, 0; 2
3 , 1

3 ; 1
3 , 2

3. It is the two-dimensional
analogue of the three-dimensional H cell (cf. Chapter 1.2 and
Section 4.3.5).

4.2.4. Group–subgroup relations

The following example illustrates the usefulness of multiple cells.

Example: p3m1 (14)
The symbol of this plane group, described by the triple cell h, is
h31m, where the symmetry elements of the secondary and
tertiary positions are interchanged. ‘Decentring’ the h cell gives
rise to maximal non-isomorphic k subgroups p31m of index [3],
with lattice parameters a

���
3

�
, a

���
3

�
(cf. Section 4.3.5).

Table 4.2.1.1. Index of symbols for plane groups

Hermann–Mauguin symbol

System and
lattice symbol Point group

No. of plane
group Short Full Extended

Full symbol for
other setting Multiple cell

Oblique 1 1 p1

p 2 2 p2

Rectangular
p, c m

3
4
5

��
�

pm
pg
cm

p1m1
p1g 1
c1m1 c1m1

g

p11m
p11g
c11m

2mm

6
7
8
9

����
���

p2mm
p2mg
p2gg
c2mm c2mm

g g

p2mm
p2gm
p2gg
c2mm

Square 4 10 p4
p4mm

g

c4

p
4mm

11

12

��
�

p4mm

p4gm p4gm
g

c4mm
g

c4mg
g

Hexagonal 3 13 p3 h3

p
3m

14

15

��
�

p3m1

p31m

p3m1
g

p31m
g

h31m
g

h3m1
g

6 16 p6 h6

6mm 17 p6mm p6mm
g g

h6mm
g g
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4.3. Symbols for space groups

BY E. F. BERTAUT

4.3.1. Triclinic system

There are only two triclinic space groups, P1 �1� and P�1 �2�. P1 is
quite outstanding because all its subgroups are also P1. They are
listed in Table 13.2.2.1 for indices up to [7]. P�1 has subgroups P�1,
isomorphic, and P1, non-isomorphic.

In the triclinic system, a primitive unit cell can always be
selected. In some cases, however, it may be advantageous to select a
larger cell, with A, B, C, I or F centring.

The two types of reduced bases (reduced cells) are discussed in
Section 9.2.2.

4.3.2. Monoclinic system

4.3.2.1. Historical note and arrangement of the tables

In IT (1935) only the b axis was considered as the unique axis. In
IT (1952) two choices were given: the c-axis setting was called the
‘first setting’ and the b-axis setting was designated the ‘second
setting’.

To avoid the presence of two standard space-group symbols side
by side, in the present tables only one standard short symbol has
been chosen, that conforming to the long-lasting tradition of the b-
axis unique (cf. Sections 2.2.4 and 2.2.16). However, for reasons of
rigour and completeness, in Table 4.3.2.1 the full symbols are given
not only for the c-axis and the b-axis settings but also for the a-axis
setting. Thus, Table 4.3.2.1 has six columns which in pairs refer to
these three settings. In the headline, the unique axis of each setting
is underlined.

Additional complications arise from the presence of fractional
translations due to glide planes in the primitive cell [groups Pc (7),
P2�c (13), P21�c (14)], due to centred cells [C2 (5), Cm (8), C2�m
(12)], or due to both [Cc (9), C2�c (15)]. For these groups, three
different choices of the two oblique axes are possible which are
called ‘cell choices’ 1, 2 and 3 (see Section 2.2.16). If this is
combined with the three choices of the unique axis, 3 � 3 � 9
symbols result. If we add the effect of the permutation of the two
oblique axes (and simultaneously reversing the sense of the unique
axis to keep the system right-handed, as in abc and c�ba), we arrive
at the 9 � 2 � 18 symbols listed in Table 4.3.2.1 for each of the
eight space groups mentioned above.

The space-group symbols P2 (3), P21 (4), Pm (6), P2�m (10) and
P21�m (11) do not depend on the cell choice: in these cases, one line
of six space-group symbols is sufficient.

For space groups with centred lattices (A, B, C, I), extended
symbols are given; the ‘additional symmetry elements’ (due to the
centring) are printed in the half line below the space-group symbol.

The use of the present tabulation is illustrated by two examples,
Pm, which does not depend on the cell choice, and C2�c, which
does.

Examples
(1) Pm (6)

(i) Unique axis b
In the first column, headed by abc, one finds the full symbol
P1m1. Interchanging the labels of the oblique axes a and c does
not change this symbol, which is found again in the second
column headed by c�ba.
(ii) Unique axis c
In the third column, headed by abc, one finds the symbol P11m.
Again, this symbol is conserved in the interchange of the
oblique axes a and b, as seen in the fourth column headed by
ba�c.

The same applies to the setting with unique axis a, columns
five and six.

(2) C2�c �15�
The short symbol C2�c is followed by three lines, corresponding
to the cell choices 1, 2, 3. Each line contains six full space-group
symbols.
(i) Unique axis b
The column headed by abc contains the three symbols
C 1 2�c 1, A1 2�n 1 and I1 2�a 1, equivalent to the short
symbol C2�c and corresponding to the cell choices 1, 2, 3. In
the half line below each symbol, the additional symmetry
elements are indicated (extended symbol). If the oblique axes a
and c are interchanged, the column under cba lists the symbols
A1 2�a 1, C1 2�n 1 and I1 2�c 1 for the three cell choices.
(ii) Unique axis c
The column under abc contains the symbols A112�a, B112�n
and I112�b, corresponding to the cell choices 1, 2 and 3. If the
oblique axes a and b are interchanged, the column under ba�c
applies.

Similar considerations apply to the a-axis setting.

4.3.2.2. Transformation of space-group symbols

How does a monoclinic space-group symbol transform for the
various settings of the same unit cell? This can be easily recognized
with the help of the headline of Table 4.3.2.1, completed to the
following scheme:

abc c�ba cab ac�b bca �bac Unique axis b
bca a�cb abc ba�c cab �cba Unique axis c
cab b�ac bca cb�a abc �acb Unique axis a�

The use of this three-line scheme is illustrated by the following
examples.

Examples
(1) C2�c (15, unique axis b, cell choice 1)

Extended symbol: C1 2�c 1�
21�n

Consider the setting cab, first line, third column. Compared to
the initial setting abc, it contains the ‘unique axis b’ in the third
place and, consequently, must be identified with the setting abc,
unique axis c, in the third column, for which in Table 4.3.2.1 the
new symbol for cell choice 1 is listed as A11 2�a

21�n�
(2) C2�c (15, unique axis b, cell choice 3)

Extended symbol: I1 2�a 1�
21�c

Consider the setting �bac in the first line, sixth column. It
contains the ‘unique axis b’ in the first place and thus must be
identified with the setting �acb, unique axis a, in the sixth
column. From Table 4.3.2.1, the appropriate space-group
symbol for cell choice 3 is found as I 2�b 11�

21�c

4.3.2.3. Group–subgroup relations

It is easy to read all monoclinic maximal t and k subgroups
of types I and IIa directly from the extended full symbols of a
space group. Maximal subgroups of types IIb and IIc cannot be
recognized by simple inspection of the synoptic Table 4.3.2.1
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Table 4.3.2.1. Index of symbols for space groups for various settings and cells

TRICLINIC SYSTEM

No. of space
group

Schoenflies
symbol

Hermann–Mauguin symbol for all
settings of the same unit cell

1 C1
1 P1

2 C1
i P�1

MONOCLINIC SYSTEM

No. of
space group

Schoenflies
symbol

Standard
short
Hermann–
Mauguin
symbol

Extended Hermann–Mauguin symbols for various settings and cell choices

abc c�ba Unique axis b

abc ba�c Unique axis c

abc �acb Unique axis a

3 C1
2 P2 P121 P121 P112 P112 P211 P211

4 C2
2 P21 P1211 P1211 P1121 P1121 P2111 P2111

5 C3
2 C2 C121

21

A121
21

A112
21

B112
21

B211
21

C211
21

Cell choice 1

A121
21

C121
21

B112
21

A112
21

C211
21

B211
21

Cell choice 2

I121
21

I121
21

I112
21

I112
21

I211
21

I211
21

Cell choice 3

6 C1
s Pm P1m1 P1m1 P11m P11m Pm11 Pm11

7 C2
s Pc P1c1 P1a1 P11a P11b Pb11 Pc11 Cell choice 1

P1n1 P1n1 P11n P11n Pn11 Pn11 Cell choice 2

P1a1 P1c1 P11b P11a Pc11 Pb11 Cell choice 3

8 C3
s Cm C1m1

a
A1m1

c
A11m

b
B11m

a
Bm11

c
Cm11

b
Cell choice 1

A1m1
c

C1m1
a

B11m
a

A11m
b

Cm11
b

Bm11
c

Cell choice 2

I1m1
n

I1m1
n

I11m
n

I11m
n

Im11
n

Im11
n

Cell choice 3

9 C4
s Cc C1c1

n
A1a1

n
A11a

n
B11b

n
Bb11

n
Cc11

n
Cell choice 1

A1n1
a

C1n1
c

B11n
b

A11n
a

Cn11
c

Bn11
b

Cell choice 2

I1a1
c

I1c1
a

I11b
a

I11a
b

Ic11
b

Ib11
c

Cell choice 3

10 C1
2h P2/m P1

2
m

1 P1
2
m

1 P11
2
m

P11
2
m

P
2
m

11 P
2
m

11

11 C2
2h P21�m P1

21

m
1 P1

21

m
1 P11

21

m
P11

21

m
P

21

m
11 P

21

m
11

12 C3
2h C2/m C1

2
m

1

21

a

A1
2
m

1

21

c

A11
2
m
21

b

B11
2
m
21

a

B
2
m

11

21

c

C
2
m

11

21

b

Cell choice 1

A1
2
m

1

21

c

C1
2
m

1

21

a

B11
2
m

21

a

A11
2
m

21

b

C
2
m

11

21

b

B
2
m

11

21

c

Cell choice 2

I1
2
m

1

21

n

I1
2
m

1

21

n

I11
2
m
21

n

I11
2
m
21

n

I
2
m

11

21

n

I
2
m

11

21

n

Cell choice 3

13 C4
2h P2/c P1

2
c

1 P1
2
a

1 P11
2
a

P11
2
b

P
2
b

11 P
2
c

11 Cell choice 1

P1
2
n

1 P1
2
n

1 P11
2
n

P11
2
n

P
2
n

11 P
2
n

11 Cell choice 2

P1
2
a

1 P1
2
c

1 P11
2
b

P11
2
a

P
2
c

11 P
2
b

11 Cell choice 3
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No. of
space group

Schoenflies
symbol

Standard
short
Hermann–
Mauguin
symbol

Extended Hermann–Mauguin symbols for various settings and cell choices

abc c�ba Unique axis b

abc ba�c Unique axis c

abc �acb Unique axis a

14 C5
2h P21�c P1

21

c
1 P1

21

a
1 P11

21

a
P11

21

b
P

21

b
11 P

21

c
11 Cell choice 1

P1
21

n
1 P1

21

n
1 P11

21

n
P11

21

n
P

21

n
11 P

21

n
11 Cell choice 2

P1
21

a
1 P1

21

c
1 P11

21

b
P11

21

a
P

21

c
11 P

21

b
11 Cell choice 3

15 C6
2h C2/c C1

2
c

1

21

n

A1
2
a

1

21

n

A11
2
a

21

n

B11
2
b

21

n

B
2
b

11

21

n

C
2
c

11

21

n

Cell choice 1

A1
2
n

1

21

a

C1
2
n

1

21

c

B11
2
n
21

b

A11
2
n
21

a

C
2
n

11

21

c

B
2
n

11

21

b

Cell choice 2

I1
2
a

1

21

c

I1
2
c

1

21

a

I11
2
b

21

a

I11
2
a

21

b

I
2
c

11

21

b

I
2
b

11

21

c

Cell choice 3

ORTHORHOMBIC SYSTEM

No. of space
group

Schoenflies
symbol

Standard full
Hermann–
Mauguin
symbol

Extended Hermann–Mauguin symbols for the six settings of the same unit cell

abc abc (standard) ba�c cab �cba bca a�cb

16 D1
2 P222 P222 P222 P222 P222 P222 P222

17 D2
2 P2221 P2221 P2221 P2122 P2122 P2212 P2212

18 D3
2 P21212 P21212 P21212 P22121 P22121 P21221 P21221

19 D4
2 P212121 P212121 P212121 P212121 P212121 P212121 P212121

20 D5
2 C2221 C2221

212121

C2221

212121

A2122
212121

A2122
212121

B2212
212121

B2212
212121

21 D6
2 C222 C222

21212
C222

21212
A222

22121

A222
22121

B222
21221

B222
21221

22 D7
2 F222 F222

21212
22121

21221

F222
21212
21221

22121

F222
22121

21221

21212

F222
22121

21212
21221

F222
21221

21212
22121

F222
21221

22121

21212

23 D8
2 I222 I222

212121

I222
212121

I222
212121

I222
212121

I222
212121

I222
212121

24 D9
2 I212121 I212121

222
I212121

222
I212121

222
I212121

222
I212121

222
I212121

222

25 C1
2v Pmm2 Pmm2 Pmm2 P2mm P2mm Pm2m Pm2m

26 C2
2v Pmc21 Pmc21 Pcm21 P21ma P21am Pb21m Pm21b

27 C3
2v Pcc2 Pcc2 Pcc2 P2aa P2aa Pb2b Pb2b

28 C4
2v Pma2 Pma2 Pbm2 P2mb P2cm Pc2m Pm2a

29 C5
2v Pca21 Pca21 Pbc21 P21ab P21ca Pc21b Pb21a

30 C6
2v Pnc2 Pnc2 Pcn2 P2na P2an Pb2n Pn2b

31 C7
2v Pmn21 Pmn21 Pnm21 P21mn P21nm Pn21m Pm21n

32 C8
2v Pba2 Pba2 Pba2 P2cb P2cb Pc2a Pc2a

33 C9
2v Pna21 Pna21 Pbn21 P21nb P21cn Pc21n Pn21a

34 C10
2v Pnn2 Pnn2 Pnn2 P2nn P2nn Pn2n Pn2n

Table 4.3.2.1. Index of symbols for space groups for various settings and cells (cont.)

MONOCLINIC SYSTEM (cont.)

64

4. SYNOPTIC TABLES OF SPACE-GROUP SYMBOLS



No. of space
group

Schoenflies
symbol

Standard full
Hermann–
Mauguin
symbol

Extended Hermann–Mauguin symbols for the six settings of the same unit cell

abc abc (standard) ba�c cab �cba bca a�cb

35 C11
2v Cmm2 Cmm2

ba2
Cmm2

ba2
A2mm

2cb
A2mm

2cb
Bm2m

c2a
Bm2m

c2a

36 C12
2v Cmc21 Cmc21

bn21

Ccm21

na21

A21ma
21cn

A21am
21nb

Bb21m
n21a

Bm21b
c21n

37 C13
2v Ccc2 Ccc2

nn2
Ccc2

nn2
A2aa

2nn
A2aa

2nn
Bb2b

n2n
Bb2b

n2n

38 C14
2v Amm2 Amm2

nc21

Bmm2
cn21

B2mm
21na

C2mm
21an

Cm2m
b21n

Am2m
n21b

39* C15
2v Aem2 Aem2

ec21

Bme2
ce21

B2em
21ea

C2me
21ae

Cm2e
b21e

Ae2m
e21b

40 C16
2v Ama2 Ama2

nn21

Bbm2
nn21

B2mb
21nn

C2cm
21nn

Cc2m
n21n

Am2a
n21n

41* C17
2v Aea2 Aea2

en21

Bbe2
ne21

B2eb
21en

C2ce
21ne

Cc2e
n21e

Ae2a
e21n

42 C18
2v Fmm2 Fmm2

ba2
nc21

cn21

Fmm2
ba2
cn21

nc21

F2mm
2cb
21na
21an

F2mm
2cb
21an
21na

Fm2m
c2a
b21n
n21b

Fm2m
c2a
n21b
b21n

43 C19
2v Fdd2 Fdd2

dd21

Fdd2
dd21

F2dd
21dd

F2dd
21dd

Fd2d
d21d

Fd2d
d21d

44 C20
2v Imm2 Imm2

nn21

Imm2
nn21

I2mm
21nn

I2mm
21nn

Im2m
n21n

Im2m
n21n

45 C21
2v Iba2 Iba2

cc21

Iba2
cc21

I2cb
21aa

I2cb
21aa

Ic2a
b21b

Ic2a
b21b

46 C22
2v Ima2 Ima2

nc21

Ibm2
cn21

I2mb
21na

I2cm
21an

Ic2m
b21n

Im2a
n21b

47 D1
2h P

2
m

2
m

2
m

Pmmm Pmmm Pmmm Pmmm Pmmm Pmmm

48 D2
2h P

2
n

2
n

2
n

Pnnn Pnnn Pnnn Pnnn Pnnn Pnnn

49 D3
2h P

2
c

2
c

2
m

Pccm Pccm Pmaa Pmaa Pbmb Pbmb

50 D4
2h P

2
b

2
a

2
n

Pban Pban Pncb Pncb Pcna Pcna

51 D5
2h P

21

m
2
m

2
a

Pmma Pmmb Pbmm Pcmm Pmcm Pmam

52 D6
2h P

2
n

21

n
2
a

Pnna Pnnb Pbnn Pcnn Pncn Pnan

53 D7
2h P

2
m

2
n

21

a
Pmna Pnmb Pbmn Pcnm Pncm Pman

54 D8
2h P

21

c
2
c

2
a

Pcca Pccb Pbaa Pcaa Pbcb Pbab

55 D9
2h P

21

b
21

a
2
m

Pbam Pbam Pmcb Pmcb Pcma Pcma

56 D10
2h P

21

c
21

c
2
n

Pccn Pccn Pnaa Pnaa Pbnb Pbnb

57 D11
2h P

2
b

21

c
21

m
Pbcm Pcam Pmca Pmab Pbma Pcmb

58 D12
2h P

21

n
21

n
2
m

Pnnm Pnnm Pmnn Pmnn Pnmn Pnmn

59 D13
2h P

21

m
21

m
2
n

Pmmn Pmmn Pnmm Pnmm Pmnm Pmnm

60 D14
2h

P
21

b
2
c

21

n Pbcn Pcan Pnca Pnab Pbna Pcnb

61 D15
2h

P
21

b
21

c
21

a Pbca Pcab Pbca Pcab Pbca Pcab

Table 4.3.2.1. Index of symbols for space groups for various settings and cells (cont.)
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No. of space
group

Schoenflies
symbol

Standard full
Hermann–
Mauguin
symbol

Extended Hermann–Mauguin symbols for the six settings of the same unit cell

abc abc (standard) ba�c cab �cba bca a�cb

62 D16
2h P

21

n
21

m
21

a
Pnma Pmnb Pbnm Pcmn Pmcn Pnam

63 D17
2h C

2
m

2
c

21

m
Cmcm

bnn
Ccmm

nan
Amma

ncn
Amam

nnb
Bbmm

nna
Bmmb

cnn

64*† D18
2h C

2
m

2
c

21

e

Cmce
bne

Ccme
nae

Aema
ecn

Aeam
enb

Bbem
nea

Bmeb
cen

65 D19
2h C

2
m

2
m

2
m

Cmmm
ban

Cmmm
ban

Ammm
ncb

Ammm
ncb

Bmmm
cna

Bmmm
cna

66 D20
2h C

2
c

2
c

2
m

Cccm
nnn

Cccm
nnn

Amaa
nnn

Amaa
nnn

Bbmb
nnn

Bbmb
nnn

67*† D21
2h C

2
m

2
m

2
e

Cmme
bae

Cmme
bae

Aemm
ecb

Aemm
ecb

Bmem
cea

Bmem
cea

68* D22
2h C

2
c

2
c

2
e

Ccce
nne

Ccce
nne

Aeaa
enn

Aeaa
enn

Bbeb
nen

Bbeb
nen

69 D23
2h F

2
m

2
m

2
m

Fmmm
ban
ncb
cna

Fmmm
ban
cna
ncb

Fmmm
ncb
cna
ban

Fmmm
ncb
ban
cna

Fmmm
cna
ban
ncb

Fmmm
cna
ncb
ban

70 D24
2h F

2
d

2
d

2
d

Fddd Fddd Fddd Fddd Fddd Fddd

71 D25
2h I

2
m

2
m

2
m

I mmm
nnn

I mmm
nnn

I mmm
nnn

I mmm
nnn

I mmm
nnn

I mmm
nnn

72 D26
2h I

2
b

2
a

2
m

I bam
ccn

I bam
ccn

I mcb
naa

I mcb
naa

I cma
bnb

I cma
bnb

73 D27
2h I

21

b
21

c
21

a
I bca

cab
I cab

bca
I bca

cab
I cab

bca
I bca

cab
I cab

bca

74† D28
2h

I
21

m
21

m
21

a
I mma

nnb
I mmb

nna
I bmm

cnn
I cmm

bnn
I mcm

nan

I mam
ncn

* For the five space groups Aem2 (39), Aea2 (41), Cmce (64), Cmme (67) and Ccce (68), the ‘new’ space-group symbols, containing the symbol ‘e’ for the ‘double’ glide
plane, are given for all settings. These symbols were first introduced in the Fourth Edition of this volume (IT 1995); cf. Foreword to the Fourth Edition. For further
explanations, see Section 1.3.2, Note (x) and the space-group diagrams.
† For space groups Cmca (64), Cmma (67) and Imma (74), the first lines of the extended symbols, as tabulated here, correspond with the symbols for the six settings in the
diagrams of these space groups (Part 7). An alternative formulation which corresponds with the coordinate triplets is given in Section 4.3.3.

Table 4.3.2.1. Index of symbols for space groups for various settings and cells (cont.)

ORTHORHOMBIC SYSTEM (cont.)

TETRAGONAL SYSTEM

No. of
space
group

Schoen-
flies
symbol

Hermann–Mauguin symbols
for standard cell P or I Multiple cell C or F

Short Extended Short Extended

75 C1
4 P4 C4

76 C2
4 P41 C41

77 C3
4 P42 C42

78 C4
4 P43 C43

79 C5
4 I 4 I4

42

F4 F4
42

80 C6
4 I 41 I41

43

F41 F41

43

81 S1
4 P�4 C�4

82 S2
4 I�4 F�4

No. of
space
group

Schoen-
flies
symbol

Hermann–Mauguin symbols
for standard cell P or I Multiple cell C or F

Short Extended Short Extended

83 C1
4h P4�m C4�m C42�m

n

84 C2
4h P42�m C42�m C42�m

n

85 C3
4h P4�n C4�a C4�a

b

86 C4
4h P42�n C42�a C42�a

b

87 C5
4h I 4�m I4�m

42�n
F4�m F4�m

42�a

88 C6
4h I 41�a I41�a

43�b
F41�d F41�d

43�d
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No. of
space
group

Schoen-
flies
symbol

Hermann–Mauguin symbols
for standard cell P or I Multiple cell C or F

Short Extended Short Extended

89 D1
4 P422 P422

21

C422 C422
21

90 D2
4 P4212 P4212

21

C4221 C4221

21

91 D3
4 P4122 P4122

21

C4122 C4122
21

92 D4
4 P41212 P41212

21

C41221 C41221

21

93 D5
4 P4222 P4222

21

C4222 C4222
21

94 D6
4 P42212 P42212

21

C42221 C42221

21

95 D7
4 P4322 P4322

21

C4322 C4322
21

96 D8
4 P43212 P43212

21

C43221 C43221

21

97 D9
4 I 422 I 422

422121

F422 F422
422121

98 D10
4 I4122 I 4122

432121

F4122 F4122
432121

99 C1
4v P4mm P4mm

g
C4mm C4mm

b
100 C2

4v P4bm P4bm
g

C4mg1 C4mg1

b
101 C3

4v P42cm P42cm
g

C42mc C42mc
b

102 C4
4v P42nm P42nm

g
C42mg2 C42mg2

b
103 C5

4v P4cc P4cc
n

C4cc C4cc
n

104 C6
4v P4nc P4nc

n
C4cg2 C4cg2

n
105 C7

4v P42mc P42mc
n

C42cm C42cm
n

106 C8
4v P42bc P42bc

n
C42cg1 C42cg1

n
107 C9

4v I 4mm I 4mm
42ne

F4mm F4mm
42eg2

108 C10
4v I 4cm I 4ce

42bm
F4mc F4ec

42mg1

109 C11
4v I 41md I 41md

41nd
F41dm F41dm

43dg2

110 C12
4v I 41cd I 41cd

43bd
F41dc F41dc

43dg1

111 D1
2d P�42m P�42m

g
C�4m2 C�4m2

b
112 D2

2d P�42c P�42c
n

C�4c2 C�4c2
n

113 D3
2d P�421m P�421m

g
C�4m21 C�4m21

b
114 D4

2d P�421c P�421c
n

C�4c21 C�4c21

n
115 D5

2d P�4m2 P�4m2
21

C�42m C�42m
21

116 D6
2d P�4c2 P�4c2

21

C�42c C�42c
21

117 D7
2d P�4b2 P�4b2

21

C�42g1 C�42g1

21
118 D8

2d P�4n2 P�4n2
21

C�42g2 C�42g2

21

No. of
space
group

Schoen-
flies
symbol

Hermann–Mauguin symbols
for standard cell P or I Multiple cell C or F

Short Extended Short Extended

119 D9
2d I�4m2 I �4m2

n21

F�42m F�42m
21g2

120 D10
2d I �4c2 I �4c2

b21

F�42c F�42c
21n

121 D11
2d I �42m I �42m

21e
F�4m2 F�4m2

e21

122 D12
2d I �42d I �42d

21d
F�4d2 F�4d2

d21

123 D1
4h P4�mmm P4�m 2�m 2�m

21�g
C4�mmm C4�mmm

nb
124 D2

4h P4�mcc P4�m 2�c 2�c
21�n

C4�mcc C4�mcc
nn

125 D3
4h P4�nbm P4�n 2�b 2�m

21�g
C4�amg1 C4�amg1

bb
126 D4

4h P4�nnc P4�n 2�n 2�c
21�n

C4�acg2 C4�acg2

bn
127 D5

4h P4�mbm P4�m 21�b 2�m
21�g

C4�mmg1 C4�mmg1

nb
128 D6

4h P4�mnc P4�m 21�n 2�c
21�n

C4�mcg2 C4�mcg2

nn
129 D7

4h P4�nmm P4�n 21�m 2�m
21�g

C4�amm C4amm
bb

130 D8
4h P4�ncc P4�n 21�c 2�c

21�n
C4�acc C4�acc

bn
131 D9

4h P42�mmc P42�m2�m 2�c
21�n

C42�mcm C42�mcm
nn

132 D10
4h P42�mcm P42�m2�c 2�m

21�g
C42�mmc C42�mmc

nb
133 D11

4h P42�nbc P42�n2�b 2�c
21�n

C42�acg1 C42�acg1

bn
134 D12

4h P42�nnm P42�n2�n 2�m
21�g

C42�amg2 C42�amg2

bb
135 D13

4h P42�mbc P42�m21�b 2�c
21�n

C42�mcg1 C42�mcg1

nn
136 D14

4h P42�mnm P42�m21�n 2�m
21�g

C42�mmg2 C42�mmg2

nb
137 D15

4h P42�nmc P42�n 21�m 2�c
21�n

C42�acm C42�acm
bn

138 D16
4h P42�ncm P42�n 21�c 2�m

21�g
C42�amc C42�amc

bb
139 D17

4h I 4�mmm I 4�m 2�m 2�m
42�n 21�n 21�e

F4�mmm F4�mmm
42�aeg2

140 D18
4h I4�mcm I 4�m 2�c 2�e

42�n 21�b 21�m
F4�mmc F4�mec

42�amg1

141 D19
4h I 41�amd I 41�a 2�m 2�d

43�b 21�n 21�d
F41�ddm F41�ddm

43�ddg2

142 D20
4h I 41�acd I 41�a 2�c 2�d

43�b 21�b 21�d
F41�ddc F41�ddc

43�ddg1

Note: The glide planes g, g1 and g2 have the glide components g�1
2 , 1

2 , 0�, g1�1
4 , 1

4 , 0�
and g2�1

4 , 1
4 , 1

2�. For the glide plane symbol ‘e’, see the Foreword to the Fourth
Edition (IT 1995) and Section 1.3.2, Note (x).
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Example: B 2�b 11
21�n

(15, unique axis a)

The t subgroups of index [2] (type I) are B211(C2); Bb11(Cc);
B�1�P�1�.
The k subgroups of index [2] (type IIa) are P2�b11(P2�c):
P21�b11(P21�c); P2�n11(P2�c); P21�n11(P21�c).
Some subgroups of index [4] (not maximal) are P211(P2);
P2111(P21); Pb11(Pc); Pn11(Pc); P�1; B1(P1).

4.3.3. Orthorhombic system

4.3.3.1. Historical note and arrangement of the tables

The synoptic table of IT (1935) contained space-group symbols
for the six orthorhombic ‘settings’, corresponding to the six
permutations of the basis vectors a, b, c. In IT (1952), left-handed
systems like �cba were changed to right-handed systems by
reversing the orientation of the c axis, as in cba. Note that reversal

TRIGONAL SYSTEM

No. of
space
group

Schoen-
flies
symbol

Hermann-Mauguin symbols for standard
cell P or R

Triple cell
HShort Full Extended

143 C1
3 P3 H3

144 C2
3 P31 H31

145 C3
3 P32 H32

146 C4
3 R3 R3

31,2

147 C1
3i P�3 H�3

148 C2
3i R�3 R�3

31,2

149 D1
3 P312 P312

21

H321

150 D2
3 P321 P321

21

H312

151 D3
3 P3112 P3112

21

H3121

152 D4
3 P3121 P3121

21

H3112

153 D5
3 P3212 P3212

21

H3221

154 D6
3 P3221 P3221

21

H3212

155 D7
3 R32 R3 2

31,221

156 C1
3v P3m1 P3m1

b
H31m

157 C2
3v P31m P31m

a
H3m1

158 C3
3v P3c1 P3c1

n
H31c

159 C4
3v P31c P31c

n
H3c1

160 C5
3v R3m R3 m

31,2b
161 C6

3v R3c R3 c
31,2n

162 D1
3d P�31m P�312�m P�312�m

21�a
H�3m1

163 D2
3d P�31c P�312�c P�312�c

21�n
H�3c1

164 D3
3d P�3m1 P�32�m1 P�32�m1

21�b
H�31m

165 D4
3d P�3c1 P�32�c1 P�32�c1

21�n
H�31c

166 D5
3d R�3m R�32�m R�3 2�m

31,221�b

167 D6
3d R�3c R�32�c R�3 2�c

31,221�n

HEXAGONAL SYSTEM

No. of
space
group

Schoen-
flies
symbol

Hermann–Mauguin symbols for standard
cell P

Triple
cell HShort Full Extended

168 C1
6 P6 H6

169 C2
6 P61 H61

170 C3
6 P65 H65

171 C4
6 P62 H62

172 C5
6 P64 H64

173 C6
6 P63 H63

174 C1
3h P�6 H�6

175 C1
6h P6/m H6/m

176 C2
6h P63�m H63�m

177 D1
6 P622 P62 2

2121

H622

178 D2
6 P6122 P612 2

2121

H6122

179 D3
6 P6522 P652 2

2121

H6522

180 D4
6 P6222 P622 2

2121

H6222

181 D5
6 P6422 P642 2

2121

H6422

182 D6
6 P6322 P632 2

2121

H6322

183 C1
6v P6mm P6mm

ba
H6mm

184 C2
6v P6cc P6cc

nn
H6cc

185 C3
6v P63cm P63cm

na
H63mc

186 C4
6v P63mc P63mc

bn
H63cm

187 D1
3h P�6m2 P�6m2

b21

H�62m

188 D2
3h P�6c2 P�6c2

n21

H�62c

189 D3
3h P�62m P�62m

21a
H�6m2

190 D4
3h P�62c P�62 c

21n
H�6c2

191 D1
6h P6�mmm P6�m2�m2�m P6�m 2�m 2�m

21�b 21�a
H6�mmm

192 D2
6h P6�mcc P6�m2�c2�c P6�m 2�c 2�c

21�n 21�n
H6�mcc

193 D3
6h P63�mcm P63�m2�c2�m P63�m 2�c 2�m

21�b 21�a
H63�mmc

194 D4
6h P63�mmc P63�m2�m2�c P63�m 2�m 2�c

21�b 21�n
H63�mcm

Table 4.3.2.1. Index of symbols for space groups for various settings and cells (cont.)
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of two axes does not change the handedness of a coordinate system,
so that the settings �cba, c�ba, cb�a and �c�b�a are equivalent in this
respect. The tabulation thus deals with the 6 � 4 � 24 possible
right-handed settings. For further details see Section 2.2.6.4.

An important innovation of IT (1952) was the introduction of
extended symbols for the centred groups A, B, C, I, F. These

symbols are systematically developed in Table 4.3.2.1. Settings
which permute the two axes a and b are listed side by side so that the
two C settings appear together, followed by the two A and the two B
settings.

In crystal classes mm2 and 222, the last symmetry element is the
product of the first two and thus is not independent. It was omitted in

CUBIC SYSTEM

No. of space
group

Schoenflies
symbol

Hermann–Mauguin symbols

Short Full Extended†

195 T1 P23

196 T2 F23 F23
2
21

21

197 T3 I23 I23
21

198 T4 P213

199 T5 I213 I213
2

200 T1
h Pm�3 P2�m�3

201 T2
h Pn�3 P2�n�3

202 T3
h Fm�3 F�2m�3 F2�m�3

2�n
21�e
21�e

203 T4
h Fd�3 F2�d�3 F2�d�3

2�d
21�d
21�d

204 T5
h Im�3 I2�m�3 I2�m�3

21�n
205 T6

h Pa�3 P21�a�3

206 T7
h Ia�3 I21�a�3 I21�a�3

2�b

207 O1 P432 P4 32
21

208 O2 P4232 P4232
21

209 O3 F432 F4 32
4 2
4221

4221

210 O4 F4132 F4132
41 2
43 21

43 21

211 O5 I432 I4 32
42 21

212 O6 P4332 P43 32
21

213 O7 P4132 P4132
21

214 O8 I4132 I4132
43 21

No. of space
group

Schoenflies
symbol

Hermann–Mauguin symbols

Short Full Extended†

215 T1
d P�43m P�43m

g
216 T2

d F�43m F�43m
g
g2

g2

217 T3
d I�43m I�43m

e
218 T4

d P�43n P�43n
c

219 T5
d F�43c F�43n

c
g1

g1

220 T6
d I�43d I�43d

d

221 O1
h Pm�3m P4�m�32�m P4�m�32�m

21�g
222 O2

h Pn�3n P4�n�32�n P4�n�32�n
21�c

223 O3
h Pm�3n P42�m�32�n P42�m�32�n

21�c
224 O4

h Pn�3m P42�n�32�m P42�n�32�m
21�g

225 O5
h Fm�3m F4�m�32�m F4�m �32�m

4�n 2�g
42�e 21�g2

42�e 21�g2

226 O6
h Fm�3c F4�m�32�c F4�m�32�n

4�n 2�c
42�e 21�g1

42�e 21�g1

227 O7
h Fd�3m F41�d�32�m F41�d�32�m

41�d 2�g
43�d 21�g2

43�d 21�g2

228 O8
h Fd�3c F41�d�32�c F41�d�32�n

41�d 2�c
43�d 21�g1

43�d 21�g1

229 O9
h Im�3m I4�m�32�m I4�m�32�m

42�n 21�e
230 O10

h Ia�3d I41�a�32�d I41�a�32�d
43�b 21�d

† Axes 31 and 32 parallel to axes 3 are not indicated in the extended symbols: cf.
Chapter 4.1. For the glide-plane symbol ‘e’, see the Foreword to the Fourth Edition
(IT 1995) and Section 1.3.2, Note (x).
Note: The glide planes g, g1 and g2 have the glide components g�1

2 , 1
2 , 0�, g1�1

4 , 1
4 , 0�

and g2�1
4 , 1

4 , 1
2�.

Table 4.3.2.1. Index of symbols for space groups for various settings and cells (cont.)
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the short Hermann–Mauguin symbols of IT (1935) for all space
groups of class mm2, but was restored in IT (1952). In space groups
of class 222, the last symmetry element cannot be omitted (see
examples below).

For the new ‘double’ glide plane symbol ‘e’, see the Foreword to
the Fourth Edition (IT 1995) and Section 1.3.2, Note (x).

4.3.3.2. Group–subgroup relations

The present section emphasizes the use of the extended and full
symbols for the derivation of maximal subgroups of types I and IIa;
maximal orthorhombic subgroups of types IIb and IIc cannot be
recognized by inspection of the synoptic Table 4.3.2.1.

4.3.3.2.1. Maximal non-isomorphic k subgroups of type
IIa (decentred)

(i) Extended symbols of centred groups A, B, C, I
By convention, the second line of the extended space-group

symbol is the result of the multiplication of the first line by the
centring translation (cf. Table 4.1.2.3). As a consequence, the
product of any two terms in one line is equal to the product of the
corresponding two terms in the other line.

(a) Class 222
The extended symbol of I222 (23) is I2 2 2;

212121

the twofold axes

intersect and one obtains 2x � 2y � 2z � 21x � 21y.
Maximal k subgroups are P222 and P21212 (plus permutations)
but not P212121.
The extended symbol of I212121 �24� is I212121

2 2 2
, where one

obtains 21x � 21y � 21z � 2x � 2y; the twofold axes do not
intersect. Thus, maximal non-isomorphic k subgroups are
P212121 and P2221 (plus permutations), but not P222.

(b) Class mm2
The extended symbol of Aea2 (41) is Aba2;

cn21

the following

relations hold: b � a � 2 � c � n and b � n � 21 � c � a.
Maximal k subgroups are Pba2; Pcn2 (Pnc2); Pbn21 (Pna21);
Pca21.

(c) Class mmm
By convention, the first line of the extended symbol contains
those symmetry elements for which the coordinate triplets are
explicitly printed under Positions. From the two-line symbols,
as defined in the example below, one reads not only the eight
maximal k subgroups P of class mmm but also the location of
their centres of symmetry, by applying the following rules:
If in the symbol of the P subgroup the number of symmetry
planes, chosen from the first line of the extended symbol, is odd
(three or one), the symmetry centre is at 0, 0, 0; if it is even (two
or zero), the symmetry centre is at 1

4 , 1
4 , 0 for the subgroups of C

groups and at 1
4 , 1

4 , 1
4 for the subgroups of I groups (Bertaut,

1976).

Examples
(1) According to these rules, the extended symbol of Cmce (64) is

Cmcb
bna

(see above). The four k subgroups with symmetry centres

at 0, 0, 0 are Pmcb (Pbam); Pmna; Pbca; Pbnb (Pccn); those
with symmetry centres at 1

4 , 1
4 , 0 are Pbna (Pbcn); Pmca

(Pbcm); Pmnb (Pnma); Pbcb (Pcca). These rules can easily
be transposed to other settings.

(2) The extended symbol of Ibam (72) is Ibam
ccn

. The four subgroups

with symmetry centre at 0, 0, 0 are Pbam; Pbcn; Pcan (Pbcn);
Pccm;
those with symmetry centre at 1

4 , 1
4 , 1

4 are Pccn; Pcam (Pbcm);
Pbcm; Pban.

(ii) Extended symbols of F-centred space groups
Maximal k subgroups of the groups F222, Fmm2 and Fmmm are

C, A and B groups. The corresponding centring translations are
w � t�1

2 , 1
2 , 0�, u � t�0, 1

2 , 1
2� and v � w � u � t�1

2 , 0, 1
2�.

The (four-line) extended symbols of these groups can be obtained
from the following scheme:

F222 �22� Fmm2 �42� Fmmm �69�
1 222 mm2 mmm
w 21212w ba2w ban
u 2u2v

121 nc21 ncb
v 2u

12v2w
1 cn2w

1 cna

The second, third, and fourth lines are the result of the multi-
plication of the first line by the centring translations w, u and v,
respectively.

The following abbreviations are used:

2w
z � w � 2z; 2w

1z � w � 21z; etc�

For the location of the symmetry elements in the above scheme, see
Table 4.1.2.3. In Table 4.3.2.1, the centring translations and the
superscripts u, v, w have been omitted. The first two lines of the
scheme represent the extended symbols of C222, Cmm2 and
Cmmm. An interchange of the symmetry elements in the first two
lines does not change the group. To obtain further maximal C
subgroups, one has to replace symmetry elements of the first line by
corresponding elements of the third or fourth line. Note that the
symbol ‘e’ is not used in the four-line symbols for Fmm2 and
Fmmm in order to keep the above scheme transparent.

Examples
(1) F222 (22). In the first line replace 2x by 2u

x (third line, same
column) and keep 2y. Complete the first line by the product
2u

x � 2y � 21z and obtain the maximal C subgroup C2u221.
Similarly, in the first line keep 2x and replace 2y with 2v

y
(fourth line, same column). Complete the first line by the
product 2x � 2v

y � 21z and obtain the maximal C subgroup
C22v21.

Finally, replace 2x and 2y by 2u
x and 2v

y and form the product
2u

x � 2v
y � 2w

z , to obtain the maximal C subgroup C2u2v2w

(where 2w can be replaced by 2). Note that C222 and C2u2v2 are
two different subgroups, as are C2u221 and C22v21.

(2) Fmm2 (42). A similar procedure leads to the four maximal k
subgroups Cmm2; Cmc21; Ccm2w

1 (Cmc21); and Ccc2.
(3) Fmmm (69). One finds successively the eight maximal k

subgroups Cmmm; Cmma; Cmcm; Ccmm (Cmcm); Cmca;
Ccma (Cmca); Cccm; and Ccca.

Maximal A- and B-centred subgroups can be obtained from the C
subgroups by simple symmetry arguments.

In space groups Fdd2 (43) and Fddd (70), the nature of the d
planes is not altered by the translations of the F lattice; for this
reason, a two-line symbol for Fdd2 and a one-line symbol for Fddd
are sufficient. There exist no maximal non-isomorphic k subgroups
for these two groups.
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4.3.3.2.2. Maximal t subgroups of type I

(i) Orthorhombic subgroups
The standard full symbol of a P group of class mmm indicates all

the symmetry elements, so that maximal t subgroups can be read at
once.

Example
P 21�m2�m2�a (51) has the following four t subgroups:
P2122 (P2221); Pmm2; P21ma (Pmc21); Pm2a (Pma2).

From the standard full symbol of an I group of class mmm, the
t subgroup of class 222 is read directly. It is either I222 [for
Immm (71) and Ibam (72)] or I212121 [for Ibca (73) and Imma
(74)]. Use of the two-line symbols results in three maximal t
subgroups of class mm2.

Example
Ibam
ccn

�72� has the following three maximal t subgroups of

class mm2: Iba2; Ib21m (Ima2); I21am (Ima2).

From the standard full symbol of a C group of class mmm, one
immediately reads the maximal t subgroup of class 222, which is
either C2221 [for Cmcm (63) and Cmce (64)] or C222 (for all other
cases). For the three maximal t subgroups of class mm2, the two-line
symbols are used.

Example
Cmce

bna
(64) has the following three maximal t subgroups of

class mm2: Cmc21; Cm2e (Aem2); C2ce (Aea2).

Finally, Fmmm (69) has maximal t subgroups F222 and Fmm2
(plus permutations), whereas Fddd (70) has F222 and Fdd2 (plus
permutations).

(ii) Monoclinic subgroups
These subgroups are obtained by substituting the symbol ‘l’ in

two of the three positions. Non-standard centred cells are reduced to
primitive cells.

Examples
(1) C2221 (20) has the maximal t subgroups C211 (C2), C121 (C2)

and C1121. The last one reduces to P1121 (P21).
(2) Ama2 (40) has the maximal t subgroups Am11, reducible to Pm,

A1a1 (Cc) and A112 (C2).
(3) Pnma (62) has the standard full symbol P21�n21�m21�a,

from which the maximal t subgroups P21�n11 (P21�c),
P121�m1 (P21�m) and P1121�a (P21�c) are obtained.

(4) Fddd (70) has the maximal t subgroups F2�d11, F12�d1 and
F112�d, each one reducible to C2�c.

4.3.4. Tetragonal system

4.3.4.1. Historical note and arrangement of the tables

In the 1935 edition of International Tables, for each tetragonal P
and I space group an additional C-cell and F-cell description was
given. In the corresponding space-group symbols, secondary and
tertiary symmetry elements were simply interchanged. Coordinate
triplets for these larger cells were not printed, except for the space
groups of class �4m2. In IT (1952), the C and F cells were dropped
from the space-group tables but kept in the comparative tables.

In the present edition, the C and F cells reappear in the sub- and
supergroup tabulations of Part 7, as well as in the synoptic Table
4.3.2.1, where short and extended (two-line) symbols are given for
P and C cells, as well as for I and F cells.

4.3.4.2. Relations between symmetry elements

In the crystal classes 42(2), 4m(m), �42(m) or �4m(2),
4�m 2�m (2�m), where the tertiary symmetry elements are between
parentheses, one finds

4 � m � �m� � �4 � 2� 4 � 2 � �2� � �4 � m�

Analogous relations hold for the space groups. In order to have the
symmetry direction of the tertiary symmetry elements along [1�10]
(cf. Table 2.2.4.1), one has to choose the primary and secondary
symmetry elements in the product rule along [001] and [010].

Example
In P412�2� �91�, one has 41 � 2 � �2� so that P412 would be the
short symbol. In fact, in IT (1935), the tertiary symmetry element
was suppressed for all groups of class 422, but re-established in
IT (1952), the main reason being the generation of the fourfold
rotation as the product of the secondary and tertiary symmetry
operations: 4 � �m� � m etc.

4.3.4.3. Additional symmetry elements

As a result of periodicity, in all space groups of classes 422, �4m2
and 4�m 2�m 2�m, the two tertiary diagonal axes 2, along [1�10] and
[110], alternate with axes 21, the screw component being 1

2 ,� 1
2, 0

(cf. Table 4.1.2.2).
Likewise, tertiary diagonal mirrors m in x, x, z and x,�x, z in space

groups of classes 4mm, �42m and 4�m 2�m 2�m alternate with glide
planes called g,* the glide components being 1

2, � 1
2, 0. The same

glide components produce also an alternation of diagonal glide
planes c and n (cf. Table 4.1.2.2).

4.3.4.4. Multiple cells

The transformations from the P to the two C cells, or from the I to
the two F cells, are

C1 or F1: �i� a� � a � b, b� � a 	 b, c� � c

C2 or F2: �ii� a� � a 	 b, b� � �a 	 b, c� � c

(cf. Fig. 5.1.3.5). The secondary and tertiary symmetry directions
are interchanged in the double cells. It is important to know how
primary, secondary and tertiary symmetry elements change in the
new cells a�, b�, c�.

(i) Primary symmetry elements

In P groups, only two kinds of planes, m and n, occur
perpendicular to the fourfold axis: a and b planes are forbidden.
A plane m in the P cell corresponds to a plane in the C cell which
has the character of both a mirror plane m and a glide plane n. This
is due to the centring translation 1

2 , 1
2 , 0 (cf. Chapter 4.1). Thus, the

C-cell description shows† that P4�m�� (cell a, b, c) has two maximal
k subgroups of index [2], P4�m�� and P4�n�� (cells a�, b�, c�),
originating from the decentring of the C cell. The same reasoning is
valid for P42�m�� .

A glide plane n in the P cell is associated with glide planes a and
b in the C cell. Since such planes do not exist in tetragonal P groups,
the C cell cannot be decentred, i.e. P4�n�� and P42�n�� have no k
subgroups of index [2] and cells a�, b�, c�.

Glide planes a perpendicular to c only occur in I41�a �88� and
groups containing I41�a [I41�amd �141� and I41�acd �142�]; they
are associated with d planes in the F cell. These groups cannot be
decentred, i.e. they have no P subgroups at all.

� For other g planes see (ii), Secondary symmetry elements.
� In this section, a dot stands for a symmetry element to be inserted in the
corresponding position of the space-group symbol.
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(ii) Secondary symmetry elements

In the tetragonal space-group symbols, one finds two kinds of
secondary symmetry elements:
(1) 2, m, c without glide components in the ab plane occur in P and I

groups. They transform to tertiary symmetry elements 2, m, c in
the C or F cells, from which k subgroups can be obtained by
decentring.

(2) 21, b, n with glide components 1
2 , 0, 0; 0, 1

2 , 0; 1
2 , 1

2 , 0 in the ab
plane occur only in P groups. In the C cell, they become tertiary
symmetry elements with glide components 1

4 , � 1
4 , 0; 1

4 , 1
4 , 0;

1
4,

1
4,

1
2. One has the following correspondence between P- and

C-cell symbols:

P�21� � C��21

P�b� � C��g1 with g�1
4,

1
4, 0� in x, x � 1

4, z

P�n� � C��g2 with g�1
4,

1
4,

1
2� in x, x � 1

4, z,

where �g1�2 and �g2�2 are the centring translations 1
2 , 1

2 , 0 and
1
2 , 1

2 , 1. Thus, the C cell cannot be decentred, i.e. tetragonal P
groups having secondary symmetry elements 21, b or n cannot
have klassengleiche P subgroups of index [2] and cells a�, b�, c�.

(iii) Tertiary symmetry elements

Tertiary symmetry elements 2, m, c in P groups transform to
secondary symmetry elements in the C cell, from which k subgroups
can easily be deduced �
�:

P��m� C�m��
 P�m�
g b P�b�

P��c� C�c��
 P�c�
n n P�n�

P��2� C�2��
 P�2�
21 21 P�21�

Decentring leads in each case to two P subgroups (cell a�,b�,c�),
when allowed by (i) and (ii).

In I groups, 2, m and d occur as tertiary symmetry elements. They
are transformed to secondary symmetry elements in the F cells. I
groups with tertiary d glides cannot be decentred to P groups,
whereas I groups with diagonal symmetry elements 2 and m have
maximal P subgroups, due to decentring.

4.3.4.5. Group–subgroup relations

Examples are given for maximal k subgroups of P groups (i), of I
groups (ii), and for maximal tetragonal, orthorhombic and
monoclinic t subgroups.

4.3.4.5.1. Maximal k subgroups

(i) Subgroups of P groups
The discussion is limited to maximal P subgroups, obtained by

decentring the larger C cell (cf. Section 4.3.4.4 Multiple cells).

Classes �4, 4 and 422

Examples
(1) Space groups P�4 (81) and P4p �p � 0, 1, 2, 3� (75–78) have

isomorphic k subgroups of index [2], cell a�, b�, c�.
(2) Space groups P4p22 �p � 0, 1, 2, 3� (89, 91, 93, 95) have the

extended C-cell symbol C4p2 2
21

, from which one deduces two

k subgroups, P4p22 (isomorphic, type IIc) and P4p212 (non-
isomorphic, type IIb), cell a�, b�, c�.

(3) Space groups P4p212 (90, 92, 94, 96) have no k subgroups of
index [2], cell a�, b�, c�.

Classes �4m2, 4mm, 4/m, and 4/mmm

Examples
(1) P�4c2 �116� has the C-cell symbol C�42 c

21

, wherefrom one

deduces two k subgroups, P�42c and P�421c, cell a�, b�, c�.
(2) P42mc �105� has the C-cell symbol C42cm

n
, from which the k

subgroups P42cm (101) and P42nm �102�, cell a�, b�, c�, are

obtained.
(3) P42�mcm �132� has the extended C symbol C42�mmc

n b
, where-

from one reads the following k subgroups of index [2], cell
a�, b�, c�: P42�mmc, P42�mbc, P42�nmc, P42�nbc.

(4) P4�nbm �125� has the extended C symbol C4�amg1

bb
and has no

k subgroups of index [2], as explained above in Section 4.3.4.4.

(ii) Subgroups of I groups
Note that I groups with a glides perpendicular to [001] or with

diagonal d planes cannot be decentred (cf. above). The discussion is
limited to P subgroups of index [2], obtained by decentring the I
cell. These subgroups are easily read from the two-line symbols of
the I groups in Table 4.3.2.1.

Examples
(1) I4cm (108) has the extended symbol I4 ce

42bm
. The multiplication

rules 4 � b � m � 42 � c give rise to the maximal k subgroups:
P4cc, P42bc, P4bm, P42cm.

Similarly, I4mm (107) has the P subgroups P4mm, P42nm,
P4nc, P42mc, i.e. I4mm and I4cm have all P groups of class
4mm as maximal k subgroups.

(2) I4�mcm �140� has the extended symbol I4�m ce
42�nbm

. One obtains

the subgroups of example (1) with an additional m or n plane
perpendicular to c.

As in example (1), I4�mcm (140) and I4�mmm (139) have all
P groups of class 4�mmm as maximal k subgroups.

4.3.4.5.2. Maximal t subgroups

(i) Tetragonal subgroups
The class 4�mmm contains the classes 4�m, 422, 4mm and �42m.

Maximal t subgroups belonging to these classes are read directly
from the standard full symbol.

Examples
(1) P42�m bc �135� has the full symbol P42�m 21�b 2�c and the

tetragonal maximal t subgroups: P42�m, P42212, P42bc, P�421c,
P�4b2.

(2) I4�m cm �140� has the extended full symbol
I4�m2�c 2�e
42�n21�b21�m

and the tetragonal maximal t subgroups

I4�m, I422, I4cm, I�42m, I�4c2. Note that the t subgroups of
class �4m2 always exist in pairs.

(ii) Orthorhombic subgroups
In the orthorhombic subgroups, the symmetry elements belong-

ing to directions [100] and [010] are the same, except that a glide
plane b perpendicular to [100] is accompanied by a glide plane a
perpendicular to [010].
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Examples
(1) P42�mbc �135�. From the full symbol, the first maximal t

subgroup is found to be P21�b 21�a 2�m (Pbam). The C-cell
symbol is C42�m cg1 and gives rise to the second maximal
orthorhombic t subgroup Cccm, cell a�, b�, c�.

(2) I4�m cm �140�. Similarly, the first orthorhombic maximal t
subgroup is Iccm

ban
(Ibam); the second maximal orthorhombic t

subgroup is obtained from the F-cell symbol as Fc c m
mmn

(Fmmm), cell a�, b�, c�.

These examples show that P- and C-cell, as well as I- and F-cell
descriptions of tetragonal groups have to be considered together.

(iii) Monoclinic subgroups
Only space groups of classes 4, �4 and 4�m have maximal

monoclinic t subgroups.

Examples
(1) P41 �76� has the subgroup P1121 �P21�. The C-cell description

does not add new features: C1121 is reducible to P21.
(2) I41�a �88� has the subgroup I1121�a, equivalent to

I112�a �C2�c�. The F-cell description yields the same
subgroup F11 2�d, again reducible to C2�c.

4.3.5. Trigonal and hexagonal systems

The trigonal and hexagonal crystal systems are considered together,
because they form the hexagonal ‘crystal family’, as explained in
Chapter 2.1. Hexagonal lattices occur in both systems, whereas
rhombohedral lattices occur only in the trigonal system.

4.3.5.1. Historical note

The 1935 edition of International Tables contains the symbols C
and H for the hexagonal lattice and R for the rhombohedral lattice.
C recalls that the hexagonal lattice can be described by a double
rectangular C-centred cell (orthohexagonal axes); H was used for a
hexagonal triple cell (see below); R designates the rhombohedral
lattice and is used for both the rhombohedral description (primitive
cell) and the hexagonal description (triple cell).

In the 1952 edition the following changes took place (cf. pages x,
51 and 544 of IT 1952): The lattice symbol C was replaced by P for
reasons of consistency; the H description was dropped. The symbol
R was kept for both descriptions, rhombohedral and hexagonal. The
tertiary symmetry element in the short Hermann–Mauguin symbols
of class 622, which was omitted in IT (1935), was re-established.

In the present volume, the use of P and R is the same as in
IT (1952). The H cell, however, reappears in the sub- and
supergroup data of Part 7 and in Table 4.3.2.1 of this section,
where short symbols for the H description of trigonal and hexagonal
space groups are given. The C cell reappears in the subgroup data
for all trigonal and hexagonal space groups having symmetry
elements orthogonal to the main axis.

4.3.5.2. Primitive cells

The primitive cells of the hexagonal and the rhombohedral
lattice, hP and hR, are defined in Table 2.1.2.1 In Part 7, the
‘rhombohedral’ description of the hR lattice is designated by
‘rhombohedral axes’; cf. Chapter 1.2.

4.3.5.3. Multiple cells

Multiple cells are frequently used to describe both the hexagonal
and the rhombohedral lattice.

(i) The triple hexagonal R cell; cf. Chapters 1.2 and 2.1
When the lattice is rhombohedral hR (primitive cell a, b, c), the

triple R cell a�, b�, c� corresponds to the ‘hexagonal description’ of
the rhombohedral lattice. There are three right-handed obverse R
cells:

R1 � a� � a � b� b� � b � c� c� � a 	 b 	 c�
R2 � a� � b � c� b� � c � a� c� � a 	 b 	 c�
R3 � a� � c � a� b� � a � b� c� � a 	 b 	 c�

Three further right-handed R cells are obtained by changing a� and
b� to �a� and �b�, i.e. by a 180� rotation around c�. These cells are
reverse. The transformations between the triple R cells and the
primitive rhombohedral cell are given in Table 5.1.3.1 and Fig.
5.1.3.6.

The obverse triple R cell has ‘centring points’ at

0, 0, 0� 2
3 , 1

3 , 1
3 �

1
3 , 2

3 , 2
3,

whereas the reverse R cell has ‘centring points’ at

0, 0, 0� 1
3 , 2

3 , 1
3 �

2
3 , 1

3 , 2
3�

In the space-group tables of Part 7, the obverse R1 cell is used, as
illustrated in Fig. 2.2.6.9. This ‘hexagonal description’ is designated
by ‘hexagonal axes’.

(ii) The triple rhombohedral D cell
Parallel to the ‘hexagonal description of the rhombohedral

lattice’ there exists a ‘rhombohedral description of the hexagonal
lattice’. Six right-handed rhombohedral cells (here denoted by D)
with cell vectors a�, b�, c� of equal lengths are obtained from the
hexagonal P cell a, b, c by the following transformations and by
cyclic permutations of a�, b�, c�:

D1 � a� � a 	 c� b� � b 	 c� c� � ��a 	 b� 	 c
D2 � a� � �a 	 c� b� � �b 	 c� c� � a 	 b 	 c�

The transformation matrices are listed in Table 5.1.3.1. D2 follows
from D1 by a 180� rotation around [111]. The D cells are triple
rhombohedral cells with ‘centring’ points at

0, 0, 0� 1
3 , 1

3 , 1
3 �

2
3 , 2

3 , 2
3�

The D cell, not used in practice and not considered explicitly in the
present volume, is useful for a deeper understanding of the relations
between hexagonal and rhombohedral lattices.

(iii) The triple hexagonal H cell; cf. Chapter 1.2
Generally, a hexagonal lattice hP is described by means of the

smallest hexagonal P cell. An alternative description employs a
larger hexagonal H-centred cell of three times the volume of the P
cell; this cell was extensively used in IT (1935), see Historical note
above.

There are three right-handed orientations of the H cell (basis
vectors a�, b�, c�) with respect to the basis vectors a, b, c of the P
cell:

H1 � a� � a � b; b� � a 	 2b; c� � c
H2 � a� � 2a 	 b; b� � � a 	 b; c� � c
H3 � a� � a 	 2b; b� � �2a � b; c� � c�

The transformations are given in Table 5.1.3.1 and Fig. 5.1.3.8. The
new vectors a� and b� are rotated in the ab plane by �30��H1�,
	30��H2�, 	90��H3� with respect to the old vectors a and b. Three
further right-handed H cells are obtained by changing a� and b� to
�a� and �b�, i.e. by a rotation of 180� around c�.

The H cell has ‘centring’ points at

0, 0, 0� 2
3 , 1

3 , 0� 1
3 , 2

3, 0�
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Secondary and tertiary symmetry elements of the P cell are
interchanged in the H cell, and the general position in the H cell
is easily obtained, as illustrated by the following example.

Example
The space-group symbol P3m1 in the P cell a, b, c becomes
H31m in the H cell a�, b�, c�. To obtain the general position of
H31m, consider the coordinate triplets of P31m and add the
centring translations 0, 0, 0; 2

3 , 1
3 , 0; 1

3 , 2
3 , 0.

(iv) The double orthohexagonal C cell
The C-centred cell which is defined by the so-called ‘orthohex-

agonal’ vectors a�, b�, c� has twice the volume of the P cell. There
are six right-handed orientations of the C cell, which are C1, C2 and
C3 plus three further ones obtained by changing a� and b� to �a� and
�b�:

C1 � a� � a ; b� � a 	 2b; c� � c
C2 � a� � a 	 b; b� � � a 	 b; c� � c
C3 � a� � b; b� � �2a � b; c� � c�

Transformation matrices are given in Table 5.1.3.1 and illustrations
in Fig. 5.1.3.7. Here b� is the long axis.

4.3.5.4. Relations between symmetry elements

In the hexagonal crystal classes 62(2), 6m(m) and �62(m) or
�6m(2), where the tertiary symmetry element is between parentheses,
the following products hold:

6 � 2 � �2� � �6 � m� 6 � m � �m� � �6 � 2

or

6 � 2 � �2� � 6 � m � �m� � �6 � 2 � �m� � �6 � m � �2� � 1�

The same relations hold for the corresponding Hermann–Mauguin
space-group symbols.

4.3.5.5. Additional symmetry elements

Parallel axes 2 and 21 occur perpendicular to the principal
symmetry axis. Examples are space groups R32 (155), P321 (150)
and P312 (149), where the screw components are 1

2 , 1
2 , 0

(rhombohedral axes) or 1
2 , 0, 0 (hexagonal axes) for R32; 1

2 , 0, 0
for P321; and 1

2 , 1, 0 for P312. Hexagonal examples are P622 (177)
and P�62c (190).

Likewise, mirror planes m parallel to the main symmetry axis
alternate with glide planes, the glide components being perpendi-
cular to the principal axis. Examples are P3m1 (156), P31m (157),
R3m (160) and P6mm (183).

Glide planes c parallel to the main axis are interleaved by glide
planes n. Examples are P3c1 (158), P31c (159), R3c (161,
hexagonal axes), P�6c2 (188). In R3c and R�3c, the glide component
0, 0, 1

2 for hexagonal axes becomes 1
2 , 1

2 , 1
2 for rhombohedral axes,

i.e. the c glide changes to an n glide. Thus, if the space group is
referred to rhombohedral axes, diagonal n planes alternate with
diagonal a, b or c planes (cf. Section 1.4.4).

In R space groups, all additional symmetry elements with glide
and screw components have their origin in the action of an integral
lattice translation. This is also true for the axes 31 and 32 which
appear in all R space groups (cf. Table 4.1.2.2). For this reason, the
‘rhombohedral centring’ R is not included in Table 4.1.2.3, which
contains only the centrings A, B, C, I, F.

4.3.5.6. Group–subgroup relations

4.3.5.6.1. Maximal k subgroups

Maximal k subgroups of index [3] are obtained by ‘decentring’
the triple cells R (hexagonal description), D and H in the trigonal

system, H in the hexagonal system. Any one of the three centring
points may be taken as origin of the subgroup.

(i) Trigonal system

Examples
(1) P3m1 (156) (cell a, b, c) is equivalent to H31m (a�, b�, c).

Decentring of the H cell yields maximal non-isomorphic k
subgroups of type P31m. Similarly, P31m (157) has maximal
subgroups of type P3m1; thus, one can construct infinite chains
of subgroup relations of index [3], tripling the cell at each step:

P3m1 
 P31m 
 P3m1 � � �

(2) R3 (146), by decentring the triple hexagonal R cell a�, b�, c�,
yields the subgroups P3, P31 and P32 of index [3].

(3) Likewise, decentring of the triple rhombohedral cells D1 and D2
gives rise, for each cell, to the rhombohedral subgroups of a
trigonal P group, again of index [3].

Combining (2) and (3), one may construct infinite chains of
subgroup relations, tripling the cell at each step:

P3 
 R3 
 P3 
 R3 � � �

These chains illustrate best the connections between rhombohe-
dral and hexagonal lattices.

(4) Special care must be applied when secondary or tertiary
symmetry elements are present. Combining (1), (2) and (3),
one has for instance:

P31c 
 R3c 
 P3c1 
 P31c 
 R3c � � �

(5) Rhombohedral subgroups, found by decentring the triple cells
D1 and D2, are given under block IIb and are referred there to
hexagonal axes, a�, b�, c as listed below. Examples are space
groups P3 (143) and P�31c (163)

a� � a � b, b� � a 	 2b, c� � 3c�
a� � 2a 	 b, b� � �a 	 b, c� � 3c�

(ii) Hexagonal system

Examples
(1) P�62c (190) is described as H�6c2 in the triple cell a�, b�, c�;

decentring yields the non-isomorphic subgroup P�6c2.
(2) P6�mcc (192) (cell a, b, c) keeps the same symbol in the H cell

and, consequently, gives rise to the maximal isomorphic
subgroup P6�mcc with cell a�, b�, c�. An analogous result applies
whenever secondary and tertiary symmetry elements in the
Hermann–Mauguin symbol are the same and also to space
groups of classes 6, �6 and 6�m.

4.3.5.6.2. Maximal t subgroups

Maximal t subgroups of index [2] are read directly from the full
symbol of the space groups of classes 32, 3m, �3m, 622, 6mm, �62m,
6�mmm.

Maximal t subgroups of index [3] follow from the third power of
the main-axis operation. Here the C-cell description is valuable.

(i) Trigonal system
(a) Trigonal subgroups

Examples
(1) R�32�c (167) has R3c, R32 and R�3 as maximal t subgroups of

index [2].
(2) P�3c1 (165) has P3c1, P321 and P�3 as maximal t subgroups of

index [2].
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(b) Orthorhombic subgroups
No orthorhombic subgroups of trigonal space groups exist, in

spite of the existence of an orthohexagonal C cell.

(c) Monoclinic subgroups
All trigonal space groups with secondary or tertiary symmetry

elements have monoclinic C-centred maximal t subgroups of index
[3].

Example
P�31c (163), P�3c1 (165) and R�3c (167) have subgroups of type
C2�c.

(d) Triclinic subgroups
All trigonal space groups without secondary or tertiary symmetry

elements have triclinic maximal t subgroups of index [3].

Example
P�3 (147) and R�3 (148) have subgroups P�1.

(ii) Hexagonal system
(a) Hexagonal subgroups

Example
P63�m 2�c 2�m (193) has maximal t subgroups P63�m, P6322,
P63cm, P�62m and P�6c2 of index [2].

(b) Trigonal subgroups
The second and fourth powers of sixfold operations are threefold

operations; thus, all hexagonal space groups have maximal trigonal
t subgroups of index [2]. In space groups of classes 622, 6mm, �62m,
6�mmm with secondary and tertiary symmetry elements, trigonal t
subgroups always occur in pairs.

Examples
(1) P61 (169) contains P31 of index [2].
(2) P�62c (190) has maximal t subgroups P321 and P31c; P6122

(178) has subgroups P3121 and P3112, all of index [2].
(3) P63�mcm (193) contains the operation �3 �� �63�2 � �1 and thus

has maximal t subgroups P�3c1 and P�31m of index [2].

(c) Orthorhombic and monoclinic subgroups
The third power of the sixfold operation is a twofold operation:

accordingly, maximal orthorhombic t subgroups of index [3] are
derived from the C-cell description of space groups of classes 622,
6mm, �62m and 6�mmm. Monoclinic P subgroups of index [3] occur
in crystal classes 6, �6 and 6�m.

Examples
(1) P�62c (190) becomes C�62c in the C cell; with ��6�3 � m, one

obtains C2cm (sequence a, b, c) as a maximal t subgroup of
index [3]. The standard symbol is Ama2.

(2) P63�mcm (193) has maximal orthorhombic t subgroups of type
Cmcm of index [3]. With the examples under (a) and (b), this
exhausts all maximal t subgroups of P63�mcm.

(3) P61 (169) has a maximal t subgroup P21; P63�m (176) has
P21�m as a maximal t subgroup.

4.3.6. Cubic system

4.3.6.1. Historical note and arrangement of tables

In the synoptic tables of IT (1935) and IT (1952), for cubic space
groups short and full Hermann–Mauguin symbols were listed. They
agree, except that in IT (1935) the tertiary symmetry element of the

space groups of class 432 was omitted; it was re-established in
IT (1952).

In the present edition, the symbols of IT (1952) are retained, with
one exception. In the space groups of crystal classes m�3 and m�3m,
the short symbols contain �3 instead of 3 (cf. Section 2.2.4). In Table
4.3.2.1, short and full symbols for all cubic space groups are given.
In addition, for centred groups F and I and for P groups with tertiary
symmetry elements, extended space-group symbols are listed. In
space groups of classes 432 and �43m, the product rule (as defined
below) is applied in the first line of the extended symbol.

4.3.6.2. Relations between symmetry elements

Conventionally, the representative directions of the primary,
secondary and tertiary symmetry elements are chosen as [001],
[111], and [1�10] (cf. Table 2.2.4.1 for the equivalent directions). As
in tetragonal and hexagonal space groups, tertiary symmetry
elements are not independent. In classes 432, �43m and m�3m, there
are product rules

4 � 3 � �2�; �4 � 3 � �m� � 4 � �3,

where the tertiary symmetry element is in parentheses; analogous
rules hold for the space groups belonging to these classes. When the
symmetry directions of the primary and secondary symmetry
elements are chosen along [001] and [111], respectively, the
tertiary symmetry direction is [011], according to the product
rule. In order to have the tertiary symmetry direction along [1�10],
one has to choose the somewhat awkward primary and secondary
symmetry directions [010] and [�11�1].

Examples
(1) In P�43n (218), with the choice of the 3 axis along [�11�1] and of

the �4 axis parallel to [010], one finds �4 � 3 � n, the n glide
plane being in x, x, z, as shown in the space-group diagram.

(2) In F�43c (219), one has the same product rule as above; the
centring translation t�1

2 , 1
2 , 0�, however, associates with the n

glide plane a c glide plane, also located in x, x, z (cf. Table
4.1.2.3). In the space-group diagram and symbol, c was
preferred to n.

4.3.6.3. Additional symmetry elements

Owing to periodicity, the tertiary symmetry elements alternate;
diagonal axes 2 alternate with parallel screw axes 21; diagonal
planes m alternate with parallel glide planes g; diagonal n planes,
i.e. planes with glide components 1

2 , 1
2 , 1

2, alternate with glide planes
a, b or c (cf. Chapter 4.1 and Tables 4.1.2.2 and 4.1.2.3). For the
meaning of the various glide planes g, see Section 11.1.2 and the
entries Symmetry operations in Part 7.

4.3.6.4. Group–subgroup relations

4.3.6.4.1. Maximal k subgroups

The extended symbol of Fm�3 (202) shows clearly that Pm�3,
Pn�3, Pb�3 �Pa�3� and Pa�3 are maximal subgroups. Pm�3m, Pn�3n,
Pm�3n and Pn�3m are maximal subgroups of Im�3m (229). Space
groups with d glide planes have no k subgroup of lattice P.

4.3.6.4.2. Maximal t subgroups

(a) Cubic subgroups
The cubic space groups of classes m�3, 432 and �43m have

maximal cubic subgroups of class 23 which are found by simple
inspection of the full symbol.
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Examples
Ia�3 (206), full symbol I21�a�3, contains I213. P213 is a maximal
subgroup of P4132 (213) and its enantiomorph P4332 (212). A
more difficult example is I�43d (220) which contains I213.*

The cubic space groups of class m�3m have maximal subgroups
which belong to classes 432 and �43m.

Examples
F4�m�32�c (226) contains F432 and F�43c; I41�a�32�d (230)
contains I4132 and I�43d.

(b) Tetragonal subgroups
In the cubic space groups of classes 432 and �43m, the primary

and tertiary symmetry elements are relevant for deriving maximal
tetragonal subgroups.

Examples
The groups P432 (207), P4232 (208), P4332 (212) and P4132
(213) have maximal tetragonal t subgroups of index [3]: P422,
P4222, P43212 and P41212. I432 (211) gives rise to I422 with
the same cell. F432 (209) also gives rise to I422, but via F422, so
that the final unit cell is a

���
2

�
�2, a

���
2

�
�2, a.

In complete analogy, the groups P�43m (215) and P�43n (218)
have maximal subgroups P�42m and P�42c.†

For the space groups of class m�3m, the full symbols are needed to
recognize their tetragonal maximal subgroups of class 4�mmm. The
primary symmetry planes of the cubic space group are conserved in
the primary and secondary symmetry elements of the tetragonal

subgroup: m, n and d remain in the tetragonal symbol; a remains a
in the primary and becomes c in the secondary symmetry element of
the tetragonal symbol.

Example
P42�n �3 2�m (224) and I41�a �3 2�d (230) have maximal
subgroups P42�n 2�n 2�m and I41�a 2�c 2�d, respectively,
F41�d �3 2�c (228) gives rise to F41�d 2�d 2�c, which is
equivalent to I41�a 2�c 2�d, all of index [3].

(c) Rhombohedral subgroups‡
Here the secondary and tertiary symmetry elements of the cubic

space-group symbols are relevant. For space groups of classes 23,
m�3, 432, the maximal R subgroups are R3, R�3 and R32,
respectively. For space groups of class �43m, the maximal R
subgroup is R3m when the tertiary symmetry element is m and
R3c otherwise. Finally, for space groups of class m�3m, the maximal
R subgroup is R�3m when the tertiary symmetry element is m and
R�3c otherwise. All subgroups are of index [4].

(d) Orthorhombic subgroups
Maximal orthorhombic space groups of index [3] are easily

derived from the cubic space-group symbols of classes 23 and m�3.‡
Thus, P23, F23, I23, P213, I213 (195–199) have maximal
subgroups P222, F222, I222, P212121, I212121, respectively.
Likewise, maximal subgroups of Pm�3, Pn�3, Fm�3, Fd�3, Im�3, Pa�3,
Ia�3 (200–206) are Pmmm, Pnnn, Fmmm, Fddd, Immm, Pbca, Ibca,
respectively. The lattice type (P, F, I) is conserved and only the
primary symmetry element has to be considered.
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5.1. Transformations of the coordinate system (unit-cell transformations)

BY H. ARNOLD

5.1.1. Introduction

There are two main uses of transformations in crystallography.
(i) Transformation of the coordinate system and the unit cell

while keeping the crystal at rest. This aspect forms the main topic of
the present part. Transformations of coordinate systems are useful
when nonconventional descriptions of a crystal structure are
considered, for instance in the study of relations between different
structures, of phase transitions and of group–subgroup relations.
Unit-cell transformations occur particularly frequently when
different settings or cell choices of monoclinic, orthorhombic or
rhombohedral space groups are to be compared or when ‘reduced
cells’ are derived.

(ii) Description of the symmetry operations (motions) of an
object (crystal structure). This involves the transformation of the
coordinates of a point or the components of a position vector while
keeping the coordinate system unchanged. Symmetry operations are
treated in Chapter 8.1 and Part 11. They are briefly reviewed in
Chapter 5.2.

5.1.2. Matrix notation

Throughout this volume, matrices are written in the following
notation:

As (1 � 3) row matrices:

(a, b, c) the basis vectors of direct space
(h, k, l) the Miller indices of a plane (or a set of

planes) in direct space or the coordinates
of a point in reciprocal space

As (3 � 1) or (4 � 1) column matrices:
x � �x�y�z� the coordinates of a point in direct space
�a��b��c�� the basis vectors of reciprocal space
(u�v�w) the indices of a direction in direct space
p � �p1�p2�p3� the components of a shift vector from

origin O to the new origin O �

q � �q1�q2�q3� the components of an inverse origin
shift from origin O � to origin O, with
q � �P�1p

w � �w1�w2�w3� the translation part of a symmetry
operation � in direct space

� � �x�y�z�1� the augmented �4 � 1� column matrix of
the coordinates of a point in direct space

As (3 � 3) or (4 � 4) square matrices:
P, Q � P�1 linear parts of an affine transformation;

if P is applied to a �1 � 3� row matrix,
Q must be applied to a �3 � 1� column
matrix, and vice versa

W the rotation part of a symmetry
operation � in direct space

� � P p
o 1

� �
the augmented affine �4 � 4� trans-
formation matrix, with o � �0, 0, 0�

� � Q q
o 1

� �
the augmented affine �4 � 4� trans-
formation matrix, with � � ��1

� � W w
o 1

� �
the augmented �4 � 4� matrix of a
symmetry operation in direct space (cf.
Chapter 8.1 and Part 11).

5.1.3. General transformation

Here the crystal structure is considered to be at rest, whereas the
coordinate system and the unit cell are changed. Specifically, a
point X in a crystal is defined with respect to the basis vectors a, b, c
and the origin O by the coordinates x, y, z, i.e. the position vector r
of point X is given by

r � xa � yb � zc

� �a, b, c�
x

y

z

�
��

�
���

The same point X is given with respect to a new coordinate system,
i.e. the new basis vectors a�, b�, c� and the new origin O� (Fig.
5.1.3.1), by the position vector

r� � x�a� � y�b� � z�c��

In this section, the relations between the primed and unprimed
quantities are treated.

The general transformation (affine transformation) of the
coordinate system consists of two parts, a linear part and a shift
of origin. The �3 � 3� matrix P of the linear part and the �3 � 1�
column matrix p, containing the components of the shift vector p,
define the transformation uniquely. It is represented by the symbol
(P, p).

(i) The linear part implies a change of orientation or length or
both of the basis vectors a, b, c, i.e.

�a�, b�, c�� � �a, b, c�P

� �a, b, c�
P11 P12 P13

P21 P22 P23

P31 P32 P33

�
��

�
��

� �P11a � P21b � P31c,

P12a � P22b � P32c,

P13a � P23b � P33c��
For a pure linear transformation, the shift vector p is zero and the
symbol is (P, o).

The determinant of P, det�P�, should be positive. If det�P� is
negative, a right-handed coordinate system is transformed into a
left-handed one (or vice versa). If det�P� � 0, the new basis vectors
are linearly dependent and do not form a complete coordinate
system.

In this chapter, transformations in three-dimensional space are
treated. A change of the basis vectors in two dimensions, i.e. of the
basis vectors a and b, can be considered as a three-dimensional
transformation with invariant c axis. This is achieved by setting
P33 � 1 and P13 � P23 � P31 � P32 � 0.

(ii) A shift of origin is defined by the shift vector

p � p1a � p2b � p3c�

The basis vectors a, b, c are fixed at the origin O; the new basis
vectors are fixed at the new origin O� which has the coordinates
p1, p2, p3 in the old coordinate system (Fig. 5.1.3.1).

For a pure origin shift, the basis vectors do not change their lengths
or orientations. In this case, the transformation matrix P is the unit
matrix I and the symbol of the pure shift becomes (I, p).
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Also, the inverse matrices of P and p are needed. They are

Q � P�1

and

q � �P�1p�

The matrix q consists of the components of the negative shift vector
q which refer to the coordinate system a�, b�, c�, i.e.

q � q1a� � q2b� � q3c��

Thus, the transformation (Q, q) is the inverse transformation of
(P, p). Applying (Q, q) to the basis vectors a�, b�, c� and the origin
O�, the old basis vectors a, b, c with origin O are obtained.

For a two-dimensional transformation of a� and b�, some
elements of Q are set as follows: Q33 � 1 and
Q13 � Q23 � Q31 � Q32 � 0.

The quantities which transform in the same way as the basis
vectors a, b, c are called covariant quantities and are written as row
matrices. They are:

the Miller indices of a plane (or a set of planes), (hkl), in direct
space and

the coordinates of a point in reciprocal space, h, k, l.

Both are transformed by

�h�, k�, l�� � �h, k, l�P�
Usually, the Miller indices are made relative prime before and after
the transformation.

The quantities which are covariant with respect to the basis
vectors a, b, c are contravariant with respect to the basis vectors
a�, b�, c� of reciprocal space.

The basis vectors of reciprocal space are written as a column
matrix and their transformation is achieved by the matrix Q:

a��

b��

c��

�
��

�
�� � Q

a�

b�

c�

�
��

�
��

�
Q11 Q12 Q13

Q21 Q22 Q23

Q31 Q32 Q33

�
��

�
��

a�

b�

c�

�
��

�
��

�
Q11a� � Q12b� � Q13c�

Q21a� � Q22b� � Q23c�

Q31a� � Q32b� � Q33c�

�
��

�
���

The inverse transformation is obtained by the inverse matrix

P � Q�1:

a�

b�

c�

�
�

�
� � P

a��

b��

c��

�
�

�
��

These transformation rules apply also to the quantities covariant
with respect to the basis vectors a�, b�, c� and contravariant with
respect to a, b, c, which are written as column matrices. They are the
indices of a direction in direct space, [uvw], which are transformed
by

u�

v�

w�

�
�

�
� � Q

u
v
w

�
�

�
��

In contrast to all quantities mentioned above, the components of a
position vector r or the coordinates of a point X in direct space
x, y, z depend also on the shift of the origin in direct space. The
general (affine) transformation is given by

x�

y�

z�

�
��

�
�� � Q

x

y

z

�
��

�
��� q

�
Q11x � Q12y � Q13z � q1

Q21x � Q22y � Q23z � q2

Q31x � Q32y � Q33z � q3

�
��

�
���

Example

If no shift of origin is applied, i.e. p � q � o, the position vector
r of point X is transformed by

r� � �a, b, c�PQ
x
y
z

�
�

�
� � �a�, b�, c��

x�

y�

z�

�
�

�
��

In this case, r � r�, i.e. the position vector is invariant, although
the basis vectors and the components are transformed. For a pure
shift of origin, i.e. P � Q � I , the transformed position vector r�
becomes

r� � �x � q1�a � �y � q2�b � �z � q3�c
� r � q1a � q2b � q3c

� �x � p1�a � �y � p2�b � �z � p3�c
� r � p1a � p2b � p3c�

Here the transformed vector r� is no longer identical with r.

It is convenient to introduce the augmented �4 � 4� matrix �
which is composed of the matrices Q and q in the following manner
(cf. Chapter 8.1):

� � Q q
o 1

� �
�

Q11 Q12 Q13 q1

Q21 Q22 Q23 q2

Q31 Q32 Q33 q3

0 0 0 1

�
���

�
���

with o the �1 � 3� row matrix containing zeros. In this notation, the
transformed coordinates x�, y�, z� are obtained by

Fig. 5.1.3.1. General affine transformation, consisting of a shift of origin
from O to O� by a shift vector p with components p1 and p2 and a change
of basis from a, b to a�, b�. This implies a change in the coordinates of
the point X from x, y to x�, y�.
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Table 5.1.3.1. Selected 3 � 3 transformation matrices P and Q � P�1

For inverse transformations (against the arrow) replace P by Q and vice versa.

Transformation P Q � P�1 Crystal system

c 	 1
2 c

1 0 0
0 1 0
0 0 1

2

�
�

�
�

1 0 0
0 1 0
0 0 2

�
�

�
� All systems

b 	 1
2 b

1 0 0
0 1

2 0
0 0 1

�
�

�
�

1 0 0
0 2 0
0 0 1

�
�

�
� All systems

a 	 1
2 a

1
2 0 0
0 1 0
0 0 1

�
�

�
�

2 0 0
0 1 0
0 0 1

�
�

�
� All systems

Cell choice 1 	 cell choice 2: P 	 P
C 	 A

	

�1 0 1
0 1 0
�1 0 0

�
�

�
�

0 0 �1
0 1 0
1 0 �1

�
�

�
� Monoclinic (cf. Section 2.2.16)Cell choice 2 	 cell choice 3: P 	 P

A 	 I

	
Unique axis b
invariant

Cell choice 3 	 cell choice 1: P 	 P
I 	 C

	

(Fig. 5.1.3.2a)

Cell choice 1 	 cell choice 2: P 	 P
A 	 B

	

0 �1 0
1 �1 0
0 0 1

�
�

�
�

�1 1 0
�1 0 0
0 0 1

�
�

�
� Monoclinic (cf. Section 2.2.16)Cell choice 2 	 cell choice 3: P 	 P

B 	 I

	 Unique axis c
invariant

Cell choice 3 	 cell choice 1: P 	 P
I 	 A

	

(Fig. 5.1.3.2b)

Cell choice 1 	 cell choice 2: P 	 P
B 	 C

	

1 0 0
0 0 �1
0 1 �1

�
�

�
�

1 0 0
0 �1 1
0 �1 0

�
�

�
� Monoclinic (cf. Section 2.2.16)Cell choice 2 	 cell choice 3: P 	 P

C 	 I

	 Unique axis a
invariant

Cell choice 3 	 cell choice 1: P 	 P
I 	 B

	

(Fig. 5.1.3.2c)

Unique axis b 	 unique axis c

Cell choice 1: P 	 P
C 	 A

	

0 1 0
0 0 1
1 0 0

�
�

�
�

0 0 1
1 0 0
0 1 0

�
�

�
� Monoclinic (cf. Section 2.2.16)Cell choice 2: P 	 P

A 	 B

	
Cell choice invariant

Cell choice 3: P 	 P
I 	 I

	

Unique axis b 	 unique axis a

Cell choice 1: P 	 P
C 	 B

	

0 0 1
1 0 0
0 1 0

�
�

�
�

0 1 0
0 0 1
1 0 0

�
�

�
� Monoclinic (cf. Section 2.2.16)Cell choice 2: P 	 P

A 	 C

	
Cell choice invariant

Cell choice 3: P 	 P
I 	 I

	

Unique axis c 	 unique axis a

Cell choice 1: P 	 P
A 	 B

	

0 1 0
0 0 1
1 0 0

�
�

�
�

0 0 1
1 0 0
0 1 0

�
�

�
� Monoclinic (cf. Section 2.2.16)Cell choice 2: P 	 P

B 	 C

	
Cell choice invariant

Cell choice 3: P 	 P
I 	 I

	

I 	 P (Fig. 5.1.3.3) 1
2 �a � b � c� 	 �a� � b� � c��

�1
2

1
2

1
2

1
2

�1
2

1
2

1
2

1
2

�1
2

�
���

�
���

0 1 1
1 0 1
1 1 0

�
�

�
�

Orthorhombic
Tetragonal
Cubic
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Transformation P Q � P�1 Crystal system

F 	 P (Fig. 5.1.3.4) �a � b � c� invariant vector

0 1
2

1
2

1
2 0 1

2
1
2

1
2 0

�
��

�
��

�1 1 1
1 �1 1
1 1 �1

�
�

�
�

Orthorhombic
Tetragonal
Cubic

�b, a,�c� 	 �a, b, c�
0 1 0
1 0 0
0 0 �1

�
�

�
�

0 1 0
1 0 0
0 0 �1

�
�

�
� Unconventional orthorhombic

setting

�c, a, b� 	 �a, b, c�
0 0 1
1 0 0
0 1 0

�
�

�
�

0 1 0
0 0 1
1 0 0

�
�

�
� Unconventional orthorhombic

setting

��c, b, a� 	 �a, b, c�
0 0 �1
0 1 0
1 0 0

�
�

�
�

0 0 1
0 1 0
�1 0 0

�
�

�
� Unconventional orthorhombic

setting

�b, c, a� 	 �a, b, c�
0 1 0
0 0 1
1 0 0

�
�

�
�

0 0 1
1 0 0
0 1 0

�
�

�
� Unconventional orthorhombic

setting

�a,�c, b� 	 �a, b, c�
1 0 0
0 0 �1
0 1 0

�
�

�
�

1 0 0
0 0 1
0 �1 0

�
�

�
� Unconventional orthorhombic

setting

P 	 C1

I 	 F1



(Fig. 5.1.3.5) c axis invariant

1 1 0
�1 1 0
0 0 1

�
�

�
�

1
2

�1
2 0

1
2

1
2 0

0 0 1

�
��

�
�� Tetragonal (cf. Section 4.3.4)

P 	 C2

I 	 F2



(Fig. 5.1.3.5) c axis invariant

1 �1 0
1 1 0
0 0 1

�
�

�
�

1
2

1
2 0

�1
2

1
2 0

0 0 1

�
��

�
�� Tetragonal (cf. Section 4.3.4)

Primitive rhombohedral cell 	 triple hexagonal cell R1, obverse
setting (Fig. 5.1.3.6c)

1 0 1
�1 1 1
0 �1 1

�
�

�
�

2
3

�1
3

�1
3

1
3

1
3

�2
3

1
3

1
3

1
3

�
��

�
�� Rhombohedral space groups

(cf. Section 4.3.5)

Primitive rhombohedral cell 	 triple hexagonal cell R2, obverse
setting (Fig. 5.1.3.6c)

0 �1 1
1 0 1
�1 1 1

�
�

�
�

�1
3

2
3

�1
3

�2
3

1
3

1
3

1
3

1
3

1
3

�
��

�
�� Rhombohedral space groups

(cf. Section 4.3.5)

Primitive rhombohedral cell 	 triple hexagonal cell R3, obverse
setting (Fig. 5.1.3.6c)

�1 1 1
0 �1 1
1 0 1

�
�

�
�

�1
3

�1
3

2
3

1
3

�2
3

1
3

1
3

1
3

1
3

�
��

�
�� Rhombohedral space groups

(cf. Section 4.3.5)

Primitive rhombohedral cell 	 triple hexagonal cell R1, reverse
setting (Fig. 5.1.3.6d)

�1 0 1
1 �1 1
0 1 1

�
�

�
�

�2
3

1
3

1
3

�1
3

�1
3

2
3

1
3

1
3

1
3

�
��

�
�� Rhombohedral space groups

(cf. Section 4.3.5)

Primitive rhombohedral cell 	 triple hexagonal cell R2, reverse
setting (Fig. 5.1.3.6d)

0 1 1
�1 0 1
1 �1 1

�
�

�
�

1
3

�2
3

1
3

2
3

�1
3

�1
3

1
3

1
3

1
3

�
��

�
�� Rhombohedral space groups

(cf. Section 4.3.5)

Primitive rhombohedral cell 	 triple hexagonal cell R3, reverse
setting (Fig. 5.1.3.6d)

1 �1 1
0 1 1
�1 0 1

�
�

�
�

1
3

1
3

�2
3

�1
3

2
3

�1
3

1
3

1
3

1
3

�
��

�
�� Rhombohedral space groups

(cf. Section 4.3.5)

Hexagonal cell P 	 orthohexagonal centred cell C1 (Fig. 5.1.3.7)
1 1 0
0 2 0
0 0 1

�
�

�
�

1 �1
2 0

0 1
2 0

0 0 1

�
��

�
��

Trigonal
Hexagonal

(cf. Section 4.3.5)

Hexagonal cell P 	 orthohexagonal centred cell C2 (Fig. 5.1.3.7)
1 �1 0
1 1 0
0 0 1

�
�

�
�

1
2

1
2 0

�1
2

1
2 0

0 0 1

�
��

�
��

Trigonal
Hexagonal

(cf. Section 4.3.5)

Hexagonal cell P 	 orthohexagonal centred cell C3 (Fig. 5.1.3.7)

0 �2 0
1 �1 0
0 0 1

�
�

�
�

�1
2 1 0
�1
2 0 0

0 0 1

�
��

�
��

Trigonal
Hexagonal

(cf. Section 4.3.5)

Table 5.1.3.1. Selected 3 � 3 transformation matrices P and Q � P�1 (cont.)
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Transformation P Q � P�1 Crystal system

Hexagonal cell P 	 triple hexagonal cell H1 (Fig. 5.1.3.8)
1 1 0
�1 2 0
0 0 1

�
�

�
�

2
3

�1
3 0

1
3

1
3 0

0 0 1

�
��

�
��

Trigonal
Hexagonal

(cf. Section 4.3.5)

Hexagonal cell P 	 triple hexagonal cell H2 (Fig. 5.1.3.8)
2 �1 0
1 1 0
0 0 1

�
�

�
�

1
3

1
3 0

�1
3

2
3 0

0 0 1

�
��

�
��

Trigonal
Hexagonal

(cf. Section 4.3.5)

Hexagonal cell P 	 triple hexagonal cell H3 (Fig. 5.1.3.8)
1 �2 0
2 �1 0
0 0 1

�
�

�
�

�1
3

2
3 0

�2
3

1
3 0

0 0 1

�
��

�
��

Trigonal
Hexagonal

(cf. Section 4.3.5)

Hexagonal cell P 	 triple rhombohedral cell D1

1 0 �1
0 1 �1
1 1 1

�
�

�
�

2
3

�1
3

1
3

�1
3

2
3

1
3

�1
3

�1
3

1
3

�
���

�
���

Trigonal
Hexagonal

(cf. Section 4.3.5)

Hexagonal cell P 	 triple rhombohedral cell D2

�1 0 1
0 �1 1
1 1 1

�
�

�
�

�2
3

1
3

1
3

1
3

�2
3

1
3

1
3

1
3

1
3

�
��

�
��

Trigonal
Hexagonal

(cf. Section 4.3.5)

Triple hexagonal cell R, obverse setting 	 C-centred monoclinic cell,
unique axis b, cell choice 1
(Fig. 5.1.3.9a) c and b axes invariant

2
3 0 0
1
3 1 0
�2
3 0 1

�
��

�
��

3
2 0 0
�1
2 1 0

1 0 1

�
��

�
�� Rhombohedral space groups

(cf. Section 4.3.5)

Triple hexagonal cell R, obverse setting 	 C-centred monoclinic cell,
unique axis b, cell choice 2
(Fig. 5.1.3.9a) c axis invariant

�1
3

�1 0
1
3

�1 0
�2
3 0 1

�
��

�
��

�3
2

3
2 0

�1
2

�1
2 0

�1 1 1

�
��

�
�� Rhombohedral space groups

(cf. Section 4.3.5)

Triple hexagonal cell R, obverse setting 	 C-centred monoclinic cell,
unique axis b, cell choice 3
(Fig. 5.1.3.9a) ah 	 bm, c axis invariant

�1
3 1 0
�2
3 0 0
�2
3 0 1

�
���

�
���

0 �3
2 0

1 �1
2 0

0 �1 1

�
��

�
�� Rhombohedral space groups

(cf. Section 4.3.5)

Triple hexagonal cell R, obverse setting 	 A-centred monoclinic cell,
unique axis c, cell choice 1
(Fig. 5.1.3.9b) bh 	 cm, ch 	 am

0 2
3 0

0 1
3 1

1 �2
3 0

�
��

�
��

1 0 1
3
2 0 0
�1
2 1 0

�
��

�
�� Rhombohedral space groups

(cf. Section 4.3.5)

Triple hexagonal cell R, obverse setting 	 A-centred monoclinic cell,
unique axis c, cell choice 2
(Fig. 5.1.3.9b) ch 	 am

0 �1
3

�1

0 1
3

�1

1 �2
3 0

�
���

�
���

�1 1 1
�3
2

3
2 0

�1
2

�1
2 0

�
��

�
�� Rhombohedral space groups

(cf. Section 4.3.5)

Triple hexagonal cell R, obverse setting 	 A-centred monoclinic cell,
unique axis c, cell choice 3
(Fig. 5.1.3.9b) ah 	 cm, ch 	 am

0 �1
3 1

0 �2
3 0

1 �2
3 0

�
���

�
���

0 �1 1

0 �3
2 0

1 �1
2 0

�
��

�
�� Rhombohedral space groups

(cf. Section 4.3.5)

Primitive rhombohedral cell 	 C-centred monoclinic cell, unique axis
b, cell choice 1
(Fig. 5.1.3.10a) 
111�r 	 cm

0 0 1
�1 1 1
�1 �1 1

�
�

�
�

1 �1
2

�1
2

0 1
2

�1
2

1 0 0

�
��

�
�� Rhombohedral space groups

(cf. Section 4.3.5)

Primitive rhombohedral cell 	 C-centred monoclinic cell, unique axis
b, cell choice 2
(Fig. 5.1.3.10a) 
111�r 	 cm

�1 �1 1
0 0 1
�1 1 1

�
�

�
�

�1
2 1 �1

2

�1
2 0 1

2

0 1 0

�
��

�
�� Rhombohedral space groups

(cf. Section 4.3.5)

Primitive rhombohedral cell 	 C-centred monoclinic cell, unique axis
b, cell choice 3
(Fig. 5.1.3.10a) 
111�r 	 cm

�1 1 1
�1 �1 1
0 0 1

�
�

�
�

�1
2

�1
2 1

1
2

�1
2 0

0 0 1

�
��

�
�� Rhombohedral space groups

(cf. Section 4.3.5)

Primitive rhombohedral cell 	 A-centred monoclinic cell, unique axis
c, cell choice 1
(Fig. 5.1.3.10b) 
111�r 	 am

1 0 0
1 �1 1
1 �1 �1

�
�

�
�

1 0 0

1 �1
2

�1
2

0 1
2

�1
2

�
��

�
�� Rhombohedral space groups

(cf. Section 4.3.5)

Primitive rhombohedral cell 	 A-centred monoclinic cell, unique axis
c, cell choice 2
(Fig. 5.1.3.10b) 
111�r 	 am

1 �1 �1
1 0 0
1 �1 1

�
�

�
�

0 1 0
�1
2 1 �1

2

�1
2 0 1

2

�
��

�
�� Rhombohedral space groups

(cf. Section 4.3.5)

Table 5.1.3.1. Selected 3 � 3 transformation matrices P and Q � P�1 (cont.)
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Transformation P Q � P�1 Crystal system

Primitive rhombohedral cell 	 A-centred monoclinic cell, unique axis
c, cell choice 3
(Fig. 5.1.3.10b) 
111�r 	 am

1 �1 1
1 �1 �1
1 0 0

�
�

�
�

0 0 1
�1
2

�1
2 1

1
2

�1
2 0

�
��

�
�� Rhombohedral space groups

(cf. Section 4.3.5)

Table 5.1.3.1. Selected 3 � 3 transformation matrices P and Q � P�1 (cont.)

Fig. 5.1.3.2. Monoclinic centred lattice, projected along the unique axis. Origin for all cells is the same.

�a� Unique axis b:
Cell choice 1: C-centred cell a1, b, c1�
Cell choice 2: A-centred cell a2, b, c2�
Cell choice 3: I-centred cell a3, b, c3�

�b� Unique axis c:
Cell choice 1: A-centred cell a1, b1, c�
Cell choice 2: B-centred cell a2, b2, c�
Cell choice 3: I-centred cell a3, b3, c�

�c� Unique axis a:
Cell choice 1: B-centred cell a, b1, c1�
Cell choice 2: C-centred cell a, b2, c2�
Cell choice 3: I-centred cell a, b3, c3�

Fig. 5.1.3.3. Body-centred cell I with a, b, c and a corresponding primitive
cell P with a�, b�, c�. Origin for both cells O. A cubic I cell with lattice
constant ac can be considered as a primitive rhombohedral cell with
ar � ac

1
2

�
3 and � � 109�47 (rhombohedral axes) or a triple

hexagonal cell with ah � ac
�

2 and ch � ac
1
2

�
3 (hexagonal axes).

Fig. 5.1.3.4. Face-centred cell F with a, b, c and a corresponding primitive
cell P with a�, b�, c�. Origin for both cells O. A cubic F cell with lattice
constant ac can be considered as a primitive rhombohedral cell with
ar � ac

1
2

�
2 and � � 60 (rhombohedral axes) or a triple hexagonal

cell with ah � ac
1
2

�
2 and ch � ac

�
3 (hexagonal axes).
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x�

y�

z�

1

�
����

�
���� � �

x

y

z

1

�
����

�
����

�

Q11 Q12 Q13 q1

Q21 Q22 Q23 q2

Q31 Q32 Q33 q3

0 0 0 1

�
����

�
����

x

y

z

1

�
����

�
����

�

Q11x � Q12y � Q13z � q1

Q21x � Q22y � Q23z � q2

Q31x � Q32y � Q33z � q3

1

�
����

�
�����

The inverse of the augmented matrix � is the augmented matrix �
which contains the matrices P and p, specifically,

� � ��1 � P p
o 1

� �
� Q�1 �Q�1q

o 1

� �
�

The advantage of the use of �4 � 4� matrices is that a sequence of
affine transformations corresponds to the product of the correspond-

Fig. 5.1.3.6. Unit cells in the rhombohedral lattice: same origin for all cells. The basis of the rhombohedral cell is labelled a, b, c. Two settings of the triple
hexagonal cell are possible with respect to a primitive rhombohedral cell: The obverse setting with the lattice points 0, 0, 0; 2

3 , 1
3 , 1

3 ; 1
3 , 2

3 , 2
3 has been

used in International Tables since 1952. Its general reflection condition is �h � k � l � 3n. The reverse setting with lattice points 0, 0, 0; 1
3 , 2

3 , 1
3;2

3 , 1
3 , 2

3 was used in the 1935 edition. Its general reflection condition is h � k � l � 3n. (a) Obverse setting of triple hexagonal cell a1, b1, c1 in relation
to the primitive rhombohedral cell a, b, c. (b) Reverse setting of triple hexagonal cell a2, b2, c2 in relation to the primitive rhombohedral cell a, b, c.
(c) Primitive rhombohedral cell (- - - lower edges), a, b, c in relation to the three triple hexagonal cells in obverse setting a1, b1, c�; a2, b2, c�;
a3, b3, c�. Projection along c�. (d) Primitive rhombohedral cell (- - - lower edges), a, b, c in relation to the three triple hexagonal cells in reverse setting
a1, b1, c�; a2, b2, c�; a3, b3, c�. Projection along c�.

Fig. 5.1.3.5. Tetragonal lattices, projected along 
00�1�. (a) Primitive cell P
with a, b, c and the C-centred cells C1 with a1, b1, c and C2 with a2, b2, c.
Origin for all three cells is the same. (b) Body-centred cell I with a, b, c
and the F-centred cells F1 with a1, b1, c and F2 with a2, b2, c. Origin for
all three cells is the same.

Fig. 5.1.3.7. Hexagonal lattice projected along 
00�1�. Primitive hexagonal
cell P with a, b, c and the three C-centred (orthohexagonal) cells
a1, b1, c; a2, b2, c; a3, b3, c. Origin for all cells is the same.
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ing matrices. However, the order of the factors in the product must
be observed. If � is the product of n transformation matrices �i,

� � �n � � ��2�1,

the sequence of the corresponding inverse matrices �i is reversed in
the product

� � �1�2 � � ��n�

The following items are also affected by a transformation:

(i) The metric matrix of direct lattice G [more exactly: the matrix
of geometrical coefficients (metric tensor)] is transformed by the
matrix P as follows:

G� � PtGP

with Pt the transposed matrix of P, i.e. rows and columns of P are
interchanged. Specifically,

G� �
a� � a� a� � b� a� � c�

b� � a� b� � b� b� � c�

c� � a� c� � b� c� � c�

�
��

�
��

�
P11 P21 P31

P12 P22 P32

P13 P23 P33

�
��

�
��

a � a a � b a � c

b � a b � b b � c

c � a c � b c � c

�
��

�
��

�
P11 P12 P13

P21 P22 P23

P31 P32 P33

�
��

�
���

(ii) The metric matrix of reciprocal lattice G� [more exactly: the
matrix of geometrical coefficients (metric tensor)] is transformed by

G�� � QG�Qt�

Here, the transposed matrix Qt is on the right-hand side of G�.

(iii) The volume of the unit cell V changes with the
transformation. The volume of the new unit cell V� is obtained by

V � � det�P�V �
P11 P12 P13

P21 P22 P23

P31 P32 P33

������

������
V

with det�P� the determinant of the matrix P. The corresponding
equation for the volume of the unit cell in reciprocal space V � is

V �� � det�Q�V ��

Matrices P and Q that frequently occur in crystallography are listed
in Table 5.1.3.1.

Fig. 5.1.3.8. Hexagonal lattice projected along 
00�1�. Primitive hexagonal
cell P with a, b, c and the three triple hexagonal cells H with a1, b1, c;
a2, b2, c; a3, b3, c. Origin for all cells is the same.

Fig. 5.1.3.9. Rhombohedral lattice with a triple hexagonal unit cell a, b, c in
obverse setting (i.e. unit cell a1, b1, c in Fig. 5.1.3.6c) and the three
centred monoclinic cells. (a) C-centred cells C1 with a1, b1, c; C2 with
a2, b2, c; and C3 with a3, b3, c. The unique monoclinic axes are b1, b2
and b3, respectively. Origin for all four cells is the same. (b) A-centred
cells A1 with a�, b1, c1; A2 with a�, b2, c2; and A3 with a�, b3, c3. The
unique monoclinic axes are c1, c2 and c3, respectively. Origin for all
four cells is the same.

Fig. 5.1.3.10. Rhombohedral lattice with primitive rhombohedral cell a, b,
c and the three centred monoclinic cells. (a) C-centred cells C1 with
a1, b1, c�; C2 with a2, b2, c�; and C3 with a3, b3, c�. The unique
monoclinic axes are b1, b2 and b3, respectively. Origin for all four
cells is the same. (b) A-centred cells A1 with a�, b1, c1; A2 with a�, b2, c2;
and A3 with a�, b3, c3. The unique monoclinic axes are c1, c2 and c3,
respectively. Origin for all four cells is the same.

85

5.1. TRANSFORMATIONS OF THE COORDINATE SYSTEM

references



5.2. Transformations of symmetry operations (motions)

BY H. ARNOLD

5.2.1. Transformations

Symmetry operations are transformations in which the coordinate
system, i.e. the basis vectors a, b, c and the origin O, are considered
to be at rest, whereas the object is mapped onto itself. This can be
visualized as a ‘motion’ of an object in such a way that the object
before and after the ‘motion’ cannot be distinguished.

A symmetry operation � transforms every point X with the
coordinates x, y, z to a symmetrically equivalent point �X with the
coordinates �x, �y, �z. In matrix notation, this transformation is
performed by

�x

�y

�z

�
��

�
�� �

W11 W12 W13

W21 W22 W23

W31 W32 W33

�
��

�
��

x

y

z

�
��

�
���

w1

w2

w3

�
��

�
��

�
W11x � W12y � W13z � w1

W21x � W22y � W23z � w2

W31x � W32y � W33z � w3

�
��

�
���

The�3 � 3� matrix W is the rotation part and the �3 � 1� column
matrix w the translation part of the symmetry operation �. The pair
(W, w) characterizes the operation uniquely. Matrices W for point-
group operations are given in Tables 11.2.2.1 and 11.2.2.2.

Again, we can introduce the augmented �4 � 4� matrix (cf.
Chapter 8.1)

� � W w
o 1

� �
�

W11 W12 W13 w1

W21 W22 W23 w2

W31 W32 W33 w3

0 0 0 1

�
���

�
����

The coordinates �x, �y, �z of the point �X , symmetrically equivalent to X
with the coordinates x, y, z, are obtained by

�x

�y

�z

1

�
����

�
���� �

W11 W12 W13 w1

W21 W22 W23 w2

W31 W32 W33 w3

0 0 0 1

�
����

�
����

x

y

z

1

�
����

�
����

�

W11x � W12y � W13z � w1

W21x � W22y � W23z � w2

W31x � W32y � W33z � w3

1

�
����

�
����,

or, in short notation,

�� � ���

A sequence of symmetry operations can be obtained as a product of
�4 � 4� matrices �.

An affine transformation of the coordinate system transforms the
coordinates � of the starting point

�� � ��

as well as the coordinates �� of a symmetrically equivalent point

��� � ���

� ���

� ����� �with � � ��1�
� ������

Thus, the affine transformation transforms also the symmetry-
operation matrix � and the new matrix �� is obtained by

�� � ����

Example
Space group P4�n (85) is listed in the space-group tables with
two origins; origin choice 1 with �4, origin choice 2 with �1 as point
symmetry of the origin. How does the matrix � of the symmetry
operation �4� 0, 0, z; 0, 0, 0 of origin choice 1 transform to the
matrix �� of symmetry operation �4� 1

4, � 1
4, z; 1

4, � 1
4, 0 of origin

choice 2?
In the space-group tables, origin choice 1, the transformed

coordinates �x, �y, �z � y, �x, �z are listed. The translation part is zero,
i.e. w � �0�0�0�. In Table 11.2.2.1, the matrix W can be found.
Thus, the �4 � 4� matrix � is obtained:

� � W w
o 1

� �
�

0 1 0 0
�1 0 0 0
0 0 �1 0
0 0 0 1

�
���

�
����

The transformation to origin choice 2 is accomplished by a shift
vector p with components 1

4, � 1
4, 0. Since this is a pure shift, the

matrices P and Q are the unit matrix I. Now the shift vector q is
derived: q � �P�1p � �Ip � �p. Thus, the matrices � and � are

� �

1 0 0 1
4

0 1 0 �1
4

0 0 1 0

0 0 0 1

�
�����

�
�����

, � �

1 0 0 �1
4

0 1 0 1
4

0 0 1 0

0 0 0 1

�
�����

�
�����
�

By matrix multiplication, the new matrix �� is obtained:

�� � ��� �
0 1 0 �1

2
�1 0 0 0
0 0 �1 0
0 0 0 1

�
���

�
����

If the matrix �� is applied to x�, y�, z�, the coordinates of the starting
point in the new coordinate system, we obtain the transformed
coordinates �x�, �y�, �z�,

�x�

�y�

�z�

1

�
���

�
��� �

0 1 0 �1
2

�1 0 0 0
0 0 �1 0
0 0 0 1

�
���

�
���

x�

y�

z�

1

�
���

�
��� �

y� � 1
2

�x�

�z�

1

�
���

�
����

By adding a lattice translation a, the transformed coordinates
y � 1

2 ,�x,�z are obtained as listed in the space-group tables for origin
choice 2.

5.2.2. Invariants

A crystal structure and its physical properties are independent of the
choice of the unit cell. This implies that invariants occur, i.e.
quantities which have the same values before and after the
transformation. Only some important invariants are considered in
this section. Invariants of higher order (tensors) are treated by
Altmann & Herzig (1994), second cumulant tensors, i.e. anisotropic
temperature factors, are given in International Tables for Crystal-
lography (2004), Vol. C.
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The orthogonality of the basis vectors a, b, c of direct space and
the basis vectors a�, b�, c� of reciprocal space,

a�

b�

c�

�
�

�
��a, b, c� �

a� 	 a a� 	 b a� 	 c
b� 	 a b� 	 b b� 	 c
c� 	 a c� 	 b c� 	 c

�
�

�
� � I ,

is invariant under a general (affine) transformation. Since both sets
of basis vectors are transformed, a� is always perpendicular to the
plane defined by b and c and a�� perpendicular to b� and c� etc.

5.2.2.1. Position vector

The position vector r in direct space,

r � �a, b, c�
x
y
z

�
�

�
� � xa � yb � zc,

is invariant if the origin of the coordinate system is not changed in
the transformation (see example in Section 5.1.3).

5.2.2.2. Modulus of position vector

The modulus r of the position vector r gives the distance of the
point x, y, z from the origin. Its square is obtained by the scalar
product

r t 	 r � r2 � �x, y, z�
a

b

c

�
��

�
���a, b, c�

x

y

z

�
��

�
��

� �x, y, z�G
x

y

z

�
��

�
��

� x2a2 � y2b2 � z2c2 � 2yzbc cos�

� 2xzac cos� � 2xyab cos �,

with r t the transposed representation of r; a, b, c the moduli of the
basis vectors a, b, c (lattice parameters); G the metric matrix of
direct space; and �, �, � the angles of the unit cell.

The same considerations apply to the vector r� in reciprocal
space and its modulus r�. Here, G� is applied. Note that r� and r� are
independent of the choice of the origin in direct space.

5.2.2.3. Metric matrix

The metric matrix G of the unit cell in the direct lattice

G �
a 	 a a 	 b a 	 c
b 	 a b 	 b b 	 c
c 	 a c 	 b c 	 c

�
�

�
� �

aa ab cos � ac cos �
ba cos � bb bc cos�
ca cos � cb cos� cc

�
�

�
�

changes under a linear transformation, but G is invariant under a
symmetry operation of the lattice. The volume of the unit cell V is
obtained by

V 2 � det �G��
The same considerations apply to the metric matrix G� of the unit
cell in the reciprocal lattice and the volume V � of the reciprocal-
lattice unit cell. Thus, there are two invariants under an affine
transformation, the product

VV � � 1

and the product

GG� � I�

5.2.2.4. Scalar product

The scalar product

r� 	 r � hx � ky � lz

of the vector r� in reciprocal space with the vector r in direct space
is invariant under a linear transformation but not under a shift of
origin in direct space.

A vector r in direct space can also be represented as a product of
augmented matrices:

r � �a, b, c, 0�
x
y
z
1

�
���

�
��� � xa � yb � zc�

As stated above, the basis vectors are transformed only by the linear
part, even in the case of a general affine transformation. Thus, the
transformed position vector r� is obtained by

r� � �a, b, c, 0� P ot

o 1

� �
Q q
o 1

� � x
y
z
1

�
���

�
����

The shift p is set to zero. The shift of origin is contained in the
matrix � only.

Similarly, a vector in reciprocal space can be represented by

r� � �h, k, l, 1�
a�

b�

c�

0

�
���

�
��� � ha� � kb� � lc��

The coordinates h, k, l in reciprocal space transform also only
linearly. Thus,

r�� � �h, k, l, 1� P ot

o 1

� �
Q q
o 1

� � a�

b�

c�

0

�
���

�
����

The reader can see immediately that the scalar product r� 	 r
transforms correctly.

5.2.3. Example: low cristobalite and high cristobalite

The positions of the silicon atoms in the low-cristobalite structure
(Nieuwenkamp, 1935) are compared with those of the high-
cristobalite structure (Wyckoff, 1925; cf. Megaw, 1973). At low
temperatures, the space group is P41212 (92). The four silicon
atoms are located in Wyckoff position 4(a) ..2 with the coordinates
x, x, 0; �x, �x, 1

2;
1
2 � x, 1

2 � x, 1
4;

1
2 � x, 1

2 � x, 3
4; x � 0�300. During the

phase transition, the tetragonal structure is transformed into a cubic
one with space group Fd�3m (227). It is listed in the space-group
tables with two different origins. We use ‘Origin choice 1’ with
point symmetry �43m at the origin. The silicon atoms occupy the
position 8(a) �43m with the coordinates 0, 0, 0; 1

4 , 1
4 , 1

4 and those
related by the face-centring translations. In the diamond structure,
the carbon atoms occupy the same position.

In order to compare the two structures, the conventional P cell of
space group P41212 (92) is transformed to an unconventional C cell
(cf. Section 4.3.4), which corresponds to the F cell of Fd�3m (227).
The P and the C cells are shown in Fig. 5.2.3.1. The coordinate
system a�, b�, c� with origin O� of the C cell is obtained from that of
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the P cell, origin O, by the linear transformation

a� � a � b, b� � �a � b, c� � c

and the shift

p � 1
4a � 1

4b�

The matrices P, p and � are thus given by

P �
1 �1 0
1 1 0
0 0 1

�
�

�
�, p �

1
4
1
4
0

�
�

�
�, � �

1 �1 0 1
4

1 1 0 1
4

0 0 1 0
0 0 0 1

�
���

�
����

From Fig. 5.2.3.1, we derive also the inverse transformation

a � 1
2a

� � 1
2b

�, b � 1
2a

� � 1
2b

�, c � c�, q � �1
4a

��

Thus, the matrices Q, q and � are

Q � P�1 �
1
2

1
2 0

�1
2

1
2 0

0 0 1

�
��

�
��, q � �P�1p �

�1
4

0

0

�
��

�
��,

� � ��1 �

1
2

1
2 0 �1

4
�1
2

1
2 0 0

0 0 1 0

0 0 0 1

�
�����

�
�����
�

The coordinates x, y, z of points in the P cell are transformed by �:

x�

y�

z�

1

�
�����

�
�����

=

1
2

1
2 0 �1

4

�1
2

1
2 0 0

0 0 1 0

0 0 0 1

�
�����

�
�����

x

y

z

1

�
�����

�
�����

=

1
2 �x � y� � 1

4

1
2 ��x � y�

z

1

�
�����

�
�����
�

The coordinate triplets of the four silicon positions in the P cell
are 0.300, 0.300, 0; 0.700, 0.700, 1

2; 0.200, 0.800, 1
4; 0.800, 0.200, 3

4.
Four triplets in the C cell are obtained by inserting these values into
the equation just derived. The new coordinates are 0.050, 0, 0;
0.450, 0, 1

2; 0.250, 0.300, 1
4; 0.250, �0.300, 3

4. A set of four further
points is obtained by adding the centring translation 1

2,
1
2, 0 to these

coordinates.
The indices h, k, l are transformed by the matrix P:

�h�, k�, l�� � �h, k, l�
1 �1 0
1 1 0
0 0 1

�
�

�
� � �h � k, � h � k, l�,

i.e. the reflections with the indices h, k, l of the P cell become
reflections h � k, �h � k, l of the C cell.

The symmetry operations of space group P41212 are listed in the
space-group tables for the P cell as follows:

�1� x, y, z� �2� �x,�y, 1
2 � z�

�3� 1
2 � y, 1

2 � x, 1
4 � z� �4� 1

2 � y, 1
2 � x, 3

4 � z�

�5� 1
2 � x, 1

2 � y, 1
4 � z� �6� 1

2 � x, 1
2 � y, 3

4 � z�

�7� y, x,�z� �8� �y,�x, 1
2 � z�

The corresponding matrices � are

�1�

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

�
����

�
����� �2�

�1 0 0 0

0 �1 0 0

0 0 1 1
2

0 0 0 1

�
����

�
����� �3�

0 �1 0 1
2

1 0 0 1
2

0 0 1 1
4

0 0 0 1

�
����

�
�����

�4�

0 1 0 1
2

�1 0 0 1
2

0 0 1 3
4

0 0 0 1

�
����

�
����� �5�

�1 0 0 1
2

0 1 0 1
2

0 0 �1 1
4

0 0 0 1

�
����

�
����� �6�

1 0 0 1
2

0 �1 0 1
2

0 0 �1 3
4

0 0 0 1

�
����

�
�����

�7�

0 1 0 0

1 0 0 0

0 0 �1 0

0 0 0 1

�
����

�
����� �8�

0 �1 0 0
�1 0 0 0

0 0 �1 1
2

0 0 0 1

�
����

�
�����

These matrices of the P cell are transformed to the matrices �� of
the C cell by

�� � ����

For matrix (2), for example, this results in

�� �

1
2

1
2 0 �1

4
�1
2

1
2 0 0

0 0 1 0

0 0 0 1

�
�����

�
�����

�1 0 0 0

0 �1 0 0

0 0 1 1
2

0 0 0 1

�
����

�
����

1 �1 0 1
4

1 1 0 1
4

0 0 1 0

0 0 0 1

�
����

�
����

�

�1 0 0 �1
2

0 �1 0 0

0 0 1 1
2

0 0 0 1

�
����

�
�����

The eight transformed matrices ��, derived in this way, are

Fig. 5.2.3.1. Positions of silicon atoms in the low-cristobalite structure,
projected along 
00�1�. Primitive tetragonal cell a, b, c; C-centred
tetragonal cell a�, b�, c�. Shift of origin from O to O� by the vector
p � 1

4 a � 1
4 b.
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�1�

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

�
����

�
����� �2�

�1 0 0 �1
2

0 �1 0 0

0 0 1 1
2

0 0 0 1

�
����

�
����� �3�

0 �1 0 1
4

1 0 0 1
4

0 0 1 1
4

0 0 0 1

�
����

�
�����

�4�

0 1 0 1
4

�1 0 0 �1
4

0 0 1 3
4

0 0 0 1

�
�����

�
�����
� �5�

0 1 0 1
4

1 0 0 1
4

0 0 �1 1
4

0 0 0 1

�
����

�
����� �6�

0 �1 0 1
4

�1 0 0 �1
4

0 0 �1 3
4

0 0 0 1

�
�����

�
�����
�

�7�

1 0 0 0

0 �1 0 0

0 0 �1 0

0 0 0 1

�
����

�
����� �8�

�1 0 0 �1
2

0 1 0 0

0 0 �1 1
2

0 0 0 1

�
����

�
�����

Another set of eight matrices is obtained by adding the C-centring
translation 1

2 , 1
2 , 0 to the w’s.

From these matrices, one obtains the coordinates of the general
position in the C cell, for instance from matrix (2)

�x
�y
�z
1

�
���

�
��� �

�1 0 0 �1
2

0 �1 0 0
0 0 1 1

2
0 0 0 1

�
���

�
���

x
y
z
1

�
���

�
��� �

�x � 1
2�y

z � 1
2

1

�
���

�
����

The eight points obtained by the eight matrices �� are

�1� x, y, z� �2� � 1
2 � x,�y, 1

2 � z�

�3� 1
4 � y, 1

4 � x, 1
4 � z� �4� 1

4 � y, � 1
4 � x, 3

4 � z�

�5� 1
4 � y, 1

4 � x, 1
4 � z� �6� 1

4 � y, � 1
4 � x, 3

4 � z�

�7� x,�y,�z� �8� � 1
2 � x, y, 1

2 � z�

The other set of eight points is obtained by adding 1
2,

1
2, 0.

In space group P41212, the silicon atoms are in special position
4(a) ..2 with the coordinates x, x, 0. Transformed into the C cell, the
position becomes

�0, 0, 0� � �1
2,

1
2, 0��

x, 0, 0� 1
2 � x, 0, 1

2�
1
4 , 1

4 � x, 1
4�

1
4,

3
4 � x, 3

4�

The parameter x � 0�300 of the P cell has changed to x � 0�050 in
the C cell. For x � 0, the special position of the C cell assumes the
same coordinate triplets as Wyckoff position 8(a) �43m in space
group Fd�3m (227), i.e. this change of the x parameter reflects the
displacement of the silicon atoms in the cubic to tetragonal phase
transition.
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p1 1 Oblique

No. 1 p1 Patterson symmetry p2

Origin arbitrary

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1

Symmetry operations

(1) 1

Generators selected (1); t(1,0); t(0,1)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

1 a 1 (1) x,y no conditions

Maximal non-isomorphic subgroups
I none
IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [2] p1 (a′ = 2a or b′ = 2b or a′ = a+b,b′ = −a+b) (1)

Minimal non-isomorphic supergroups
I [2] p2 (2); [2] pm (3); [2] pg (4); [2] cm (5); [3] p3 (13)
II none
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Oblique 2 p2
Patterson symmetry p2 p2 No. 2

Origin at 2

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

Symmetry operations

(1) 1 (2) 2 0,0

Generators selected (1); t(1,0); t(0,1); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

2 e 1 (1) x,y (2) x̄, ȳ no conditions

Special: no extra conditions

1 d 2 1
2 ,

1
2

1 c 2 1
2 ,0

1 b 2 0, 1
2

1 a 2 0,0

Maximal non-isomorphic subgroups
I [2] p1 (1) 1

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [2] p2 (a′ = 2a or b′ = 2b or a′ = a+b,b′ = −a+b) (2)

Minimal non-isomorphic supergroups
I [2] p2mm (6); [2] p2mg (7); [2] p2gg (8); [2] c2mm (9); [2] p4 (10); [3] p6 (16)
II none
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pm m Rectangular

No. 3 p1m1 Patterson symmetry p2mm

Origin on m

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

Symmetry operations

(1) 1 (2) m 0,y

Generators selected (1); t(1,0); t(0,1); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

2 c 1 (1) x,y (2) x̄,y no conditions

Special: no extra conditions

1 b . m . 1
2 ,y

1 a . m . 0,y

Maximal non-isomorphic subgroups
I [2] p1 (1) 1
IIa none
IIb [2] pg (b′ = 2b) (4); [2] cm (a′ = 2a,b′ = 2b) (5)

Maximal isomorphic subgroups of lowest index
IIc [2] pm (a′ = 2a) (3); [2] pm (b′ = 2b) (3)

Minimal non-isomorphic supergroups
I [2] p2mm (6); [2] p2mg (7)

II [2] cm (5)
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Rectangular m pg
Patterson symmetry p2mm p1g1 No. 4

Origin on g

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

Symmetry operations

(1) 1 (2) b 0,y

Generators selected (1); t(1,0); t(0,1); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

2 a 1 (1) x,y (2) x̄,y+ 1
2 0k: k = 2n

Maximal non-isomorphic subgroups
I [2] p1 (1) 1
IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [2] pg (a′ = 2a) (4); [3] pg (b′ = 3b) (4)

Minimal non-isomorphic supergroups
I [2] p2mg (7); [2] p2gg (8)
II [2] cm (5); [2] pm (b′ = 1

2 b) (3)
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cm m Rectangular

No. 5 c1m1 Patterson symmetry c2mm

Origin on m

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2

Symmetry operations
For (0,0)+ set
(1) 1 (2) m 0,y

For ( 1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ) (2) b 1

4 ,y

Generators selected (1); t(1,0); t(0,1); t( 1
2 ,

1
2 ); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0)+ ( 1
2 ,

1
2 )+

Reflection conditions

General:

4 b 1 (1) x,y (2) x̄,y hk: h+ k = 2n
h0: h = 2n
0k: k = 2n

Special: no extra conditions

2 a . m . 0,y

Maximal non-isomorphic subgroups
I [2] c1 (p1, 1) 1+
IIa [2] pg (4) 1; 2 + ( 1

2 ,
1
2 )

[2] pm (3) 1; 2
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] cm (a′ = 3a) (5); [3] cm (b′ = 3b) (5)

Minimal non-isomorphic supergroups
I [2] c2mm (9); [3] p3m1 (14); [3] p31m (15)
II [2] pm (a′ = 1

2 a,b′ = 1
2 b) (3)
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Rectangular 2mm p2mm
Patterson symmetry p2mm p2mm No. 6

Origin at 2mm

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2

Symmetry operations

(1) 1 (2) 2 0,0 (3) m 0,y (4) m x,0

Generators selected (1); t(1,0); t(0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 i 1 (1) x,y (2) x̄, ȳ (3) x̄,y (4) x, ȳ no conditions

Special: no extra conditions

2 h . m . 1
2 ,y

1
2 , ȳ

2 g . m . 0,y 0, ȳ

2 f . . m x, 1
2 x̄, 1

2

2 e . . m x,0 x̄,0

1 d 2 m m 1
2 ,

1
2

1 c 2 m m 1
2 ,0

1 b 2 m m 0, 1
2

1 a 2 m m 0,0

Maximal non-isomorphic subgroups
I [2] p1m1 (pm, 3) 1; 3

[2] p11m (pm, 3) 1; 4
[2] p211 (p2, 2) 1; 2

IIa none
IIb [2] p2mg (a′ = 2a) (7); [2] p2gm (b′ = 2b) (p2mg, 7); [2] c2mm (a′ = 2a,b′ = 2b) (9)

Maximal isomorphic subgroups of lowest index
IIc [2] p2mm (a′ = 2a or b′ = 2b) (6)

Minimal non-isomorphic supergroups
I [2] p4mm (11)
II [2] c2mm (9)
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p2mg 2mm Rectangular

No. 7 p2mg Patterson symmetry p2mm

Origin at 21g

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1

Symmetry operations

(1) 1 (2) 2 0,0 (3) m 1
4 ,y (4) a x,0

Generators selected (1); t(1,0); t(0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 d 1 (1) x,y (2) x̄, ȳ (3) x̄+ 1
2 ,y (4) x+ 1

2 , ȳ h0: h = 2n

Special: as above, plus

2 c . m . 1
4 ,y

3
4 , ȳ no extra conditions

2 b 2 . . 0, 1
2

1
2 ,

1
2 hk: h = 2n

2 a 2 . . 0,0 1
2 ,0 hk: h = 2n

Maximal non-isomorphic subgroups
I [2] p11g (pg, 4) 1; 4

[2] p1m1 (pm, 3) 1; 3
[2] p211 (p2, 2) 1; 2

IIa none

IIb [2] p2gg (b′ = 2b) (8)

Maximal isomorphic subgroups of lowest index
IIc [2] p2mg (b′ = 2b) (7); [3] p2mg (a′ = 3a) (7)

Minimal non-isomorphic supergroups
I none
II [2] c2mm (9); [2] p2mm (a′ = 1

2 a) (6)
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Rectangular 2mm p2gg
Patterson symmetry p2mm p2gg No. 8

Origin at 2

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2

Symmetry operations

(1) 1 (2) 2 0,0 (3) b 1
4 ,y (4) a x, 1

4

Generators selected (1); t(1,0); t(0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 c 1 (1) x,y (2) x̄, ȳ (3) x̄+ 1
2 ,y+ 1

2 (4) x+ 1
2 , ȳ+ 1

2 h0: h = 2n
0k: k = 2n

Special: as above, plus

2 b 2 . . 1
2 ,0 0, 1

2 hk: h+ k = 2n

2 a 2 . . 0,0 1
2 ,

1
2 hk: h+ k = 2n

Maximal non-isomorphic subgroups
I [2] p1g1 (pg, 4) 1; 3

[2] p11g (pg, 4) 1; 4
[2] p211 (p2, 2) 1; 2

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] p2gg (a′ = 3a or b′ = 3b) (8)

Minimal non-isomorphic supergroups
I [2] p4gm (12)
II [2] c2mm (9); [2] p2mg (a′ = 1

2 a) (7); [2] p2gm (b′ = 1
2 b) (p2mg, 7)
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c2mm 2mm Rectangular

No. 9 c2mm Patterson symmetry c2mm

Origin at 2mm

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1

2

Symmetry operations
For (0,0)+ set
(1) 1 (2) 2 0,0 (3) m 0,y (4) m x,0

For ( 1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ) (2) 2 1

4 ,
1
4 (3) b 1

4 ,y (4) a x, 1
4

Generators selected (1); t(1,0); t(0,1); t( 1
2 ,

1
2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0)+ ( 1
2 ,

1
2 )+

Reflection conditions

General:

8 f 1 (1) x,y (2) x̄, ȳ (3) x̄,y (4) x, ȳ hk: h+ k = 2n
h0: h = 2n
0k: k = 2n

Special: as above, plus

4 e . m . 0,y 0, ȳ no extra conditions

4 d . . m x,0 x̄,0 no extra conditions

4 c 2 . . 1
4 ,

1
4

3
4 ,

1
4 hk: h = 2n

2 b 2 m m 0, 1
2 no extra conditions

2 a 2 m m 0,0 no extra conditions

Maximal non-isomorphic subgroups
I [2] c1m1 (cm, 5) (1; 3)+

[2] c11m (cm, 5) (1; 4)+
[2] c211 (p2, 2) (1; 2)+

IIa [2] p2gg (8) 1; 2; (3; 4) + ( 1
2 ,

1
2 )

[2] p2gm (p2mg, 7) 1; 4; (2; 3) + ( 1
2 ,

1
2 )

[2] p2mg (7) 1; 3; (2; 4) + ( 1
2 ,

1
2 )

[2] p2mm (6) 1; 2; 3; 4

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] c2mm (a′ = 3a or b′ = 3b) (9)

Minimal non-isomorphic supergroups
I [2] p4mm (11); [2] p4gm (12); [3] p6mm (17)
II [2] p2mm (a′ = 1

2 a,b′ = 1
2 b) (6)
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Square 4 p4
Patterson symmetry p4 p4 No. 10

Origin at 4

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2

Symmetry operations

(1) 1 (2) 2 0,0 (3) 4+ 0,0 (4) 4− 0,0

Generators selected (1); t(1,0); t(0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 d 1 (1) x,y (2) x̄, ȳ (3) ȳ,x (4) y, x̄ no conditions

Special:

2 c 2 . . 1
2 ,0 0, 1

2 hk: h+ k = 2n

1 b 4 . . 1
2 ,

1
2 no extra conditions

1 a 4 . . 0,0 no extra conditions

Maximal non-isomorphic subgroups
I [2] p2 (2) 1; 2
IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [2] c4 (a′ = 2a,b′ = 2b) (p4, 10)

Minimal non-isomorphic supergroups
I [2] p4mm (11); [2] p4gm (12)
II none
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p4mm 4mm Square

No. 11 p4mm Patterson symmetry p4mm

Origin at 4mm

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; x ≤ y

Symmetry operations

(1) 1 (2) 2 0,0 (3) 4+ 0,0 (4) 4− 0,0
(5) m 0,y (6) m x,0 (7) m x,x (8) m x, x̄

Generators selected (1); t(1,0); t(0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 g 1 (1) x,y (2) x̄, ȳ (3) ȳ,x (4) y, x̄
(5) x̄,y (6) x, ȳ (7) y,x (8) ȳ, x̄

no conditions

Special:

4 f . . m x,x x̄, x̄ x̄,x x, x̄ no extra conditions

4 e . m . x, 1
2 x̄, 1

2
1
2 ,x

1
2 , x̄ no extra conditions

4 d . m . x,0 x̄,0 0,x 0, x̄ no extra conditions

2 c 2 m m . 1
2 ,0 0, 1

2 hk: h+ k = 2n

1 b 4 m m 1
2 ,

1
2 no extra conditions

1 a 4 m m 0,0 no extra conditions

Maximal non-isomorphic subgroups
I [2] p411 (p4, 10) 1; 2; 3; 4

[2] p21m (c2mm, 9) 1; 2; 7; 8
[2] p2m1 (p2mm, 6) 1; 2; 5; 6

IIa none
IIb [2] c4mg (a′ = 2a,b′ = 2b) (p4gm, 12)

Maximal isomorphic subgroups of lowest index
IIc [2] c4mm (a′ = 2a,b′ = 2b) (p4mm, 11)

Minimal non-isomorphic supergroups
I none
II none
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Square 4mm p4gm
Patterson symmetry p4mm p4gm No. 12

Origin at 41g

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; y ≤ 1
2 − x

Symmetry operations

(1) 1 (2) 2 0,0 (3) 4+ 0,0 (4) 4− 0,0
(5) b 1

4 ,y (6) a x, 1
4 (7) g( 1

2 ,
1
2 ) x,x (8) m x+ 1

2 , x̄

Generators selected (1); t(1,0); t(0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 d 1 (1) x,y (2) x̄, ȳ (3) ȳ,x (4) y, x̄
(5) x̄+ 1

2 ,y+ 1
2 (6) x+ 1

2 , ȳ+ 1
2 (7) y+ 1

2 ,x+ 1
2 (8) ȳ+ 1

2 , x̄+ 1
2

h0: h = 2n
0k: k = 2n

Special: as above, plus

4 c . . m x,x+ 1
2 x̄, x̄+ 1

2 x̄+ 1
2 ,x x+ 1

2 , x̄ no extra conditions

2 b 2 . mm 1
2 ,0 0, 1

2 hk: h+ k = 2n

2 a 4 . . 0,0 1
2 ,

1
2 hk: h+ k = 2n

Maximal non-isomorphic subgroups
I [2] p411 (p4, 10) 1; 2; 3; 4

[2] p21m (c2mm, 9) 1; 2; 7; 8
[2] p2g1 (p2gg, 8) 1; 2; 5; 6

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [9] p4gm (a′ = 3a,b′ = 3b) (12)

Minimal non-isomorphic supergroups
I none
II [2] c4gm (p4mm, 11)
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p3 3 Hexagonal

No. 13 p3 Patterson symmetry p6

Origin at 3

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 2

3 ; x ≤ (1+ y)/2; y ≤ min(1− x,(1+ x)/2)
Vertices 0,0 1

2 ,0
2
3 ,

1
3

1
3 ,

2
3 0, 1

2

Symmetry operations

(1) 1 (2) 3+ 0,0 (3) 3− 0,0

Generators selected (1); t(1,0); t(0,1); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

3 d 1 (1) x,y (2) ȳ,x− y (3) x̄+ y, x̄ no conditions

Special: no extra conditions

1 c 3 . . 2
3 ,

1
3

1 b 3 . . 1
3 ,

2
3

1 a 3 . . 0,0

Maximal non-isomorphic subgroups
I [3] p1 (1) 1
IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] h3 (a′ = 3a,b′ = 3b) (p3, 13)

Minimal non-isomorphic supergroups
I [2] p3m1 (14); [2] p31m (15); [2] p6 (16)
II none
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Hexagonal 3m p3m1
Patterson symmetry p6mm p3m1 No. 14

Origin at 3m1

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 2

3 ; x ≤ 2y; y ≤ min(1− x,2x)
Vertices 0,0 2

3 ,
1
3

1
3 ,

2
3

Symmetry operations

(1) 1 (2) 3+ 0,0 (3) 3− 0,0
(4) m x, x̄ (5) m x,2x (6) m 2x,x

Generators selected (1); t(1,0); t(0,1); (2); (4)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

6 e 1 (1) x,y (2) ȳ,x− y (3) x̄+ y, x̄
(4) ȳ, x̄ (5) x̄+ y,y (6) x,x− y

no conditions

Special: no extra conditions

3 d . m . x, x̄ x,2x 2x̄, x̄

1 c 3 m . 2
3 ,

1
3

1 b 3 m . 1
3 ,

2
3

1 a 3 m . 0,0

Maximal non-isomorphic subgroups
I [2] p311 (p3, 13) 1; 2; 3{

[3] p1m1 (cm, 5) 1; 4
[3] p1m1 (cm, 5) 1; 5
[3] p1m1 (cm, 5) 1; 6

IIa none
IIb [3] h3m1 (a′ = 3a,b′ = 3b) (p31m, 15)

Maximal isomorphic subgroups of lowest index
IIc [4] p3m1 (a′ = 2a,b′ = 2b) (14)

Minimal non-isomorphic supergroups
I [2] p6mm (17)
II [3] h3m1 (p31m, 15)
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p31m 3m Hexagonal

No. 15 p31m Patterson symmetry p6mm

Origin at 31m

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

2 ; x ≤ (1+ y)/2; y ≤ min(1− x,x)
Vertices 0,0 1

2 ,0
2
3 ,

1
3

1
2 ,

1
2

Symmetry operations

(1) 1 (2) 3+ 0,0 (3) 3− 0,0
(4) m x,x (5) m x,0 (6) m 0,y

Generators selected (1); t(1,0); t(0,1); (2); (4)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

6 d 1 (1) x,y (2) ȳ,x− y (3) x̄+ y, x̄
(4) y,x (5) x− y, ȳ (6) x̄, x̄+ y

no conditions

Special: no extra conditions

3 c . . m x,0 0,x x̄, x̄

2 b 3 . . 1
3 ,

2
3

2
3 ,

1
3

1 a 3 . m 0,0

Maximal non-isomorphic subgroups
I [2] p311 (p3, 13) 1; 2; 3{

[3] p11m (cm, 5) 1; 4
[3] p11m (cm, 5) 1; 5
[3] p11m (cm, 5) 1; 6

IIa none
IIb [3] h31m (a′ = 3a,b′ = 3b) (p3m1, 14)

Maximal isomorphic subgroups of lowest index
IIc [4] p31m (a′ = 2a,b′ = 2b) (15)

Minimal non-isomorphic supergroups
I [2] p6mm (17)
II [3] h31m (p3m1, 14)
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Hexagonal 6 p6
Patterson symmetry p6 p6 No. 16

Origin at 6

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

2 ; x ≤ (1+ y)/2; y ≤ min(1− x,x)
Vertices 0,0 1

2 ,0
2
3 ,

1
3

1
2 ,

1
2

Symmetry operations

(1) 1 (2) 3+ 0,0 (3) 3− 0,0
(4) 2 0,0 (5) 6− 0,0 (6) 6+ 0,0

Generators selected (1); t(1,0); t(0,1); (2); (4)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

6 d 1 (1) x,y (2) ȳ,x− y (3) x̄+ y, x̄
(4) x̄, ȳ (5) y, x̄+ y (6) x− y,x

no conditions

Special: no extra conditions

3 c 2 . . 1
2 ,0 0, 1

2
1
2 ,

1
2

2 b 3 . . 1
3 ,

2
3

2
3 ,

1
3

1 a 6 . . 0,0

Maximal non-isomorphic subgroups
I [2] p3 (13) 1; 2; 3

[3] p2 (2) 1; 4
IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] h6 (a′ = 3a,b′ = 3b) (p6, 16)

Minimal non-isomorphic supergroups
I [2] p6mm (17)
II none
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p6mm 6mm Hexagonal

No. 17 p6mm Patterson symmetry p6mm

Origin at 6mm

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

3 ; x ≤ (1+ y)/2; y ≤ x/2
Vertices 0,0 1

2 ,0
2
3 ,

1
3

Symmetry operations

(1) 1 (2) 3+ 0,0 (3) 3− 0,0
(4) 2 0,0 (5) 6− 0,0 (6) 6+ 0,0
(7) m x, x̄ (8) m x,2x (9) m 2x,x

(10) m x,x (11) m x,0 (12) m 0,y
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CONTINUED No. 17 p6mm

Generators selected (1); t(1,0); t(0,1); (2); (4); (7)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

12 f 1 (1) x,y (2) ȳ,x− y (3) x̄+ y, x̄
(4) x̄, ȳ (5) y, x̄+ y (6) x− y,x
(7) ȳ, x̄ (8) x̄+ y,y (9) x,x− y

(10) y,x (11) x− y, ȳ (12) x̄, x̄+ y

no conditions

Special: no extra conditions

6 e . m . x, x̄ x,2x 2x̄, x̄ x̄,x x̄,2x̄ 2x,x

6 d . . m x,0 0,x x̄, x̄ x̄,0 0, x̄ x,x

3 c 2 m m 1
2 ,0 0, 1

2
1
2 ,

1
2

2 b 3 m . 1
3 ,

2
3

2
3 ,

1
3

1 a 6 m m 0,0

Maximal non-isomorphic subgroups
I [2] p611 (p6, 16) 1; 2; 3; 4; 5; 6

[2] p31m (15) 1; 2; 3; 10; 11; 12
[2] p3m1 (14) 1; 2; 3; 7; 8; 9{
[3] p2mm (c2mm, 9) 1; 4; 7; 10
[3] p2mm (c2mm, 9) 1; 4; 8; 11
[3] p2mm (c2mm, 9) 1; 4; 9; 12

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] h6mm (a′ = 3a,b′ = 3b) (p6mm, 17)

Minimal non-isomorphic supergroups
I none
II none

109



P1 C1
1 1 Triclinic

No. 1 P1 Patterson symmetry P 1̄

Origin arbitrary

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1

Symmetry operations

(1) 1
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CONTINUED No. 1 P1

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

1 a 1 (1) x,y,z no conditions

Symmetry of special projections
Along [001] p1
a′ = a

p
b′ = b

p

Origin at 0,0,z

Along [100] p1
a′ = b

p
b′ = c

p

Origin at x,0,0

Along [010] p1
a′ = c

p
b′ = a

p

Origin at 0,y,0

Maximal non-isomorphic subgroups
I none

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [2] P1 (a′ = 2a or b′ = 2b or c′ = 2c or b′ = b+ c,c′ = −b+ c or a′ = a− c,c′ = a + c or a′ = a + b,b′ = −a + b

or a′ = b+ c,b′ = a + c,c′ = a + b) (1)

Minimal non-isomorphic supergroups
I [2] P 1̄ (2); [2] P2 (3); [2] P21 (4); [2] C 2 (5); [2] Pm (6); [2] Pc (7); [2] C m (8); [2] C c (9); [3] P3 (143); [3] P31 (144);

[3] P32 (145); [3] R3 (146)

II none
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P 1̄ C1
i 1̄ Triclinic

No. 2 P 1̄ Patterson symmetry P 1̄

Origin at 1̄

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 1̄ 0,0,0
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CONTINUED No. 2 P 1̄

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

2 i 1 (1) x,y,z (2) x̄, ȳ, z̄ no conditions

Special: no extra conditions

1 h 1̄ 1
2 ,

1
2 ,

1
2

1 g 1̄ 0, 1
2 ,

1
2

1 f 1̄ 1
2 ,0, 1

2

1 e 1̄ 1
2 ,

1
2 ,0

1 d 1̄ 1
2 ,0,0

1 c 1̄ 0, 1
2 ,0

1 b 1̄ 0,0, 1
2

1 a 1̄ 0,0,0

Symmetry of special projections
Along [001] p2
a′ = a

p
b′ = b

p

Origin at 0,0,z

Along [100] p2
a′ = b

p
b′ = c

p

Origin at x,0,0

Along [010] p2
a′ = c

p
b′ = a

p

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] P1 (1) 1

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [2] P 1̄ (a′ = 2a or b′ = 2b or c′ = 2c or b′ = b+ c,c′ = −b+ c or a′ = a− c,c′ = a + c or a′ = a + b,b′ = −a + b

or a′ = b+ c,b′ = a + c,c′ = a + b) (2)

Minimal non-isomorphic supergroups
I [2] P2/m (10); [2] P21/m (11); [2] C 2/m (12); [2] P2/c (13); [2] P21/c (14); [2] C 2/c (15); [3] P 3̄ (147); [3] R 3̄ (148)

II none
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P2 C1
2 2 Monoclinic

No. 3 P121 Patterson symmetry P12/m1

UNIQUE AXIS b

Origin on 2

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
2

Symmetry operations

(1) 1 (2) 2 0,y,0
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CONTINUED No. 3 P2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

2 e 1 (1) x,y,z (2) x̄,y, z̄ no conditions

Special: no extra conditions

1 d 2 1
2 ,y,

1
2

1 c 2 1
2 ,y,0

1 b 2 0,y, 1
2

1 a 2 0,y,0

Symmetry of special projections
Along [001] p1m1
a′ = ap b′ = b
Origin at 0,0,z

Along [100] p11m
a′ = b b′ = cp

Origin at x,0,0

Along [010] p2
a′ = c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] P1 (1) 1

IIa none
IIb [2] P121 1 (b′ = 2b) (P21, 4); [2] C 121 (a′ = 2a,b′ = 2b) (C 2, 5); [2] A121 (b′ = 2b,c′ = 2c) (C 2, 5);

[2] F 121 (a′ = 2a,b′ = 2b,c′ = 2c) (C 2, 5)

Maximal isomorphic subgroups of lowest index
IIc [2] P121 (b′ = 2b) (P2, 3); [2] P121 (c′ = 2c or a′ = 2a or a′ = a + c,c′ = −a + c) (P2, 3)

Minimal non-isomorphic supergroups
I [2] P2/m (10); [2] P2/c (13); [2] P222 (16); [2] P2221 (17); [2] P21 21 2 (18); [2] C 222 (21); [2] Pmm2 (25); [2] Pcc2 (27);

[2] Pma2 (28); [2] Pnc2 (30); [2] Pba2 (32); [2] Pnn2 (34); [2] C mm2 (35); [2] C cc2 (37); [2] P4 (75); [2] P42 (77);
[2] P 4̄ (81); [3] P6 (168); [3] P62 (171); [3] P64 (172)

II [2] C 121 (C 2, 5); [2] A121 (C 2, 5); [2] I 121 (C 2, 5)
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P2 C1
2 2 Monoclinic

No. 3 P112 Patterson symmetry P112/m

UNIQUE AXIS c

Origin on 2

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2 0,0,z
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CONTINUED No. 3 P2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

2 e 1 (1) x,y,z (2) x̄, ȳ,z no conditions

Special: no extra conditions

1 d 2 1
2 ,

1
2 ,z

1 c 2 0, 1
2 ,z

1 b 2 1
2 ,0,z

1 a 2 0,0,z

Symmetry of special projections
Along [001] p2
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = bp b′ = c
Origin at x,0,0

Along [010] p11m
a′ = c b′ = ap

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] P1 (1) 1

IIa none
IIb [2] P1121 (c′ = 2c) (P21, 4); [2] A112 (b′ = 2b,c′ = 2c) (C 2, 5); [2] B112 (a′ = 2a,c′ = 2c) (C 2, 5);

[2] F 112 (a′ = 2a,b′ = 2b,c′ = 2c) (C 2, 5)

Maximal isomorphic subgroups of lowest index
IIc [2] P112 (c′ = 2c) (P2, 3); [2] P112 (a′ = 2a or b′ = 2b or a′ = a−b,b′ = a + b) (P2, 3)

Minimal non-isomorphic supergroups
I [2] P2/m (10); [2] P2/c (13); [2] P222 (16); [2] P2221 (17); [2] P21 21 2 (18); [2] C 222 (21); [2] Pmm2 (25); [2] Pcc2 (27);

[2] Pma2 (28); [2] Pnc2 (30); [2] Pba2 (32); [2] Pnn2 (34); [2] C mm2 (35); [2] C cc2 (37); [2] P4 (75); [2] P42 (77);
[2] P 4̄ (81); [3] P6 (168); [3] P62 (171); [3] P64 (172)

II [2] A112 (C 2, 5); [2] B112 (C 2, 5); [2] I 112 (C 2, 5)
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P21 C2
2 2 Monoclinic

No. 4 P121 1 Patterson symmetry P12/m1

UNIQUE AXIS b

Origin on 21

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
2

Symmetry operations

(1) 1 (2) 2(0, 1
2 ,0) 0,y,0
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CONTINUED No. 4 P21

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

2 a 1 (1) x,y,z (2) x̄,y + 1
2 , z̄ 0k0 : k = 2n

Symmetry of special projections
Along [001] p1g1
a′ = a

p
b′ = b

Origin at 0,0,z

Along [100] p11g
a′ = b b′ = c

p

Origin at x,0,0

Along [010] p2
a′ = c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] P1 (1) 1

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [2] P121 1 (c′ = 2c or a′ = 2a or a′ = a + c,c′ = −a + c) (P21, 4); [3] P121 1 (b′ = 3b) (P21, 4)

Minimal non-isomorphic supergroups
I [2] P21/m (11); [2] P21/c (14); [2] P2221 (17); [2] P21 21 2 (18); [2] P21 21 21 (19); [2] C 2221 (20); [2] Pmc21 (26); [2] Pca21 (29);

[2] Pmn21 (31); [2] Pna21 (33); [2] C mc21 (36); [2] P41 (76); [2] P43 (78); [3] P61 (169); [3] P65 (170); [3] P63 (173)

II [2] C 121 (C 2, 5); [2] A121 (C 2, 5); [2] I 121 (C 2, 5); [2] P121 (b′ = 1
2 b) (P2, 3)
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P21 C2
2 2 Monoclinic

No. 4 P1121 Patterson symmetry P112/m

UNIQUE AXIS c

Origin on 21

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2(0,0, 1
2 ) 0,0,z
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CONTINUED No. 4 P21

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

2 a 1 (1) x,y,z (2) x̄, ȳ,z+ 1
2 00l : l = 2n

Symmetry of special projections
Along [001] p2
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1g1
a′ = b

p
b′ = c

Origin at x,0,0

Along [010] p11g
a′ = c b′ = a

p

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] P1 (1) 1

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [2] P1121 (a′ = 2a or b′ = 2b or a′ = a−b,b′ = a + b) (P21, 4); [3] P1121 (c′ = 3c) (P21, 4)

Minimal non-isomorphic supergroups
I [2] P21/m (11); [2] P21/c (14); [2] P2221 (17); [2] P21 21 2 (18); [2] P21 21 21 (19); [2] C 2221 (20); [2] Pmc21 (26); [2] Pca21 (29);

[2] Pmn21 (31); [2] Pna21 (33); [2] C mc21 (36); [2] P41 (76); [2] P43 (78); [3] P61 (169); [3] P65 (170); [3] P63 (173)

II [2] A112 (C 2, 5); [2] B112 (C 2, 5); [2] I 112 (C 2, 5); [2] P112 (c′ = 1
2 c) (P2, 3)

123



C 2 C3
2 2 Monoclinic

No. 5 C 121 Patterson symmetry C 12/m1

UNIQUE AXIS b, CELL CHOICE 1

Origin on 2

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,y,0

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2(0, 1

2 ,0) 1
4 ,y,0
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CONTINUED No. 5 C 2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,0); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,0)+

Reflection conditions

General:

4 c 1 (1) x,y,z (2) x̄,y, z̄ hkl : h + k = 2n
h0l : h = 2n
0kl : k = 2n
hk0 : h + k = 2n
0k0 : k = 2n
h00 : h = 2n

Special: no extra conditions

2 b 2 0,y, 1
2

2 a 2 0,y,0

Symmetry of special projections
Along [001] c1m1
a′ = a

p
b′ = b

Origin at 0,0,z

Along [100] p11m
a′ = 1

2 b b′ = c
p

Origin at x,0,0

Along [010] p2
a′ = c b′ = 1

2 a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] C 1 (P1, 1) 1+
IIa [2] P121 1 (P21, 4) 1; 2 + ( 1

2 ,
1
2 ,0)

[2] P121 (P2, 3) 1; 2

IIb none

Maximal isomorphic subgroups of lowest index
IIc [2] C 121 (c′ = 2c or a′ = a + 2c,c′ = 2c) (C 2, 5); [3] C 121 (b′ = 3b) (C 2, 5)

Minimal non-isomorphic supergroups
I [2] C 2/m (12); [2] C 2/c (15); [2] C 2221 (20); [2] C 222 (21); [2] F 222 (22); [2] I 222 (23); [2] I 21 21 21 (24); [2] Amm2 (38);

[2] Aem2 (39); [2] Ama2 (40); [2] Aea2 (41); [2] F mm2 (42); [2] F d d 2 (43); [2] I mm2 (44); [2] I ba2 (45); [2] I ma2 (46);
[2] I 4 (79); [2] I 41 (80); [2] I 4̄ (82); [3] P312 (149); [3] P321 (150); [3] P31 12 (151); [3] P31 21 (152); [3] P32 12 (153);
[3] P32 21 (154); [3] R32 (155)

II [2] P121 (a′ = 1
2 a,b′ = 1

2 b) (P2, 3)
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C 2 C3
2 2 Monoclinic

No. 5

UNIQUE AXIS b, DIFFERENT CELL CHOICES

C 121
UNIQUE AXIS b, CELL CHOICE 1

Origin on 2

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,0); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,0)+

Reflection conditions

General:

4 c 1 (1) x,y,z (2) x̄,y, z̄ hkl : h + k = 2n
h0l : h = 2n
0kl : k = 2n
hk0 : h + k = 2n
0k0 : k = 2n
h00 : h = 2n

Special: no extra conditions

2 b 2 0,y, 1
2

2 a 2 0,y,0
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CONTINUED No. 5 C 2

A121
UNIQUE AXIS b, CELL CHOICE 2

Origin on 2

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2 )+

Reflection conditions

General:

4 c 1 (1) x,y,z (2) x̄,y, z̄ hkl : k + l = 2n
h0l : l = 2n
0kl : k + l = 2n
hk0 : k = 2n
0k0 : k = 2n
00l : l = 2n

Special: no extra conditions

2 b 2 1
2 ,y,

1
2

2 a 2 0,y,0

I 121
UNIQUE AXIS b, CELL CHOICE 3

Origin on 2

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

4 c 1 (1) x,y,z (2) x̄,y, z̄ hkl : h + k + l = 2n
h0l : h + l = 2n
0kl : k + l = 2n
hk0 : h + k = 2n
0k0 : k = 2n
h00 : h = 2n
00l : l = 2n

Special: no extra conditions

2 b 2 1
2 ,y,0

2 a 2 0,y,0
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C 2 C3
2 2 Monoclinic

No. 5 A112 Patterson symmetry A112/m

UNIQUE AXIS c, CELL CHOICE 1

Origin on 2

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
2 ; 0 ≤ z ≤ 1

2

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z

For (0, 1
2 ,

1
2)+ set

(1) t(0, 1
2 ,

1
2) (2) 2(0,0, 1

2 ) 0, 1
4 ,z
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CONTINUED No. 5 C 2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2 )+

Reflection conditions

General:

4 c 1 (1) x,y,z (2) x̄, ȳ,z hkl : k + l = 2n
hk0 : k = 2n
0kl : k + l = 2n
h0l : l = 2n
00l : l = 2n
0k0 : k = 2n

Special: no extra conditions

2 b 2 1
2 ,0,z

2 a 2 0,0,z

Symmetry of special projections
Along [001] p2
a′ = a b′ = 1

2 b
Origin at 0,0,z

Along [100] c1m1
a′ = b

p
b′ = c

Origin at x,0,0

Along [010] p11m
a′ = 1

2 c b′ = a
p

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] A1 (P1, 1) 1+
IIa [2] P1121 (P21, 4) 1; 2 + (0, 1

2 ,
1
2 )

[2] P112 (P2, 3) 1; 2

IIb none

Maximal isomorphic subgroups of lowest index
IIc [2] A112 (a′ = 2a or a′ = 2a,b′ = 2a + b) (C 2, 5); [3] A112 (c′ = 3c) (C 2, 5)

Minimal non-isomorphic supergroups
I [2] C 2/m (12); [2] C 2/c (15); [2] C 2221 (20); [2] C 222 (21); [2] F 222 (22); [2] I 222 (23); [2] I 21 21 21 (24); [2] Amm2 (38);

[2] Aem2 (39); [2] Ama2 (40); [2] Aea2 (41); [2] F mm2 (42); [2] F d d 2 (43); [2] I mm2 (44); [2] I ba2 (45); [2] I ma2 (46);
[2] I 4 (79); [2] I 41 (80); [2] I 4̄ (82); [3] P312 (149); [3] P321 (150); [3] P31 12 (151); [3] P31 21 (152); [3] P32 12 (153);
[3] P32 21 (154); [3] R32 (155)

II [2] P112 (b′ = 1
2 b,c′ = 1

2 c) (P2, 3)
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C 2 C3
2 2 Monoclinic

No. 5

UNIQUE AXIS c, DIFFERENT CELL CHOICES

A112
UNIQUE AXIS c, CELL CHOICE 1

Origin on 2

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
2 ; 0 ≤ z ≤ 1

2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2 )+

Reflection conditions

General:

4 c 1 (1) x,y,z (2) x̄, ȳ,z hkl : k + l = 2n
hk0 : k = 2n
0kl : k + l = 2n
h0l : l = 2n
00l : l = 2n
0k0 : k = 2n

Special: no extra conditions

2 b 2 1
2 ,0,z

2 a 2 0,0,z
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CONTINUED No. 5 C 2

B112
UNIQUE AXIS c, CELL CHOICE 2

Origin on 2

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
2 ; 0 ≤ z ≤ 1

2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,0, 1

2 ); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,0, 1

2 )+

Reflection conditions

General:

4 c 1 (1) x,y,z (2) x̄, ȳ,z hkl : h + l = 2n
hk0 : h = 2n
0kl : l = 2n
h0l : h + l = 2n
00l : l = 2n
h00 : h = 2n

Special: no extra conditions

2 b 2 1
2 ,

1
2 ,z

2 a 2 0,0,z

I 112
UNIQUE AXIS c, CELL CHOICE 3

Origin on 2

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
2 ; 0 ≤ z ≤ 1

2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

4 c 1 (1) x,y,z (2) x̄, ȳ,z hkl : h + k + l = 2n
hk0 : h + k = 2n
0kl : k + l = 2n
h0l : h + l = 2n
00l : l = 2n
h00 : h = 2n
0k0 : k = 2n

Special: no extra conditions

2 b 2 0, 1
2 ,z

2 a 2 0,0,z
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Pm C1
s m Monoclinic

No. 6 P1m1 Patterson symmetry P12/m1

UNIQUE AXIS b

Origin on mirror plane m

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
2 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) m x,0,z
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CONTINUED No. 6 Pm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

2 c 1 (1) x,y,z (2) x, ȳ,z no conditions

Special: no extra conditions

1 b m x, 1
2 ,z

1 a m x,0,z

Symmetry of special projections
Along [001] p11m
a′ = ap b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = b b′ = cp

Origin at x,0,0

Along [010] p1
a′ = c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] P1 (1) 1

IIa none

IIb [2] P1c1 (c′ = 2c) (Pc, 7); [2] P1a1 (a′ = 2a) (Pc, 7); [2] B1e1 (a′ = 2a,c′ = 2c) (Pc, 7); [2] C 1m1 (a′ = 2a,b′ = 2b) (C m, 8);
[2] A1m1 (b′ = 2b,c′ = 2c) (C m, 8); [2] F 1m1 (a′ = 2a,b′ = 2b,c′ = 2c) (C m, 8)

Maximal isomorphic subgroups of lowest index
IIc [2] P1m1 (b′ = 2b) (Pm, 6); [2] P1m1 (c′ = 2c or a′ = 2a or a′ = a + c,c′ = −a + c) (Pm, 6)

Minimal non-isomorphic supergroups
I [2] P2/m (10); [2] P21/m (11); [2] Pmm2 (25); [2] Pmc21 (26); [2] Pma2 (28); [2] Pmn21 (31); [2] Amm2 (38); [2] Ama2 (40);

[3] P 6̄ (174)

II [2] C 1m1 (C m, 8); [2] A1m1 (C m, 8); [2] I 1m1 (C m, 8)
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Pm C1
s m Monoclinic

No. 6 P11m Patterson symmetry P112/m

UNIQUE AXIS c

Origin on mirror plane m

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
2

Symmetry operations

(1) 1 (2) m x,y,0
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CONTINUED No. 6 Pm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

2 c 1 (1) x,y,z (2) x,y, z̄ no conditions

Special: no extra conditions

1 b m x,y, 1
2

1 a m x,y,0

Symmetry of special projections
Along [001] p1
a′ = a b′ = b
Origin at 0,0,z

Along [100] p11m
a′ = bp b′ = c
Origin at x,0,0

Along [010] p1m1
a′ = c b′ = ap

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] P1 (1) 1

IIa none

IIb [2] P11a (a′ = 2a) (Pc, 7); [2] P11b (b′ = 2b) (Pc, 7); [2] C 11e (a′ = 2a,b′ = 2b) (Pc, 7); [2] A11m (b′ = 2b,c′ = 2c) (C m, 8);
[2] B11m (a′ = 2a,c′ = 2c) (C m, 8); [2] F 11m (a′ = 2a,b′ = 2b,c′ = 2c) (C m, 8)

Maximal isomorphic subgroups of lowest index
IIc [2] P11m (c′ = 2c) (Pm, 6); [2] P11m (a′ = 2a or b′ = 2b or a′ = a−b,b′ = a + b) (Pm, 6)

Minimal non-isomorphic supergroups
I [2] P2/m (10); [2] P21/m (11); [2] Pmm2 (25); [2] Pmc21 (26); [2] Pma2 (28); [2] Pmn21 (31); [2] Amm2 (38); [2] Ama2 (40);

[3] P 6̄ (174)

II [2] A11m (C m, 8); [2] B11m (C m, 8); [2] I 11m (C m, 8)
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Pc C2
s m Monoclinic

No. 7 P1c1 Patterson symmetry P12/m1

UNIQUE AXIS b, CELL CHOICE 1

Origin on glide plane c

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
2 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) c x,0,z
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CONTINUED No. 7 Pc

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

2 a 1 (1) x,y,z (2) x, ȳ,z+ 1
2 h0l : l = 2n

00l : l = 2n

Symmetry of special projections
Along [001] p11m
a′ = a

p
b′ = b

Origin at 0,0,z

Along [100] p1g1
a′ = b b′ = c

p

Origin at x,0,0

Along [010] p1
a′ = 1

2 c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] P1 (1) 1

IIa none

IIb [2] C 1c1 (a′ = 2a,b′ = 2b) (C c, 9)

Maximal isomorphic subgroups of lowest index
IIc [2] P1c1 (b′ = 2b) (Pc, 7); [2] P1c1 (a′ = 2a or a′ = 2a,c′ = 2a + c) (Pc, 7)

Minimal non-isomorphic supergroups
I [2] P2/c (13); [2] P21/c (14); [2] Pmc21 (26); [2] Pcc2 (27); [2] Pma2 (28); [2] Pca21 (29); [2] Pnc2 (30); [2] Pmn21 (31);

[2] Pba2 (32); [2] Pna21 (33); [2] Pnn2 (34); [2] Aem2 (39); [2] Aea2 (41)

II [2] C 1c1 (C c, 9); [2] A1m1 (C m, 8); [2] I 1c1 (C c, 9); [2] P1m1 (c′ = 1
2 c) (Pm, 6)
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Pc C2
s m Monoclinic

No. 7

UNIQUE AXIS b, DIFFERENT CELL CHOICES

P1c1
UNIQUE AXIS b, CELL CHOICE 1

Origin on glide plane c

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
2 ; 0 ≤ z ≤ 1

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

2 a 1 (1) x,y,z (2) x, ȳ,z+ 1
2 h0l : l = 2n

00l : l = 2n
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CONTINUED No. 7 Pc

P1n1
UNIQUE AXIS b, CELL CHOICE 2

Origin on glide plane n

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
2 ; 0 ≤ z ≤ 1

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

2 a 1 (1) x,y,z (2) x + 1
2 , ȳ,z+ 1

2 h0l : h + l = 2n
h00 : h = 2n
00l : l = 2n

P1a1
UNIQUE AXIS b, CELL CHOICE 3

Origin on glide plane a

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
2 ; 0 ≤ z ≤ 1

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

2 a 1 (1) x,y,z (2) x + 1
2 , ȳ,z h0l : h = 2n

h00 : h = 2n
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Pc C2
s m Monoclinic

No. 7 P11a Patterson symmetry P112/m

UNIQUE AXIS c, CELL CHOICE 1

Origin on glide plane a

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
2

Symmetry operations

(1) 1 (2) a x,y,0
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CONTINUED No. 7 Pc

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

2 a 1 (1) x,y,z (2) x + 1
2 ,y, z̄ hk0 : h = 2n

h00 : h = 2n

Symmetry of special projections
Along [001] p1
a′ = 1

2 a b′ = b
Origin at 0,0,z

Along [100] p11m
a′ = b

p
b′ = c

Origin at x,0,0

Along [010] p1g1
a′ = c b′ = a

p

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] P1 (1) 1

IIa none

IIb [2] A11a (b′ = 2b,c′ = 2c) (C c, 9)

Maximal isomorphic subgroups of lowest index
IIc [2] P11a (c′ = 2c) (Pc, 7); [2] P11a (b′ = 2b or a′ = a + 2b,b′ = 2b) (Pc, 7)

Minimal non-isomorphic supergroups
I [2] P2/c (13); [2] P21/c (14); [2] Pmc21 (26); [2] Pcc2 (27); [2] Pma2 (28); [2] Pca21 (29); [2] Pnc2 (30); [2] Pmn21 (31);

[2] Pba2 (32); [2] Pna21 (33); [2] Pnn2 (34); [2] Aem2 (39); [2] Aea2 (41)

II [2] A11a (C c, 9); [2] B11m (C m, 8); [2] I 11a (C c, 9); [2] P11m (a′ = 1
2 a) (Pm, 6)
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Pc C2
s m Monoclinic

No. 7

UNIQUE AXIS c, DIFFERENT CELL CHOICES

P11a
UNIQUE AXIS c, CELL CHOICE 1

Origin on glide plane a

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

2 a 1 (1) x,y,z (2) x + 1
2 ,y, z̄ hk0 : h = 2n

h00 : h = 2n
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CONTINUED No. 7 Pc

P11n
UNIQUE AXIS c, CELL CHOICE 2

Origin on glide plane n

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

2 a 1 (1) x,y,z (2) x + 1
2 ,y + 1

2 , z̄ hk0 : h + k = 2n
h00 : h = 2n
0k0 : k = 2n

P11b
UNIQUE AXIS c, CELL CHOICE 3

Origin on glide plane b

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

2 a 1 (1) x,y,z (2) x,y + 1
2 , z̄ hk0 : k = 2n

0k0 : k = 2n
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C m C3
s m Monoclinic

No. 8 C 1m1 Patterson symmetry C 12/m1

UNIQUE AXIS b, CELL CHOICE 1

Origin on mirror plane m

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
4 ; 0 ≤ z ≤ 1

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) m x,0,z

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) a x, 1

4 ,z
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CONTINUED No. 8 C m

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,0); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,0)+

Reflection conditions

General:

4 b 1 (1) x,y,z (2) x, ȳ,z hkl : h + k = 2n
h0l : h = 2n
0kl : k = 2n
hk0 : h + k = 2n
0k0 : k = 2n
h00 : h = 2n

Special: no extra conditions

2 a m x,0,z

Symmetry of special projections
Along [001] c11m
a′ = ap b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = 1

2 b b′ = cp

Origin at x,0,0

Along [010] p1
a′ = c b′ = 1

2 a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] C 1 (P1, 1) 1+
IIa [2] P1a1 (Pc, 7) 1; 2 + ( 1

2 ,
1
2 ,0)

[2] P1m1 (Pm, 6) 1; 2

IIb [2] C 1c1 (c′ = 2c) (C c, 9); [2] I 1c1 (c′ = 2c) (C c, 9)

Maximal isomorphic subgroups of lowest index
IIc [2] C 1m1 (c′ = 2c or a′ = a + 2c,c′ = 2c) (C m, 8); [3] C 1m1 (b′ = 3b) (C m, 8)

Minimal non-isomorphic supergroups
I [2] C 2/m (12); [2] C mm2 (35); [2] C mc21 (36); [2] Amm2 (38); [2] Aem2 (39); [2] F mm2 (42); [2] I mm2 (44); [2] I ma2 (46);

[3] P3m1 (156); [3] P31m (157); [3] R3m (160)

II [2] P1m1 (a′ = 1
2 a,b′ = 1

2 b) (Pm, 6)
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C m C3
s m Monoclinic

No. 8

UNIQUE AXIS b, DIFFERENT CELL CHOICES

C 1m1
UNIQUE AXIS b, CELL CHOICE 1

Origin on mirror plane m

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
4 ; 0 ≤ z ≤ 1

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,0); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,0)+

Reflection conditions

General:

4 b 1 (1) x,y,z (2) x, ȳ,z hkl : h + k = 2n
h0l : h = 2n
0kl : k = 2n
hk0 : h + k = 2n
0k0 : k = 2n
h00 : h = 2n

Special: no extra conditions

2 a m x,0,z
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CONTINUED No. 8 C m

A1m1
UNIQUE AXIS b, CELL CHOICE 2

Origin on mirror plane m

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
4 ; 0 ≤ z ≤ 1

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2 )+

Reflection conditions

General:

4 b 1 (1) x,y,z (2) x, ȳ,z hkl : k + l = 2n
h0l : l = 2n
0kl : k + l = 2n
hk0 : k = 2n
0k0 : k = 2n
00l : l = 2n

Special: no extra conditions

2 a m x,0,z

I 1m1
UNIQUE AXIS b, CELL CHOICE 3

Origin on mirror plane m

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
4 ; 0 ≤ z ≤ 1

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

4 b 1 (1) x,y,z (2) x, ȳ,z hkl : h + k + l = 2n
h0l : h + l = 2n
0kl : k + l = 2n
hk0 : h + k = 2n
0k0 : k = 2n
h00 : h = 2n
00l : l = 2n

Special: no extra conditions

2 a m x,0,z

147



C m C3
s m Monoclinic

No. 8 A11m Patterson symmetry A112/m

UNIQUE AXIS c, CELL CHOICE 1

Origin on mirror plane m

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
4

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) m x,y,0

For (0, 1
2 ,

1
2)+ set

(1) t(0, 1
2 ,

1
2) (2) b x,y, 1

4
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CONTINUED No. 8 C m

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2 )+

Reflection conditions

General:

4 b 1 (1) x,y,z (2) x,y, z̄ hkl : k + l = 2n
hk0 : k = 2n
0kl : k + l = 2n
h0l : l = 2n
00l : l = 2n
0k0 : k = 2n

Special: no extra conditions

2 a m x,y,0

Symmetry of special projections
Along [001] p1
a′ = a b′ = 1

2 b
Origin at 0,0,z

Along [100] c11m
a′ = bp b′ = c
Origin at x,0,0

Along [010] p1m1
a′ = 1

2 c b′ = ap

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] A1 (P1, 1) 1+
IIa [2] P11b (Pc, 7) 1; 2 + (0, 1

2 ,
1
2 )

[2] P11m (Pm, 6) 1; 2

IIb [2] A11a (a′ = 2a) (C c, 9); [2] I 11a (a′ = 2a) (C c, 9)

Maximal isomorphic subgroups of lowest index
IIc [2] A11m (a′ = 2a or a′ = 2a,b′ = 2a + b) (C m, 8); [3] A11m (c′ = 3c) (C m, 8)

Minimal non-isomorphic supergroups
I [2] C 2/m (12); [2] C mm2 (35); [2] C mc21 (36); [2] Amm2 (38); [2] Aem2 (39); [2] F mm2 (42); [2] I mm2 (44); [2] I ma2 (46);

[3] P3m1 (156); [3] P31m (157); [3] R3m (160)

II [2] P11m (b′ = 1
2 b,c′ = 1

2 c) (Pm, 6)
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C m C3
s m Monoclinic

No. 8

UNIQUE AXIS c, DIFFERENT CELL CHOICES

A11m
UNIQUE AXIS c, CELL CHOICE 1

Origin on mirror plane m

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
4

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2 )+

Reflection conditions

General:

4 b 1 (1) x,y,z (2) x,y, z̄ hkl : k + l = 2n
hk0 : k = 2n
0kl : k + l = 2n
h0l : l = 2n
00l : l = 2n
0k0 : k = 2n

Special: no extra conditions

2 a m x,y,0
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CONTINUED No. 8 C m

B11m
UNIQUE AXIS c, CELL CHOICE 2

Origin on mirror plane m

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
4

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,0, 1

2 ); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,0, 1

2 )+

Reflection conditions

General:

4 b 1 (1) x,y,z (2) x,y, z̄ hkl : h + l = 2n
hk0 : h = 2n
0kl : l = 2n
h0l : h + l = 2n
00l : l = 2n
h00 : h = 2n

Special: no extra conditions

2 a m x,y,0

I 11m
UNIQUE AXIS c, CELL CHOICE 3

Origin on mirror plane m

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
4

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

4 b 1 (1) x,y,z (2) x,y, z̄ hkl : h + k + l = 2n
hk0 : h + k = 2n
0kl : k + l = 2n
h0l : h + l = 2n
00l : l = 2n
h00 : h = 2n
0k0 : k = 2n

Special: no extra conditions

2 a m x,y,0
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C c C4
s m Monoclinic

No. 9 C 1c1 Patterson symmetry C 12/m1

UNIQUE AXIS b, CELL CHOICE 1

Origin on glide plane c

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
4 ; 0 ≤ z ≤ 1

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) c x,0,z

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) n( 1

2 ,0, 1
2 ) x, 1

4 ,z
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CONTINUED No. 9 C c

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,0); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,0)+

Reflection conditions

General:

4 a 1 (1) x,y,z (2) x, ȳ,z+ 1
2 hkl : h + k = 2n

h0l : h, l = 2n
0kl : k = 2n
hk0 : h + k = 2n
0k0 : k = 2n
h00 : h = 2n
00l : l = 2n

Symmetry of special projections
Along [001] c11m
a′ = ap b′ = b
Origin at 0,0,z

Along [100] p1g1
a′ = 1

2 b b′ = cp

Origin at x,0,0

Along [010] p1
a′ = 1

2 c b′ = 1
2 a

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] C 1 (P1, 1) 1+
IIa [2] P1c1 (Pc, 7) 1; 2

[2] P1n1 (Pc, 7) 1; 2 + ( 1
2 ,

1
2 ,0)

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] C 1c1 (b′ = 3b) (C c, 9); [3] C 1c1 (c′ = 3c) (C c, 9); [3] C 1c1 (a′ = 3a or a′ = 3a,c′ = −a + c or a′ = 3a,c′ = a + c) (C c, 9)

Minimal non-isomorphic supergroups
I [2] C 2/c (15); [2] C mc21 (36); [2] C cc2 (37); [2] Ama2 (40); [2] Aea2 (41); [2] F d d 2 (43); [2] I ba2 (45); [2] I ma2 (46);

[3] P3c1 (158); [3] P31c (159); [3] R3c (161)

II [2] F 1m1 (C m, 8); [2] C 1m1 (c′ = 1
2 c) (C m, 8); [2] P1c1 (a′ = 1

2 a,b′ = 1
2 b) (Pc, 7)
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C c C4
s m Monoclinic

No. 9

UNIQUE AXIS b, DIFFERENT CELL CHOICES

C 1c1
UNIQUE AXIS b, CELL CHOICE 1

Origin on glide plane c

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
4 ; 0 ≤ z ≤ 1

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,0); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,0)+

Reflection conditions

General:

4 a 1 (1) x,y,z (2) x, ȳ,z+ 1
2 hkl : h + k = 2n

h0l : h, l = 2n
0kl : k = 2n
hk0 : h + k = 2n
0k0 : k = 2n
h00 : h = 2n
00l : l = 2n
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CONTINUED No. 9 C c

A1n1
UNIQUE AXIS b, CELL CHOICE 2

Origin on glide plane n

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
4 ; 0 ≤ z ≤ 1

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2 )+

Reflection conditions

General:

4 a 1 (1) x,y,z (2) x + 1
2 , ȳ,z+ 1

2 hkl : k + l = 2n
h0l : h, l = 2n
0kl : k + l = 2n
hk0 : k = 2n
0k0 : k = 2n
h00 : h = 2n
00l : l = 2n

I 1a1
UNIQUE AXIS b, CELL CHOICE 3

Origin on glide plane a

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
4 ; 0 ≤ z ≤ 1

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

4 a 1 (1) x,y,z (2) x + 1
2 , ȳ,z hkl : h + k + l = 2n

h0l : h, l = 2n
0kl : k + l = 2n
hk0 : h + k = 2n
0k0 : k = 2n
h00 : h = 2n
00l : l = 2n
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C c C4
s m Monoclinic

No. 9 A11a Patterson symmetry A112/m

UNIQUE AXIS c, CELL CHOICE 1

Origin on glide plane a

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
4

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) a x,y,0

For (0, 1
2 ,

1
2)+ set

(1) t(0, 1
2 ,

1
2) (2) n( 1

2 ,
1
2 ,0) x,y, 1

4
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CONTINUED No. 9 C c

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2 )+

Reflection conditions

General:

4 a 1 (1) x,y,z (2) x + 1
2 ,y, z̄ hkl : k + l = 2n

hk0 : h,k = 2n
0kl : k + l = 2n
h0l : l = 2n
00l : l = 2n
h00 : h = 2n
0k0 : k = 2n

Symmetry of special projections
Along [001] p1
a′ = 1

2 a b′ = 1
2 b

Origin at 0,0,z

Along [100] c11m
a′ = bp b′ = c
Origin at x,0,0

Along [010] p1g1
a′ = 1

2 c b′ = ap

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] A1 (P1, 1) 1+
IIa [2] P11a (Pc, 7) 1; 2

[2] P11n (Pc, 7) 1; 2 + (0, 1
2 ,

1
2 )

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] A11a (c′ = 3c) (C c, 9); [3] A11a (a′ = 3a) (C c, 9); [3] A11a (b′ = 3b or a′ = a−b,b′ = 3b or a′ = a + b,b′ = 3b) (C c, 9)

Minimal non-isomorphic supergroups
I [2] C 2/c (15); [2] C mc21 (36); [2] C cc2 (37); [2] Ama2 (40); [2] Aea2 (41); [2] F d d 2 (43); [2] I ba2 (45); [2] I ma2 (46);

[3] P3c1 (158); [3] P31c (159); [3] R3c (161)

II [2] F 11m (C m, 8); [2] A11m (a′ = 1
2 a) (C m, 8); [2] P11a (b′ = 1

2 b,c′ = 1
2 c) (Pc, 7)
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C c C4
s m Monoclinic

No. 9

UNIQUE AXIS c, DIFFERENT CELL CHOICES

A11a
UNIQUE AXIS c, CELL CHOICE 1

Origin on glide plane a

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
4

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2 )+

Reflection conditions

General:

4 a 1 (1) x,y,z (2) x + 1
2 ,y, z̄ hkl : k + l = 2n

hk0 : h,k = 2n
0kl : k + l = 2n
h0l : l = 2n
00l : l = 2n
h00 : h = 2n
0k0 : k = 2n
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CONTINUED No. 9 C c

B11n
UNIQUE AXIS c, CELL CHOICE 2

Origin on glide plane n

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
4

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,0, 1

2 ); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,0, 1

2 )+

Reflection conditions

General:

4 a 1 (1) x,y,z (2) x + 1
2 ,y + 1

2 , z̄ hkl : h + l = 2n
hk0 : h,k = 2n
0kl : l = 2n
h0l : h + l = 2n
00l : l = 2n
h00 : h = 2n
0k0 : k = 2n

I 11b
UNIQUE AXIS c, CELL CHOICE 3

Origin on glide plane b

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
4

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

4 a 1 (1) x,y,z (2) x,y + 1
2 , z̄ hkl : h + k + l = 2n

hk0 : h,k = 2n
0kl : k + l = 2n
h0l : h + l = 2n
00l : l = 2n
h00 : h = 2n
0k0 : k = 2n
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P2/m C1
2h 2/m Monoclinic

No. 10 P12/m1 Patterson symmetry P12/m1

UNIQUE AXIS b

Origin at centre (2/m)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2 0,y,0 (3) 1̄ 0,0,0 (4) m x,0,z

Maximal isomorphic subgroups of lowest index
IIc [2] P12/m1 (b′ = 2b) (P2/m, 10); [2] P12/m1 (c′ = 2c or a′ = 2a or a′ = a + c,c′ = −a + c) (P2/m, 10)

Minimal non-isomorphic supergroups
I [2] Pmmm (47); [2] Pccm (49); [2] Pmma (51); [2] Pmna (53); [2] Pbam (55); [2] Pnnm (58); [2] C mmm (65); [2] C ccm (66);

[2] P4/m (83); [2] P42/m (84); [3] P6/m (175)
II [2] C 12/m1 (C 2/m, 12); [2] A12/m1 (C 2/m, 12); [2] I 12/m1 (C 2/m, 12)
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CONTINUED No. 10 P2/m

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 o 1 (1) x,y,z (2) x̄,y, z̄ (3) x̄, ȳ, z̄ (4) x, ȳ,z no conditions

Special: no extra conditions

2 n m x, 1
2 ,z x̄, 1

2 , z̄

2 m m x,0,z x̄,0, z̄

2 l 2 1
2 ,y,

1
2

1
2 , ȳ,

1
2

2 k 2 0,y, 1
2 0, ȳ, 1

2

2 j 2 1
2 ,y,0

1
2 , ȳ,0

2 i 2 0,y,0 0, ȳ,0

1 h 2/m 1
2 ,

1
2 ,

1
2

1 g 2/m 1
2 ,0, 1

2

1 f 2/m 0, 1
2 ,

1
2

1 e 2/m 1
2 ,

1
2 ,0

1 d 2/m 1
2 ,0,0

1 c 2/m 0,0, 1
2

1 b 2/m 0, 1
2 ,0

1 a 2/m 0,0,0

Symmetry of special projections
Along [001] p2mm
a′ = ap b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = b b′ = cp

Origin at x,0,0

Along [010] p2
a′ = c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] P1m1 (Pm, 6) 1; 4

[2] P121 (P2, 3) 1; 2
[2] P 1̄ (2) 1; 3

IIa none

IIb [2] P121/m1 (b′ = 2b) (P21/m, 11); [2] P12/c1 (c′ = 2c) (P2/c, 13); [2] P12/a1 (a′ = 2a) (P2/c, 13);
[2] B12/e1 (a′ = 2a,c′ = 2c) (P2/c, 13); [2] C 12/m1 (a′ = 2a,b′ = 2b) (C 2/m, 12); [2] A12/m1 (b′ = 2b,c′ = 2c) (C 2/m, 12);
[2] F 12/m1 (a′ = 2a,b′ = 2b,c′ = 2c) (C 2/m, 12)

(Continued on preceding page)
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P2/m C1
2h 2/m Monoclinic

No. 10 P112/m Patterson symmetry P112/m

UNIQUE AXIS c

Origin at centre (2/m)

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
2 ; 0 ≤ z ≤ 1

2

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 1̄ 0,0,0 (4) m x,y,0

Maximal isomorphic subgroups of lowest index
IIc [2] P112/m (c′ = 2c) (P2/m, 10); [2] P112/m (a′ = 2a or b′ = 2b or a′ = a−b,b′ = a + b) (P2/m, 10)

Minimal non-isomorphic supergroups
I [2] Pmmm (47); [2] Pccm (49); [2] Pmma (51); [2] Pmna (53); [2] Pbam (55); [2] Pnnm (58); [2] C mmm (65); [2] C ccm (66);

[2] P4/m (83); [2] P42/m (84); [3] P6/m (175)
II [2] A112/m (C 2/m, 12); [2] B112/m (C 2/m, 12); [2] I 112/m (C 2/m, 12)
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CONTINUED No. 10 P2/m

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 o 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄, ȳ, z̄ (4) x,y, z̄ no conditions

Special: no extra conditions

2 n m x,y, 1
2 x̄, ȳ, 1

2

2 m m x,y,0 x̄, ȳ,0

2 l 2 1
2 ,

1
2 ,z

1
2 ,

1
2 , z̄

2 k 2 1
2 ,0,z 1

2 ,0, z̄

2 j 2 0, 1
2 ,z 0, 1

2 , z̄

2 i 2 0,0,z 0,0, z̄

1 h 2/m 1
2 ,

1
2 ,

1
2

1 g 2/m 1
2 ,

1
2 ,0

1 f 2/m 1
2 ,0, 1

2

1 e 2/m 0, 1
2 ,

1
2

1 d 2/m 0, 1
2 ,0

1 c 2/m 1
2 ,0,0

1 b 2/m 0,0, 1
2

1 a 2/m 0,0,0

Symmetry of special projections
Along [001] p2
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = bp b′ = c
Origin at x,0,0

Along [010] p2mm
a′ = c b′ = ap

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] P11m (Pm, 6) 1; 4

[2] P112 (P2, 3) 1; 2
[2] P 1̄ (2) 1; 3

IIa none

IIb [2] P1121/m (c′ = 2c) (P21/m, 11); [2] P112/a (a′ = 2a) (P2/c, 13); [2] P112/b (b′ = 2b) (P2/c, 13);
[2] C 112/e (a′ = 2a,b′ = 2b) (P2/c, 13); [2] A112/m (b′ = 2b,c′ = 2c) (C 2/m, 12); [2] B112/m (a′ = 2a,c′ = 2c) (C 2/m, 12);
[2] F 112/m (a′ = 2a,b′ = 2b,c′ = 2c) (C 2/m, 12)

(Continued on preceding page)
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P21/m C2
2h 2/m Monoclinic

No. 11 P121/m1 Patterson symmetry P12/m1

UNIQUE AXIS b

Origin at 1̄ on 21

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
4 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2(0, 1
2 ,0) 0,y,0 (3) 1̄ 0,0,0 (4) m x, 1

4 ,z
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CONTINUED No. 11 P21/m

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 f 1 (1) x,y,z (2) x̄,y + 1
2 , z̄ (3) x̄, ȳ, z̄ (4) x, ȳ + 1

2 ,z 0k0 : k = 2n

Special: as above, plus

2 e m x, 1
4 ,z x̄, 3

4 , z̄ no extra conditions

2 d 1̄ 1
2 ,0, 1

2
1
2 ,

1
2 ,

1
2 hkl : k = 2n

2 c 1̄ 0,0, 1
2 0, 1

2 ,
1
2 hkl : k = 2n

2 b 1̄ 1
2 ,0,0 1

2 ,
1
2 ,0 hkl : k = 2n

2 a 1̄ 0,0,0 0, 1
2 ,0 hkl : k = 2n

Symmetry of special projections
Along [001] p2gm
a′ = ap b′ = b
Origin at 0,0,z

Along [100] p2mg
a′ = b b′ = cp

Origin at x,0,0

Along [010] p2
a′ = c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] P1m1 (Pm, 6) 1; 4

[2] P121 1 (P21, 4) 1; 2
[2] P 1̄ (2) 1; 3

IIa none

IIb [2] P121/c1 (c′ = 2c) (P21/c, 14); [2] P121/a1 (a′ = 2a) (P21/c, 14); [2] B121/e1 (a′ = 2a,c′ = 2c) (P21/c, 14)

Maximal isomorphic subgroups of lowest index
IIc [2] P121/m1 (c′ = 2c or a′ = 2a or a′ = a + c,c′ = −a + c) (P21/m, 11); [3] P121/m1 (b′ = 3b) (P21/m, 11)

Minimal non-isomorphic supergroups
I [2] Pmma (51); [2] Pbcm (57); [2] Pmmn (59); [2] Pnma (62); [2] C mcm (63); [3] P63/m (176)

II [2] C 12/m1 (C 2/m, 12); [2] A12/m1 (C 2/m, 12); [2] I 12/m1 (C 2/m, 12); [2] P12/m1 (b′ = 1
2 b) (P2/m, 10)
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P21/m C2
2h 2/m Monoclinic

No. 11 P1121/m Patterson symmetry P112/m

UNIQUE AXIS c

Origin at 1̄ on 21

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
4

Symmetry operations

(1) 1 (2) 2(0,0, 1
2 ) 0,0,z (3) 1̄ 0,0,0 (4) m x,y, 1

4
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CONTINUED No. 11 P21/m

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 f 1 (1) x,y,z (2) x̄, ȳ,z+ 1
2 (3) x̄, ȳ, z̄ (4) x,y, z̄ + 1

2 00l : l = 2n

Special: as above, plus

2 e m x,y, 1
4 x̄, ȳ, 3

4 no extra conditions

2 d 1̄ 1
2 ,

1
2 ,0

1
2 ,

1
2 ,

1
2 hkl : l = 2n

2 c 1̄ 1
2 ,0,0 1

2 ,0, 1
2 hkl : l = 2n

2 b 1̄ 0, 1
2 ,0 0, 1

2 ,
1
2 hkl : l = 2n

2 a 1̄ 0,0,0 0,0, 1
2 hkl : l = 2n

Symmetry of special projections
Along [001] p2
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2gm
a′ = bp b′ = c
Origin at x,0,0

Along [010] p2mg
a′ = c b′ = ap

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] P11m (Pm, 6) 1; 4

[2] P1121 (P21, 4) 1; 2
[2] P 1̄ (2) 1; 3

IIa none

IIb [2] P1121/a (a′ = 2a) (P21/c, 14); [2] P1121/b (b′ = 2b) (P21/c, 14); [2] C 1121/e (a′ = 2a,b′ = 2b) (P21/c, 14)

Maximal isomorphic subgroups of lowest index
IIc [2] P1121/m (a′ = 2a or b′ = 2b or a′ = a−b,b′ = a + b) (P21/m, 11); [3] P1121/m (c′ = 3c) (P21/m, 11)

Minimal non-isomorphic supergroups
I [2] Pmma (51); [2] Pbcm (57); [2] Pmmn (59); [2] Pnma (62); [2] C mcm (63); [3] P63/m (176)

II [2] A112/m (C 2/m, 12); [2] B112/m (C 2/m, 12); [2] I 112/m (C 2/m, 12); [2] P112/m (c′ = 1
2 c) (P2/m, 10)
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C 2/m C3
2h 2/m Monoclinic

No. 12 C 12/m1 Patterson symmetry C 12/m1

UNIQUE AXIS b, CELL CHOICE 1

Origin at centre (2/m)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

4 ; 0 ≤ z ≤ 1

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,y,0 (3) 1̄ 0,0,0 (4) m x,0,z

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2(0, 1

2 ,0) 1
4 ,y,0 (3) 1̄ 1

4 ,
1
4 ,0 (4) a x, 1

4 ,z
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CONTINUED No. 12 C 2/m

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,0); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,0)+

Reflection conditions

General:

8 j 1 (1) x,y,z (2) x̄,y, z̄ (3) x̄, ȳ, z̄ (4) x, ȳ,z hkl : h + k = 2n
h0l : h = 2n
0kl : k = 2n
hk0 : h + k = 2n
0k0 : k = 2n
h00 : h = 2n

Special: as above, plus

4 i m x,0,z x̄,0, z̄ no extra conditions

4 h 2 0,y, 1
2 0, ȳ, 1

2 no extra conditions

4 g 2 0,y,0 0, ȳ,0 no extra conditions

4 f 1̄ 1
4 ,

1
4 ,

1
2

3
4 ,

1
4 ,

1
2 hkl : h = 2n

4 e 1̄ 1
4 ,

1
4 ,0

3
4 ,

1
4 ,0 hkl : h = 2n

2 d 2/m 0, 1
2 ,

1
2 no extra conditions

2 c 2/m 0,0, 1
2 no extra conditions

2 b 2/m 0, 1
2 ,0 no extra conditions

2 a 2/m 0,0,0 no extra conditions

Symmetry of special projections
Along [001] c2mm
a′ = a

p
b′ = b

Origin at 0,0,z

Along [100] p2mm
a′ = 1

2 b b′ = c
p

Origin at x,0,0

Along [010] p2
a′ = c b′ = 1

2 a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] C 1m1 (C m, 8) (1; 4)+

[2] C 121 (C 2, 5) (1; 2)+
[2] C 1̄ (P 1̄, 2) (1; 3)+

IIa [2] P121/a1 (P21/c, 14) 1; 3; (2; 4) + ( 1
2 ,

1
2 ,0)

[2] P12/a1 (P2/c, 13) 1; 2; (3; 4) + ( 1
2 ,

1
2 ,0)

[2] P121/m1 (P21/m, 11) 1; 4; (2; 3) + ( 1
2 ,

1
2 ,0)

[2] P12/m1 (P2/m, 10) 1; 2; 3; 4

IIb [2] C 12/c1 (c′ = 2c) (C 2/c, 15); [2] I 12/c1 (c′ = 2c) (C 2/c, 15)

Maximal isomorphic subgroups of lowest index
IIc [2] C 12/m1 (c′ = 2c or a′ = a + 2c,c′ = 2c) (C 2/m, 12); [3] C 12/m1 (b′ = 3b) (C 2/m, 12)

Minimal non-isomorphic supergroups
I [2] C mcm (63); [2] C mce (64); [2] C mmm (65); [2] C mme (67); [2] F mmm (69); [2] I mmm (71); [2] I bam (72); [2] I mma (74);

[2] I 4/m (87); [3] P 3̄ 1m (162); [3] P 3̄m1 (164); [3] R 3̄m (166)
II [2] P12/m1 (a′ = 1

2 a,b′ = 1
2 b) (P2/m, 10)
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C 2/m C3
2h 2/m Monoclinic

No. 12

UNIQUE AXIS b, DIFFERENT CELL CHOICES

C 12/m1

UNIQUE AXIS b, CELL CHOICE 1

Origin at centre (2/m)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

4 ; 0 ≤ z ≤ 1

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,0); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,0)+

Reflection conditions

General:

8 j 1 (1) x,y,z (2) x̄,y, z̄ (3) x̄, ȳ, z̄ (4) x, ȳ,z hkl : h + k = 2n
h0l : h = 2n
0kl : k = 2n

hk0 : h + k = 2n
0k0 : k = 2n
h00 : h = 2n

Special: as above, plus

4 i m x,0,z x̄,0, z̄ no extra conditions

4 h 2 0,y, 1
2 0, ȳ, 1

2 4 g 2 0,y,0 0, ȳ,0 no extra conditions

4 f 1̄ 1
4 ,

1
4 ,

1
2

3
4 ,

1
4 ,

1
2 4 e 1̄ 1

4 ,
1
4 ,0

3
4 ,

1
4 ,0 hkl : h = 2n

2 d 2/m 0, 1
2 ,

1
2 2 c 2/m 0,0, 1

2 no extra conditions

2 b 2/m 0, 1
2 ,0 2 a 2/m 0,0,0 no extra conditions
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CONTINUED No. 12 C 2/m

A12/m1

UNIQUE AXIS b, CELL CHOICE 2

Origin at centre (2/m)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

4 ; 0 ≤ z ≤ 1

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2 )+

Reflection conditions

General:

8 j 1 (1) x,y,z (2) x̄,y, z̄ (3) x̄, ȳ, z̄ (4) x, ȳ,z hkl : k + l = 2n
h0l : l = 2n
0kl : k + l = 2n

hk0 : k = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

4 i m x,0,z x̄,0, z̄ no extra conditions

4 h 2 1
2 ,y,

1
2

1
2 , ȳ,

1
2 4 g 2 0,y,0 0, ȳ,0 no extra conditions

4 f 1̄ 1
2 ,

1
4 ,

3
4

1
2 ,

1
4 ,

1
4 4 e 1̄ 0, 1

4 ,
1
4 0, 1

4 ,
3
4 hkl : k = 2n

2 d 2/m 1
2 ,

1
2 ,

1
2 2 c 2/m 1

2 ,0, 1
2 no extra conditions

2 b 2/m 0, 1
2 ,0 2 a 2/m 0,0,0 no extra conditions

I 12/m1

UNIQUE AXIS b, CELL CHOICE 3

Origin at centre (2/m)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

4 ; 0 ≤ z ≤ 1

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

8 j 1 (1) x,y,z (2) x̄,y, z̄ (3) x̄, ȳ, z̄ (4) x, ȳ,z hkl : h + k + l = 2n
h0l : h + l = 2n
0kl : k + l = 2n
hk0 : h + k = 2n

0k0 : k = 2n
h00 : h = 2n
00l : l = 2n

Special: as above, plus

4 i m x,0,z x̄,0, z̄ no extra conditions

4 h 2 1
2 ,y,0

1
2 , ȳ,0 4 g 2 0,y,0 0, ȳ,0 no extra conditions

4 f 1̄ 1
4 ,

1
4 ,

3
4

3
4 ,

1
4 ,

1
4 4 e 1̄ 3

4 ,
1
4 ,

3
4

1
4 ,

1
4 ,

1
4 hkl : k = 2n

2 d 2/m 1
2 ,

1
2 ,0 2 c 2/m 1

2 ,0,0 no extra conditions

2 b 2/m 0, 1
2 ,0 2 a 2/m 0,0,0 no extra conditions
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C 2/m C3
2h 2/m Monoclinic

No. 12 A112/m Patterson symmetry A112/m

UNIQUE AXIS c, CELL CHOICE 1

Origin at centre (2/m)

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
2 ; 0 ≤ z ≤ 1

4

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) 1̄ 0,0,0 (4) m x,y,0

For (0, 1
2 ,

1
2)+ set

(1) t(0, 1
2 ,

1
2) (2) 2(0,0, 1

2 ) 0, 1
4 ,z (3) 1̄ 0, 1

4 ,
1
4 (4) b x,y, 1

4
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CONTINUED No. 12 C 2/m

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2 )+

Reflection conditions

General:

8 j 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄, ȳ, z̄ (4) x,y, z̄ hkl : k + l = 2n
hk0 : k = 2n
0kl : k + l = 2n
h0l : l = 2n
00l : l = 2n
0k0 : k = 2n

Special: as above, plus

4 i m x,y,0 x̄, ȳ,0 no extra conditions

4 h 2 1
2 ,0,z 1

2 ,0, z̄ no extra conditions

4 g 2 0,0,z 0,0, z̄ no extra conditions

4 f 1̄ 1
2 ,

1
4 ,

1
4

1
2 ,

3
4 ,

1
4 hkl : k = 2n

4 e 1̄ 0, 1
4 ,

1
4 0, 3

4 ,
1
4 hkl : k = 2n

2 d 2/m 1
2 ,0, 1

2 no extra conditions

2 c 2/m 1
2 ,0,0 no extra conditions

2 b 2/m 0,0, 1
2 no extra conditions

2 a 2/m 0,0,0 no extra conditions

Symmetry of special projections
Along [001] p2
a′ = a b′ = 1

2 b
Origin at 0,0,z

Along [100] c2mm
a′ = b

p
b′ = c

Origin at x,0,0

Along [010] p2mm
a′ = 1

2 c b′ = a
p

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] A11m (C m, 8) (1; 4)+

[2] A112 (C 2, 5) (1; 2)+
[2] A 1̄ (P 1̄, 2) (1; 3)+

IIa [2] P1121/b (P21/c, 14) 1; 3; (2; 4) + (0, 1
2 ,

1
2 )

[2] P112/b (P2/c, 13) 1; 2; (3; 4) + (0, 1
2 ,

1
2 )

[2] P1121/m (P21/m, 11) 1; 4; (2; 3) + (0, 1
2 ,

1
2 )

[2] P112/m (P2/m, 10) 1; 2; 3; 4

IIb [2] A112/a (a′ = 2a) (C 2/c, 15); [2] I 112/a (a′ = 2a) (C 2/c, 15)

Maximal isomorphic subgroups of lowest index
IIc [2] A112/m (a′ = 2a or a′ = 2a,b′ = 2a + b) (C 2/m, 12); [3] A112/m (c′ = 3c) (C 2/m, 12)

Minimal non-isomorphic supergroups
I [2] C mcm (63); [2] C mce (64); [2] C mmm (65); [2] C mme (67); [2] F mmm (69); [2] I mmm (71); [2] I bam (72); [2] I mma (74);

[2] I 4/m (87); [3] P 3̄ 1m (162); [3] P 3̄m1 (164); [3] R 3̄m (166)
II [2] P112/m (b′ = 1

2 b,c′ = 1
2 c) (P2/m, 10)

173



C 2/m C3
2h 2/m Monoclinic

No. 12

UNIQUE AXIS c, DIFFERENT CELL CHOICES

A112/m

UNIQUE AXIS c, CELL CHOICE 1

Origin at centre (2/m)

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
2 ; 0 ≤ z ≤ 1

4

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2 )+

Reflection conditions

General:

8 j 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄, ȳ, z̄ (4) x,y, z̄ hkl : k + l = 2n
hk0 : k = 2n
0kl : k + l = 2n

h0l : l = 2n
00l : l = 2n
0k0 : k = 2n

Special: as above, plus

4 i m x,y,0 x̄, ȳ,0 no extra conditions

4 h 2 1
2 ,0,z 1

2 ,0, z̄ 4 g 2 0,0,z 0,0, z̄ no extra conditions

4 f 1̄ 1
2 ,

1
4 ,

1
4

1
2 ,

3
4 ,

1
4 4 e 1̄ 0, 1

4 ,
1
4 0, 3

4 ,
1
4 hkl : k = 2n

2 d 2/m 1
2 ,0, 1

2 2 c 2/m 1
2 ,0,0 no extra conditions

2 b 2/m 0,0, 1
2 2 a 2/m 0,0,0 no extra conditions
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CONTINUED No. 12 C 2/m

B112/m

UNIQUE AXIS c, CELL CHOICE 2

Origin at centre (2/m)

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
2 ; 0 ≤ z ≤ 1

4

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,0, 1

2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,0, 1

2 )+

Reflection conditions

General:

8 j 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄, ȳ, z̄ (4) x,y, z̄ hkl : h + l = 2n
hk0 : h = 2n
0kl : l = 2n

h0l : h + l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

4 i m x,y,0 x̄, ȳ,0 no extra conditions

4 h 2 1
2 ,

1
2 ,z

1
2 ,

1
2 , z̄ 4 g 2 0,0,z 0,0, z̄ no extra conditions

4 f 1̄ 3
4 ,

1
2 ,

1
4

1
4 ,

1
2 ,

1
4 4 e 1̄ 1

4 ,0, 1
4

3
4 ,0, 1

4 hkl : h = 2n

2 d 2/m 1
2 ,

1
2 ,

1
2 2 c 2/m 1

2 ,
1
2 ,0 no extra conditions

2 b 2/m 0,0, 1
2 2 a 2/m 0,0,0 no extra conditions

I 112/m

UNIQUE AXIS c, CELL CHOICE 3

Origin at centre (2/m)

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
2 ; 0 ≤ z ≤ 1

4

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

8 j 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄, ȳ, z̄ (4) x,y, z̄ hkl : h + k + l = 2n
hk0 : h + k = 2n
0kl : k + l = 2n
h0l : h + l = 2n

00l : l = 2n
h00 : h = 2n
0k0 : k = 2n

Special: as above, plus

4 i m x,y,0 x̄, ȳ,0 no extra conditions

4 h 2 0, 1
2 ,z 0, 1

2 , z̄ 4 g 2 0,0,z 0,0, z̄ no extra conditions

4 f 1̄ 3
4 ,

1
4 ,

1
4

1
4 ,

3
4 ,

1
4 4 e 1̄ 3

4 ,
3
4 ,

1
4

1
4 ,

1
4 ,

1
4 hkl : l = 2n

2 d 2/m 0, 1
2 ,

1
2 2 c 2/m 0, 1

2 ,0 no extra conditions

2 b 2/m 0,0, 1
2 2 a 2/m 0,0,0 no extra conditions
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P2/c C4
2h 2/m Monoclinic

No. 13 P12/c1 Patterson symmetry P12/m1

UNIQUE AXIS b, CELL CHOICE 1

Origin at 1̄ on glide plane c

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1

2

Symmetry operations

(1) 1 (2) 2 0,y, 1
4 (3) 1̄ 0,0,0 (4) c x,0,z

176

International Tables for Crystallography (2006). Vol. A, Space group 13, pp. 176–183.

Copyright © 2006 International Union of Crystallography



CONTINUED No. 13 P2/c

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 g 1 (1) x,y,z (2) x̄,y, z̄ + 1
2 (3) x̄, ȳ, z̄ (4) x, ȳ,z+ 1

2 h0l : l = 2n
00l : l = 2n

Special: as above, plus

2 f 2 1
2 ,y,

1
4

1
2 , ȳ,

3
4 no extra conditions

2 e 2 0,y, 1
4 0, ȳ, 3

4 no extra conditions

2 d 1̄ 1
2 ,0,0 1

2 ,0, 1
2 hkl : l = 2n

2 c 1̄ 0, 1
2 ,0 0, 1

2 ,
1
2 hkl : l = 2n

2 b 1̄ 1
2 ,

1
2 ,0

1
2 ,

1
2 ,

1
2 hkl : l = 2n

2 a 1̄ 0,0,0 0,0, 1
2 hkl : l = 2n

Symmetry of special projections
Along [001] p2mm
a′ = ap b′ = b
Origin at 0,0,z

Along [100] p2gm
a′ = b b′ = cp

Origin at x,0,0

Along [010] p2
a′ = 1

2 c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] P1c1 (Pc, 7) 1; 4

[2] P121 (P2, 3) 1; 2
[2] P 1̄ (2) 1; 3

IIa none

IIb [2] P121/c1 (b′ = 2b) (P21/c, 14); [2] C 12/c1 (a′ = 2a,b′ = 2b) (C 2/c, 15)

Maximal isomorphic subgroups of lowest index
IIc [2] P12/c1 (b′ = 2b) (P2/c, 13); [2] P12/c1 (a′ = 2a or a′ = 2a,c′ = 2a + c) (P2/c, 13)

Minimal non-isomorphic supergroups
I [2] Pnnn (48); [2] Pccm (49); [2] Pban (50); [2] Pmma (51); [2] Pnna (52); [2] Pmna (53); [2] Pcca (54); [2] Pccn (56);

[2] Pbcm (57); [2] Pmmn (59); [2] Pbcn (60); [2] C mme (67); [2] C cce (68); [2] P4/n (85); [2] P42/n (86)

II [2] A12/m1 (C 2/m, 12); [2] C 12/c1 (C 2/c, 15); [2] I 12/c1 (C 2/c, 15); [2] P12/m1 (c′ = 1
2 c) (P2/m, 10)
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P2/c C4
2h 2/m Monoclinic

No. 13

UNIQUE AXIS b, DIFFERENT CELL CHOICES

P12/c1

UNIQUE AXIS b, CELL CHOICE 1

Origin at 1̄ on glide plane c

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1

2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 g 1 (1) x,y,z (2) x̄,y, z̄ + 1
2 (3) x̄, ȳ, z̄ (4) x, ȳ,z+ 1

2 h0l : l = 2n
00l : l = 2n

Special: as above, plus

2 f 2 1
2 ,y,

1
4

1
2 , ȳ,

3
4 no extra conditions

2 e 2 0,y, 1
4 0, ȳ, 3

4 no extra conditions

2 d 1̄ 1
2 ,0,0 1

2 ,0, 1
2 2 c 1̄ 0, 1

2 ,0 0, 1
2 ,

1
2 hkl : l = 2n

2 b 1̄ 1
2 ,

1
2 ,0

1
2 ,

1
2 ,

1
2 2 a 1̄ 0,0,0 0,0, 1

2 hkl : l = 2n
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CONTINUED No. 13 P2/c

P12/n1

UNIQUE AXIS b, CELL CHOICE 2

Origin at 1̄ on glide plane n

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
4

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 g 1 (1) x,y,z (2) x̄ + 1
2 ,y, z̄+ 1

2 (3) x̄, ȳ, z̄ (4) x + 1
2 , ȳ,z+ 1

2 h0l : h + l = 2n
h00 : h = 2n
00l : l = 2n

Special: as above, plus

2 f 2 3
4 ,y,

1
4

1
4 , ȳ,

3
4 no extra conditions

2 e 2 3
4 ,y,

3
4

1
4 , ȳ,

1
4 no extra conditions

2 d 1̄ 0,0, 1
2

1
2 ,0,0 2 c 1̄ 0, 1

2 ,0
1
2 ,

1
2 ,

1
2 hkl : h + l = 2n

2 b 1̄ 0, 1
2 ,

1
2

1
2 ,

1
2 ,0 2 a 1̄ 0,0,0 1

2 ,0, 1
2 hkl : h + l = 2n

P12/a1

UNIQUE AXIS b, CELL CHOICE 3

Origin at 1̄ on glide plane a

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1

2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 g 1 (1) x,y,z (2) x̄ + 1
2 ,y, z̄ (3) x̄, ȳ, z̄ (4) x + 1

2 , ȳ,z h0l : h = 2n
h00 : h = 2n

Special: as above, plus

2 f 2 3
4 ,y,

1
2

1
4 , ȳ,

1
2 no extra conditions

2 e 2 1
4 ,y,0

3
4 , ȳ,0 no extra conditions

2 d 1̄ 1
2 ,0, 1

2 0,0, 1
2 2 c 1̄ 0, 1

2 ,0
1
2 ,

1
2 ,0 hkl : h = 2n

2 b 1̄ 1
2 ,

1
2 ,

1
2 0, 1

2 ,
1
2 2 a 1̄ 0,0,0 1

2 ,0,0 hkl : h = 2n
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P2/c C4
2h 2/m Monoclinic

No. 13 P112/a Patterson symmetry P112/m

UNIQUE AXIS c, CELL CHOICE 1

Origin at 1̄ on glide plane a

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2 1
4 ,0,z (3) 1̄ 0,0,0 (4) a x,y,0
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CONTINUED No. 13 P2/c

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 g 1 (1) x,y,z (2) x̄ + 1
2 , ȳ,z (3) x̄, ȳ, z̄ (4) x + 1

2 ,y, z̄ hk0 : h = 2n
h00 : h = 2n

Special: as above, plus

2 f 2 1
4 ,

1
2 ,z

3
4 ,

1
2 , z̄ no extra conditions

2 e 2 1
4 ,0,z 3

4 ,0, z̄ no extra conditions

2 d 1̄ 0, 1
2 ,0

1
2 ,

1
2 ,0 hkl : h = 2n

2 c 1̄ 0,0, 1
2

1
2 ,0, 1

2 hkl : h = 2n

2 b 1̄ 0, 1
2 ,

1
2

1
2 ,

1
2 ,

1
2 hkl : h = 2n

2 a 1̄ 0,0,0 1
2 ,0,0 hkl : h = 2n

Symmetry of special projections
Along [001] p2
a′ = 1

2 a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = bp b′ = c
Origin at x,0,0

Along [010] p2gm
a′ = c b′ = ap

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] P11a (Pc, 7) 1; 4

[2] P112 (P2, 3) 1; 2
[2] P 1̄ (2) 1; 3

IIa none

IIb [2] P1121/a (c′ = 2c) (P21/c, 14); [2] A112/a (b′ = 2b,c′ = 2c) (C 2/c, 15)

Maximal isomorphic subgroups of lowest index
IIc [2] P112/a (c′ = 2c) (P2/c, 13); [2] P112/a (b′ = 2b or a′ = a + 2b,b′ = 2b) (P2/c, 13)

Minimal non-isomorphic supergroups
I [2] Pnnn (48); [2] Pccm (49); [2] Pban (50); [2] Pmma (51); [2] Pnna (52); [2] Pmna (53); [2] Pcca (54); [2] Pccn (56);

[2] Pbcm (57); [2] Pmmn (59); [2] Pbcn (60); [2] C mme (67); [2] C cce (68); [2] P4/n (85); [2] P42/n (86)

II [2] A112/a (C 2/c, 15); [2] B112/m (C 2/m, 12); [2] I 112/a (C 2/c, 15); [2] P112/m (a′ = 1
2 a) (P2/m, 10)
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P2/c C4
2h 2/m Monoclinic

No. 13

UNIQUE AXIS c, DIFFERENT CELL CHOICES

P112/a

UNIQUE AXIS c, CELL CHOICE 1

Origin at 1̄ on glide plane a

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 g 1 (1) x,y,z (2) x̄ + 1
2 , ȳ,z (3) x̄, ȳ, z̄ (4) x + 1

2 ,y, z̄ hk0 : h = 2n
h00 : h = 2n

Special: as above, plus

2 f 2 1
4 ,

1
2 ,z

3
4 ,

1
2 , z̄ no extra conditions

2 e 2 1
4 ,0,z 3

4 ,0, z̄ no extra conditions

2 d 1̄ 0, 1
2 ,0

1
2 ,

1
2 ,0 2 c 1̄ 0,0, 1

2
1
2 ,0, 1

2 hkl : h = 2n

2 b 1̄ 0, 1
2 ,

1
2

1
2 ,

1
2 ,

1
2 2 a 1̄ 0,0,0 1

2 ,0,0 hkl : h = 2n
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CONTINUED No. 13 P2/c

P112/n

UNIQUE AXIS c, CELL CHOICE 2

Origin at 1̄ on glide plane n

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 g 1 (1) x,y,z (2) x̄ + 1
2 , ȳ+ 1

2 ,z (3) x̄, ȳ, z̄ (4) x + 1
2 ,y + 1

2 , z̄ hk0 : h + k = 2n
h00 : h = 2n
0k0 : k = 2n

Special: as above, plus

2 f 2 1
4 ,

3
4 ,z

3
4 ,

1
4 , z̄ no extra conditions

2 e 2 3
4 ,

3
4 ,z

1
4 ,

1
4 , z̄ no extra conditions

2 d 1̄ 1
2 ,0,0 0, 1

2 ,0 2 c 1̄ 0,0, 1
2

1
2 ,

1
2 ,

1
2 hkl : h + k = 2n

2 b 1̄ 1
2 ,0, 1

2 0, 1
2 ,

1
2 2 a 1̄ 0,0,0 1

2 ,
1
2 ,0 hkl : h + k = 2n

P112/b

UNIQUE AXIS c, CELL CHOICE 3

Origin at 1̄ on glide plane b

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 g 1 (1) x,y,z (2) x̄, ȳ + 1
2 ,z (3) x̄, ȳ, z̄ (4) x,y + 1

2 , z̄ hk0 : k = 2n
0k0 : k = 2n

Special: as above, plus

2 f 2 1
2 ,

3
4 ,z

1
2 ,

1
4 , z̄ no extra conditions

2 e 2 0, 1
4 ,z 0, 3

4 , z̄ no extra conditions

2 d 1̄ 1
2 ,

1
2 ,0

1
2 ,0,0 2 c 1̄ 0,0, 1

2 0, 1
2 ,

1
2 hkl : k = 2n

2 b 1̄ 1
2 ,

1
2 ,

1
2

1
2 ,0, 1

2 2 a 1̄ 0,0,0 0, 1
2 ,0 hkl : k = 2n
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P21/c C5
2h 2/m Monoclinic

No. 14 P121/c1 Patterson symmetry P12/m1

UNIQUE AXIS b, CELL CHOICE 1

Origin at 1̄

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
4 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2(0, 1
2 ,0) 0,y, 1

4 (3) 1̄ 0,0,0 (4) c x, 1
4 ,z
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CONTINUED No. 14 P21/c

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 e 1 (1) x,y,z (2) x̄,y + 1
2 , z̄+ 1

2 (3) x̄, ȳ, z̄ (4) x, ȳ+ 1
2 ,z+ 1

2 h0l : l = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

2 d 1̄ 1
2 ,0, 1

2
1
2 ,

1
2 ,0 hkl : k + l = 2n

2 c 1̄ 0,0, 1
2 0, 1

2 ,0 hkl : k + l = 2n

2 b 1̄ 1
2 ,0,0 1

2 ,
1
2 ,

1
2 hkl : k + l = 2n

2 a 1̄ 0,0,0 0, 1
2 ,

1
2 hkl : k + l = 2n

Symmetry of special projections
Along [001] p2gm
a′ = ap b′ = b
Origin at 0,0,z

Along [100] p2gg
a′ = b b′ = cp

Origin at x,0,0

Along [010] p2
a′ = 1

2 c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] P1c1 (Pc, 7) 1; 4

[2] P121 1 (P21, 4) 1; 2
[2] P 1̄ (2) 1; 3

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [2] P121/c1 (a′ = 2a or a′ = 2a,c′ = 2a + c) (P21/c, 14); [3] P121/c1 (b′ = 3b) (P21/c, 14)

Minimal non-isomorphic supergroups
I [2] Pnna (52); [2] Pmna (53); [2] Pcca (54); [2] Pbam (55); [2] Pccn (56); [2] Pbcm (57); [2] Pnnm (58); [2] Pbcn (60);

[2] Pbca (61); [2] Pnma (62); [2] C mce (64)

II [2] A12/m1 (C 2/m, 12); [2] C 12/c1 (C 2/c, 15); [2] I 12/c1 (C 2/c, 15); [2] P121/m1 (c′ = 1
2 c) (P21/m, 11);

[2] P12/c1 (b′ = 1
2 b) (P2/c, 13)
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P21/c C5
2h 2/m Monoclinic

No. 14

UNIQUE AXIS b, DIFFERENT CELL CHOICES

P121/c1

UNIQUE AXIS b, CELL CHOICE 1

Origin at 1̄

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
4 ; 0 ≤ z ≤ 1

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 e 1 (1) x,y,z (2) x̄,y + 1
2 , z̄+ 1

2 (3) x̄, ȳ, z̄ (4) x, ȳ+ 1
2 ,z+ 1

2 h0l : l = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

2 d 1̄ 1
2 ,0, 1

2
1
2 ,

1
2 ,0 hkl : k + l = 2n

2 c 1̄ 0,0, 1
2 0, 1

2 ,0 hkl : k + l = 2n

2 b 1̄ 1
2 ,0,0 1

2 ,
1
2 ,

1
2 hkl : k + l = 2n

2 a 1̄ 0,0,0 0, 1
2 ,

1
2 hkl : k + l = 2n
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CONTINUED No. 14 P21/c

P121/n1

UNIQUE AXIS b, CELL CHOICE 2

Origin at 1̄

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
4 ; 0 ≤ z ≤ 1

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 e 1 (1) x,y,z (2) x̄ + 1
2 ,y + 1

2 , z̄+ 1
2 (3) x̄, ȳ, z̄ (4) x + 1

2 , ȳ + 1
2 ,z+ 1

2 h0l : h + l = 2n
0k0 : k = 2n
h00 : h = 2n
00l : l = 2n

Special: as above, plus

2 d 1̄ 1
2 ,0,0 0, 1

2 ,
1
2 hkl : h + k + l = 2n

2 c 1̄ 1
2 ,0, 1

2 0, 1
2 ,0 hkl : h + k + l = 2n

2 b 1̄ 0,0, 1
2

1
2 ,

1
2 ,0 hkl : h + k + l = 2n

2 a 1̄ 0,0,0 1
2 ,

1
2 ,

1
2 hkl : h + k + l = 2n

P121/a1

UNIQUE AXIS b, CELL CHOICE 3

Origin at 1̄

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
4 ; 0 ≤ z ≤ 1

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 e 1 (1) x,y,z (2) x̄ + 1
2 ,y + 1

2 , z̄ (3) x̄, ȳ, z̄ (4) x + 1
2 , ȳ + 1

2 ,z h0l : h = 2n
0k0 : k = 2n
h00 : h = 2n

Special: as above, plus

2 d 1̄ 0,0, 1
2

1
2 ,

1
2 ,

1
2 hkl : h + k = 2n

2 c 1̄ 1
2 ,0,0 0, 1

2 ,0 hkl : h + k = 2n

2 b 1̄ 1
2 ,0, 1

2 0, 1
2 ,

1
2 hkl : h + k = 2n

2 a 1̄ 0,0,0 1
2 ,

1
2 ,0 hkl : h + k = 2n
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P21/c C5
2h 2/m Monoclinic

No. 14 P1121/a Patterson symmetry P112/m

UNIQUE AXIS c, CELL CHOICE 1

Origin at 1̄

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
4

Symmetry operations

(1) 1 (2) 2(0,0, 1
2 ) 1

4 ,0,z (3) 1̄ 0,0,0 (4) a x,y, 1
4
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CONTINUED No. 14 P21/c

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 e 1 (1) x,y,z (2) x̄ + 1
2 , ȳ,z+ 1

2 (3) x̄, ȳ, z̄ (4) x + 1
2 ,y, z̄+ 1

2 hk0 : h = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

2 d 1̄ 1
2 ,

1
2 ,0 0, 1

2 ,
1
2 hkl : h + l = 2n

2 c 1̄ 1
2 ,0,0 0,0, 1

2 hkl : h + l = 2n

2 b 1̄ 0, 1
2 ,0

1
2 ,

1
2 ,

1
2 hkl : h + l = 2n

2 a 1̄ 0,0,0 1
2 ,0, 1

2 hkl : h + l = 2n

Symmetry of special projections
Along [001] p2
a′ = 1

2 a b′ = b
Origin at 0,0,z

Along [100] p2gm
a′ = bp b′ = c
Origin at x,0,0

Along [010] p2gg
a′ = c b′ = ap

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] P11a (Pc, 7) 1; 4

[2] P1121 (P21, 4) 1; 2
[2] P 1̄ (2) 1; 3

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [2] P1121/a (b′ = 2b or a′ = a + 2b,b′ = 2b) (P21/c, 14); [3] P1121/a (c′ = 3c) (P21/c, 14)

Minimal non-isomorphic supergroups
I [2] Pnna (52); [2] Pmna (53); [2] Pcca (54); [2] Pbam (55); [2] Pccn (56); [2] Pbcm (57); [2] Pnnm (58); [2] Pbcn (60);

[2] Pbca (61); [2] Pnma (62); [2] C mce (64)

II [2] A112/a (C 2/c, 15); [2] B112/m (C 2/m, 12); [2] I 112/a (C 2/c, 15); [2] P1121/m (a′ = 1
2 a) (P21/m, 11);

[2] P112/a (c′ = 1
2 c) (P2/c, 13)
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P21/c C5
2h 2/m Monoclinic

No. 14

UNIQUE AXIS c, DIFFERENT CELL CHOICES

P1121/a

UNIQUE AXIS c, CELL CHOICE 1

Origin at 1̄

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
4

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 e 1 (1) x,y,z (2) x̄ + 1
2 , ȳ,z+ 1

2 (3) x̄, ȳ, z̄ (4) x + 1
2 ,y, z̄+ 1

2 hk0 : h = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

2 d 1̄ 1
2 ,

1
2 ,0 0, 1

2 ,
1
2 hkl : h + l = 2n

2 c 1̄ 1
2 ,0,0 0,0, 1

2 hkl : h + l = 2n

2 b 1̄ 0, 1
2 ,0

1
2 ,

1
2 ,

1
2 hkl : h + l = 2n

2 a 1̄ 0,0,0 1
2 ,0, 1

2 hkl : h + l = 2n
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CONTINUED No. 14 P21/c

P1121/n

UNIQUE AXIS c, CELL CHOICE 2

Origin at 1̄

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
4

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 e 1 (1) x,y,z (2) x̄ + 1
2 , ȳ+ 1

2 ,z+ 1
2 (3) x̄, ȳ, z̄ (4) x + 1

2 ,y + 1
2 , z̄+ 1

2 hk0 : h + k = 2n
00l : l = 2n
h00 : h = 2n
0k0 : k = 2n

Special: as above, plus

2 d 1̄ 0, 1
2 ,0

1
2 ,0, 1

2 hkl : h + k + l = 2n

2 c 1̄ 1
2 ,

1
2 ,0 0,0, 1

2 hkl : h + k + l = 2n

2 b 1̄ 1
2 ,0,0 0, 1

2 ,
1
2 hkl : h + k + l = 2n

2 a 1̄ 0,0,0 1
2 ,

1
2 ,

1
2 hkl : h + k + l = 2n

P1121/b

UNIQUE AXIS c, CELL CHOICE 3

Origin at 1̄

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
4

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 e 1 (1) x,y,z (2) x̄, ȳ + 1
2 ,z+ 1

2 (3) x̄, ȳ, z̄ (4) x,y + 1
2 , z̄+ 1

2 hk0 : k = 2n
00l : l = 2n
0k0 : k = 2n

Special: as above, plus

2 d 1̄ 1
2 ,0,0 1

2 ,
1
2 ,

1
2 hkl : k + l = 2n

2 c 1̄ 0, 1
2 ,0 0,0, 1

2 hkl : k + l = 2n

2 b 1̄ 1
2 ,

1
2 ,0

1
2 ,0, 1

2 hkl : k + l = 2n

2 a 1̄ 0,0,0 0, 1
2 ,

1
2 hkl : k + l = 2n
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C 2/c C6
2h 2/m Monoclinic

No. 15 C 12/c1 Patterson symmetry C 12/m1

UNIQUE AXIS b, CELL CHOICE 1

Origin at 1̄ on glide plane c

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,y, 1

4 (3) 1̄ 0,0,0 (4) c x,0,z

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2(0, 1

2 ,0) 1
4 ,y,

1
4 (3) 1̄ 1

4 ,
1
4 ,0 (4) n( 1

2 ,0, 1
2 ) x, 1

4 ,z
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CONTINUED No. 15 C 2/c

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,0); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,0)+

Reflection conditions

General:

8 f 1 (1) x,y,z (2) x̄,y, z̄ + 1
2 (3) x̄, ȳ, z̄ (4) x, ȳ,z+ 1

2 hkl : h + k = 2n
h0l : h, l = 2n
0kl : k = 2n
hk0 : h + k = 2n
0k0 : k = 2n
h00 : h = 2n
00l : l = 2n

Special: as above, plus

4 e 2 0,y, 1
4 0, ȳ, 3

4 no extra conditions

4 d 1̄ 1
4 ,

1
4 ,

1
2

3
4 ,

1
4 ,0 hkl : k + l = 2n

4 c 1̄ 1
4 ,

1
4 ,0

3
4 ,

1
4 ,

1
2 hkl : k + l = 2n

4 b 1̄ 0, 1
2 ,0 0, 1

2 ,
1
2 hkl : l = 2n

4 a 1̄ 0,0,0 0,0, 1
2 hkl : l = 2n

Symmetry of special projections
Along [001] c2mm
a′ = a

p
b′ = b

Origin at 0,0,z

Along [100] p2gm
a′ = 1

2 b b′ = c
p

Origin at x,0,0

Along [010] p2
a′ = 1

2 c b′ = 1
2 a

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] C 1c1 (C c, 9) (1; 4)+

[2] C 121 (C 2, 5) (1; 2)+
[2] C 1̄ (P 1̄, 2) (1; 3)+

IIa [2] P121/n1 (P21/c, 14) 1; 3; (2; 4) + ( 1
2 ,

1
2 ,0)

[2] P121/c1 (P21/c, 14) 1; 4; (2; 3) + ( 1
2 ,

1
2 ,0)

[2] P12/c1 (P2/c, 13) 1; 2; 3; 4
[2] P12/n1 (P2/c, 13) 1; 2; (3; 4) + ( 1

2 ,
1
2 ,0)

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] C 12/c1 (b′ = 3b) (C 2/c, 15); [3] C 12/c1 (c′ = 3c) (C 2/c, 15);

[3] C 12/c1 (a′ = 3a or a′ = 3a,c′ = −a + c or a′ = 3a,c′ = a + c) (C 2/c, 15)

Minimal non-isomorphic supergroups
I [2] C mcm (63); [2] C mce (64); [2] C ccm (66); [2] C cce (68); [2] F d d d (70); [2] I bam (72); [2] I bca (73); [2] I mma (74);

[2] I 41/a (88); [3] P 3̄ 1c (163); [3] P 3̄c1 (165); [3] R 3̄c (167)
II [2] F 12/m1 (C 2/m, 12); [2] C 12/m1 (c′ = 1

2 c) (C 2/m, 12); [2] P12/c1 (a′ = 1
2 a,b′ = 1

2 b) (P2/c, 13)
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C 2/c C6
2h 2/m Monoclinic

No. 15

UNIQUE AXIS b, DIFFERENT CELL CHOICES

C 12/c1

UNIQUE AXIS b, CELL CHOICE 1

Origin at 1̄ on glide plane c

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,0); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,0)+

Reflection conditions

General:

8 f 1 (1) x,y,z (2) x̄,y, z̄ + 1
2 (3) x̄, ȳ, z̄ (4) x, ȳ,z+ 1

2 hkl : h + k = 2n
h0l : h, l = 2n
0kl : k = 2n
hk0 : h + k = 2n

0k0 : k = 2n
h00 : h = 2n
00l : l = 2n

Special: as above, plus

4 e 2 0,y, 1
4 0, ȳ, 3

4 no extra conditions

4 d 1̄ 1
4 ,

1
4 ,

1
2

3
4 ,

1
4 ,0 4 c 1̄ 1

4 ,
1
4 ,0

3
4 ,

1
4 ,

1
2 hkl : k + l = 2n

4 b 1̄ 0, 1
2 ,0 0, 1

2 ,
1
2 4 a 1̄ 0,0,0 0,0, 1

2 hkl : l = 2n
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CONTINUED No. 15 C 2/c

A12/n1

UNIQUE AXIS b, CELL CHOICE 2

Origin at 1̄ on glide plane n

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1

4

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2 )+

Reflection conditions

General:

8 f 1 (1) x,y,z (2) x̄ + 1
2 ,y, z̄+ 1

2 (3) x̄, ȳ, z̄ (4) x + 1
2 , ȳ,z+ 1

2 hkl : k + l = 2n
h0l : h, l = 2n
0kl : k + l = 2n
hk0 : k = 2n

0k0 : k = 2n
h00 : h = 2n
00l : l = 2n

Special: as above, plus

4 e 2 3
4 ,y,

3
4

1
4 , ȳ,

1
4 no extra conditions

4 d 1̄ 1
2 ,

1
4 ,

3
4 0, 1

4 ,
3
4 4 c 1̄ 0, 1

4 ,
1
4

1
2 ,

1
4 ,

1
4 hkl : h = 2n

4 b 1̄ 0, 1
2 ,0

1
2 ,

1
2 ,

1
2 4 a 1̄ 0,0,0 1

2 ,0, 1
2 hkl : h + k = 2n

I 12/a1

UNIQUE AXIS b, CELL CHOICE 3

Origin at 1̄ on glide plane a

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
2 ; 0 ≤ z ≤ 1

4

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

8 f 1 (1) x,y,z (2) x̄ + 1
2 ,y, z̄ (3) x̄, ȳ, z̄ (4) x + 1

2 , ȳ,z hkl : h + k + l = 2n
h0l : h, l = 2n
0kl : k + l = 2n
hk0 : h + k = 2n

0k0 : k = 2n
h00 : h = 2n
00l : l = 2n

Special: as above, plus

4 e 2 1
4 ,y,0

3
4 , ȳ,0 no extra conditions

4 d 1̄ 1
4 ,

1
4 ,

3
4

1
4 ,

1
4 ,

1
4 4 c 1̄ 3

4 ,
1
4 ,

3
4

3
4 ,

1
4 ,

1
4 hkl : l = 2n

4 b 1̄ 0, 1
2 ,0

1
2 ,

1
2 ,0 4 a 1̄ 0,0,0 1

2 ,0,0 hkl : h = 2n
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C 2/c C6
2h 2/m Monoclinic

No. 15 A112/a Patterson symmetry A112/m

UNIQUE AXIS c, CELL CHOICE 1

Origin at 1̄ on glide plane a

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 1

4 ,0,z (3) 1̄ 0,0,0 (4) a x,y,0

For (0, 1
2 ,

1
2)+ set

(1) t(0, 1
2 ,

1
2) (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) 1̄ 0, 1

4 ,
1
4 (4) n( 1

2 ,
1
2 ,0) x,y, 1

4
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CONTINUED No. 15 C 2/c

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2 )+

Reflection conditions

General:

8 f 1 (1) x,y,z (2) x̄ + 1
2 , ȳ,z (3) x̄, ȳ, z̄ (4) x + 1

2 ,y, z̄ hkl : k + l = 2n
hk0 : h,k = 2n
0kl : k + l = 2n
h0l : l = 2n
00l : l = 2n
h00 : h = 2n
0k0 : k = 2n

Special: as above, plus

4 e 2 1
4 ,0,z 3

4 ,0, z̄ no extra conditions

4 d 1̄ 1
2 ,

1
4 ,

1
4 0, 3

4 ,
1
4 hkl : h + k = 2n

4 c 1̄ 0, 1
4 ,

1
4

1
2 ,

3
4 ,

1
4 hkl : h + k = 2n

4 b 1̄ 0,0, 1
2

1
2 ,0, 1

2 hkl : h = 2n

4 a 1̄ 0,0,0 1
2 ,0,0 hkl : h = 2n

Symmetry of special projections
Along [001] p2
a′ = 1

2 a b′ = 1
2 b

Origin at 0,0,z

Along [100] c2mm
a′ = b

p
b′ = c

Origin at x,0,0

Along [010] p2gm
a′ = 1

2 c b′ = a
p

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] A11a (C c, 9) (1; 4)+

[2] A112 (C 2, 5) (1; 2)+
[2] A 1̄ (P 1̄, 2) (1; 3)+

IIa [2] P1121/n (P21/c, 14) 1; 3; (2; 4) + (0, 1
2 ,

1
2 )

[2] P1121/a (P21/c, 14) 1; 4; (2; 3) + (0, 1
2 ,

1
2 )

[2] P112/a (P2/c, 13) 1; 2; 3; 4
[2] P112/n (P2/c, 13) 1; 2; (3; 4) + (0, 1

2 ,
1
2 )

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] A112/a (c′ = 3c) (C 2/c, 15); [3] A112/a (a′ = 3a) (C 2/c, 15);

[3] A112/a (b′ = 3b or a′ = a−b,b′ = 3b or a′ = a + b,b′ = 3b) (C 2/c, 15)

Minimal non-isomorphic supergroups
I [2] C mcm (63); [2] C mce (64); [2] C ccm (66); [2] C cce (68); [2] F d d d (70); [2] I bam (72); [2] I bca (73); [2] I mma (74);

[2] I 41/a (88); [3] P 3̄ 1c (163); [3] P 3̄c1 (165); [3] R 3̄c (167)
II [2] F 112/m (C 2/m, 12); [2] A112/m (a′ = 1

2 a) (C 2/m, 12); [2] P112/a (b′ = 1
2 b,c′ = 1

2 c) (P2/c, 13)
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C 2/c C6
2h 2/m Monoclinic

No. 15

UNIQUE AXIS c, DIFFERENT CELL CHOICES

A112/a

UNIQUE AXIS c, CELL CHOICE 1

Origin at 1̄ on glide plane a

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2 )+

Reflection conditions

General:

8 f 1 (1) x,y,z (2) x̄ + 1
2 , ȳ,z (3) x̄, ȳ, z̄ (4) x + 1

2 ,y, z̄ hkl : k + l = 2n
hk0 : h,k = 2n
0kl : k + l = 2n
h0l : l = 2n

00l : l = 2n
h00 : h = 2n
0k0 : k = 2n

Special: as above, plus

4 e 2 1
4 ,0,z 3

4 ,0, z̄ no extra conditions

4 d 1̄ 1
2 ,

1
4 ,

1
4 0, 3

4 ,
1
4 4 c 1̄ 0, 1

4 ,
1
4

1
2 ,

3
4 ,

1
4 hkl : h + k = 2n

4 b 1̄ 0,0, 1
2

1
2 ,0, 1

2 4 a 1̄ 0,0,0 1
2 ,0,0 hkl : h = 2n
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CONTINUED No. 15 C 2/c

B112/n

UNIQUE AXIS c, CELL CHOICE 2

Origin at 1̄ on glide plane n

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,0, 1

2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,0, 1

2 )+

Reflection conditions

General:

8 f 1 (1) x,y,z (2) x̄ + 1
2 , ȳ+ 1

2 ,z (3) x̄, ȳ, z̄ (4) x + 1
2 ,y + 1

2 , z̄ hkl : h + l = 2n
hk0 : h,k = 2n
0kl : l = 2n
h0l : h + l = 2n

00l : l = 2n
h00 : h = 2n
0k0 : k = 2n

Special: as above, plus

4 e 2 3
4 ,

3
4 ,z

1
4 ,

1
4 , z̄ no extra conditions

4 d 1̄ 3
4 ,

1
2 ,

1
4

3
4 ,0, 1

4 4 c 1̄ 1
4 ,0, 1

4
1
4 ,

1
2 ,

1
4 hkl : k = 2n

4 b 1̄ 0,0, 1
2

1
2 ,

1
2 ,

1
2 4 a 1̄ 0,0,0 1

2 ,
1
2 ,0 hkl : h + k = 2n

I 112/b

UNIQUE AXIS c, CELL CHOICE 3

Origin at 1̄ on glide plane b

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1

2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

8 f 1 (1) x,y,z (2) x̄, ȳ + 1
2 ,z (3) x̄, ȳ, z̄ (4) x,y + 1

2 , z̄ hkl : h + k + l = 2n
hk0 : h,k = 2n
0kl : k + l = 2n
h0l : h + l = 2n

00l : l = 2n
h00 : h = 2n
0k0 : k = 2n

Special: as above, plus

4 e 2 0, 1
4 ,z 0, 3

4 , z̄ no extra conditions

4 d 1̄ 3
4 ,

1
4 ,

1
4

1
4 ,

1
4 ,

1
4 4 c 1̄ 3

4 ,
3
4 ,

1
4

1
4 ,

3
4 ,

1
4 hkl : h = 2n

4 b 1̄ 0,0, 1
2 0, 1

2 ,
1
2 4 a 1̄ 0,0,0 0, 1

2 ,0 hkl : k = 2n
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P222 D1
2 222 Orthorhombic

No. 16 P222 Patterson symmetry Pmmm

Origin at 222

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0

Maximal non-isomorphic subgroups
I [2] P112 (P2, 3) 1; 2

[2] P121 (P2, 3) 1; 3
[2] P211 (P2, 3) 1; 4

IIa none
IIb [2] P21 22 (a′ = 2a) (P2221, 17); [2] P221 2 (b′ = 2b) (P2221, 17); [2] P2221 (c′ = 2c) (17);

[2] A222 (b′ = 2b,c′ = 2c) (C 222, 21); [2] B222 (a′ = 2a,c′ = 2c) (C 222, 21); [2] C 222 (a′ = 2a,b′ = 2b) (21);
[2] F 222 (a′ = 2a,b′ = 2b,c′ = 2c) (22)

Maximal isomorphic subgroups of lowest index
IIc [2] P222 (a′ = 2a or b′ = 2b or c′ = 2c) (16)

Minimal non-isomorphic supergroups
I [2] Pmmm (47); [2] Pnnn (48); [2] Pccm (49); [2] Pban (50); [2] P422 (89); [2] P42 22 (93); [2] P 4̄2c (112); [2] P 4̄2m (111);

[3] P23 (195)
II [2] A222 (C 222, 21); [2] B222 (C 222, 21); [2] C 222 (21); [2] I 222 (23)
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CONTINUED No. 16 P222

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 u 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄ no conditions

Special: no extra conditions

2 t . . 2 1
2 ,

1
2 ,z

1
2 ,

1
2 , z̄

2 s . . 2 0, 1
2 ,z 0, 1

2 , z̄

2 r . . 2 1
2 ,0,z 1

2 ,0, z̄

2 q . . 2 0,0,z 0,0, z̄

2 p . 2 . 1
2 ,y,

1
2

1
2 , ȳ,

1
2

2 o . 2 . 1
2 ,y,0

1
2 , ȳ,0

2 n . 2 . 0,y, 1
2 0, ȳ, 1

2

2 m . 2 . 0,y,0 0, ȳ,0

2 l 2 . . x, 1
2 ,

1
2 x̄, 1

2 ,
1
2

2 k 2 . . x, 1
2 ,0 x̄, 1

2 ,0

2 j 2 . . x,0, 1
2 x̄,0, 1

2

2 i 2 . . x,0,0 x̄,0,0

1 h 2 2 2 1
2 ,

1
2 ,

1
2

1 g 2 2 2 0, 1
2 ,

1
2

1 f 2 2 2 1
2 ,0, 1

2

1 e 2 2 2 1
2 ,

1
2 ,0

1 d 2 2 2 0,0, 1
2

1 c 2 2 2 0, 1
2 ,0

1 b 2 2 2 1
2 ,0,0

1 a 2 2 2 0,0,0

Symmetry of special projections
Along [001] p2mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = b b′ = c
Origin at x,0,0

Along [010] p2mm
a′ = c b′ = a
Origin at 0,y,0

(Continued on preceding page)
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P2221 D2
2 222 Orthorhombic

No. 17 P2221 Patterson symmetry Pmmm

Origin at 2121

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2(0,0, 1
2 ) 0,0,z (3) 2 0,y, 1

4 (4) 2 x,0,0

202

International Tables for Crystallography (2006). Vol. A, Space group 17, pp. 202–203.

Copyright © 2006 International Union of Crystallography



CONTINUED No. 17 P2221

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 e 1 (1) x,y,z (2) x̄, ȳ,z+ 1
2 (3) x̄,y, z̄ + 1

2 (4) x, ȳ, z̄ 00l : l = 2n

Special: as above, plus

2 d . 2 . 1
2 ,y,

1
4

1
2 , ȳ,

3
4 h0l : l = 2n

2 c . 2 . 0,y, 1
4 0, ȳ, 3

4 h0l : l = 2n

2 b 2 . . x, 1
2 ,0 x̄, 1

2 ,
1
2 0kl : l = 2n

2 a 2 . . x,0,0 x̄,0, 1
2 0kl : l = 2n

Symmetry of special projections
Along [001] p2mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2gm
a′ = b b′ = c
Origin at x,0,0

Along [010] p2mg
a′ = c b′ = a
Origin at 0,y, 1

4

Maximal non-isomorphic subgroups
I [2] P1121 (P21, 4) 1; 2

[2] P121 (P2, 3) 1; 3
[2] P211 (P2, 3) 1; 4

IIa none

IIb [2] P21 221 (a′ = 2a) (P21 21 2, 18); [2] P221 21 (b′ = 2b) (P21 21 2, 18); [2] C 2221 (a′ = 2a,b′ = 2b) (20)

Maximal isomorphic subgroups of lowest index
IIc [2] P2221 (a′ = 2a or b′ = 2b) (17); [3] P2221 (c′ = 3c) (17)

Minimal non-isomorphic supergroups
I [2] Pmma (51); [2] Pnna (52); [2] Pmna (53); [2] Pcca (54); [2] P41 22 (91); [2] P43 22 (95)

II [2] C 2221 (20); [2] A222 (C 222, 21); [2] B222 (C 222, 21); [2] I 21 21 21 (24); [2] P222 (c′ = 1
2 c) (16)
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P21 21 2 D3
2 222 Orthorhombic

No. 18 P21 21 2 Patterson symmetry Pmmm

Origin at intersection of 2 with perpendicular plane containing 21 axes

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 2(0, 1
2 ,0) 1

4 ,y,0 (4) 2( 1
2 ,0,0) x, 1

4 ,0
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CONTINUED No. 18 P21 21 2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 c 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄+ 1
2 ,y + 1

2 , z̄ (4) x + 1
2 , ȳ + 1

2 , z̄ h00 : h = 2n
0k0 : k = 2n

Special: as above, plus

2 b . . 2 0, 1
2 ,z

1
2 ,0, z̄ hk0 : h + k = 2n

2 a . . 2 0,0,z 1
2 ,

1
2 , z̄ hk0 : h + k = 2n

Symmetry of special projections
Along [001] p2gg
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mg
a′ = b b′ = c
Origin at x, 1

4 ,0

Along [010] p2gm
a′ = c b′ = a
Origin at 1

4 ,y,0

Maximal non-isomorphic subgroups
I [2] P121 1 (P21, 4) 1; 3

[2] P21 11 (P21, 4) 1; 4
[2] P112 (P2, 3) 1; 2

IIa none

IIb [2] P21 21 21 (c′ = 2c) (19)

Maximal isomorphic subgroups of lowest index
IIc [2] P21 21 2 (c′ = 2c) (18); [3] P21 21 2 (a′ = 3a or b′ = 3b) (18)

Minimal non-isomorphic supergroups
I [2] Pbam (55); [2] Pccn (56); [2] Pbcm (57); [2] Pnnm (58); [2] Pmmn (59); [2] Pbcn (60); [2] P421 2 (90); [2] P42 21 2 (94);

[2] P 4̄21 m (113); [2] P 4̄21 c (114)

II [2] A21 22 (C 2221, 20); [2] B221 2 (C 2221, 20); [2] C 222 (21); [2] I 222 (23); [2] P221 2 (a′ = 1
2 a) (P2221, 17);

[2] P21 22 (b′ = 1
2 b) (P2221, 17)
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P21 21 21 D4
2 222 Orthorhombic

No. 19 P21 21 21 Patterson symmetry Pmmm

Origin at midpoint of three non-intersecting pairs of parallel 21 axes

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2(0,0, 1
2 ) 1

4 ,0,z (3) 2(0, 1
2 ,0) 0,y, 1

4 (4) 2( 1
2 ,0,0) x, 1

4 ,0
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CONTINUED No. 19 P21 21 21

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 a 1 (1) x,y,z (2) x̄ + 1
2 , ȳ,z+ 1

2 (3) x̄,y + 1
2 , z̄+ 1

2 (4) x + 1
2 , ȳ + 1

2 , z̄ h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Symmetry of special projections
Along [001] p2gg
a′ = a b′ = b
Origin at 1

4 ,0,z

Along [100] p2gg
a′ = b b′ = c
Origin at x, 1

4 ,0

Along [010] p2gg
a′ = c b′ = a
Origin at 0,y, 1

4

Maximal non-isomorphic subgroups
I [2] P1121 (P21, 4) 1; 2

[2] P121 1 (P21, 4) 1; 3
[2] P21 11 (P21, 4) 1; 4

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P21 21 21 (a′ = 3a or b′ = 3b or c′ = 3c) (19)

Minimal non-isomorphic supergroups
I [2] Pbca (61); [2] Pnma (62); [2] P41 21 2 (92); [2] P43 21 2 (96); [3] P21 3 (198)

II [2] A21 22 (C 2221, 20); [2] B221 2 (C 2221, 20); [2] C 2221 (20); [2] I 21 21 21 (24); [2] P221 21 (a′ = 1
2 a) (P21 21 2, 18);

[2] P21 221 (b′ = 1
2 b) (P21 21 2, 18); [2] P21 21 2 (c′ = 1

2 c) (18)

207



C 2221 D5
2 222 Orthorhombic

No. 20 C 2221 Patterson symmetry C mmm

Origin at 2121

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2(0,0, 1

2 ) 0,0,z (3) 2 0,y, 1
4 (4) 2 x,0,0

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) 2(0, 1

2 ,0) 1
4 ,y,

1
4 (4) 2( 1

2 ,0,0) x, 1
4 ,0
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CONTINUED No. 20 C 2221

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,0); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,0)+

Reflection conditions

General:

8 c 1 (1) x,y,z (2) x̄, ȳ,z+ 1
2 (3) x̄,y, z̄ + 1

2 (4) x, ȳ, z̄ hkl : h + k = 2n
0kl : k = 2n
h0l : h = 2n
hk0 : h + k = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

4 b . 2 . 0,y, 1
4 0, ȳ, 3

4 h0l : l = 2n

4 a 2 . . x,0,0 x̄,0, 1
2 0kl : l = 2n

Symmetry of special projections
Along [001] c2mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2gm
a′ = 1

2 b b′ = c
Origin at x,0,0

Along [010] p2mg
a′ = c b′ = 1

2 a
Origin at 0,y, 1

4

Maximal non-isomorphic subgroups
I [2] C 121 (C 2, 5) (1; 3)+

[2] C 211 (C 2, 5) (1; 4)+
[2] C 1121 (P21, 4) (1; 2)+

IIa [2] P21 21 21 (19) 1; 2; (3; 4) + ( 1
2 ,

1
2 ,0)

[2] P21 221 (P21 21 2, 18) 1; 3; (2; 4) + ( 1
2 ,

1
2 ,0)

[2] P221 21 (P21 21 2, 18) 1; 4; (2; 3) + ( 1
2 ,

1
2 ,0)

[2] P2221 (17) 1; 2; 3; 4

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] C 2221 (a′ = 3a or b′ = 3b) (20); [3] C 2221 (c′ = 3c) (20)

Minimal non-isomorphic supergroups
I [2] C mcm (63); [2] C mce (64); [2] P41 22 (91); [2] P41 21 2 (92); [2] P43 22 (95); [2] P43 21 2 (96); [3] P61 22 (178);

[3] P65 22 (179); [3] P63 22 (182)

II [2] F 222 (22); [2] P2221 (a′ = 1
2 a,b′ = 1

2 b) (17); [2] C 222 (c′ = 1
2 c) (21)
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C 222 D6
2 222 Orthorhombic

No. 21 C 222 Patterson symmetry C mmm

Origin at 222

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2 1

4 ,
1
4 ,z (3) 2(0, 1

2 ,0) 1
4 ,y,0 (4) 2( 1

2 ,0,0) x, 1
4 ,0
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CONTINUED No. 21 C 222

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,0); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,0)+

Reflection conditions

General:

8 l 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄ hkl : h + k = 2n
0kl : k = 2n
h0l : h = 2n

hk0 : h + k = 2n
h00 : h = 2n
0k0 : k = 2n

Special: as above, plus

4 k . . 2 1
4 ,

1
4 ,z

3
4 ,

1
4 , z̄ hk0 : h = 2n

4 j . . 2 0, 1
2 ,z 0, 1

2 , z̄ no extra conditions

4 i . . 2 0,0,z 0,0, z̄ no extra conditions

4 h . 2 . 0,y, 1
2 0, ȳ, 1

2 no extra conditions

4 g . 2 . 0,y,0 0, ȳ,0 no extra conditions

4 f 2 . . x,0, 1
2 x̄,0, 1

2 no extra conditions

4 e 2 . . x,0,0 x̄,0,0 no extra conditions

2 d 2 2 2 0,0, 1
2 no extra conditions

2 c 2 2 2 1
2 ,0, 1

2 no extra conditions

2 b 2 2 2 0, 1
2 ,0 no extra conditions

2 a 2 2 2 0,0,0 no extra conditions

Symmetry of special projections
Along [001] c2mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = 1

2 b b′ = c
Origin at x,0,0

Along [010] p2mm
a′ = c b′ = 1

2 a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] C 121 (C 2, 5) (1; 3)+

[2] C 211 (C 2, 5) (1; 4)+
[2] C 112 (P2, 3) (1; 2)+

IIa [2] P21 21 2 (18) 1; 2; (3; 4) + ( 1
2 ,

1
2 ,0)

[2] P21 22 (P2221, 17) 1; 3; (2; 4) + ( 1
2 ,

1
2 ,0)

[2] P221 2 (P2221, 17) 1; 4; (2; 3) + ( 1
2 ,

1
2 ,0)

[2] P222 (16) 1; 2; 3; 4
IIb [2] I 21 21 21 (c′ = 2c) (24); [2] I 222 (c′ = 2c) (23); [2] C 2221 (c′ = 2c) (20)

Maximal isomorphic subgroups of lowest index
IIc [2] C 222 (c′ = 2c) (21); [3] C 222 (a′ = 3a or b′ = 3b) (21)

Minimal non-isomorphic supergroups
I [2] C mmm (65); [2] C ccm (66); [2] C mme (67); [2] C cce (68); [2] P422 (89); [2] P421 2 (90); [2] P42 22 (93); [2] P42 21 2 (94);

[2] P 4̄m2 (115); [2] P 4̄c2 (116); [2] P 4̄b2 (117); [2] P 4̄n2 (118); [3] P622 (177); [3] P62 22 (180); [3] P64 22 (181)

II [2] F 222 (22); [2] P222 (a′ = 1
2 a,b′ = 1

2 b) (16)
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F 222 D7
2 222 Orthorhombic

No. 22 F 222 Patterson symmetry F mmm

Origin at 222

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1

4 ; 0 ≤ z ≤ 1

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0

For (0, 1
2 ,

1
2)+ set

(1) t(0, 1
2 ,

1
2) (2) 2(0,0, 1

2 ) 0, 1
4 ,z (3) 2(0, 1

2 ,0) 0,y, 1
4 (4) 2 x, 1

4 ,
1
4

For ( 1
2 ,0, 1

2)+ set
(1) t( 1

2 ,0, 1
2) (2) 2(0,0, 1

2 ) 1
4 ,0,z (3) 2 1

4 ,y,
1
4 (4) 2( 1

2 ,0,0) x,0, 1
4

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2 1

4 ,
1
4 ,z (3) 2(0, 1

2 ,0) 1
4 ,y,0 (4) 2( 1

2 ,0,0) x, 1
4 ,0

Maximal isomorphic subgroups of lowest index
IIc [3] F 222 (a′ = 3a or b′ = 3b or c′ = 3c) (22)

Minimal non-isomorphic supergroups
I [2] F mmm (69); [2] F d d d (70); [2] I 422 (97); [2] I 41 22 (98); [2] I 4̄m2 (119); [2] I 4̄c2 (120); [3] F 23 (196)

II [2] P222 (a′ = 1
2 a,b′ = 1

2 b,c′ = 1
2 c) (16)
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CONTINUED No. 22 F 222

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); t( 1

2 ,0, 1
2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2)+ ( 1

2 ,0, 1
2 )+ ( 1

2 ,
1
2 ,0)+

Reflection conditions

General:

16 k 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄ hkl : h + k,h + l,k + l = 2n
0kl : k, l = 2n
h0l : h, l = 2n
hk0 : h,k = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: no extra conditions

8 j 2 . . x, 1
4 ,

1
4 x̄, 3

4 ,
1
4

8 i . 2 . 1
4 ,y,

1
4

3
4 , ȳ,

1
4

8 h . . 2 1
4 ,

1
4 ,z

3
4 ,

1
4 , z̄

8 g . . 2 0,0,z 0,0, z̄

8 f . 2 . 0,y,0 0, ȳ,0

8 e 2 . . x,0,0 x̄,0,0

4 d 2 2 2 1
4 ,

1
4 ,

3
4

4 c 2 2 2 1
4 ,

1
4 ,

1
4

4 b 2 2 2 0,0, 1
2

4 a 2 2 2 0,0,0

Symmetry of special projections
Along [001] p2mm
a′ = 1

2 a b′ = 1
2 b

Origin at 0,0,z

Along [100] p2mm
a′ = 1

2 b b′ = 1
2 c

Origin at x,0,0

Along [010] p2mm
a′ = 1

2 c b′ = 1
2 a

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] F 112 (C 2, 5) (1; 2)+

[2] F 121 (C 2, 5) (1; 3)+
[2] F 211 (C 2, 5) (1; 4)+

IIa [2] A222 (C 222, 21) 1; 2; 3; 4; (1; 2; 3; 4) + (0, 1
2 ,

1
2 )

[2] A222 (C 222, 21) 1; 4; (1; 4)+ (0, 1
2 ,

1
2); (2; 3)+ ( 1

2 ,0, 1
2 ); (2; 3)+ ( 1

2 ,
1
2 ,0)

[2] B222 (C 222, 21) 1; 2; 3; 4; (1; 2; 3; 4) + ( 1
2 ,0, 1

2 )
[2] B222 (C 222, 21) 1; 3; (1; 3)+ ( 1

2 ,0, 1
2); (2; 4)+ ( 1

2 ,
1
2 ,0); (2; 4)+ (0, 1

2 ,
1
2 )

[2] C 222 (21) 1; 2; 3; 4; (1; 2; 3; 4) + ( 1
2 ,

1
2 ,0)

[2] C 222 (21) 1; 2; (1; 2)+ ( 1
2 ,

1
2 ,0); (3; 4)+ (0, 1

2 ,
1
2 ); (3; 4)+ ( 1

2 ,0, 1
2 )

[2] A21 22 (C 2221, 20) 1; 2; (1; 2)+ (0, 1
2 ,

1
2); (3; 4)+ ( 1

2 ,0, 1
2 ); (3; 4)+ ( 1

2 ,
1
2 ,0)

[2] A21 22 (C 2221, 20) 1; 3; (1; 3)+ (0, 1
2 ,

1
2); (2; 4)+ ( 1

2 ,0, 1
2 ); (2; 4)+ ( 1

2 ,
1
2 ,0)

[2] B221 2 (C 2221, 20) 1; 2; (1; 2)+ ( 1
2 ,0, 1

2); (3; 4)+ ( 1
2 ,

1
2 ,0); (3; 4)+ (0, 1

2 ,
1
2 )

[2] B221 2 (C 2221, 20) 1; 4; (1; 4)+ ( 1
2 ,0, 1

2); (2; 3)+ ( 1
2 ,

1
2 ,0); (2; 3)+ (0, 1

2 ,
1
2 )

[2] C 2221 (20) 1; 3; (1; 3)+ ( 1
2 ,

1
2 ,0); (2; 4)+ (0, 1

2 ,
1
2 ); (2; 4)+ ( 1

2 ,0, 1
2 )

[2] C 2221 (20) 1; 4; (1; 4)+ ( 1
2 ,

1
2 ,0); (2; 3)+ (0, 1

2 ,
1
2 ); (2; 3)+ ( 1

2 ,0, 1
2 )

IIb none

(Continued on preceding page)
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I 222 D8
2 222 Orthorhombic

No. 23 I 222 Patterson symmetry I mmm

Origin at 222

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) 2(0, 1

2 ,0) 1
4 ,y,

1
4 (4) 2( 1

2 ,0,0) x, 1
4 ,

1
4

214
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CONTINUED No. 23 I 222

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

8 k 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄ hkl : h + k + l = 2n
0kl : k + l = 2n
h0l : h + l = 2n
hk0 : h + k = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: no extra conditions

4 j . . 2 0, 1
2 ,z 0, 1

2 , z̄

4 i . . 2 0,0,z 0,0, z̄

4 h . 2 . 1
2 ,y,0

1
2 , ȳ,0

4 g . 2 . 0,y,0 0, ȳ,0

4 f 2 . . x,0, 1
2 x̄,0, 1

2

4 e 2 . . x,0,0 x̄,0,0

2 d 2 2 2 0, 1
2 ,0

2 c 2 2 2 0,0, 1
2

2 b 2 2 2 1
2 ,0,0

2 a 2 2 2 0,0,0

Symmetry of special projections
Along [001] c2mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] c2mm
a′ = b b′ = c
Origin at x,0,0

Along [010] c2mm
a′ = c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] I 112 (C 2, 5) (1; 2)+

[2] I 121 (C 2, 5) (1; 3)+
[2] I 211 (C 2, 5) (1; 4)+

IIa [2] P21 21 2 (18) 1; 2; (3; 4) + ( 1
2 ,

1
2 ,

1
2 )

[2] P21 221 (P21 21 2, 18) 1; 3; (2; 4) + ( 1
2 ,

1
2 ,

1
2 )

[2] P221 21 (P21 21 2, 18) 1; 4; (2; 3) + ( 1
2 ,

1
2 ,

1
2 )

[2] P222 (16) 1; 2; 3; 4

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I 222 (a′ = 3a or b′ = 3b or c′ = 3c) (23)

Minimal non-isomorphic supergroups
I [2] I mmm (71); [2] I bam (72); [2] I 422 (97); [2] I 4̄ 2m (121); [3] I 23 (197)

II [2] A222 (a′ = 1
2 a) (C 222, 21); [2] B222 (b′ = 1

2 b) (C 222, 21); [2] C 222 (c′ = 1
2 c) (21)
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I 21 21 21 D9
2 222 Orthorhombic

No. 24 I 21 21 21 Patterson symmetry I mmm

Origin at midpoint of three non-intersecting pairs of parallel 2 axes

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2(0,0, 1

2 ) 1
4 ,0,z (3) 2(0, 1

2 ,0) 0,y, 1
4 (4) 2( 1

2 ,0,0) x, 1
4 ,0

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2 0, 1

4 ,z (3) 2 1
4 ,y,0 (4) 2 x,0, 1

4

216
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CONTINUED No. 24 I 21 21 21

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

8 d 1 (1) x,y,z (2) x̄ + 1
2 , ȳ,z+ 1

2 (3) x̄,y + 1
2 , z̄+ 1

2 (4) x + 1
2 , ȳ + 1

2 , z̄ hkl : h + k + l = 2n
0kl : k + l = 2n
h0l : h + l = 2n
hk0 : h + k = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

4 c . . 2 0, 1
4 ,z 0, 3

4 , z̄+ 1
2 hk0 : h = 2n

4 b . 2 . 1
4 ,y,0

1
4 , ȳ,

1
2 h0l : h = 2n

4 a 2 . . x,0, 1
4 x̄ + 1

2 ,0, 3
4 0kl : k = 2n

Symmetry of special projections
Along [001] c2mm
a′ = a b′ = b
Origin at 1

4 ,0,z

Along [100] c2mm
a′ = b b′ = c
Origin at x, 1

4 ,0

Along [010] c2mm
a′ = c b′ = a
Origin at 0,y, 1

4

Maximal non-isomorphic subgroups
I [2] I 1121 (C 2, 5) (1; 2)+

[2] I 121 1 (C 2, 5) (1; 3)+
[2] I 21 11 (C 2, 5) (1; 4)+

IIa [2] P21 21 21 (19) 1; 2; 3; 4
[2] P2221 (17) 1; 2; (3; 4) + ( 1

2 ,
1
2 ,

1
2)

[2] P221 2 (P2221, 17) 1; 3; (2; 4) + ( 1
2 ,

1
2 ,

1
2)

[2] P21 22 (P2221, 17) 1; 4; (2; 3) + ( 1
2 ,

1
2 ,

1
2)

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I 21 21 21 (a′ = 3a or b′ = 3b or c′ = 3c) (24)

Minimal non-isomorphic supergroups
I [2] I bca (73); [2] I mma (74); [2] I 41 22 (98); [2] I 4̄2d (122); [3] I 21 3 (199)

II [2] A222 (a′ = 1
2 a) (C 222, 21); [2] B222 (b′ = 1

2 b) (C 222, 21); [2] C 222 (c′ = 1
2 c) (21)
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Pmm2 C1
2v mm2 Orthorhombic

No. 25 Pmm2 Patterson symmetry Pmmm

Origin on mm2

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2 0,0,z (3) m x,0,z (4) m 0,y,z
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CONTINUED No. 25 Pmm2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 i 1 (1) x,y,z (2) x̄, ȳ,z (3) x, ȳ,z (4) x̄,y,z no conditions

Special: no extra conditions

2 h m . . 1
2 ,y,z

1
2 , ȳ,z

2 g m . . 0,y,z 0, ȳ,z

2 f . m . x, 1
2 ,z x̄, 1

2 ,z

2 e . m . x,0,z x̄,0,z

1 d m m 2 1
2 ,

1
2 ,z

1 c m m 2 1
2 ,0,z

1 b m m 2 0, 1
2 ,z

1 a m m 2 0,0,z

Symmetry of special projections
Along [001] p2mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = b b′ = c
Origin at x,0,0

Along [010] p11m
a′ = c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] P1m1 (Pm, 6) 1; 3

[2] Pm11 (Pm, 6) 1; 4
[2] P112 (P2, 3) 1; 2

IIa none

IIb [2] Pma2 (a′ = 2a) (28); [2] Pbm2 (b′ = 2b) (Pma2, 28); [2] Pcc2 (c′ = 2c) (27); [2] Pmc21 (c′ = 2c) (26);
[2] Pcm21 (c′ = 2c) (Pmc21, 26); [2] Aem2 (b′ = 2b,c′ = 2c) (39); [2] Amm2 (b′ = 2b,c′ = 2c) (38);
[2] Bme2 (a′ = 2a,c′ = 2c) (Aem2, 39); [2] Bmm2 (a′ = 2a,c′ = 2c) (Amm2, 38); [2] C mm2 (a′ = 2a,b′ = 2b) (35);
[2] F mm2 (a′ = 2a,b′ = 2b,c′ = 2c) (42)

Maximal isomorphic subgroups of lowest index
IIc [2] Pmm2 (a′ = 2a or b′ = 2b) (25); [2] Pmm2 (c′ = 2c) (25)

Minimal non-isomorphic supergroups
I [2] Pmmm (47); [2] Pmma (51); [2] Pmmn (59); [2] P4mm (99); [2] P42 mc (105); [2] P 4̄m2 (115)

II [2] C mm2 (35); [2] Amm2 (38); [2] Bmm2 (Amm2, 38); [2] I mm2 (44)
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Pmc21 C2
2v mm2 Orthorhombic

No. 26 Pmc21 Patterson symmetry Pmmm

Origin on mc21

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2(0,0, 1
2 ) 0,0,z (3) c x,0,z (4) m 0,y,z

220
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CONTINUED No. 26 Pmc21

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 c 1 (1) x,y,z (2) x̄, ȳ,z+ 1
2 (3) x, ȳ,z+ 1

2 (4) x̄,y,z h0l : l = 2n
00l : l = 2n

Special: no extra conditions

2 b m . . 1
2 ,y,z

1
2 , ȳ,z+ 1

2

2 a m . . 0,y,z 0, ȳ,z+ 1
2

Symmetry of special projections
Along [001] p2mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1g1
a′ = b b′ = c
Origin at x,0,0

Along [010] p11m
a′ = 1

2 c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] P1c1 (Pc, 7) 1; 3

[2] Pm11 (Pm, 6) 1; 4
[2] P1121 (P21, 4) 1; 2

IIa none

IIb [2] Pmn21 (a′ = 2a) (31); [2] Pbc21 (b′ = 2b) (Pca21, 29); [2] C mc21 (a′ = 2a,b′ = 2b) (36)

Maximal isomorphic subgroups of lowest index
IIc [2] Pmc21 (a′ = 2a) (26); [2] Pmc21 (b′ = 2b) (26); [3] Pmc21 (c′ = 3c) (26)

Minimal non-isomorphic supergroups
I [2] Pmma (51); [2] Pbam (55); [2] Pbcm (57); [2] Pnma (62)

II [2] C mc21 (36); [2] Amm2 (38); [2] Bme2 (Aem2, 39); [2] I ma2 (46); [2] Pmm2 (c′ = 1
2 c) (25)
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Pcc2 C3
2v mm2 Orthorhombic

No. 27 Pcc2 Patterson symmetry Pmmm

Origin on cc2

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2 0,0,z (3) c x,0,z (4) c 0,y,z
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CONTINUED No. 27 Pcc2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 e 1 (1) x,y,z (2) x̄, ȳ,z (3) x, ȳ,z+ 1
2 (4) x̄,y,z+ 1

2 0kl : l = 2n
h0l : l = 2n
00l : l = 2n

Special: as above, plus

2 d . . 2 1
2 ,

1
2 ,z

1
2 ,

1
2 ,z+ 1

2 hkl : l = 2n

2 c . . 2 1
2 ,0,z 1

2 ,0,z+ 1
2 hkl : l = 2n

2 b . . 2 0, 1
2 ,z 0, 1

2 ,z+ 1
2 hkl : l = 2n

2 a . . 2 0,0,z 0,0,z+ 1
2 hkl : l = 2n

Symmetry of special projections
Along [001] p2mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = b b′ = 1

2 c
Origin at x,0,0

Along [010] p11m
a′ = 1

2 c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] P1c1 (Pc, 7) 1; 3

[2] Pc11 (Pc, 7) 1; 4
[2] P112 (P2, 3) 1; 2

IIa none

IIb [2] Pcn2 (a′ = 2a) (Pnc2, 30); [2] Pnc2 (b′ = 2b) (30); [2] C cc2 (a′ = 2a,b′ = 2b) (37)

Maximal isomorphic subgroups of lowest index
IIc [2] Pcc2 (a′ = 2a or b′ = 2b) (27); [3] Pcc2 (c′ = 3c) (27)

Minimal non-isomorphic supergroups
I [2] Pccm (49); [2] Pcca (54); [2] Pccn (56); [2] P42 cm (101); [2] P4cc (103); [2] P 4̄c2 (116)

II [2] C cc2 (37); [2] Aem2 (39); [2] Bme2 (Aem2, 39); [2] I ba2 (45); [2] Pmm2 (c′ = 1
2 c) (25)
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Pma2 C4
2v mm2 Orthorhombic

No. 28 Pma2 Patterson symmetry Pmmm

Origin on 1a2

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2 0,0,z (3) a x,0,z (4) m 1
4 ,y,z
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CONTINUED No. 28 Pma2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 d 1 (1) x,y,z (2) x̄, ȳ,z (3) x + 1
2 , ȳ,z (4) x̄ + 1

2 ,y,z h0l : h = 2n
h00 : h = 2n

Special: as above, plus

2 c m . . 1
4 ,y,z

3
4 , ȳ,z no extra conditions

2 b . . 2 0, 1
2 ,z

1
2 ,

1
2 ,z hkl : h = 2n

2 a . . 2 0,0,z 1
2 ,0,z hkl : h = 2n

Symmetry of special projections
Along [001] p2mg
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = b b′ = c
Origin at x,0,0

Along [010] p11m
a′ = c b′ = 1

2 a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] P1a1 (Pc, 7) 1; 3

[2] Pm11 (Pm, 6) 1; 4
[2] P112 (P2, 3) 1; 2

IIa none
IIb [2] Pba2 (b′ = 2b) (32); [2] Pmn21 (c′ = 2c) (31); [2] Pcn2 (c′ = 2c) (Pnc2, 30); [2] Pca21 (c′ = 2c) (29);

[2] Aea2 (b′ = 2b,c′ = 2c) (41); [2] Ama2 (b′ = 2b,c′ = 2c) (40)

Maximal isomorphic subgroups of lowest index
IIc [2] Pma2 (b′ = 2b) (28); [2] Pma2 (c′ = 2c) (28); [3] Pma2 (a′ = 3a) (28)

Minimal non-isomorphic supergroups
I [2] Pccm (49); [2] Pmma (51); [2] Pmna (53); [2] Pbcm (57)

II [2] C mm2 (35); [2] Bme2 (Aem2, 39); [2] Ama2 (40); [2] I ma2 (46); [2] Pmm2 (a′ = 1
2 a) (25)

225



Pca21 C5
2v mm2 Orthorhombic

No. 29 Pca21 Patterson symmetry Pmmm

Origin on 1a21

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2(0,0, 1
2 ) 0,0,z (3) a x,0,z (4) c 1

4 ,y,z
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CONTINUED No. 29 Pca21

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 a 1 (1) x,y,z (2) x̄, ȳ,z+ 1
2 (3) x + 1

2 , ȳ,z (4) x̄+ 1
2 ,y,z+ 1

2 0kl : l = 2n
h0l : h = 2n
h00 : h = 2n
00l : l = 2n

Symmetry of special projections
Along [001] p2mg
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = b b′ = 1

2 c
Origin at x,0,0

Along [010] p11g
a′ = c b′ = 1

2 a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] P1a1 (Pc, 7) 1; 3

[2] Pc11 (Pc, 7) 1; 4
[2] P1121 (P21, 4) 1; 2

IIa none

IIb [2] Pna21 (b′ = 2b) (33)

Maximal isomorphic subgroups of lowest index
IIc [2] Pca21 (b′ = 2b) (29); [3] Pca21 (a′ = 3a) (29); [3] Pca21 (c′ = 3c) (29)

Minimal non-isomorphic supergroups
I [2] Pcca (54); [2] Pbcm (57); [2] Pbcn (60); [2] Pbca (61)

II [2] C cm21 (C mc21, 36); [2] Bme2 (Aem2, 39); [2] Aea2 (41); [2] I ba2 (45); [2] Pcm21 (a′ = 1
2 a) (Pmc21, 26);

[2] Pma2 (c′ = 1
2 c) (28)
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Pnc2 C6
2v mm2 Orthorhombic

No. 30 Pnc2 Patterson symmetry Pmmm

Origin on n12

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1

2

Symmetry operations

(1) 1 (2) 2 0,0,z (3) c x, 1
4 ,z (4) n(0, 1

2 ,
1
2 ) 0,y,z
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CONTINUED No. 30 Pnc2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 c 1 (1) x,y,z (2) x̄, ȳ,z (3) x, ȳ+ 1
2 ,z+ 1

2 (4) x̄,y + 1
2 ,z+ 1

2 0kl : k + l = 2n
h0l : l = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

2 b . . 2 1
2 ,0,z 1

2 ,
1
2 ,z+ 1

2 hkl : k + l = 2n

2 a . . 2 0,0,z 0, 1
2 ,z+ 1

2 hkl : k + l = 2n

Symmetry of special projections
Along [001] p2gm
a′ = a b′ = b
Origin at 0,0,z

Along [100] c1m1
a′ = b b′ = c
Origin at x,0,0

Along [010] p11m
a′ = 1

2 c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] P1c1 (Pc, 7) 1; 3

[2] Pn11 (Pc, 7) 1; 4
[2] P112 (P2, 3) 1; 2

IIa none
IIb [2] Pnn2 (a′ = 2a) (34)

Maximal isomorphic subgroups of lowest index
IIc [2] Pnc2 (a′ = 2a) (30); [3] Pnc2 (b′ = 3b) (30); [3] Pnc2 (c′ = 3c) (30)

Minimal non-isomorphic supergroups
I [2] Pban (50); [2] Pnna (52); [2] Pmna (53); [2] Pbcn (60)

II [2] C cc2 (37); [2] Amm2 (38); [2] Bbe2 (Aea2, 41); [2] I ma2 (46); [2] Pcc2 (b′ = 1
2 b) (27); [2] Pbm2 (c′ = 1

2 c) (Pma2, 28)
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Pmn21 C7
2v mm2 Orthorhombic

No. 31 Pmn21 Patterson symmetry Pmmm

Origin on mn1

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2(0,0, 1
2 ) 1

4 ,0,z (3) n( 1
2 ,0, 1

2) x,0,z (4) m 0,y,z
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CONTINUED No. 31 Pmn21

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 b 1 (1) x,y,z (2) x̄ + 1
2 , ȳ,z+ 1

2 (3) x + 1
2 , ȳ,z+ 1

2 (4) x̄,y,z h0l : h + l = 2n
h00 : h = 2n
00l : l = 2n

Special: no extra conditions

2 a m . . 0,y,z 1
2 , ȳ,z+ 1

2

Symmetry of special projections
Along [001] p2mg
a′ = a b′ = b
Origin at 1

4 ,0,z

Along [100] p1g1
a′ = b b′ = c
Origin at x,0,0

Along [010] c11m
a′ = c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] P1n1 (Pc, 7) 1; 3

[2] Pm11 (Pm, 6) 1; 4
[2] P1121 (P21, 4) 1; 2

IIa none

IIb [2] Pbn21 (b′ = 2b) (Pna21, 33)

Maximal isomorphic subgroups of lowest index
IIc [2] Pmn21 (b′ = 2b) (31); [3] Pmn21 (a′ = 3a) (31); [3] Pmn21 (c′ = 3c) (31)

Minimal non-isomorphic supergroups
I [2] Pmna (53); [2] Pnnm (58); [2] Pmmn (59); [2] Pnma (62)

II [2] C mc21 (36); [2] Bmm2 (Amm2, 38); [2] Ama2 (40); [2] I mm2 (44); [2] Pmc21 (a′ = 1
2 a) (26); [2] Pma2 (c′ = 1

2 c) (28)
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Pba2 C8
2v mm2 Orthorhombic

No. 32 Pba2 Patterson symmetry Pmmm

Origin on 112

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2 0,0,z (3) a x, 1
4 ,z (4) b 1

4 ,y,z
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CONTINUED No. 32 Pba2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 c 1 (1) x,y,z (2) x̄, ȳ,z (3) x + 1
2 , ȳ + 1

2 ,z (4) x̄+ 1
2 ,y + 1

2 ,z 0kl : k = 2n
h0l : h = 2n
h00 : h = 2n
0k0 : k = 2n

Special: as above, plus

2 b . . 2 0, 1
2 ,z

1
2 ,0,z hkl : h + k = 2n

2 a . . 2 0,0,z 1
2 ,

1
2 ,z hkl : h + k = 2n

Symmetry of special projections
Along [001] p2gg
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = 1

2 b b′ = c
Origin at x,0,0

Along [010] p11m
a′ = c b′ = 1

2 a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] P1a1 (Pc, 7) 1; 3

[2] Pb11 (Pc, 7) 1; 4
[2] P112 (P2, 3) 1; 2

IIa none
IIb [2] Pnn2 (c′ = 2c) (34); [2] Pna21 (c′ = 2c) (33); [2] Pbn21 (c′ = 2c) (Pna21, 33)

Maximal isomorphic subgroups of lowest index
IIc [2] Pba2 (c′ = 2c) (32); [3] Pba2 (a′ = 3a or b′ = 3b) (32)

Minimal non-isomorphic supergroups
I [2] Pban (50); [2] Pcca (54); [2] Pbam (55); [2] P4bm (100); [2] P42 bc (106); [2] P 4̄b2 (117)

II [2] C mm2 (35); [2] Aea2 (41); [2] Bbe2 (Aea2, 41); [2] I ba2 (45); [2] Pbm2 (a′ = 1
2 a) (Pma2, 28); [2] Pma2 (b′ = 1

2 b) (28)
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Pna21 C9
2v mm2 Orthorhombic

No. 33 Pna21 Patterson symmetry Pmmm

Origin on 1121

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2(0,0, 1
2 ) 0,0,z (3) a x, 1

4 ,z (4) n(0, 1
2 ,

1
2) 1

4 ,y,z
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CONTINUED No. 33 Pna21

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 a 1 (1) x,y,z (2) x̄, ȳ,z+ 1
2 (3) x + 1

2 , ȳ + 1
2 ,z (4) x̄+ 1

2 ,y + 1
2 ,z+ 1

2 0kl : k + l = 2n
h0l : h = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Symmetry of special projections
Along [001] p2gg
a′ = a b′ = b
Origin at 0,0,z

Along [100] c1m1
a′ = b b′ = c
Origin at x, 1

4 ,0

Along [010] p11g
a′ = c b′ = 1

2 a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] P1a1 (Pc, 7) 1; 3

[2] Pn11 (Pc, 7) 1; 4
[2] P1121 (P21, 4) 1; 2

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] Pna21 (a′ = 3a) (33); [3] Pna21 (b′ = 3b) (33); [3] Pna21 (c′ = 3c) (33)

Minimal non-isomorphic supergroups
I [2] Pnna (52); [2] Pccn (56); [2] Pbcn (60); [2] Pnma (62)

II [2] C cm21 (C mc21, 36); [2] Ama2 (40); [2] Bbe2 (Aea2, 41); [2] I ma2 (46); [2] Pca21 (b′ = 1
2 b) (29);

[2] Pnm21 (a′ = 1
2 a) (Pmn21, 31); [2] Pba2 (c′ = 1

2 c) (32)
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Pnn2 C10
2v mm2 Orthorhombic

No. 34 Pnn2 Patterson symmetry Pmmm

Origin on 112

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2 0,0,z (3) n( 1
2 ,0, 1

2) x, 1
4 ,z (4) n(0, 1

2 ,
1
2 ) 1

4 ,y,z
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CONTINUED No. 34 Pnn2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 c 1 (1) x,y,z (2) x̄, ȳ,z (3) x + 1
2 , ȳ + 1

2 ,z+ 1
2 (4) x̄+ 1

2 ,y + 1
2 ,z+ 1

2 0kl : k + l = 2n
h0l : h + l = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

2 b . . 2 0, 1
2 ,z

1
2 ,0,z+ 1

2 hkl : h + k + l = 2n

2 a . . 2 0,0,z 1
2 ,

1
2 ,z+ 1

2 hkl : h + k + l = 2n

Symmetry of special projections
Along [001] p2gg
a′ = a b′ = b
Origin at 0,0,z

Along [100] c1m1
a′ = b b′ = c
Origin at x,0,0

Along [010] c11m
a′ = c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] P1n1 (Pc, 7) 1; 3

[2] Pn11 (Pc, 7) 1; 4
[2] P112 (P2, 3) 1; 2

IIa none

IIb [2] F d d 2 (a′ = 2a,b′ = 2b,c′ = 2c) (43)

Maximal isomorphic subgroups of lowest index
IIc [3] Pnn2 (a′ = 3a or b′ = 3b) (34); [3] Pnn2 (c′ = 3c) (34)

Minimal non-isomorphic supergroups
I [2] Pnnn (48); [2] Pnna (52); [2] Pnnm (58); [2] P42 nm (102); [2] P4nc (104); [2] P 4̄n2 (118)

II [2] C cc2 (37); [2] Ama2 (40); [2] Bbm2 (Ama2, 40); [2] I mm2 (44); [2] Pnc2 (a′ = 1
2 a) (30); [2] Pcn2 (b′ = 1

2 b) (Pnc2, 30);
[2] Pba2 (c′ = 1

2 c) (32)
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C mm2 C11
2v mm2 Orthorhombic

No. 35 C mm2 Patterson symmetry C mmm

Origin on mm2

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) m x,0,z (4) m 0,y,z

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2 1

4 ,
1
4 ,z (3) a x, 1

4 ,z (4) b 1
4 ,y,z
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CONTINUED No. 35 C mm2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,0); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,0)+

Reflection conditions

General:

8 f 1 (1) x,y,z (2) x̄, ȳ,z (3) x, ȳ,z (4) x̄,y,z hkl : h + k = 2n
0kl : k = 2n
h0l : h = 2n
hk0 : h + k = 2n
h00 : h = 2n
0k0 : k = 2n

Special: as above, plus

4 e m . . 0,y,z 0, ȳ,z no extra conditions

4 d . m . x,0,z x̄,0,z no extra conditions

4 c . . 2 1
4 ,

1
4 ,z

1
4 ,

3
4 ,z hkl : h = 2n

2 b m m 2 0, 1
2 ,z no extra conditions

2 a m m 2 0,0,z no extra conditions

Symmetry of special projections
Along [001] c2mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = 1

2 b b′ = c
Origin at x,0,0

Along [010] p11m
a′ = c b′ = 1

2 a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] C 1m1 (C m, 8) (1; 3)+

[2] C m11 (C m, 8) (1; 4)+
[2] C 112 (P2, 3) (1; 2)+

IIa [2] Pba2 (32) 1; 2; (3; 4) + ( 1
2 ,

1
2 ,0)

[2] Pbm2 (Pma2, 28) 1; 3; (2; 4) + ( 1
2 ,

1
2 ,0)

[2] Pma2 (28) 1; 4; (2; 3) + ( 1
2 ,

1
2 ,0)

[2] Pmm2 (25) 1; 2; 3; 4

IIb [2] I ma2 (c′ = 2c) (46); [2] I bm2 (c′ = 2c) (I ma2, 46); [2] I ba2 (c′ = 2c) (45); [2] I mm2 (c′ = 2c) (44); [2] C cc2 (c′ = 2c) (37);
[2] C mc21 (c′ = 2c) (36); [2] C cm21 (c′ = 2c) (C mc21, 36)

Maximal isomorphic subgroups of lowest index
IIc [2] C mm2 (c′ = 2c) (35); [3] C mm2 (a′ = 3a or b′ = 3b) (35)

Minimal non-isomorphic supergroups
I [2] C mmm (65); [2] C mme (67); [2] P4mm (99); [2] P4bm (100); [2] P42 cm (101); [2] P42 nm (102); [2] P 4̄ 2m (111);

[2] P 4̄21 m (113); [3] P6mm (183)

II [2] F mm2 (42); [2] Pmm2 (a′ = 1
2 a,b′ = 1

2 b) (25)
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C mc21 C12
2v mm2 Orthorhombic

No. 36 C mc21 Patterson symmetry C mmm

Origin on mc21

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2(0,0, 1

2 ) 0,0,z (3) c x,0,z (4) m 0,y,z

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) n( 1

2 ,0, 1
2 ) x, 1

4 ,z (4) b 1
4 ,y,z
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CONTINUED No. 36 C mc21

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,0); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,0)+

Reflection conditions

General:

8 b 1 (1) x,y,z (2) x̄, ȳ,z+ 1
2 (3) x, ȳ,z+ 1

2 (4) x̄,y,z hkl : h + k = 2n
0kl : k = 2n
h0l : h, l = 2n
hk0 : h + k = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: no extra conditions

4 a m . . 0,y,z 0, ȳ,z+ 1
2

Symmetry of special projections
Along [001] c2mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1g1
a′ = 1

2 b b′ = c
Origin at x,0,0

Along [010] p11m
a′ = 1

2 c b′ = 1
2 a

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] C 1c1 (C c, 9) (1; 3)+

[2] C m11 (C m, 8) (1; 4)+
[2] C 1121 (P21, 4) (1; 2)+

IIa [2] Pbn21 (Pna21, 33) 1; 2; (3; 4) + ( 1
2 ,

1
2 ,0)

[2] Pmn21 (31) 1; 4; (2; 3) + ( 1
2 ,

1
2 ,0)

[2] Pbc21 (Pca21, 29) 1; 3; (2; 4) + ( 1
2 ,

1
2 ,0)

[2] Pmc21 (26) 1; 2; 3; 4

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] C mc21 (a′ = 3a) (36); [3] C mc21 (b′ = 3b) (36); [3] C mc21 (c′ = 3c) (36)

Minimal non-isomorphic supergroups
I [2] C mcm (63); [2] C mce (64); [3] P63 cm (185); [3] P63 mc (186)

II [2] F mm2 (42); [2] Pmc21 (a′ = 1
2 a,b′ = 1

2 b) (26); [2] C mm2 (c′ = 1
2 c) (35)
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C cc2 C13
2v mm2 Orthorhombic

No. 37 C cc2 Patterson symmetry C mmm

Origin on cc2

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) c x,0,z (4) c 0,y,z

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2 1

4 ,
1
4 ,z (3) n( 1

2 ,0, 1
2) x, 1

4 ,z (4) n(0, 1
2 ,

1
2) 1

4 ,y,z
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CONTINUED No. 37 C cc2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,0); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,0)+

Reflection conditions

General:

8 d 1 (1) x,y,z (2) x̄, ȳ,z (3) x, ȳ,z+ 1
2 (4) x̄,y,z+ 1

2 hkl : h + k = 2n
0kl : k, l = 2n
h0l : h, l = 2n
hk0 : h + k = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

4 c . . 2 1
4 ,

1
4 ,z

1
4 ,

3
4 ,z+ 1

2 hkl : k + l = 2n

4 b . . 2 0, 1
2 ,z 0, 1

2 ,z+ 1
2 hkl : l = 2n

4 a . . 2 0,0,z 0,0,z+ 1
2 hkl : l = 2n

Symmetry of special projections
Along [001] c2mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = 1

2 b b′ = 1
2 c

Origin at x,0,0

Along [010] p11m
a′ = 1

2 c b′ = 1
2 a

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] C 1c1 (C c, 9) (1; 3)+

[2] C c11 (C c, 9) (1; 4)+
[2] C 112 (P2, 3) (1; 2)+

IIa [2] Pnn2 (34) 1; 2; (3; 4) + ( 1
2 ,

1
2 ,0)

[2] Pnc2 (30) 1; 3; (2; 4) + ( 1
2 ,

1
2 ,0)

[2] Pcn2 (Pnc2, 30) 1; 4; (2; 3) + ( 1
2 ,

1
2 ,0)

[2] Pcc2 (27) 1; 2; 3; 4

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] C cc2 (a′ = 3a or b′ = 3b) (37); [3] C cc2 (c′ = 3c) (37)

Minimal non-isomorphic supergroups
I [2] C ccm (66); [2] C cce (68); [2] P4cc (103); [2] P4nc (104); [2] P42 mc (105); [2] P42 bc (106); [2] P 4̄ 2c (112);

[2] P 4̄21 c (114); [3] P6cc (184)

II [2] F mm2 (42); [2] Pcc2 (a′ = 1
2 a,b′ = 1

2 b) (27); [2] C mm2 (c′ = 1
2 c) (35)
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Amm2 C14
2v mm2 Orthorhombic

No. 38 Amm2 Patterson symmetry Ammm (C mmm )

Origin on mm2

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) m x,0,z (4) m 0,y,z

For (0, 1
2 ,

1
2)+ set

(1) t(0, 1
2 ,

1
2) (2) 2(0,0, 1

2 ) 0, 1
4 ,z (3) c x, 1

4 ,z (4) n(0, 1
2 ,

1
2) 0,y,z

244
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CONTINUED No. 38 Amm2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2 )+

Reflection conditions

General:

8 f 1 (1) x,y,z (2) x̄, ȳ,z (3) x, ȳ,z (4) x̄,y,z hkl : k + l = 2n
0kl : k + l = 2n
h0l : l = 2n
hk0 : k = 2n
0k0 : k = 2n
00l : l = 2n

Special: no extra conditions

4 e m . . 1
2 ,y,z

1
2 , ȳ,z

4 d m . . 0,y,z 0, ȳ,z

4 c . m . x,0,z x̄,0,z

2 b m m 2 1
2 ,0,z

2 a m m 2 0,0,z

Symmetry of special projections
Along [001] p2mm
a′ = a b′ = 1

2 b
Origin at 0,0,z

Along [100] c1m1
a′ = b b′ = c
Origin at x,0,0

Along [010] p11m
a′ = 1

2 c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] A1m1 (C m, 8) (1; 3)+

[2] Am11 (Pm, 6) (1; 4)+
[2] A112 (C 2, 5) (1; 2)+

IIa [2] Pnm21 (Pmn21, 31) 1; 3; (2; 4) + (0, 1
2 ,

1
2 )

[2] Pnc2 (30) 1; 2; (3; 4) + (0, 1
2 ,

1
2 )

[2] Pmc21 (26) 1; 4; (2; 3) + (0, 1
2 ,

1
2 )

[2] Pmm2 (25) 1; 2; 3; 4
IIb [2] I ma2 (a′ = 2a) (46); [2] I mm2 (a′ = 2a) (44); [2] Ama2 (a′ = 2a) (40)

Maximal isomorphic subgroups of lowest index
IIc [2] Amm2 (a′ = 2a) (38); [3] Amm2 (b′ = 3b) (38); [3] Amm2 (c′ = 3c) (38)

Minimal non-isomorphic supergroups
I [2] C mcm (63); [2] C mmm (65); [3] P 6̄m2 (187); [3] P 6̄ 2m (189)

II [2] F mm2 (42); [2] Pmm2 (b′ = 1
2 b,c′ = 1

2 c) (25)
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Aem2 C15
2v mm2 Orthorhombic

No. 39 Aem2 Patterson symmetry Ammm (C mmm )

Former space-group symbol Abm2; cf. Chapter 1.3

Origin on ec2

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

4 ; 0 ≤ z ≤ 1

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) m x, 1

4 ,z (4) b 0,y,z

For (0, 1
2 ,

1
2)+ set

(1) t(0, 1
2 ,

1
2) (2) 2(0,0, 1

2 ) 0, 1
4 ,z (3) c x,0,z (4) c 0,y,z

246
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CONTINUED No. 39 Aem2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2 )+

Reflection conditions

General:

8 d 1 (1) x,y,z (2) x̄, ȳ,z (3) x, ȳ+ 1
2 ,z (4) x̄,y + 1

2 ,z hkl : k + l = 2n
0kl : k, l = 2n
h0l : l = 2n
hk0 : k = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

4 c . m . x, 1
4 ,z x̄, 3

4 ,z no extra conditions

4 b . . 2 1
2 ,0,z 1

2 ,
1
2 ,z hkl : k = 2n

4 a . . 2 0,0,z 0, 1
2 ,z hkl : k = 2n

Symmetry of special projections
Along [001] p2mm
a′ = a b′ = 1

2 b
Origin at 0,0,z

Along [100] p1m1
a′ = 1

2 b b′ = 1
2 c

Origin at x,0,0

Along [010] p11m
a′ = 1

2 c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] A1m1 (C m, 8) (1; 3)+

[2] Ae11 (Pc, 7) (1; 4)+
[2] A112 (C 2, 5) (1; 2)+

IIa [2] Pbc21 (Pca21, 29) 1; 4; (2; 3) + (0, 1
2 ,

1
2 )

[2] Pbm2 (Pma2, 28) 1; 2; 3; 4
[2] Pcc2 (27) 1; 2; (3; 4) + (0, 1

2 ,
1
2 )

[2] Pcm21 (Pmc21, 26) 1; 3; (2; 4) + (0, 1
2 ,

1
2 )

IIb [2] I bm2 (a′ = 2a) (I ma2, 46); [2] I ba2 (a′ = 2a) (45); [2] Aea2 (a′ = 2a) (41)

Maximal isomorphic subgroups of lowest index
IIc [2] Aem2 (a′ = 2a) (39); [3] Aem2 (b′ = 3b) (39); [3] Aem2 (c′ = 3c) (39)

Minimal non-isomorphic supergroups
I [2] C mce (64); [2] C mme (67)

II [2] F mm2 (42); [2] Pmm2 (b′ = 1
2 b,c′ = 1

2 c) (25)
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Ama2 C16
2v mm2 Orthorhombic

No. 40 Ama2 Patterson symmetry Ammm (C mmm )

Origin on 1a2

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) a x,0,z (4) m 1

4 ,y,z

For (0, 1
2 ,

1
2)+ set

(1) t(0, 1
2 ,

1
2) (2) 2(0,0, 1

2 ) 0, 1
4 ,z (3) n( 1

2 ,0, 1
2) x, 1

4 ,z (4) n(0, 1
2 ,

1
2) 1

4 ,y,z
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CONTINUED No. 40 Ama2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2 )+

Reflection conditions

General:

8 c 1 (1) x,y,z (2) x̄, ȳ,z (3) x + 1
2 , ȳ,z (4) x̄ + 1

2 ,y,z hkl : k + l = 2n
0kl : k + l = 2n
h0l : h, l = 2n
hk0 : k = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

4 b m . . 1
4 ,y,z

3
4 , ȳ,z no extra conditions

4 a . . 2 0,0,z 1
2 ,0,z hkl : h = 2n

Symmetry of special projections
Along [001] p2mg
a′ = a b′ = 1

2 b
Origin at 0,0,z

Along [100] c1m1
a′ = b b′ = c
Origin at x,0,0

Along [010] p11m
a′ = 1

2 c b′ = 1
2 a

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] A1a1 (C c, 9) (1; 3)+

[2] Am11 (Pm, 6) (1; 4)+
[2] A112 (C 2, 5) (1; 2)+

IIa [2] Pnn2 (34) 1; 2; (3; 4) + (0, 1
2 ,

1
2 )

[2] Pna21 (33) 1; 3; (2; 4) + (0, 1
2 ,

1
2 )

[2] Pmn21 (31) 1; 4; (2; 3) + (0, 1
2 ,

1
2 )

[2] Pma2 (28) 1; 2; 3; 4

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] Ama2 (a′ = 3a) (40); [3] Ama2 (b′ = 3b) (40); [3] Ama2 (c′ = 3c) (40)

Minimal non-isomorphic supergroups
I [2] C mcm (63); [2] C ccm (66); [3] P 6̄c2 (188); [3] P 6̄ 2c (190)

II [2] F mm2 (42); [2] Pma2 (b′ = 1
2 b,c′ = 1

2 c) (28); [2] Amm2 (a′ = 1
2 a) (38)
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Aea2 C17
2v mm2 Orthorhombic

No. 41 Aea2 Patterson symmetry Ammm (C mmm )

Former space-group symbol Aba2; cf. Chapter 1.3

Origin on 1n2

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) a x, 1

4 ,z (4) b 1
4 ,y,z

For (0, 1
2 ,

1
2)+ set

(1) t(0, 1
2 ,

1
2) (2) 2(0,0, 1

2 ) 0, 1
4 ,z (3) n( 1

2 ,0, 1
2) x,0,z (4) c 1

4 ,y,z

250
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CONTINUED No. 41 Aea2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2 )+

Reflection conditions

General:

8 b 1 (1) x,y,z (2) x̄, ȳ,z (3) x + 1
2 , ȳ + 1

2 ,z (4) x̄+ 1
2 ,y + 1

2 ,z hkl : k + l = 2n
0kl : k, l = 2n
h0l : h, l = 2n
hk0 : k = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

4 a . . 2 0,0,z 1
2 ,

1
2 ,z hkl : h + k = 2n

Symmetry of special projections
Along [001] p2mg
a′ = a b′ = 1

2 b
Origin at 0,0,z

Along [100] p1m1
a′ = 1

2 b b′ = 1
2 c

Origin at x,0,0

Along [010] p11m
a′ = 1

2 c b′ = 1
2 a

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] A1a1 (C c, 9) (1; 3)+

[2] Ae11 (Pc, 7) (1; 4)+
[2] A112 (C 2, 5) (1; 2)+

IIa [2] Pbn21 (Pna21, 33) 1; 4; (2; 3) + (0, 1
2 ,

1
2 )

[2] Pba2 (32) 1; 2; 3; 4
[2] Pcn2 (Pnc2, 30) 1; 2; (3; 4) + (0, 1

2 ,
1
2 )

[2] Pca21 (29) 1; 3; (2; 4) + (0, 1
2 ,

1
2 )

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] Aea2 (a′ = 3a) (41); [3] Aea2 (b′ = 3b) (41); [3] Aea2 (c′ = 3c) (41)

Minimal non-isomorphic supergroups
I [2] C mce (64); [2] C cce (68)

II [2] F mm2 (42); [2] Pma2 (b′ = 1
2 b,c′ = 1

2 c) (28); [2] Aem2 (a′ = 1
2 a) (39)
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F mm2 C18
2v mm2 Orthorhombic

No. 42 F mm2 Patterson symmetry F mmm

Origin on mm2

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1

4 ; 0 ≤ z ≤ 1

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) m x,0,z (4) m 0,y,z

For (0, 1
2 ,

1
2)+ set

(1) t(0, 1
2 ,

1
2) (2) 2(0,0, 1

2 ) 0, 1
4 ,z (3) c x, 1

4 ,z (4) n(0, 1
2 ,

1
2) 0,y,z

For ( 1
2 ,0, 1

2)+ set
(1) t( 1

2 ,0, 1
2) (2) 2(0,0, 1

2 ) 1
4 ,0,z (3) n( 1

2 ,0, 1
2) x,0,z (4) c 1

4 ,y,z

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2 1

4 ,
1
4 ,z (3) a x, 1

4 ,z (4) b 1
4 ,y,z
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CONTINUED No. 42 F mm2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); t( 1

2 ,0, 1
2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2)+ ( 1

2 ,0, 1
2 )+ ( 1

2 ,
1
2 ,0)+

Reflection conditions

General:

16 e 1 (1) x,y,z (2) x̄, ȳ,z (3) x, ȳ,z (4) x̄,y,z hkl : h + k,h + l,k + l = 2n
0kl : k, l = 2n
h0l : h, l = 2n
hk0 : h,k = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

8 d . m . x,0,z x̄,0,z no extra conditions

8 c m . . 0,y,z 0, ȳ,z no extra conditions

8 b . . 2 1
4 ,

1
4 ,z

1
4 ,

3
4 ,z hkl : h = 2n

4 a m m 2 0,0,z no extra conditions

Symmetry of special projections
Along [001] p2mm
a′ = 1

2 a b′ = 1
2 b

Origin at 0,0,z

Along [100] p1m1
a′ = 1

2 b b′ = 1
2 c

Origin at x,0,0

Along [010] p11m
a′ = 1

2 c b′ = 1
2 a

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] F 1m1 (C m, 8) (1; 3)+

[2] F m11 (C m, 8) (1; 4)+
[2] F 112 (C 2, 5) (1; 2)+

IIa [2] Aea2 (41) 1; 2; (1; 2)+ (0, 1
2 ,

1
2 ); (3; 4)+ ( 1

2 ,0, 1
2); (3; 4)+ ( 1

2 ,
1
2 ,0)

[2] Bbe2 (Aea2, 41) 1; 2; (1; 2)+ ( 1
2 ,0, 1

2 ); (3; 4)+ (0, 1
2 ,

1
2); (3; 4)+ ( 1

2 ,
1
2 ,0)

[2] Ama2 (40) 1; 4; (1; 4)+ (0, 1
2 ,

1
2 ); (2; 3)+ ( 1

2 ,0, 1
2); (2; 3)+ ( 1

2 ,
1
2 ,0)

[2] Bbm2 (Ama2, 40) 1; 3; (1; 3)+ ( 1
2 ,0, 1

2 ); (2; 4)+ (0, 1
2 ,

1
2); (2; 4)+ ( 1

2 ,
1
2 ,0)

[2] Bme2 (Aem2, 39) 1; 4; (1; 4)+ ( 1
2 ,0, 1

2 ); (2; 3)+ (0, 1
2 ,

1
2); (2; 3)+ ( 1

2 ,
1
2 ,0)

[2] Aem2 (39) 1; 3; (1; 3)+ (0, 1
2 ,

1
2 ); (2; 4)+ ( 1

2 ,0, 1
2); (2; 4)+ ( 1

2 ,
1
2 ,0)

[2] Amm2 (38) 1; 2; 3; 4; (1; 2; 3; 4) + (0, 1
2 ,

1
2)

[2] Bmm2 (Amm2, 38) 1; 2; 3; 4; (1; 2; 3; 4) + ( 1
2 ,0, 1

2)
[2] C cc2 (37) 1; 2; (1; 2)+ ( 1

2 ,
1
2 ,0); (3; 4)+ (0, 1

2 ,
1
2); (3; 4)+ ( 1

2 ,0, 1
2 )

[2] C cm21 (C mc21, 36) 1; 3; (1; 3)+ ( 1
2 ,

1
2 ,0); (2; 4)+ (0, 1

2 ,
1
2); (2; 4)+ ( 1

2 ,0, 1
2 )

[2] C mc21 (36) 1; 4; (1; 4)+ ( 1
2 ,

1
2 ,0); (2; 3)+ (0, 1

2 ,
1
2); (2; 3)+ ( 1

2 ,0, 1
2 )

[2] C mm2 (35) 1; 2; 3; 4; (1; 2; 3; 4) + ( 1
2 ,

1
2 ,0)

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] F mm2 (a′ = 3a or b′ = 3b) (42); [3] F mm2 (c′ = 3c) (42)

Minimal non-isomorphic supergroups
I [2] F mmm (69); [2] I 4mm (107); [2] I 4cm (108); [2] I 4̄ 2m (121)

II [2] Pmm2 (a′ = 1
2 a,b′ = 1

2 b,c′ = 1
2 c) (25)
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F d d 2 C19
2v mm2 Orthorhombic

No. 43 F d d 2 Patterson symmetry F mmm

Origin on 112

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1

4 ; 0 ≤ z ≤ 1

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) d( 1

4 ,0, 1
4 ) x, 1

8 ,z (4) d(0, 1
4 ,

1
4 ) 1

8 ,y,z

For (0, 1
2 ,

1
2)+ set

(1) t(0, 1
2 ,

1
2) (2) 2(0,0, 1

2 ) 0, 1
4 ,z (3) d( 1

4 ,0, 3
4 ) x, 3

8 ,z (4) d(0, 3
4 ,

3
4 ) 1

8 ,y,z

For ( 1
2 ,0, 1

2)+ set
(1) t( 1

2 ,0, 1
2) (2) 2(0,0, 1

2 ) 1
4 ,0,z (3) d( 3

4 ,0, 3
4 ) x, 1

8 ,z (4) d(0, 1
4 ,

3
4 ) 3

8 ,y,z

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2 1

4 ,
1
4 ,z (3) d( 3

4 ,0, 1
4 ) x, 3

8 ,z (4) d(0, 3
4 ,

1
4 ) 3

8 ,y,z
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CONTINUED No. 43 F d d 2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); t( 1

2 ,0, 1
2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2)+ ( 1

2 ,0, 1
2 )+ ( 1

2 ,
1
2 ,0)+

Reflection conditions

General:

16 b 1 (1) x,y,z (2) x̄, ȳ,z (3) x + 1
4 , ȳ + 1

4 ,z+ 1
4 (4) x̄+ 1

4 ,y + 1
4 ,z+ 1

4 hkl : h + k,h + l,k + l = 2n
0kl : k + l = 4n, k, l = 2n
h0l : h + l = 4n, h, l = 2n
hk0 : h,k = 2n
h00 : h = 4n
0k0 : k = 4n
00l : l = 4n

Special: as above, plus

8 a . . 2 0,0,z 1
4 ,

1
4 ,z+ 1

4 hkl : h = 2n + 1
or h + k + l = 4n

Symmetry of special projections
Along [001] p2gg
a′ = 1

2 a b′ = 1
2 b

Origin at 0,0,z

Along [100] c1m1
a′ = 1

2 b b′ = 1
2 c

Origin at x,0,0

Along [010] c11m
a′ = 1

2 c b′ = 1
2 a

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] F 1d 1 (C c, 9) (1; 3)+

[2] F d 11 (C c, 9) (1; 4)+
[2] F 112 (C 2, 5) (1; 2)+

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] F d d 2 (a′ = 3a or b′ = 3b) (43); [3] F d d 2 (c′ = 3c) (43)

Minimal non-isomorphic supergroups
I [2] F d d d (70); [2] I 41 md (109); [2] I 41 cd (110); [2] I 4̄2d (122)

II [2] Pnn2 (a′ = 1
2 a,b′ = 1

2 b,c′ = 1
2 c) (34)
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I mm2 C20
2v mm2 Orthorhombic

No. 44 I mm2 Patterson symmetry I mmm

Origin on mm2

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) m x,0,z (4) m 0,y,z

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) n( 1

2 ,0, 1
2 ) x, 1

4 ,z (4) n(0, 1
2 ,

1
2 ) 1

4 ,y,z
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CONTINUED No. 44 I mm2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

8 e 1 (1) x,y,z (2) x̄, ȳ,z (3) x, ȳ,z (4) x̄,y,z hkl : h + k + l = 2n
0kl : k + l = 2n
h0l : h + l = 2n
hk0 : h + k = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: no extra conditions

4 d m . . 0,y,z 0, ȳ,z

4 c . m . x,0,z x̄,0,z

2 b m m 2 0, 1
2 ,z

2 a m m 2 0,0,z

Symmetry of special projections
Along [001] c2mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] c1m1
a′ = b b′ = c
Origin at x,0,0

Along [010] c11m
a′ = c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] I 1m1 (C m, 8) (1; 3)+

[2] I m11 (C m, 8) (1; 4)+
[2] I 112 (C 2, 5) (1; 2)+

IIa [2] Pnn2 (34) 1; 2; (3; 4) + ( 1
2 ,

1
2 ,

1
2 )

[2] Pnm21 (Pmn21, 31) 1; 3; (2; 4) + ( 1
2 ,

1
2 ,

1
2 )

[2] Pmn21 (31) 1; 4; (2; 3) + ( 1
2 ,

1
2 ,

1
2 )

[2] Pmm2 (25) 1; 2; 3; 4

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I mm2 (a′ = 3a or b′ = 3b) (44); [3] I mm2 (c′ = 3c) (44)

Minimal non-isomorphic supergroups
I [2] I mmm (71); [2] I mma (74); [2] I 4mm (107); [2] I 41 md (109); [2] I 4̄m2 (119)
II [2] C mm2 (c′ = 1

2 c) (35); [2] Amm2 (a′ = 1
2 a) (38); [2] Bmm2 (b′ = 1

2 b) (Amm2, 38)
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I ba2 C21
2v mm2 Orthorhombic

No. 45 I ba2 Patterson symmetry I mmm

Origin on cc2

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) a x, 1

4 ,z (4) b 1
4 ,y,z

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) c x,0,z (4) c 0,y,z
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CONTINUED No. 45 I ba2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

8 c 1 (1) x,y,z (2) x̄, ȳ,z (3) x + 1
2 , ȳ + 1

2 ,z (4) x̄+ 1
2 ,y + 1

2 ,z hkl : h + k + l = 2n
0kl : k, l = 2n
h0l : h, l = 2n
hk0 : h + k = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

4 b . . 2 0, 1
2 ,z

1
2 ,0,z hkl : l = 2n

4 a . . 2 0,0,z 1
2 ,

1
2 ,z hkl : l = 2n

Symmetry of special projections
Along [001] c2mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = 1

2 b b′ = 1
2 c

Origin at x,0,0

Along [010] p11m
a′ = 1

2 c b′ = 1
2 a

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] I 1a1 (C c, 9) (1; 3)+

[2] I b11 (C c, 9) (1; 4)+
[2] I 112 (C 2, 5) (1; 2)+

IIa [2] Pba2 (32) 1; 2; 3; 4
[2] Pca21 (29) 1; 3; (2; 4) + ( 1

2 ,
1
2 ,

1
2 )

[2] Pbc21 (Pca21, 29) 1; 4; (2; 3) + ( 1
2 ,

1
2 ,

1
2 )

[2] Pcc2 (27) 1; 2; (3; 4) + ( 1
2 ,

1
2 ,

1
2 )

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I ba2 (a′ = 3a or b′ = 3b) (45); [3] I ba2 (c′ = 3c) (45)

Minimal non-isomorphic supergroups
I [2] I bam (72); [2] I bca (73); [2] I 4cm (108); [2] I 41 cd (110); [2] I 4̄c2 (120)

II [2] C mm2 (c′ = 1
2 c) (35); [2] Aem2 (a′ = 1

2 a) (39); [2] Bme2 (b′ = 1
2 b) (Aem2, 39)
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I ma2 C22
2v mm2 Orthorhombic

No. 46 I ma2 Patterson symmetry I mmm

Origin on na2

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1

2

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) a x,0,z (4) m 1

4 ,y,z

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) c x, 1

4 ,z (4) n(0, 1
2 ,

1
2 ) 0,y,z
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CONTINUED No. 46 I ma2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

8 c 1 (1) x,y,z (2) x̄, ȳ,z (3) x + 1
2 , ȳ,z (4) x̄ + 1

2 ,y,z hkl : h + k + l = 2n
0kl : k + l = 2n
h0l : h, l = 2n
hk0 : h + k = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

4 b m . . 1
4 ,y,z

3
4 , ȳ,z no extra conditions

4 a . . 2 0,0,z 1
2 ,0,z hkl : h = 2n

Symmetry of special projections
Along [001] c2mm
a′ = a b′ = b
Origin at 1

4 ,
1
4 ,z

Along [100] c1m1
a′ = b b′ = c
Origin at x,0,0

Along [010] p11m
a′ = 1

2 c b′ = 1
2 a

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] I 1a1 (C c, 9) (1; 3)+

[2] I m11 (C m, 8) (1; 4)+
[2] I 112 (C 2, 5) (1; 2)+

IIa [2] Pna21 (33) 1; 3; (2; 4) + ( 1
2 ,

1
2 ,

1
2)

[2] Pnc2 (30) 1; 2; (3; 4) + ( 1
2 ,

1
2 ,

1
2)

[2] Pma2 (28) 1; 2; 3; 4
[2] Pmc21 (26) 1; 4; (2; 3) + ( 1

2 ,
1
2 ,

1
2)

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I ma2 (a′ = 3a) (46); [3] I ma2 (b′ = 3b) (46); [3] I ma2 (c′ = 3c) (46)

Minimal non-isomorphic supergroups
I [2] I bam (72); [2] I mma (74)

II [2] C mm2 (c′ = 1
2 c) (35); [2] Amm2 (a′ = 1

2 a) (38); [2] Bme2 (b′ = 1
2 b) (Aem2, 39)
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Pmmm D1
2h mmm Orthorhombic

No. 47 P 2/m 2/m 2/m Patterson symmetry Pmmm

Origin at centre (mmm)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 1̄ 0,0,0 (6) m x,y,0 (7) m x,0,z (8) m 0,y,z

Maximal non-isomorphic subgroups (continued)
IIa none

IIb [2] Pmma (a′ = 2a) (51); [2] Pmam (a′ = 2a) (Pmma, 51); [2] Pmaa (a′ = 2a) (Pccm, 49); [2] Pbmm (b′ = 2b) (Pmma, 51);
[2] Pmmb (b′ = 2b) (Pmma, 51); [2] Pbmb (b′ = 2b) (Pccm, 49); [2] Pcmm (c′ = 2c) (Pmma, 51);
[2] Pmcm (c′ = 2c) (Pmma, 51); [2] Pccm (c′ = 2c) (49); [2] Aemm (b′ = 2b,c′ = 2c) (C mme, 67);
[2] Ammm (b′ = 2b,c′ = 2c) (C mmm, 65); [2] Bmem (a′ = 2a,c′ = 2c) (C mme, 67); [2] Bmmm (a′ = 2a,c′ = 2c) (C mmm, 65);
[2] C mme (a′ = 2a,b′ = 2b) (67); [2] C mmm (a′ = 2a,b′ = 2b) (65); [2] F mmm (a′ = 2a,b′ = 2b,c′ = 2c) (69)

Maximal isomorphic subgroups of lowest index
IIc [2] Pmmm (a′ = 2a or b′ = 2b or c′ = 2c) (47)

Minimal non-isomorphic supergroups
I [2] P4/mmm (123); [2] P42/mmc (131); [3] Pm 3̄ (200)
II [2] Ammm (C mmm, 65); [2] Bmmm (C mmm, 65); [2] C mmm (65); [2] I mmm (71)
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CONTINUED No. 47 Pmmm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 α 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) x̄, ȳ, z̄ (6) x,y, z̄ (7) x, ȳ,z (8) x̄,y,z

no conditions

Special: no extra conditions

4 z . . m x,y, 1
2 x̄, ȳ, 1

2 x̄,y, 1
2 x, ȳ, 1

2

4 y . . m x,y,0 x̄, ȳ,0 x̄,y,0 x, ȳ,0

4 x . m . x, 1
2 ,z x̄, 1

2 ,z x̄, 1
2 , z̄ x, 1

2 , z̄

4 w . m . x,0,z x̄,0,z x̄,0, z̄ x,0, z̄

4 v m . . 1
2 ,y,z

1
2 , ȳ,z

1
2 ,y, z̄

1
2 , ȳ, z̄

4 u m . . 0,y,z 0, ȳ,z 0,y, z̄ 0, ȳ, z̄

2 t m m 2 1
2 ,

1
2 ,z

1
2 ,

1
2 , z̄

2 s m m 2 1
2 ,0,z 1

2 ,0, z̄

2 r m m 2 0, 1
2 ,z 0, 1

2 , z̄

2 q m m 2 0,0,z 0,0, z̄

2 p m 2 m 1
2 ,y,

1
2

1
2 , ȳ,

1
2

2 o m 2 m 1
2 ,y,0

1
2 , ȳ,0

2 n m 2 m 0,y, 1
2 0, ȳ, 1

2

2 m m 2 m 0,y,0 0, ȳ,0

2 l 2 m m x, 1
2 ,

1
2 x̄, 1

2 ,
1
2

2 k 2 m m x, 1
2 ,0 x̄, 1

2 ,0

2 j 2 m m x,0, 1
2 x̄,0, 1

2

2 i 2 m m x,0,0 x̄,0,0

1 h m m m 1
2 ,

1
2 ,

1
2

1 g m m m 0, 1
2 ,

1
2

1 f m m m 1
2 ,

1
2 ,0

1 e m m m 0, 1
2 ,0

1 d m m m 1
2 ,0, 1

2

1 c m m m 0,0, 1
2

1 b m m m 1
2 ,0,0

1 a m m m 0,0,0

Symmetry of special projections
Along [001] p2mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = b b′ = c
Origin at x,0,0

Along [010] p2mm
a′ = c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] Pmm2 (25) 1; 2; 7; 8

[2] Pm2m (Pmm2, 25) 1; 3; 6; 8
[2] P2mm (Pmm2, 25) 1; 4; 6; 7
[2] P222 (16) 1; 2; 3; 4
[2] P112/m (P2/m, 10) 1; 2; 5; 6
[2] P12/m1 (P2/m, 10) 1; 3; 5; 7
[2] P2/m11 (P2/m, 10) 1; 4; 5; 8

(Continued on preceding page)
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Pnnn D2
2h mmm Orthorhombic

No. 48 P 2/n 2/n 2/n Patterson symmetry Pmmm

ORIGIN CHOICE 1

Origin at 222, at 1
4 ,

1
4 ,

1
4 from 1̄

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 1̄ 1

4 ,
1
4 ,

1
4 (6) n( 1

2 ,
1
2 ,0) x,y, 1

4 (7) n( 1
2 ,0, 1

2 ) x, 1
4 ,z (8) n(0, 1

2 ,
1
2 ) 1

4 ,y,z

Minimal non-isomorphic supergroups
I [2] P4/nnc (126); [2] P42/nnm (134); [3] Pn 3̄ (201)

II [2] I mmm (71); [2] Amaa (C ccm, 66); [2] Bbmb (C ccm, 66); [2] C ccm (66); [2] Pncb (a′ = 1
2 a) (Pban, 50);

[2] Pcna (b′ = 1
2 b) (Pban, 50); [2] Pban (c′ = 1

2 c) (50)
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CONTINUED No. 48 Pnnn

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 m 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) x̄ + 1

2 , ȳ + 1
2 , z̄+ 1

2 (6) x + 1
2 ,y + 1

2 , z̄+ 1
2 (7) x + 1

2 , ȳ + 1
2 ,z+ 1

2 (8) x̄ + 1
2 ,y + 1

2 ,z+ 1
2

0kl : k + l = 2n
h0l : h + l = 2n
hk0 : h + k = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

4 l . . 2 0, 1
2 ,z 0, 1

2 , z̄
1
2 ,0, z̄+ 1

2
1
2 ,0,z+ 1

2 hkl : h + k + l = 2n

4 k . . 2 0,0,z 0,0, z̄ 1
2 ,

1
2 , z̄+ 1

2
1
2 ,

1
2 ,z+ 1

2 hkl : h + k + l = 2n

4 j . 2 . 1
2 ,y,0

1
2 , ȳ,0 0, ȳ+ 1

2 ,
1
2 0,y + 1

2 ,
1
2 hkl : h + k + l = 2n

4 i . 2 . 0,y,0 0, ȳ,0 1
2 , ȳ + 1

2 ,
1
2

1
2 ,y + 1

2 ,
1
2 hkl : h + k + l = 2n

4 h 2 . . x,0, 1
2 x̄,0, 1

2 x̄ + 1
2 ,

1
2 ,0 x + 1

2 ,
1
2 ,0 hkl : h + k + l = 2n

4 g 2 . . x,0,0 x̄,0,0 x̄+ 1
2 ,

1
2 ,

1
2 x + 1

2 ,
1
2 ,

1
2 hkl : h + k + l = 2n

4 f 1̄ 3
4 ,

3
4 ,

3
4

1
4 ,

1
4 ,

3
4

1
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

1
4 hkl : h + k,h + l,k + l = 2n

4 e 1̄ 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

3
4

1
4 ,

3
4 ,

3
4 hkl : h + k,h + l,k + l = 2n

2 d 2 2 2 0, 1
2 ,0

1
2 ,0, 1

2 hkl : h + k + l = 2n

2 c 2 2 2 0,0, 1
2

1
2 ,

1
2 ,0 hkl : h + k + l = 2n

2 b 2 2 2 1
2 ,0,0 0, 1

2 ,
1
2 hkl : h + k + l = 2n

2 a 2 2 2 0,0,0 1
2 ,

1
2 ,

1
2 hkl : h + k + l = 2n

Symmetry of special projections
Along [001] c2mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] c2mm
a′ = b b′ = c
Origin at x,0,0

Along [010] c2mm
a′ = c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] Pnn2 (34) 1; 2; 7; 8

[2] Pn2n (Pnn2, 34) 1; 3; 6; 8
[2] P2nn (Pnn2, 34) 1; 4; 6; 7
[2] P222 (16) 1; 2; 3; 4
[2] P112/n (P2/c, 13) 1; 2; 5; 6
[2] P12/n1 (P2/c, 13) 1; 3; 5; 7
[2] P2/n11 (P2/c, 13) 1; 4; 5; 8

IIa none

IIb [2] F d d d (a′ = 2a,b′ = 2b,c′ = 2c) (70)

Maximal isomorphic subgroups of lowest index
IIc [3] Pnnn (a′ = 3a or b′ = 3b or c′ = 3c) (48)

(Continued on preceding page)
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Pnnn D2
2h mmm Orthorhombic

No. 48 P 2/n 2/n 2/n Patterson symmetry Pmmm

ORIGIN CHOICE 2

Origin at 1̄ at nnn, at − 1
4 ,− 1

4 ,− 1
4 from 222

Asymmetric unit 0 ≤ x ≤ 1
4 ; − 1

4 ≤ y ≤ 1
4 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2 1
4 ,

1
4 ,z (3) 2 1

4 ,y,
1
4 (4) 2 x, 1

4 ,
1
4

(5) 1̄ 0,0,0 (6) n( 1
2 ,

1
2 ,0) x,y,0 (7) n( 1

2 ,0, 1
2 ) x,0,z (8) n(0, 1

2 ,
1
2 ) 0,y,z

Maximal isomorphic subgroups of lowest index
IIc [3] Pnnn (a′ = 3a or b′ = 3b or c′ = 3c) (48)

Minimal non-isomorphic supergroups
I [2] P4/nnc (126); [2] P42/nnm (134); [3] Pn 3̄ (201)

II [2] I mmm (71); [2] Amaa (C ccm, 66); [2] Bbmb (C ccm, 66); [2] C ccm (66); [2] Pncb (a′ = 1
2 a) (Pban, 50);

[2] Pcna (b′ = 1
2 b) (Pban, 50); [2] Pban (c′ = 1

2 c) (50)
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CONTINUED No. 48 Pnnn

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 m 1 (1) x,y,z (2) x̄+ 1
2 , ȳ + 1

2 ,z (3) x̄+ 1
2 ,y, z̄ + 1

2 (4) x, ȳ+ 1
2 , z̄+ 1

2

(5) x̄, ȳ, z̄ (6) x + 1
2 ,y + 1

2 , z̄ (7) x + 1
2 , ȳ,z+ 1

2 (8) x̄,y + 1
2 ,z+ 1

2

0kl : k + l = 2n
h0l : h + l = 2n
hk0 : h + k = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

4 l . . 2 1
4 ,

3
4 ,z

1
4 ,

3
4 , z̄+ 1

2
3
4 ,

1
4 , z̄

3
4 ,

1
4 ,z+ 1

2 hkl : h + k + l = 2n

4 k . . 2 1
4 ,

1
4 ,z

1
4 ,

1
4 , z̄+ 1

2
3
4 ,

3
4 , z̄

3
4 ,

3
4 ,z+ 1

2 hkl : h + k + l = 2n

4 j . 2 . 3
4 ,y,

1
4

3
4 , ȳ + 1

2 ,
1
4

1
4 , ȳ,

3
4

1
4 ,y + 1

2 ,
3
4 hkl : h + k + l = 2n

4 i . 2 . 1
4 ,y,

1
4

1
4 , ȳ + 1

2 ,
1
4

3
4 , ȳ,

3
4

3
4 ,y + 1

2 ,
3
4 hkl : h + k + l = 2n

4 h 2 . . x, 1
4 ,

3
4 x̄ + 1

2 ,
1
4 ,

3
4 x̄, 3

4 ,
1
4 x + 1

2 ,
3
4 ,

1
4 hkl : h + k + l = 2n

4 g 2 . . x, 1
4 ,

1
4 x̄ + 1

2 ,
1
4 ,

1
4 x̄, 3

4 ,
3
4 x + 1

2 ,
3
4 ,

3
4 hkl : h + k + l = 2n

4 f 1̄ 0,0,0 1
2 ,

1
2 ,0

1
2 ,0, 1

2 0, 1
2 ,

1
2 hkl : h + k,h + l,k + l = 2n

4 e 1̄ 1
2 ,

1
2 ,

1
2 0,0, 1

2 0, 1
2 ,0

1
2 ,0,0 hkl : h + k,h + l,k + l = 2n

2 d 2 2 2 1
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

3
4 hkl : h + k + l = 2n

2 c 2 2 2 1
4 ,

1
4 ,

3
4

3
4 ,

3
4 ,

1
4 hkl : h + k + l = 2n

2 b 2 2 2 3
4 ,

1
4 ,

1
4

1
4 ,

3
4 ,

3
4 hkl : h + k + l = 2n

2 a 2 2 2 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

3
4 hkl : h + k + l = 2n

Symmetry of special projections
Along [001] c2mm
a′ = a b′ = b
Origin at 1

4 ,
1
4 ,z

Along [100] c2mm
a′ = b b′ = c
Origin at x, 1

4 ,
1
4

Along [010] c2mm
a′ = c b′ = a
Origin at 1

4 ,y,
1
4

Maximal non-isomorphic subgroups
I [2] Pnn2 (34) 1; 2; 7; 8

[2] Pn2n (Pnn2, 34) 1; 3; 6; 8
[2] P2nn (Pnn2, 34) 1; 4; 6; 7
[2] P222 (16) 1; 2; 3; 4
[2] P112/n (P2/c, 13) 1; 2; 5; 6
[2] P12/n1 (P2/c, 13) 1; 3; 5; 7
[2] P2/n11 (P2/c, 13) 1; 4; 5; 8

IIa none

IIb [2] F d d d (a′ = 2a,b′ = 2b,c′ = 2c) (70)

(Continued on preceding page)
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Pccm D3
2h mmm Orthorhombic

No. 49 P 2/c 2/c 2/m Patterson symmetry Pmmm

Origin at centre (2/m) at cc2/m

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 2 0,y, 1
4 (4) 2 x,0, 1

4

(5) 1̄ 0,0,0 (6) m x,y,0 (7) c x,0,z (8) c 0,y,z

Maximal non-isomorphic subgroups (continued)
IIa none
IIb [2] Pcca (a′ = 2a) (54); [2] Pcnm (a′ = 2a) (Pmna, 53); [2] Pcna (a′ = 2a) (Pban, 50); [2] Pccb (b′ = 2b) (Pcca, 54);

[2] Pncm (b′ = 2b) (Pmna, 53); [2] Pncb (b′ = 2b) (Pban, 50); [2] C cce (a′ = 2a,b′ = 2b) (68); [2] C ccm (a′ = 2a,b′ = 2b) (66)

Maximal isomorphic subgroups of lowest index
IIc [2] Pccm (a′ = 2a or b′ = 2b) (49); [3] Pccm (c′ = 3c) (49)

Minimal non-isomorphic supergroups
I [2] P4/mcc (124); [2] P42/mcm (132)

II [2] C ccm (66); [2] Aemm (C mme, 67); [2] Bmem (C mme, 67); [2] I bam (72); [2] Pmmm (c′ = 1
2 c) (47)
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CONTINUED No. 49 Pccm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 r 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ + 1
2 (4) x, ȳ, z̄+ 1

2

(5) x̄, ȳ, z̄ (6) x,y, z̄ (7) x, ȳ,z+ 1
2 (8) x̄,y,z+ 1

2

0kl : l = 2n
h0l : l = 2n
00l : l = 2n

Special: as above, plus

4 q . . m x,y,0 x̄, ȳ,0 x̄,y, 1
2 x, ȳ, 1

2 no extra conditions

4 p . . 2 1
2 ,0,z 1

2 ,0, z̄+ 1
2

1
2 ,0, z̄ 1

2 ,0,z+ 1
2 hkl : l = 2n

4 o . . 2 0, 1
2 ,z 0, 1

2 , z̄+ 1
2 0, 1

2 , z̄ 0, 1
2 ,z+ 1

2 hkl : l = 2n

4 n . . 2 1
2 ,

1
2 ,z

1
2 ,

1
2 , z̄ + 1

2
1
2 ,

1
2 , z̄

1
2 ,

1
2 ,z+ 1

2 hkl : l = 2n

4 m . . 2 0,0,z 0,0, z̄+ 1
2 0,0, z̄ 0,0,z+ 1

2 hkl : l = 2n

4 l . 2 . 1
2 ,y,

1
4

1
2 , ȳ,

1
4

1
2 , ȳ,

3
4

1
2 ,y,

3
4 hkl : l = 2n

4 k . 2 . 0,y, 1
4 0, ȳ, 1

4 0, ȳ, 3
4 0,y, 3

4 hkl : l = 2n

4 j 2 . . x, 1
2 ,

1
4 x̄, 1

2 ,
1
4 x̄, 1

2 ,
3
4 x, 1

2 ,
3
4 hkl : l = 2n

4 i 2 . . x,0, 1
4 x̄,0, 1

4 x̄,0, 3
4 x,0, 3

4 hkl : l = 2n

2 h 2 2 2 1
2 ,

1
2 ,

1
4

1
2 ,

1
2 ,

3
4 hkl : l = 2n

2 g 2 2 2 0, 1
2 ,

1
4 0, 1

2 ,
3
4 hkl : l = 2n

2 f 2 2 2 1
2 ,0, 1

4
1
2 ,0, 3

4 hkl : l = 2n

2 e 2 2 2 0,0, 1
4 0,0, 3

4 hkl : l = 2n

2 d . . 2/m 1
2 ,0,0 1

2 ,0, 1
2 hkl : l = 2n

2 c . . 2/m 0, 1
2 ,0 0, 1

2 ,
1
2 hkl : l = 2n

2 b . . 2/m 1
2 ,

1
2 ,0

1
2 ,

1
2 ,

1
2 hkl : l = 2n

2 a . . 2/m 0,0,0 0,0, 1
2 hkl : l = 2n

Symmetry of special projections
Along [001] p2mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = b b′ = 1

2 c
Origin at x,0,0

Along [010] p2mm
a′ = 1

2 c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] Pc2m (Pma2, 28) 1; 3; 6; 8

[2] P2cm (Pma2, 28) 1; 4; 6; 7
[2] Pcc2 (27) 1; 2; 7; 8
[2] P222 (16) 1; 2; 3; 4
[2] P12/c1 (P2/c, 13) 1; 3; 5; 7
[2] P2/c11 (P2/c, 13) 1; 4; 5; 8
[2] P112/m (P2/m, 10) 1; 2; 5; 6
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Pban D4
2h mmm Orthorhombic

No. 50 P 2/b 2/a 2/n Patterson symmetry Pmmm

ORIGIN CHOICE 1

Origin at 222/n, at 1
4 ,

1
4 ,0 from 1̄

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 1̄ 1

4 ,
1
4 ,0 (6) n( 1

2 ,
1
2 ,0) x,y,0 (7) a x, 1

4 ,z (8) b 1
4 ,y,z

Minimal non-isomorphic supergroups
I [2] P4/nbm (125); [2] P42/nbc (133)

II [2] C mmm (65); [2] Aeaa (C cce, 68); [2] Bbeb (C cce, 68); [2] I bam (72); [2] Pbmb (a′ = 1
2 a) (Pccm, 49);

[2] Pmaa (b′ = 1
2 b) (Pccm, 49)
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CONTINUED No. 50 Pban

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 m 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) x̄+ 1

2 , ȳ + 1
2 , z̄ (6) x + 1

2 ,y + 1
2 , z̄ (7) x + 1

2 , ȳ+ 1
2 ,z (8) x̄+ 1

2 ,y + 1
2 ,z

0kl : k = 2n
h0l : h = 2n
hk0 : h + k = 2n
h00 : h = 2n
0k0 : k = 2n

Special: as above, plus

4 l . . 2 0, 1
2 ,z 0, 1

2 , z̄
1
2 ,0, z̄ 1

2 ,0,z hkl : h + k = 2n

4 k . . 2 0,0,z 0,0, z̄ 1
2 ,

1
2 , z̄

1
2 ,

1
2 ,z hkl : h + k = 2n

4 j . 2 . 0,y, 1
2 0, ȳ, 1

2
1
2 , ȳ+ 1

2 ,
1
2

1
2 ,y + 1

2 ,
1
2 hkl : h + k = 2n

4 i . 2 . 0,y,0 0, ȳ,0 1
2 , ȳ + 1

2 ,0
1
2 ,y + 1

2 ,0 hkl : h + k = 2n

4 h 2 . . x,0, 1
2 x̄,0, 1

2 x̄ + 1
2 ,

1
2 ,

1
2 x + 1

2 ,
1
2 ,

1
2 hkl : h + k = 2n

4 g 2 . . x,0,0 x̄,0,0 x̄+ 1
2 ,

1
2 ,0 x + 1

2 ,
1
2 ,0 hkl : h + k = 2n

4 f 1̄ 1
4 ,

1
4 ,

1
2

3
4 ,

3
4 ,

1
2

3
4 ,

1
4 ,

1
2

1
4 ,

3
4 ,

1
2 hkl : h,k = 2n

4 e 1̄ 1
4 ,

1
4 ,0

3
4 ,

3
4 ,0

3
4 ,

1
4 ,0

1
4 ,

3
4 ,0 hkl : h,k = 2n

2 d 2 2 2 0,0, 1
2

1
2 ,

1
2 ,

1
2 hkl : h + k = 2n

2 c 2 2 2 1
2 ,0, 1

2 0, 1
2 ,

1
2 hkl : h + k = 2n

2 b 2 2 2 1
2 ,0,0 0, 1

2 ,0 hkl : h + k = 2n

2 a 2 2 2 0,0,0 1
2 ,

1
2 ,0 hkl : h + k = 2n

Symmetry of special projections
Along [001] c2mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = 1

2 b b′ = c
Origin at x,0,0

Along [010] p2mm
a′ = c b′ = 1

2 a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] Pba2 (32) 1; 2; 7; 8

[2] Pb2n (Pnc2, 30) 1; 3; 6; 8
[2] P2an (Pnc2, 30) 1; 4; 6; 7
[2] P222 (16) 1; 2; 3; 4
[2] P112/n (P2/c, 13) 1; 2; 5; 6
[2] P12/a1 (P2/c, 13) 1; 3; 5; 7
[2] P2/b11 (P2/c, 13) 1; 4; 5; 8

IIa none

IIb [2] Pnan (c′ = 2c) (Pnna, 52); [2] Pbnn (c′ = 2c) (Pnna, 52); [2] Pnnn (c′ = 2c) (48)

Maximal isomorphic subgroups of lowest index
IIc [2] Pban (c′ = 2c) (50); [3] Pban (a′ = 3a or b′ = 3b) (50)

(Continued on preceding page)

271



Pban D4
2h mmm Orthorhombic

No. 50 P 2/b 2/a 2/n Patterson symmetry Pmmm

ORIGIN CHOICE 2

Origin at 1̄ at ban, at − 1
4 ,− 1

4 ,0 from 222

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1

2

Symmetry operations

(1) 1 (2) 2 1
4 ,

1
4 ,z (3) 2 1

4 ,y,0 (4) 2 x, 1
4 ,0

(5) 1̄ 0,0,0 (6) n( 1
2 ,

1
2 ,0) x,y,0 (7) a x,0,z (8) b 0,y,z

Minimal non-isomorphic supergroups
I [2] P4/nbm (125); [2] P42/nbc (133)

II [2] C mmm (65); [2] Aeaa (C cce, 68); [2] Bbeb (C cce, 68); [2] I bam (72); [2] Pbmb (a′ = 1
2 a) (Pccm, 49);

[2] Pmaa (b′ = 1
2 b) (Pccm, 49)
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CONTINUED No. 50 Pban

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 m 1 (1) x,y,z (2) x̄+ 1
2 , ȳ + 1

2 ,z (3) x̄+ 1
2 ,y, z̄ (4) x, ȳ + 1

2 , z̄
(5) x̄, ȳ, z̄ (6) x + 1

2 ,y + 1
2 , z̄ (7) x + 1

2 , ȳ,z (8) x̄,y + 1
2 ,z

0kl : k = 2n
h0l : h = 2n
hk0 : h + k = 2n
h00 : h = 2n
0k0 : k = 2n

Special: as above, plus

4 l . . 2 1
4 ,

3
4 ,z

1
4 ,

3
4 , z̄

3
4 ,

1
4 , z̄

3
4 ,

1
4 ,z hkl : h + k = 2n

4 k . . 2 1
4 ,

1
4 ,z

1
4 ,

1
4 , z̄

3
4 ,

3
4 , z̄

3
4 ,

3
4 ,z hkl : h + k = 2n

4 j . 2 . 1
4 ,y,

1
2

1
4 , ȳ + 1

2 ,
1
2

3
4 , ȳ,

1
2

3
4 ,y + 1

2 ,
1
2 hkl : h + k = 2n

4 i . 2 . 1
4 ,y,0

1
4 , ȳ + 1

2 ,0
3
4 , ȳ,0

3
4 ,y + 1

2 ,0 hkl : h + k = 2n

4 h 2 . . x, 1
4 ,

1
2 x̄ + 1

2 ,
1
4 ,

1
2 x̄, 3

4 ,
1
2 x + 1

2 ,
3
4 ,

1
2 hkl : h + k = 2n

4 g 2 . . x, 1
4 ,0 x̄ + 1

2 ,
1
4 ,0 x̄, 3

4 ,0 x + 1
2 ,

3
4 ,0 hkl : h + k = 2n

4 f 1̄ 0,0, 1
2

1
2 ,

1
2 ,

1
2

1
2 ,0, 1

2 0, 1
2 ,

1
2 hkl : h,k = 2n

4 e 1̄ 0,0,0 1
2 ,

1
2 ,0

1
2 ,0,0 0, 1

2 ,0 hkl : h,k = 2n

2 d 2 2 2 1
4 ,

1
4 ,

1
2

3
4 ,

3
4 ,

1
2 hkl : h + k = 2n

2 c 2 2 2 3
4 ,

1
4 ,

1
2

1
4 ,

3
4 ,

1
2 hkl : h + k = 2n

2 b 2 2 2 3
4 ,

1
4 ,0

1
4 ,

3
4 ,0 hkl : h + k = 2n

2 a 2 2 2 1
4 ,

1
4 ,0

3
4 ,

3
4 ,0 hkl : h + k = 2n

Symmetry of special projections
Along [001] c2mm
a′ = a b′ = b
Origin at 1

4 ,
1
4 ,z

Along [100] p2mm
a′ = 1

2 b b′ = c
Origin at x,0,0

Along [010] p2mm
a′ = c b′ = 1

2 a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] Pba2 (32) 1; 2; 7; 8

[2] Pb2n (Pnc2, 30) 1; 3; 6; 8
[2] P2an (Pnc2, 30) 1; 4; 6; 7
[2] P222 (16) 1; 2; 3; 4
[2] P112/n (P2/c, 13) 1; 2; 5; 6
[2] P12/a1 (P2/c, 13) 1; 3; 5; 7
[2] P2/b11 (P2/c, 13) 1; 4; 5; 8

IIa none

IIb [2] Pnan (c′ = 2c) (Pnna, 52); [2] Pbnn (c′ = 2c) (Pnna, 52); [2] Pnnn (c′ = 2c) (48)

Maximal isomorphic subgroups of lowest index
IIc [2] Pban (c′ = 2c) (50); [3] Pban (a′ = 3a or b′ = 3b) (50)
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Pmma D5
2h mmm Orthorhombic

No. 51 P 21/m 2/m 2/a Patterson symmetry Pmmm

Origin at centre (2/m) at 21 2/ma

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2 1
4 ,0,z (3) 2 0,y,0 (4) 2( 1

2 ,0,0) x,0,0
(5) 1̄ 0,0,0 (6) a x,y,0 (7) m x,0,z (8) m 1

4 ,y,z
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CONTINUED No. 51 Pmma

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 l 1 (1) x,y,z (2) x̄+ 1
2 , ȳ,z (3) x̄,y, z̄ (4) x + 1

2 , ȳ, z̄
(5) x̄, ȳ, z̄ (6) x + 1

2 ,y, z̄ (7) x, ȳ,z (8) x̄ + 1
2 ,y,z

hk0 : h = 2n
h00 : h = 2n

Special: as above, plus

4 k m . . 1
4 ,y,z

1
4 , ȳ,z

3
4 ,y, z̄

3
4 , ȳ, z̄ no extra conditions

4 j . m . x, 1
2 ,z x̄ + 1

2 ,
1
2 ,z x̄, 1

2 , z̄ x + 1
2 ,

1
2 , z̄ no extra conditions

4 i . m . x,0,z x̄ + 1
2 ,0,z x̄,0, z̄ x + 1

2 ,0, z̄ no extra conditions

4 h . 2 . 0,y, 1
2

1
2 , ȳ,

1
2 0, ȳ, 1

2
1
2 ,y,

1
2 hkl : h = 2n

4 g . 2 . 0,y,0 1
2 , ȳ,0 0, ȳ,0 1

2 ,y,0 hkl : h = 2n

2 f m m 2 1
4 ,

1
2 ,z

3
4 ,

1
2 , z̄ no extra conditions

2 e m m 2 1
4 ,0,z 3

4 ,0, z̄ no extra conditions

2 d . 2/m . 0, 1
2 ,

1
2

1
2 ,

1
2 ,

1
2 hkl : h = 2n

2 c . 2/m . 0,0, 1
2

1
2 ,0, 1

2 hkl : h = 2n

2 b . 2/m . 0, 1
2 ,0

1
2 ,

1
2 ,0 hkl : h = 2n

2 a . 2/m . 0,0,0 1
2 ,0,0 hkl : h = 2n

Symmetry of special projections
Along [001] p2mm
a′ = 1

2 a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = b b′ = c
Origin at x,0,0

Along [010] p2gm
a′ = c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] Pm2a (Pma2, 28) 1; 3; 6; 8

[2] P21 ma (Pmc21, 26) 1; 4; 6; 7
[2] Pmm2 (25) 1; 2; 7; 8
[2] P21 22 (P2221, 17) 1; 2; 3; 4
[2] P112/a (P2/c, 13) 1; 2; 5; 6
[2] P21/m11 (P21/m, 11) 1; 4; 5; 8
[2] P12/m1 (P2/m, 10) 1; 3; 5; 7

IIa none

IIb [2] Pmmn (b′ = 2b) (59); [2] Pbma (b′ = 2b) (Pbcm, 57); [2] Pbmn (b′ = 2b) (Pmna, 53); [2] Pmca (c′ = 2c) (Pbcm, 57);
[2] Pcma (c′ = 2c) (Pbam, 55); [2] Pcca (c′ = 2c) (54); [2] Aema (b′ = 2b,c′ = 2c) (C mce, 64);
[2] Amma (b′ = 2b,c′ = 2c) (C mcm, 63)

Maximal isomorphic subgroups of lowest index
IIc [2] Pmma (b′ = 2b) (51); [2] Pmma (c′ = 2c) (51); [3] Pmma (a′ = 3a) (51)

Minimal non-isomorphic supergroups
I none

II [2] Amma (C mcm, 63); [2] Bmmm (C mmm, 65); [2] C mme (67); [2] I mma (74); [2] Pmmm (a′ = 1
2 a) (47)
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Pnna D6
2h mmm Orthorhombic

No. 52 P 2/n 21/n 2/a Patterson symmetry Pmmm

Origin at 1̄ on n1a

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
4 ; 0 ≤ z ≤ 1

2

Symmetry operations

(1) 1 (2) 2 1
4 ,0,z (3) 2(0, 1

2 ,0) 1
4 ,y,

1
4 (4) 2 x, 1

4 ,
1
4

(5) 1̄ 0,0,0 (6) a x,y,0 (7) n( 1
2 ,0, 1

2 ) x, 1
4 ,z (8) n(0, 1

2 ,
1
2 ) 0,y,z
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CONTINUED No. 52 Pnna

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 e 1 (1) x,y,z (2) x̄+ 1
2 , ȳ,z (3) x̄ + 1

2 ,y + 1
2 , z̄+ 1

2 (4) x, ȳ+ 1
2 , z̄+ 1

2

(5) x̄, ȳ, z̄ (6) x + 1
2 ,y, z̄ (7) x + 1

2 , ȳ+ 1
2 ,z+ 1

2 (8) x̄,y + 1
2 ,z+ 1

2

0kl : k + l = 2n
h0l : h + l = 2n
hk0 : h = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

4 d 2 . . x, 1
4 ,

1
4 x̄ + 1

2 ,
3
4 ,

1
4 x̄, 3

4 ,
3
4 x + 1

2 ,
1
4 ,

3
4 hkl : h + l = 2n

4 c . . 2 1
4 ,0,z 1

4 ,
1
2 , z̄+ 1

2
3
4 ,0, z̄ 3

4 ,
1
2 ,z+ 1

2 hkl : h + k + l = 2n

4 b 1̄ 0,0, 1
2

1
2 ,0, 1

2
1
2 ,

1
2 ,0 0, 1

2 ,0 hkl : h,k + l = 2n

4 a 1̄ 0,0,0 1
2 ,0,0 1

2 ,
1
2 ,

1
2 0, 1

2 ,
1
2 hkl : h,k + l = 2n

Symmetry of special projections
Along [001] p2gm
a′ = 1

2 a b′ = b
Origin at 0,0,z

Along [100] c2mm
a′ = b b′ = c
Origin at x,0,0

Along [010] c2mm
a′ = c b′ = a
Origin at 1

4 ,y,
1
4

Maximal non-isomorphic subgroups
I [2] Pnn2 (34) 1; 2; 7; 8

[2] Pn21 a (Pna21, 33) 1; 3; 6; 8
[2] P2na (Pnc2, 30) 1; 4; 6; 7
[2] P221 2 (P2221, 17) 1; 2; 3; 4
[2] P121/n1 (P21/c, 14) 1; 3; 5; 7
[2] P112/a (P2/c, 13) 1; 2; 5; 6
[2] P2/n11 (P2/c, 13) 1; 4; 5; 8

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] Pnna (a′ = 3a) (52); [3] Pnna (b′ = 3b) (52); [3] Pnna (c′ = 3c) (52)

Minimal non-isomorphic supergroups
I none

II [2] Bbmm (C mcm, 63); [2] Amaa (C ccm, 66); [2] C cce (68); [2] I mma (74); [2] Pncm (a′ = 1
2 a) (Pmna, 53);

[2] Pcna (b′ = 1
2 b) (Pban, 50); [2] Pbaa (c′ = 1

2 c) (Pcca, 54)
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Pmna D7
2h mmm Orthorhombic

No. 53 P 2/m 2/n 21/a Patterson symmetry Pmmm

Origin at centre (2/m) at 2/mn1

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1

4

Symmetry operations

(1) 1 (2) 2(0,0, 1
2 ) 1

4 ,0,z (3) 2 1
4 ,y,

1
4 (4) 2 x,0,0

(5) 1̄ 0,0,0 (6) a x,y, 1
4 (7) n( 1

2 ,0, 1
2) x,0,z (8) m 0,y,z
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CONTINUED No. 53 Pmna

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 i 1 (1) x,y,z (2) x̄+ 1
2 , ȳ,z+ 1

2 (3) x̄+ 1
2 ,y, z̄ + 1

2 (4) x, ȳ, z̄
(5) x̄, ȳ, z̄ (6) x + 1

2 ,y, z̄ + 1
2 (7) x + 1

2 , ȳ,z+ 1
2 (8) x̄,y,z

h0l : h + l = 2n
hk0 : h = 2n
h00 : h = 2n
00l : l = 2n

Special: as above, plus

4 h m . . 0,y,z 1
2 , ȳ,z+ 1

2
1
2 ,y, z̄+ 1

2 0, ȳ, z̄ no extra conditions

4 g . 2 . 1
4 ,y,

1
4

1
4 , ȳ,

3
4

3
4 , ȳ,

3
4

3
4 ,y,

1
4 hkl : h = 2n

4 f 2 . . x, 1
2 ,0 x̄+ 1

2 ,
1
2 ,

1
2 x̄, 1

2 ,0 x + 1
2 ,

1
2 ,

1
2 hkl : h + l = 2n

4 e 2 . . x,0,0 x̄ + 1
2 ,0, 1

2 x̄,0,0 x + 1
2 ,0, 1

2 hkl : h + l = 2n

2 d 2/m . . 0, 1
2 ,0

1
2 ,

1
2 ,

1
2 hkl : h + l = 2n

2 c 2/m . . 1
2 ,

1
2 ,0 0, 1

2 ,
1
2 hkl : h + l = 2n

2 b 2/m . . 1
2 ,0,0 0,0, 1

2 hkl : h + l = 2n

2 a 2/m . . 0,0,0 1
2 ,0, 1

2 hkl : h + l = 2n

Symmetry of special projections
Along [001] p2mm
a′ = 1

2 a b′ = b
Origin at 0,0,z

Along [100] p2gm
a′ = b b′ = c
Origin at x,0,0

Along [010] c2mm
a′ = c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] Pmn21 (31) 1; 2; 7; 8

[2] P2na (Pnc2, 30) 1; 4; 6; 7
[2] Pm2a (Pma2, 28) 1; 3; 6; 8
[2] P2221 (17) 1; 2; 3; 4
[2] P1121/a (P21/c, 14) 1; 2; 5; 6
[2] P12/n1 (P2/c, 13) 1; 3; 5; 7
[2] P2/m11 (P2/m, 10) 1; 4; 5; 8

IIa none

IIb [2] Pbna (b′ = 2b) (Pbcn, 60); [2] Pmnn (b′ = 2b) (Pnnm, 58); [2] Pbnn (b′ = 2b) (Pnna, 52)

Maximal isomorphic subgroups of lowest index
IIc [2] Pmna (b′ = 2b) (53); [3] Pmna (a′ = 3a) (53); [3] Pmna (c′ = 3c) (53)

Minimal non-isomorphic supergroups
I none

II [2] C mce (64); [2] Bmmm (C mmm, 65); [2] Amaa (C ccm, 66); [2] I mma (74); [2] Pmaa (c′ = 1
2 c) (Pccm, 49);

[2] Pmcm (a′ = 1
2 a) (Pmma, 51)
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Pcca D8
2h mmm Orthorhombic

No. 54 P 21/c 2/c 2/a Patterson symmetry Pmmm

Origin at 1̄ on 1ca

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations

(1) 1 (2) 2 1
4 ,0,z (3) 2 0,y, 1

4 (4) 2( 1
2 ,0,0) x,0, 1

4

(5) 1̄ 0,0,0 (6) a x,y,0 (7) c x,0,z (8) c 1
4 ,y,z
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CONTINUED No. 54 Pcca

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 f 1 (1) x,y,z (2) x̄+ 1
2 , ȳ,z (3) x̄,y, z̄+ 1

2 (4) x + 1
2 , ȳ, z̄+ 1

2

(5) x̄, ȳ, z̄ (6) x + 1
2 ,y, z̄ (7) x, ȳ,z+ 1

2 (8) x̄ + 1
2 ,y,z+ 1

2

0kl : l = 2n
h0l : l = 2n
hk0 : h = 2n
h00 : h = 2n
00l : l = 2n

Special: as above, plus

4 e . . 2 1
4 ,

1
2 ,z

3
4 ,

1
2 , z̄+ 1

2
3
4 ,

1
2 , z̄

1
4 ,

1
2 ,z+ 1

2 hkl : l = 2n

4 d . . 2 1
4 ,0,z 3

4 ,0, z̄+ 1
2

3
4 ,0, z̄ 1

4 ,0,z+ 1
2 hkl : l = 2n

4 c . 2 . 0,y, 1
4

1
2 , ȳ,

1
4 0, ȳ, 3

4
1
2 ,y,

3
4 hkl : h + l = 2n

4 b 1̄ 0, 1
2 ,0

1
2 ,

1
2 ,0 0, 1

2 ,
1
2

1
2 ,

1
2 ,

1
2 hkl : h, l = 2n

4 a 1̄ 0,0,0 1
2 ,0,0 0,0, 1

2
1
2 ,0, 1

2 hkl : h, l = 2n

Symmetry of special projections
Along [001] p2mm
a′ = 1

2 a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = b b′ = 1

2 c
Origin at x,0,0

Along [010] p2gm
a′ = 1

2 c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] Pc2a (Pba2, 32) 1; 3; 6; 8

[2] P21 ca (Pca21, 29) 1; 4; 6; 7
[2] Pcc2 (27) 1; 2; 7; 8
[2] P21 22 (P2221, 17) 1; 2; 3; 4
[2] P21/c11 (P21/c, 14) 1; 4; 5; 8
[2] P112/a (P2/c, 13) 1; 2; 5; 6
[2] P12/c1 (P2/c, 13) 1; 3; 5; 7

IIa none

IIb [2] Pnca (b′ = 2b) (Pbcn, 60); [2] Pccn (b′ = 2b) (56); [2] Pncn (b′ = 2b) (Pnna, 52)

Maximal isomorphic subgroups of lowest index
IIc [2] Pcca (b′ = 2b) (54); [3] Pcca (a′ = 3a) (54); [3] Pcca (c′ = 3c) (54)

Minimal non-isomorphic supergroups
I none

II [2] Aema (C mce, 64); [2] Bmem (C mme, 67); [2] C cce (68); [2] I bca (73); [2] Pccm (a′ = 1
2 a) (49); [2] Pmma (c′ = 1

2 c) (51)
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Pbam D9
2h mmm Orthorhombic

No. 55 P 21/b 21/a 2/m Patterson symmetry Pmmm

Origin at centre (2/m)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 2(0, 1
2 ,0) 1

4 ,y,0 (4) 2( 1
2 ,0,0) x, 1

4 ,0
(5) 1̄ 0,0,0 (6) m x,y,0 (7) a x, 1

4 ,z (8) b 1
4 ,y,z
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CONTINUED No. 55 Pbam

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 i 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄ + 1
2 ,y + 1

2 , z̄ (4) x + 1
2 , ȳ + 1

2 , z̄
(5) x̄, ȳ, z̄ (6) x,y, z̄ (7) x + 1

2 , ȳ+ 1
2 ,z (8) x̄ + 1

2 ,y + 1
2 ,z

0kl : k = 2n
h0l : h = 2n
h00 : h = 2n
0k0 : k = 2n

Special: as above, plus

4 h . . m x,y, 1
2 x̄, ȳ, 1

2 x̄+ 1
2 ,y + 1

2 ,
1
2 x + 1

2 , ȳ+ 1
2 ,

1
2 no extra conditions

4 g . . m x,y,0 x̄, ȳ,0 x̄ + 1
2 ,y + 1

2 ,0 x + 1
2 , ȳ + 1

2 ,0 no extra conditions

4 f . . 2 0, 1
2 ,z

1
2 ,0, z̄ 0, 1

2 , z̄
1
2 ,0,z hkl : h + k = 2n

4 e . . 2 0,0,z 1
2 ,

1
2 , z̄ 0,0, z̄ 1

2 ,
1
2 ,z hkl : h + k = 2n

2 d . . 2/m 0, 1
2 ,

1
2

1
2 ,0, 1

2 hkl : h + k = 2n

2 c . . 2/m 0, 1
2 ,0

1
2 ,0,0 hkl : h + k = 2n

2 b . . 2/m 0,0, 1
2

1
2 ,

1
2 ,

1
2 hkl : h + k = 2n

2 a . . 2/m 0,0,0 1
2 ,

1
2 ,0 hkl : h + k = 2n

Symmetry of special projections
Along [001] p2gg
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = 1

2 b b′ = c
Origin at x,0,0

Along [010] p2mm
a′ = c b′ = 1

2 a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] Pba2 (32) 1; 2; 7; 8

[2] Pb21 m (Pmc21, 26) 1; 3; 6; 8
[2] P21 am (Pmc21, 26) 1; 4; 6; 7
[2] P21 21 2 (18) 1; 2; 3; 4
[2] P121/a1 (P21/c, 14) 1; 3; 5; 7
[2] P21/b11 (P21/c, 14) 1; 4; 5; 8
[2] P112/m (P2/m, 10) 1; 2; 5; 6

IIa none

IIb [2] Pnam (c′ = 2c) (Pnma, 62); [2] Pbnm (c′ = 2c) (Pnma, 62); [2] Pnnm (c′ = 2c) (58)

Maximal isomorphic subgroups of lowest index
IIc [2] Pbam (c′ = 2c) (55); [3] Pbam (a′ = 3a or b′ = 3b) (55)

Minimal non-isomorphic supergroups
I [2] P4/mbm (127); [2] P42/mbc (135)

II [2] Aeam (C mce, 64); [2] Bbem (C mce, 64); [2] C mmm (65); [2] I bam (72); [2] Pbmm (a′ = 1
2 a) (Pmma, 51);

[2] Pmam (b′ = 1
2 b) (Pmma, 51)
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Pccn D10
2h mmm Orthorhombic

No. 56 P 21/c 21/c 2/n Patterson symmetry Pmmm

Origin at 1̄ on 11n

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1

2

Symmetry operations

(1) 1 (2) 2 1
4 ,

1
4 ,z (3) 2(0, 1

2 ,0) 0,y, 1
4 (4) 2( 1

2 ,0,0) x,0, 1
4

(5) 1̄ 0,0,0 (6) n( 1
2 ,

1
2 ,0) x,y,0 (7) c x, 1

4 ,z (8) c 1
4 ,y,z
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CONTINUED No. 56 Pccn

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 e 1 (1) x,y,z (2) x̄+ 1
2 , ȳ + 1

2 ,z (3) x̄,y + 1
2 , z̄+ 1

2 (4) x + 1
2 , ȳ, z̄+ 1

2

(5) x̄, ȳ, z̄ (6) x + 1
2 ,y + 1

2 , z̄ (7) x, ȳ+ 1
2 ,z+ 1

2 (8) x̄+ 1
2 ,y,z+ 1

2

0kl : l = 2n
h0l : l = 2n
hk0 : h + k = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

4 d . . 2 1
4 ,

3
4 ,z

3
4 ,

1
4 , z̄+ 1

2
3
4 ,

1
4 , z̄

1
4 ,

3
4 ,z+ 1

2 hkl : l = 2n

4 c . . 2 1
4 ,

1
4 ,z

3
4 ,

3
4 , z̄+ 1

2
3
4 ,

3
4 , z̄

1
4 ,

1
4 ,z+ 1

2 hkl : l = 2n

4 b 1̄ 0,0, 1
2

1
2 ,

1
2 ,

1
2 0, 1

2 ,0
1
2 ,0,0 hkl : h + k,h + l,k + l = 2n

4 a 1̄ 0,0,0 1
2 ,

1
2 ,0 0, 1

2 ,
1
2

1
2 ,0, 1

2 hkl : h + k,h + l,k + l = 2n

Symmetry of special projections
Along [001] c2mm
a′ = a b′ = b
Origin at 1

4 ,
1
4 ,z

Along [100] p2mg
a′ = b b′ = 1

2 c
Origin at x,0,0

Along [010] p2gm
a′ = 1

2 c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] Pc21 n (Pna21, 33) 1; 3; 6; 8

[2] P21 cn (Pna21, 33) 1; 4; 6; 7
[2] Pcc2 (27) 1; 2; 7; 8
[2] P21 21 2 (18) 1; 2; 3; 4
[2] P121/c1 (P21/c, 14) 1; 3; 5; 7
[2] P21/c11 (P21/c, 14) 1; 4; 5; 8
[2] P112/n (P2/c, 13) 1; 2; 5; 6

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] Pccn (a′ = 3a or b′ = 3b) (56); [3] Pccn (c′ = 3c) (56)

Minimal non-isomorphic supergroups
I [2] P4/ncc (130); [2] P42/ncm (138)

II [2] Aema (C mce, 64); [2] Bmeb (C mce, 64); [2] C ccm (66); [2] I bam (72); [2] Pccb (a′ = 1
2 a) (Pcca, 54);

[2] Pcca (b′ = 1
2 b) (54); [2] Pmmn (c′ = 1

2 c) (59)
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Pbcm D11
2h mmm Orthorhombic

No. 57 P 2/b 21/c 21/m Patterson symmetry Pmmm

Origin at 1̄ on b121

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1

4

Symmetry operations

(1) 1 (2) 2(0,0, 1
2 ) 0,0,z (3) 2(0, 1

2 ,0) 0,y, 1
4 (4) 2 x, 1

4 ,0
(5) 1̄ 0,0,0 (6) m x,y, 1

4 (7) c x, 1
4 ,z (8) b 0,y,z
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CONTINUED No. 57 Pbcm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 e 1 (1) x,y,z (2) x̄, ȳ,z+ 1
2 (3) x̄,y + 1

2 , z̄+ 1
2 (4) x, ȳ + 1

2 , z̄
(5) x̄, ȳ, z̄ (6) x,y, z̄+ 1

2 (7) x, ȳ + 1
2 ,z+ 1

2 (8) x̄,y + 1
2 ,z

0kl : k = 2n
h0l : l = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

4 d . . m x,y, 1
4 x̄, ȳ, 3

4 x̄,y + 1
2 ,

1
4 x, ȳ + 1

2 ,
3
4 no extra conditions

4 c 2 . . x, 1
4 ,0 x̄, 3

4 ,
1
2 x̄, 3

4 ,0 x, 1
4 ,

1
2 hkl : l = 2n

4 b 1̄ 1
2 ,0,0 1

2 ,0, 1
2

1
2 ,

1
2 ,

1
2

1
2 ,

1
2 ,0 hkl : k, l = 2n

4 a 1̄ 0,0,0 0,0, 1
2 0, 1

2 ,
1
2 0, 1

2 ,0 hkl : k, l = 2n

Symmetry of special projections
Along [001] p2gm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2gm
a′ = 1

2 b b′ = c
Origin at x,0,0

Along [010] p2mm
a′ = 1

2 c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] Pbc21 (Pca21, 29) 1; 2; 7; 8

[2] P2cm (Pma2, 28) 1; 4; 6; 7
[2] Pb21 m (Pmc21, 26) 1; 3; 6; 8
[2] P221 21 (P21 21 2, 18) 1; 2; 3; 4
[2] P121/c1 (P21/c, 14) 1; 3; 5; 7
[2] P2/b11 (P2/c, 13) 1; 4; 5; 8
[2] P1121/m (P21/m, 11) 1; 2; 5; 6

IIa none

IIb [2] Pbnm (a′ = 2a) (Pnma, 62); [2] Pbca (a′ = 2a) (61); [2] Pbna (a′ = 2a) (Pbcn, 60)

Maximal isomorphic subgroups of lowest index
IIc [2] Pbcm (a′ = 2a) (57); [3] Pbcm (b′ = 3b) (57); [3] Pbcm (c′ = 3c) (57)

Minimal non-isomorphic supergroups
I none

II [2] C mcm (63); [2] Bbem (C mce, 64); [2] Aemm (C mme, 67); [2] I bam (72); [2] Pmcm (b′ = 1
2 b) (Pmma, 51);

[2] Pbmm (c′ = 1
2 c) (Pmma, 51)
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Pnnm D12
2h mmm Orthorhombic

No. 58 P 21/n 21/n 2/m Patterson symmetry Pmmm

Origin at centre (2/m)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 2(0, 1
2 ,0) 1

4 ,y,
1
4 (4) 2( 1

2 ,0,0) x, 1
4 ,

1
4

(5) 1̄ 0,0,0 (6) m x,y,0 (7) n( 1
2 ,0, 1

2) x, 1
4 ,z (8) n(0, 1

2 ,
1
2 ) 1

4 ,y,z
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CONTINUED No. 58 Pnnm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 h 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄ + 1
2 ,y + 1

2 , z̄+ 1
2 (4) x + 1

2 , ȳ+ 1
2 , z̄+ 1

2

(5) x̄, ȳ, z̄ (6) x,y, z̄ (7) x + 1
2 , ȳ+ 1

2 ,z+ 1
2 (8) x̄ + 1

2 ,y + 1
2 ,z+ 1

2

0kl : k + l = 2n
h0l : h + l = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

4 g . . m x,y,0 x̄, ȳ,0 x̄ + 1
2 ,y + 1

2 ,
1
2 x + 1

2 , ȳ + 1
2 ,

1
2 no extra conditions

4 f . . 2 0, 1
2 ,z

1
2 ,0, z̄+ 1

2 0, 1
2 , z̄

1
2 ,0,z+ 1

2 hkl : h + k + l = 2n

4 e . . 2 0,0,z 1
2 ,

1
2 , z̄+ 1

2 0,0, z̄ 1
2 ,

1
2 ,z+ 1

2 hkl : h + k + l = 2n

2 d . . 2/m 0, 1
2 ,

1
2

1
2 ,0,0 hkl : h + k + l = 2n

2 c . . 2/m 0, 1
2 ,0

1
2 ,0, 1

2 hkl : h + k + l = 2n

2 b . . 2/m 0,0, 1
2

1
2 ,

1
2 ,0 hkl : h + k + l = 2n

2 a . . 2/m 0,0,0 1
2 ,

1
2 ,

1
2 hkl : h + k + l = 2n

Symmetry of special projections
Along [001] p2gg
a′ = a b′ = b
Origin at 0,0,z

Along [100] c2mm
a′ = b b′ = c
Origin at x,0,0

Along [010] c2mm
a′ = c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] Pnn2 (34) 1; 2; 7; 8

[2] Pn21 m (Pmn21, 31) 1; 3; 6; 8
[2] P21 nm (Pmn21, 31) 1; 4; 6; 7
[2] P21 21 2 (18) 1; 2; 3; 4
[2] P121/n1 (P21/c, 14) 1; 3; 5; 7
[2] P21/n11 (P21/c, 14) 1; 4; 5; 8
[2] P112/m (P2/m, 10) 1; 2; 5; 6

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] Pnnm (a′ = 3a or b′ = 3b) (58); [3] Pnnm (c′ = 3c) (58)

Minimal non-isomorphic supergroups
I [2] P4/mnc (128); [2] P42/mnm (136)

II [2] Amam (C mcm, 63); [2] Bbmm (C mcm, 63); [2] C ccm (66); [2] I mmm (71); [2] Pncm (a′ = 1
2 a) (Pmna, 53);

[2] Pcnm (b′ = 1
2 b) (Pmna, 53); [2] Pbam (c′ = 1

2 c) (55)
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Pmmn D13
2h mmm Orthorhombic

No. 59 P 21/m 21/m 2/n Patterson symmetry Pmmm

ORIGIN CHOICE 1

Origin at mm2/n, at 1
4 ,

1
4 ,0 from 1̄

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 2(0, 1
2 ,0) 1

4 ,y,0 (4) 2( 1
2 ,0,0) x, 1

4 ,0
(5) 1̄ 1

4 ,
1
4 ,0 (6) n( 1

2 ,
1
2 ,0) x,y,0 (7) m x,0,z (8) m 0,y,z

290

International Tables for Crystallography (2006). Vol. A, Space group 59, pp. 290–293.

Copyright © 2006 International Union of Crystallography



CONTINUED No. 59 Pmmn

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 g 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄ + 1
2 ,y + 1

2 , z̄ (4) x + 1
2 , ȳ + 1

2 , z̄
(5) x̄+ 1

2 , ȳ + 1
2 , z̄ (6) x + 1

2 ,y + 1
2 , z̄ (7) x, ȳ,z (8) x̄,y,z

hk0 : h + k = 2n
h00 : h = 2n
0k0 : k = 2n

Special: as above, plus

4 f . m . x,0,z x̄,0,z x̄ + 1
2 ,

1
2 , z̄ x + 1

2 ,
1
2 , z̄ no extra conditions

4 e m . . 0,y,z 0, ȳ,z 1
2 ,y + 1

2 , z̄
1
2 , ȳ+ 1

2 , z̄ no extra conditions

4 d 1̄ 1
4 ,

1
4 ,

1
2

3
4 ,

3
4 ,

1
2

1
4 ,

3
4 ,

1
2

3
4 ,

1
4 ,

1
2 hkl : h,k = 2n

4 c 1̄ 1
4 ,

1
4 ,0

3
4 ,

3
4 ,0

1
4 ,

3
4 ,0

3
4 ,

1
4 ,0 hkl : h,k = 2n

2 b m m 2 0, 1
2 ,z

1
2 ,0, z̄ no extra conditions

2 a m m 2 0,0,z 1
2 ,

1
2 , z̄ no extra conditions

Symmetry of special projections
Along [001] c2mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mg
a′ = b b′ = c
Origin at x, 1

4 ,0

Along [010] p2gm
a′ = c b′ = a
Origin at 1

4 ,y,0

Maximal non-isomorphic subgroups
I [2] Pm21 n (Pmn21, 31) 1; 3; 6; 8

[2] P21 mn (Pmn21, 31) 1; 4; 6; 7
[2] Pmm2 (25) 1; 2; 7; 8
[2] P21 21 2 (18) 1; 2; 3; 4
[2] P112/n (P2/c, 13) 1; 2; 5; 6
[2] P121/m1 (P21/m, 11) 1; 3; 5; 7
[2] P21/m11 (P21/m, 11) 1; 4; 5; 8

IIa none

IIb [2] Pcmn (c′ = 2c) (Pnma, 62); [2] Pmcn (c′ = 2c) (Pnma, 62); [2] Pccn (c′ = 2c) (56)

Maximal isomorphic subgroups of lowest index
IIc [2] Pmmn (c′ = 2c) (59); [3] Pmmn (a′ = 3a or b′ = 3b) (59)

Minimal non-isomorphic supergroups
I [2] P4/nmm (129); [2] P42/nmc (137)

II [2] Amma (C mcm, 63); [2] Bmmb (C mcm, 63); [2] C mmm (65); [2] I mmm (71); [2] Pmmb (a′ = 1
2 a) (Pmma, 51);

[2] Pmma (b′ = 1
2 b) (51)
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Pmmn D13
2h mmm Orthorhombic

No. 59 P 21/m 21/m 2/n Patterson symmetry Pmmm

ORIGIN CHOICE 2

Origin at 1̄ at 21 21 n, at − 1
4 ,− 1

4 ,0 from mm2

Asymmetric unit 0 ≤ x ≤ 1
4 ; − 1

4 ≤ y ≤ 1
4 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2 1
4 ,

1
4 ,z (3) 2(0, 1

2 ,0) 0,y,0 (4) 2( 1
2 ,0,0) x,0,0

(5) 1̄ 0,0,0 (6) n( 1
2 ,

1
2 ,0) x,y,0 (7) m x, 1

4 ,z (8) m 1
4 ,y,z
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CONTINUED No. 59 Pmmn

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 g 1 (1) x,y,z (2) x̄+ 1
2 , ȳ + 1

2 ,z (3) x̄,y + 1
2 , z̄ (4) x + 1

2 , ȳ, z̄
(5) x̄, ȳ, z̄ (6) x + 1

2 ,y + 1
2 , z̄ (7) x, ȳ+ 1

2 ,z (8) x̄ + 1
2 ,y,z

hk0 : h + k = 2n
h00 : h = 2n
0k0 : k = 2n

Special: as above, plus

4 f . m . x, 1
4 ,z x̄+ 1

2 ,
1
4 ,z x̄, 3

4 , z̄ x + 1
2 ,

3
4 , z̄ no extra conditions

4 e m . . 1
4 ,y,z

1
4 , ȳ+ 1

2 ,z
3
4 ,y + 1

2 , z̄
3
4 , ȳ, z̄ no extra conditions

4 d 1̄ 0,0, 1
2

1
2 ,

1
2 ,

1
2 0, 1

2 ,
1
2

1
2 ,0, 1

2 hkl : h,k = 2n

4 c 1̄ 0,0,0 1
2 ,

1
2 ,0 0, 1

2 ,0
1
2 ,0,0 hkl : h,k = 2n

2 b m m 2 1
4 ,

3
4 ,z

3
4 ,

1
4 , z̄ no extra conditions

2 a m m 2 1
4 ,

1
4 ,z

3
4 ,

3
4 , z̄ no extra conditions

Symmetry of special projections
Along [001] c2mm
a′ = a b′ = b
Origin at 1

4 ,
1
4 ,z

Along [100] p2mg
a′ = b b′ = c
Origin at x,0,0

Along [010] p2gm
a′ = c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] Pm21 n (Pmn21, 31) 1; 3; 6; 8

[2] P21 mn (Pmn21, 31) 1; 4; 6; 7
[2] Pmm2 (25) 1; 2; 7; 8
[2] P21 21 2 (18) 1; 2; 3; 4
[2] P112/n (P2/c, 13) 1; 2; 5; 6
[2] P121/m1 (P21/m, 11) 1; 3; 5; 7
[2] P21/m11 (P21/m, 11) 1; 4; 5; 8

IIa none

IIb [2] Pcmn (c′ = 2c) (Pnma, 62); [2] Pmcn (c′ = 2c) (Pnma, 62); [2] Pccn (c′ = 2c) (56)

Maximal isomorphic subgroups of lowest index
IIc [2] Pmmn (c′ = 2c) (59); [3] Pmmn (a′ = 3a or b′ = 3b) (59)

Minimal non-isomorphic supergroups
I [2] P4/nmm (129); [2] P42/nmc (137)

II [2] Amma (C mcm, 63); [2] Bmmb (C mcm, 63); [2] C mmm (65); [2] I mmm (71); [2] Pmmb (a′ = 1
2 a) (Pmma, 51);

[2] Pmma (b′ = 1
2 b) (51)
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Pbcn D14
2h mmm Orthorhombic

No. 60 P 21/b 2/c 21/n Patterson symmetry Pmmm

Origin at 1̄ on 1c1

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations

(1) 1 (2) 2(0,0, 1
2 ) 1

4 ,
1
4 ,z (3) 2 0,y, 1

4 (4) 2( 1
2 ,0,0) x, 1

4 ,0
(5) 1̄ 0,0,0 (6) n( 1

2 ,
1
2 ,0) x,y, 1

4 (7) c x,0,z (8) b 1
4 ,y,z
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CONTINUED No. 60 Pbcn

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 d 1 (1) x,y,z (2) x̄+ 1
2 , ȳ + 1

2 ,z+ 1
2 (3) x̄,y, z̄ + 1

2 (4) x + 1
2 , ȳ + 1

2 , z̄
(5) x̄, ȳ, z̄ (6) x + 1

2 ,y + 1
2 , z̄+ 1

2 (7) x, ȳ,z+ 1
2 (8) x̄+ 1

2 ,y + 1
2 ,z

0kl : k = 2n
h0l : l = 2n
hk0 : h + k = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

4 c . 2 . 0,y, 1
4

1
2 , ȳ + 1

2 ,
3
4 0, ȳ, 3

4
1
2 ,y + 1

2 ,
1
4 hkl : h + k = 2n

4 b 1̄ 0, 1
2 ,0

1
2 ,0, 1

2 0, 1
2 ,

1
2

1
2 ,0,0 hkl : h + k, l = 2n

4 a 1̄ 0,0,0 1
2 ,

1
2 ,

1
2 0,0, 1

2
1
2 ,

1
2 ,0 hkl : h + k, l = 2n

Symmetry of special projections
Along [001] c2mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2gm
a′ = 1

2 b b′ = c
Origin at x,0,0

Along [010] p2gm
a′ = 1

2 c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] P21 cn (Pna21, 33) 1; 4; 6; 7

[2] Pb2n (Pnc2, 30) 1; 3; 6; 8
[2] Pbc21 (Pca21, 29) 1; 2; 7; 8
[2] P21 221 (P21 21 2, 18) 1; 2; 3; 4
[2] P1121/n (P21/c, 14) 1; 2; 5; 6
[2] P21/b11 (P21/c, 14) 1; 4; 5; 8
[2] P12/c1 (P2/c, 13) 1; 3; 5; 7

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] Pbcn (a′ = 3a) (60); [3] Pbcn (b′ = 3b) (60); [3] Pbcn (c′ = 3c) (60)

Minimal non-isomorphic supergroups
I none

II [2] C mcm (63); [2] Aema (C mce, 64); [2] Bbeb (C cce, 68); [2] I bam (72); [2] Pbmn (c′ = 1
2 c) (Pmna, 53);

[2] Pbcb (a′ = 1
2 a) (Pcca, 54); [2] Pmca (b′ = 1

2 b) (Pbcm, 57)
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Pbca D15
2h mmm Orthorhombic

No. 61 P 21/b 21/c 21/a Patterson symmetry Pmmm

Origin at 1̄

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations

(1) 1 (2) 2(0,0, 1
2 ) 1

4 ,0,z (3) 2(0, 1
2 ,0) 0,y, 1

4 (4) 2( 1
2 ,0,0) x, 1

4 ,0
(5) 1̄ 0,0,0 (6) a x,y, 1

4 (7) c x, 1
4 ,z (8) b 1

4 ,y,z
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CONTINUED No. 61 Pbca

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 c 1 (1) x,y,z (2) x̄+ 1
2 , ȳ,z+ 1

2 (3) x̄,y + 1
2 , z̄+ 1

2 (4) x + 1
2 , ȳ + 1

2 , z̄
(5) x̄, ȳ, z̄ (6) x + 1

2 ,y, z̄ + 1
2 (7) x, ȳ+ 1

2 ,z+ 1
2 (8) x̄+ 1

2 ,y + 1
2 ,z

0kl : k = 2n
h0l : l = 2n
hk0 : h = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

4 b 1̄ 0,0, 1
2

1
2 ,0,0 0, 1

2 ,0
1
2 ,

1
2 ,

1
2 hkl : h + k,h + l,k + l = 2n

4 a 1̄ 0,0,0 1
2 ,0, 1

2 0, 1
2 ,

1
2

1
2 ,

1
2 ,0 hkl : h + k,h + l,k + l = 2n

Symmetry of special projections
Along [001] p2gm
a′ = 1

2 a b′ = b
Origin at 0,0,z

Along [100] p2gm
a′ = 1

2 b b′ = c
Origin at x,0,0

Along [010] p2gm
a′ = 1

2 c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] Pbc21 (Pca21, 29) 1; 2; 7; 8

[2] Pb21 a (Pca21, 29) 1; 3; 6; 8
[2] P21 ca (Pca21, 29) 1; 4; 6; 7
[2] P21 21 21 (19) 1; 2; 3; 4
[2] P1121/a (P21/c, 14) 1; 2; 5; 6
[2] P121/c1 (P21/c, 14) 1; 3; 5; 7
[2] P21/b11 (P21/c, 14) 1; 4; 5; 8

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] Pbca (a′ = 3a or b′ = 3b or c′ = 3c) (61)

Minimal non-isomorphic supergroups
I [3] Pa 3̄ (205)

II [2] Aema (C mce, 64); [2] Bbem (C mce, 64); [2] C mce (64); [2] I bca (73); [2] Pbcm (a′ = 1
2 a) (57);

[2] Pmca (b′ = 1
2 b) (Pbcm, 57); [2] Pbma (c′ = 1

2 c) (Pbcm, 57)
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Pnma D16
2h mmm Orthorhombic

No. 62 P 21/n 21/m 21/a Patterson symmetry Pmmm

Origin at 1̄ on 121 1

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

4 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2(0,0, 1
2 ) 1

4 ,0,z (3) 2(0, 1
2 ,0) 0,y,0 (4) 2( 1

2 ,0,0) x, 1
4 ,

1
4

(5) 1̄ 0,0,0 (6) a x,y, 1
4 (7) m x, 1

4 ,z (8) n(0, 1
2 ,

1
2 ) 1

4 ,y,z
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CONTINUED No. 62 Pnma

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 d 1 (1) x,y,z (2) x̄+ 1
2 , ȳ,z+ 1

2 (3) x̄,y + 1
2 , z̄ (4) x + 1

2 , ȳ+ 1
2 , z̄+ 1

2

(5) x̄, ȳ, z̄ (6) x + 1
2 ,y, z̄ + 1

2 (7) x, ȳ+ 1
2 ,z (8) x̄ + 1

2 ,y + 1
2 ,z+ 1

2

0kl : k + l = 2n
hk0 : h = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

4 c . m . x, 1
4 ,z x̄ + 1

2 ,
3
4 ,z+ 1

2 x̄, 3
4 , z̄ x + 1

2 ,
1
4 , z̄+ 1

2 no extra conditions

4 b 1̄ 0,0, 1
2

1
2 ,0,0 0, 1

2 ,
1
2

1
2 ,

1
2 ,0 hkl : h + l,k = 2n

4 a 1̄ 0,0,0 1
2 ,0, 1

2 0, 1
2 ,0

1
2 ,

1
2 ,

1
2 hkl : h + l,k = 2n

Symmetry of special projections
Along [001] p2gm
a′ = 1

2 a b′ = b
Origin at 0,0,z

Along [100] c2mm
a′ = b b′ = c
Origin at x, 1

4 ,
1
4

Along [010] p2gg
a′ = c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] Pn21 a (Pna21, 33) 1; 3; 6; 8

[2] Pnm21 (Pmn21, 31) 1; 2; 7; 8
[2] P21 ma (Pmc21, 26) 1; 4; 6; 7
[2] P21 21 21 (19) 1; 2; 3; 4
[2] P1121/a (P21/c, 14) 1; 2; 5; 6
[2] P21/n11 (P21/c, 14) 1; 4; 5; 8
[2] P121/m1 (P21/m, 11) 1; 3; 5; 7

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] Pnma (a′ = 3a) (62); [3] Pnma (b′ = 3b) (62); [3] Pnma (c′ = 3c) (62)

Minimal non-isomorphic supergroups
I none

II [2] Amma (C mcm, 63); [2] Bbmm (C mcm, 63); [2] C cme (C mce, 64); [2] I mma (74); [2] Pcma (b′ = 1
2 b) (Pbam, 55);

[2] Pbma (c′ = 1
2 c) (Pbcm, 57); [2] Pnmm (a′ = 1

2 a) (Pmmn, 59)

299



C mcm D17
2h mmm Orthorhombic

No. 63 C 2/m 2/c 21/m Patterson symmetry C mmm

Origin at centre (2/m) at 2/mc21

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2(0,0, 1

2 ) 0,0,z (3) 2 0,y, 1
4 (4) 2 x,0,0

(5) 1̄ 0,0,0 (6) m x,y, 1
4 (7) c x,0,z (8) m 0,y,z

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) 2(0, 1

2 ,0) 1
4 ,y,

1
4 (4) 2( 1

2 ,0,0) x, 1
4 ,0

(5) 1̄ 1
4 ,

1
4 ,0 (6) n( 1

2 ,
1
2 ,0) x,y, 1

4 (7) n( 1
2 ,0, 1

2 ) x, 1
4 ,z (8) b 1

4 ,y,z
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CONTINUED No. 63 C mcm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,0); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,0)+

Reflection conditions

General:

16 h 1 (1) x,y,z (2) x̄, ȳ,z+ 1
2 (3) x̄,y, z̄+ 1

2 (4) x, ȳ, z̄
(5) x̄, ȳ, z̄ (6) x,y, z̄+ 1

2 (7) x, ȳ,z+ 1
2 (8) x̄,y,z

hkl : h + k = 2n
0kl : k = 2n
h0l : h, l = 2n
hk0 : h + k = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

8 g . . m x,y, 1
4 x̄, ȳ, 3

4 x̄,y, 1
4 x, ȳ, 3

4 no extra conditions

8 f m . . 0,y,z 0, ȳ,z+ 1
2 0,y, z̄+ 1

2 0, ȳ, z̄ no extra conditions

8 e 2 . . x,0,0 x̄,0, 1
2 x̄,0,0 x,0, 1

2 hkl : l = 2n

8 d 1̄ 1
4 ,

1
4 ,0

3
4 ,

3
4 ,

1
2

3
4 ,

1
4 ,

1
2

1
4 ,

3
4 ,0 hkl : k, l = 2n

4 c m 2 m 0,y, 1
4 0, ȳ, 3

4 no extra conditions

4 b 2/m . . 0, 1
2 ,0 0, 1

2 ,
1
2 hkl : l = 2n

4 a 2/m . . 0,0,0 0,0, 1
2 hkl : l = 2n

Symmetry of special projections
Along [001] c2mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2gm
a′ = 1

2 b b′ = c
Origin at x,0,0

Along [010] p2mm
a′ = 1

2 c b′ = 1
2 a

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] C 2cm (Ama2, 40) (1; 4; 6; 7)+

[2] C m2m (Amm2, 38) (1; 3; 6; 8)+
[2] C mc21 (36) (1; 2; 7; 8)+
[2] C 2221 (20) (1; 2; 3; 4)+
[2] C 12/c1 (C 2/c, 15) (1; 3; 5; 7)+
[2] C 2/m11 (C 2/m, 12) (1; 4; 5; 8)+
[2] C 1121/m (P21/m, 11) (1; 2; 5; 6)+

IIa [2] Pbnm (Pnma, 62) 1; 2; 5; 6; (3; 4; 7; 8)+ ( 1
2 ,

1
2 ,0)

[2] Pmcn (Pnma, 62) 1; 2; 7; 8; (3; 4; 5; 6)+ ( 1
2 ,

1
2 ,0)

[2] Pbcn (60) 1; 3; 5; 7; (2; 4; 6; 8)+ ( 1
2 ,

1
2 ,0)

[2] Pmnm (Pmmn, 59) 1; 3; 6; 8; (2; 4; 5; 7)+ ( 1
2 ,

1
2 ,0)

[2] Pmnn (Pnnm, 58) 1; 4; 5; 8; (2; 3; 6; 7)+ ( 1
2 ,

1
2 ,0)

[2] Pbcm (57) 1; 4; 6; 7; (2; 3; 5; 8)+ ( 1
2 ,

1
2 ,0)

[2] Pbnn (Pnna, 52) 1; 2; 3; 4; (5; 6; 7; 8)+ ( 1
2 ,

1
2 ,0)

[2] Pmcm (Pmma, 51) 1; 2; 3; 4; 5; 6; 7; 8

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] C mcm (a′ = 3a) (63); [3] C mcm (b′ = 3b) (63); [3] C mcm (c′ = 3c) (63)

Minimal non-isomorphic supergroups
I [3] P63/mcm (193); [3] P63/mmc (194)
II [2] F mmm (69); [2] Pmcm (a′ = 1

2 a,b′ = 1
2 b) (Pmma, 51); [2] C mmm (c′ = 1

2 c) (65)
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C mce D18
2h mmm Orthorhombic

No. 64 C 2/m 2/c 21/e Patterson symmetry C mmm

Former space-group symbol C mca; cf. Chapter 1.3

Origin at centre (2/m) at 2/mn1

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2(0,0, 1

2 ) 0, 1
4 ,z (3) 2(0, 1

2 ,0) 0,y, 1
4 (4) 2 x,0,0

(5) 1̄ 0,0,0 (6) b x,y, 1
4 (7) c x, 1

4 ,z (8) m 0,y,z

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2(0,0, 1

2 ) 1
4 ,0,z (3) 2 1

4 ,y,
1
4 (4) 2( 1

2 ,0,0) x, 1
4 ,0

(5) 1̄ 1
4 ,

1
4 ,0 (6) a x,y, 1

4 (7) n( 1
2 ,0, 1

2) x,0,z (8) b 1
4 ,y,z
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CONTINUED No. 64 C mce

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,0); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,0)+

Reflection conditions

General:

16 g 1 (1) x,y,z (2) x̄, ȳ + 1
2 ,z+ 1

2 (3) x̄,y + 1
2 , z̄+ 1

2 (4) x, ȳ, z̄
(5) x̄, ȳ, z̄ (6) x,y + 1

2 , z̄+ 1
2 (7) x, ȳ+ 1

2 ,z+ 1
2 (8) x̄,y,z

hkl : h + k = 2n
0kl : k = 2n
h0l : h, l = 2n
hk0 : h,k = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

8 f m . . 0,y,z 0, ȳ+ 1
2 ,z+ 1

2 0,y + 1
2 , z̄+ 1

2 0, ȳ, z̄ no extra conditions

8 e . 2 . 1
4 ,y,

1
4

3
4 , ȳ + 1

2 ,
3
4

3
4 , ȳ,

3
4

1
4 ,y + 1

2 ,
1
4 hkl : h = 2n

8 d 2 . . x,0,0 x̄, 1
2 ,

1
2 x̄,0,0 x, 1

2 ,
1
2 hkl : k + l = 2n

8 c 1̄ 1
4 ,

1
4 ,0

3
4 ,

1
4 ,

1
2

3
4 ,

3
4 ,

1
2

1
4 ,

3
4 ,0 hkl : k, l = 2n

4 b 2/m . . 1
2 ,0,0 1

2 ,
1
2 ,

1
2 hkl : k + l = 2n

4 a 2/m . . 0,0,0 0, 1
2 ,

1
2 hkl : k + l = 2n

Symmetry of special projections
Along [001] p2mm
a′ = 1

2 a b′ = 1
2 b

Origin at 0,0,z

Along [100] p2gm
a′ = 1

2 b b′ = c
Origin at x,0,0

Along [010] p2mm
a′ = 1

2 c b′ = 1
2 a

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] C 2ce (Aea2, 41) (1; 4; 6; 7)+

[2] C m2e (Aem2, 39) (1; 3; 6; 8)+
[2] C mc21 (36) (1; 2; 7; 8)+
[2] C 2221 (20) (1; 2; 3; 4)+
[2] C 12/c1 (C 2/c, 15) (1; 3; 5; 7)+
[2] C 1121/e (P21/c, 14) (1; 2; 5; 6)+
[2] C 2/m11 (C 2/m, 12) (1; 4; 5; 8)+

IIa [2] Pmnb (Pnma, 62) 1; 3; 6; 8; (2; 4; 5; 7) + ( 1
2 ,

1
2 ,0)

[2] Pbca (61) 1; 3; 5; 7; (2; 4; 6; 8) + ( 1
2 ,

1
2 ,0)

[2] Pbna (Pbcn, 60) 1; 2; 3; 4; (5; 6; 7; 8) + ( 1
2 ,

1
2 ,0)

[2] Pmca (Pbcm, 57) 1; 2; 7; 8; (3; 4; 5; 6) + ( 1
2 ,

1
2 ,0)

[2] Pbnb (Pccn, 56) 1; 2; 5; 6; (3; 4; 7; 8) + ( 1
2 ,

1
2 ,0)

[2] Pmcb (Pbam, 55) 1; 2; 3; 4; 5; 6; 7; 8
[2] Pbcb (Pcca, 54) 1; 4; 6; 7; (2; 3; 5; 8) + ( 1

2 ,
1
2 ,0)

[2] Pmna (53) 1; 4; 5; 8; (2; 3; 6; 7) + ( 1
2 ,

1
2 ,0)

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] C mce (a′ = 3a) (64); [3] C mce (b′ = 3b) (64); [3] C mce (c′ = 3c) (64)

Minimal non-isomorphic supergroups
I none
II [2] F mmm (69); [2] Pmcm (a′ = 1

2 a,b′ = 1
2 b) (Pmma, 51); [2] C mme (c′ = 1

2 c) (67)
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C mmm D19
2h mmm Orthorhombic

No. 65 C 2/m 2/m 2/m Patterson symmetry C mmm

Origin at centre (mmm)

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 1̄ 0,0,0 (6) m x,y,0 (7) m x,0,z (8) m 0,y,z

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2 1

4 ,
1
4 ,z (3) 2(0, 1

2 ,0) 1
4 ,y,0 (4) 2( 1

2 ,0,0) x, 1
4 ,0

(5) 1̄ 1
4 ,

1
4 ,0 (6) n( 1

2 ,
1
2 ,0) x,y,0 (7) a x, 1

4 ,z (8) b 1
4 ,y,z

304

International Tables for Crystallography (2006). Vol. A, Space group 65, pp. 304–306.

Copyright © 2006 International Union of Crystallography



CONTINUED No. 65 C mmm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,0); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,0)+

Reflection conditions

General:

16 r 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) x̄, ȳ, z̄ (6) x,y, z̄ (7) x, ȳ,z (8) x̄,y,z

hkl : h + k = 2n
0kl : k = 2n
h0l : h = 2n
hk0 : h + k = 2n
h00 : h = 2n
0k0 : k = 2n

Special: as above, plus

8 q . . m x,y, 1
2 x̄, ȳ, 1

2 x̄,y, 1
2 x, ȳ, 1

2 no extra conditions

8 p . . m x,y,0 x̄, ȳ,0 x̄,y,0 x, ȳ,0 no extra conditions

8 o . m . x,0,z x̄,0,z x̄,0, z̄ x,0, z̄ no extra conditions

8 n m . . 0,y,z 0, ȳ,z 0,y, z̄ 0, ȳ, z̄ no extra conditions

8 m . . 2 1
4 ,

1
4 ,z

3
4 ,

1
4 , z̄

3
4 ,

3
4 , z̄

1
4 ,

3
4 ,z hkl : h = 2n

4 l m m 2 0, 1
2 ,z 0, 1

2 , z̄ no extra conditions

4 k m m 2 0,0,z 0,0, z̄ no extra conditions

4 j m 2 m 0,y, 1
2 0, ȳ, 1

2 no extra conditions

4 i m 2 m 0,y,0 0, ȳ,0 no extra conditions

4 h 2 m m x,0, 1
2 x̄,0, 1

2 no extra conditions

4 g 2 m m x,0,0 x̄,0,0 no extra conditions

4 f . . 2/m 1
4 ,

1
4 ,

1
2

3
4 ,

1
4 ,

1
2 hkl : h = 2n

4 e . . 2/m 1
4 ,

1
4 ,0

3
4 ,

1
4 ,0 hkl : h = 2n

2 d m m m 0,0, 1
2 no extra conditions

2 c m m m 1
2 ,0, 1

2 no extra conditions

2 b m m m 1
2 ,0,0 no extra conditions

2 a m m m 0,0,0 no extra conditions

Symmetry of special projections
Along [001] c2mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = 1

2 b b′ = c
Origin at x,0,0

Along [010] p2mm
a′ = c b′ = 1

2 a
Origin at 0,y,0
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C mmm No. 65 CONTINUED

Maximal non-isomorphic subgroups
I [2] C m2m (Amm2, 38) (1; 3; 6; 8)+

[2] C 2mm (Amm2, 38) (1; 4; 6; 7)+
[2] C mm2 (35) (1; 2; 7; 8)+
[2] C 222 (21) (1; 2; 3; 4)+
[2] C 12/m1 (C 2/m, 12) (1; 3; 5; 7)+
[2] C 2/m11 (C 2/m, 12) (1; 4; 5; 8)+
[2] C 112/m (P2/m, 10) (1; 2; 5; 6)+

IIa [2] Pmmn (59) 1; 2; 7; 8; (3; 4; 5; 6)+ ( 1
2 ,

1
2 ,0)

[2] Pbam (55) 1; 2; 5; 6; (3; 4; 7; 8)+ ( 1
2 ,

1
2 ,0)

[2] Pbmn (Pmna, 53) 1; 3; 5; 7; (2; 4; 6; 8)+ ( 1
2 ,

1
2 ,0)

[2] Pman (Pmna, 53) 1; 4; 5; 8; (2; 3; 6; 7)+ ( 1
2 ,

1
2 ,0)

[2] Pmam (Pmma, 51) 1; 3; 6; 8; (2; 4; 5; 7)+ ( 1
2 ,

1
2 ,0)

[2] Pbmm (Pmma, 51) 1; 4; 6; 7; (2; 3; 5; 8)+ ( 1
2 ,

1
2 ,0)

[2] Pban (50) 1; 2; 3; 4; (5; 6; 7; 8)+ ( 1
2 ,

1
2 ,0)

[2] Pmmm (47) 1; 2; 3; 4; 5; 6; 7; 8

IIb [2] C ccm (c′ = 2c) (66); [2] C cmm (c′ = 2c) (C mcm, 63); [2] C mcm (c′ = 2c) (63); [2] I bmm (c′ = 2c) (I mma, 74);
[2] I mam (c′ = 2c) (I mma, 74); [2] I bam (c′ = 2c) (72); [2] I mmm (c′ = 2c) (71)

Maximal isomorphic subgroups of lowest index
IIc [2] C mmm (c′ = 2c) (65); [3] C mmm (a′ = 3a or b′ = 3b) (65)

Minimal non-isomorphic supergroups
I [2] P4/mmm (123); [2] P4/mbm (127); [2] P42/mcm (132); [2] P42/mnm (136); [3] P6/mmm (191)

II [2] F mmm (69); [2] Pmmm (a′ = 1
2 a,b′ = 1

2 b) (47)
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C ccm D20
2h mmm Orthorhombic

No. 66 C 2/c 2/c 2/m Patterson symmetry C mmm

Origin at centre (2/m) at cc2/m

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) 2 0,y, 1

4 (4) 2 x,0, 1
4

(5) 1̄ 0,0,0 (6) m x,y,0 (7) c x,0,z (8) c 0,y,z

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2 1

4 ,
1
4 ,z (3) 2(0, 1

2 ,0) 1
4 ,y,

1
4 (4) 2( 1

2 ,0,0) x, 1
4 ,

1
4

(5) 1̄ 1
4 ,

1
4 ,0 (6) n( 1

2 ,
1
2 ,0) x,y,0 (7) n( 1

2 ,0, 1
2 ) x, 1

4 ,z (8) n(0, 1
2 ,

1
2) 1

4 ,y,z

Maximal isomorphic subgroups of lowest index
IIc [3] C ccm (a′ = 3a or b′ = 3b) (66); [3] C ccm (c′ = 3c) (66)

Minimal non-isomorphic supergroups
I [2] P4/mcc (124); [2] P4/mnc (128); [2] P42/mmc (131); [2] P42/mbc (135); [3] P6/mcc (192)

II [2] F mmm (69); [2] Pccm (a′ = 1
2 a,b′ = 1

2 b) (49); [2] C mmm (c′ = 1
2 c) (65)
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CONTINUED No. 66 C ccm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,0); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,0)+

Reflection conditions

General:

16 m 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ + 1
2 (4) x, ȳ, z̄+ 1

2

(5) x̄, ȳ, z̄ (6) x,y, z̄ (7) x, ȳ,z+ 1
2 (8) x̄,y,z+ 1

2

hkl : h + k = 2n
0kl : k, l = 2n
h0l : h, l = 2n
hk0 : h + k = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

8 l . . m x,y,0 x̄, ȳ,0 x̄,y, 1
2 x, ȳ, 1

2 no extra conditions

8 k . . 2 1
4 ,

1
4 ,z

3
4 ,

1
4 , z̄+ 1

2
3
4 ,

3
4 , z̄

1
4 ,

3
4 ,z+ 1

2 hkl : k + l = 2n

8 j . . 2 0, 1
2 ,z 0, 1

2 , z̄+ 1
2 0, 1

2 , z̄ 0, 1
2 ,z+ 1

2 hkl : l = 2n

8 i . . 2 0,0,z 0,0, z̄+ 1
2 0,0, z̄ 0,0,z+ 1

2 hkl : l = 2n

8 h . 2 . 0,y, 1
4 0, ȳ, 1

4 0, ȳ, 3
4 0,y, 3

4 hkl : l = 2n

8 g 2 . . x,0, 1
4 x̄,0, 1

4 x̄,0, 3
4 x,0, 3

4 hkl : l = 2n

4 f . . 2/m 1
4 ,

3
4 ,0

3
4 ,

3
4 ,

1
2 hkl : k + l = 2n

4 e . . 2/m 1
4 ,

1
4 ,0

3
4 ,

1
4 ,

1
2 hkl : k + l = 2n

4 d . . 2/m 0, 1
2 ,0 0, 1

2 ,
1
2 hkl : l = 2n

4 c . . 2/m 0,0,0 0,0, 1
2 hkl : l = 2n

4 b 2 2 2 0, 1
2 ,

1
4 0, 1

2 ,
3
4 hkl : l = 2n

4 a 2 2 2 0,0, 1
4 0,0, 3

4 hkl : l = 2n

Symmetry of special projections
Along [001] c2mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = 1

2 b b′ = 1
2 c

Origin at x,0,0

Along [010] p2mm
a′ = 1

2 c b′ = 1
2 a

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] C c2m (Ama2, 40) (1; 3; 6; 8)+

[2] C 2cm (Ama2, 40) (1; 4; 6; 7)+
[2] C cc2 (37) (1; 2; 7; 8)+
[2] C 222 (21) (1; 2; 3; 4)+
[2] C 12/c1 (C 2/c, 15) (1; 3; 5; 7)+
[2] C 2/c11 (C 2/c, 15) (1; 4; 5; 8)+
[2] C 112/m (P2/m, 10) (1; 2; 5; 6)+

IIa [2] Pnnm (58) 1; 2; 5; 6; (3; 4; 7; 8)+ ( 1
2 ,

1
2 ,0)

[2] Pccn (56) 1; 2; 7; 8; (3; 4; 5; 6)+ ( 1
2 ,

1
2 ,0)

[2] Pcnm (Pmna, 53) 1; 3; 6; 8; (2; 4; 5; 7)+ ( 1
2 ,

1
2 ,0)

[2] Pncm (Pmna, 53) 1; 4; 6; 7; (2; 3; 5; 8)+ ( 1
2 ,

1
2 ,0)

[2] Pncn (Pnna, 52) 1; 3; 5; 7; (2; 4; 6; 8)+ ( 1
2 ,

1
2 ,0)

[2] Pcnn (Pnna, 52) 1; 4; 5; 8; (2; 3; 6; 7)+ ( 1
2 ,

1
2 ,0)

[2] Pccm (49) 1; 2; 3; 4; 5; 6; 7; 8
[2] Pnnn (48) 1; 2; 3; 4; (5; 6; 7; 8)+ ( 1

2 ,
1
2 ,0)

IIb none
(Continued on preceding page)
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C mme D21
2h mmm Orthorhombic

No. 67 C 2/m 2/m 2/e Patterson symmetry C mmm

Former space-group symbol C mma; cf. Chapter 1.3

Origin at centre (2/m) at 2/m21/ae

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

4 ; 0 ≤ z ≤ 1
2

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0, 1

4 ,z (3) 2(0, 1
2 ,0) 0,y,0 (4) 2 x,0,0

(5) 1̄ 0,0,0 (6) b x,y,0 (7) m x, 1
4 ,z (8) m 0,y,z

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2 1

4 ,0,z (3) 2 1
4 ,y,0 (4) 2( 1

2 ,0,0) x, 1
4 ,0

(5) 1̄ 1
4 ,

1
4 ,0 (6) a x,y,0 (7) a x,0,z (8) b 1

4 ,y,z

Maximal isomorphic subgroups of lowest index
IIc [2] C mme (c′ = 2c) (67); [3] C mme (a′ = 3a or b′ = 3b) (67)

Minimal non-isomorphic supergroups
I [2] P4/nbm (125); [2] P4/nmm (129); [2] P42/nnm (134); [2] P42/ncm (138)

II [2] F mmm (69); [2] Pmmm (a′ = 1
2 a,b′ = 1

2 b) (47)
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CONTINUED No. 67 C mme

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,0); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,0)+

Reflection conditions

General:

16 o 1 (1) x,y,z (2) x̄, ȳ + 1
2 ,z (3) x̄,y + 1

2 , z̄ (4) x, ȳ, z̄
(5) x̄, ȳ, z̄ (6) x,y + 1

2 , z̄ (7) x, ȳ + 1
2 ,z (8) x̄,y,z

hkl : h + k = 2n
0kl : k = 2n
h0l : h = 2n
hk0 : h,k = 2n
h00 : h = 2n
0k0 : k = 2n

Special: as above, plus

8 n . m . x, 1
4 ,z x̄, 1

4 ,z x̄, 3
4 , z̄ x, 3

4 , z̄ no extra conditions

8 m m . . 0,y,z 0, ȳ+ 1
2 ,z 0,y + 1

2 , z̄ 0, ȳ, z̄ no extra conditions

8 l . . 2 1
4 ,0,z 3

4 ,
1
2 , z̄

3
4 ,0, z̄ 1

4 ,
1
2 ,z hkl : h = 2n

8 k . 2 . 1
4 ,y,

1
2

3
4 , ȳ + 1

2 ,
1
2

3
4 , ȳ,

1
2

1
4 ,y + 1

2 ,
1
2 hkl : h = 2n

8 j . 2 . 1
4 ,y,0

3
4 , ȳ + 1

2 ,0
3
4 , ȳ,0

1
4 ,y + 1

2 ,0 hkl : h = 2n

8 i 2 . . x,0, 1
2 x̄, 1

2 ,
1
2 x̄,0, 1

2 x, 1
2 ,

1
2 hkl : h = 2n

8 h 2 . . x,0,0 x̄, 1
2 ,0 x̄,0,0 x, 1

2 ,0 hkl : h = 2n

4 g m m 2 0, 1
4 ,z 0, 3

4 , z̄ no extra conditions

4 f . 2/m . 1
4 ,

1
4 ,

1
2

3
4 ,

1
4 ,

1
2 hkl : h = 2n

4 e . 2/m . 1
4 ,

1
4 ,0

3
4 ,

1
4 ,0 hkl : h = 2n

4 d 2/m . . 0,0, 1
2 0, 1

2 ,
1
2 hkl : h = 2n

4 c 2/m . . 0,0,0 0, 1
2 ,0 hkl : h = 2n

4 b 2 2 2 1
4 ,0, 1

2
3
4 ,0, 1

2 hkl : h = 2n

4 a 2 2 2 1
4 ,0,0 3

4 ,0,0 hkl : h = 2n

Symmetry of special projections
Along [001] p2mm
a′ = 1

2 a b′ = 1
2 b

Origin at 0,0,z

Along [100] p2mm
a′ = 1

2 b b′ = c
Origin at x,0,0

Along [010] p2mm
a′ = c b′ = 1

2 a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] C m2e (Aem2, 39) (1; 3; 6; 8)+

[2] C 2me (Aem2, 39) (1; 4; 6; 7)+
[2] C mm2 (35) (1; 2; 7; 8)+
[2] C 222 (21) (1; 2; 3; 4)+
[2] C 112/e (P2/c, 13) (1; 2; 5; 6)+
[2] C 12/m1 (C 2/m, 12) (1; 3; 5; 7)+
[2] C 2/m11 (C 2/m, 12) (1; 4; 5; 8)+

IIa [2] Pbma (Pbcm, 57) 1; 3; 5; 7; (2; 4; 6; 8)+ ( 1
2 ,

1
2 ,0)

[2] Pmab (Pbcm, 57) 1; 3; 6; 8; (2; 4; 5; 7)+ ( 1
2 ,

1
2 ,0)

[2] Pbaa (Pcca, 54) 1; 2; 3; 4; (5; 6; 7; 8)+ ( 1
2 ,

1
2 ,0)

[2] Pbab (Pcca, 54) 1; 2; 5; 6; (3; 4; 7; 8)+ ( 1
2 ,

1
2 ,0)

[2] Pmmb (Pmma, 51) 1; 2; 3; 4; 5; 6; 7; 8
[2] Pmma (51) 1; 2; 7; 8; (3; 4; 5; 6)+ ( 1

2 ,
1
2 ,0)

[2] Pmaa (Pccm, 49) 1; 4; 5; 8; (2; 3; 6; 7)+ ( 1
2 ,

1
2 ,0)

[2] Pbmb (Pccm, 49) 1; 4; 6; 7; (2; 3; 5; 8)+ ( 1
2 ,

1
2 ,0)

IIb [2] C cce (c′ = 2c) (68); [2] C cme (c′ = 2c) (C mce, 64); [2] C mce (c′ = 2c) (64); [2] I mma (c′ = 2c) (74); [2] I bca (c′ = 2c) (73);
[2] I bmb (c′ = 2c) (I bam, 72); [2] I maa (c′ = 2c) (I bam, 72)

(Continued on preceding page)
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C cce D22
2h mmm Orthorhombic

No. 68 C 2/c 2/c 2/e Patterson symmetry C mmm

Former space-group symbol C cca; cf. Chapter 1.3

ORIGIN CHOICE 1

Origin at 222 at 2/n2/n2, at 0, 1
4 ,

1
4 from 1̄

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 1

4 ,
1
4 ,z (3) 2 0,y,0 (4) 2( 1

2 ,0,0) x, 1
4 ,0

(5) 1̄ 0, 1
4 ,

1
4 (6) a x,y, 1

4 (7) c x, 1
4 ,z (8) c 1

4 ,y,z

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2 0,0,z (3) 2(0, 1

2 ,0) 1
4 ,y,0 (4) 2 x,0,0

(5) 1̄ 1
4 ,0, 1

4 (6) b x,y, 1
4 (7) n( 1

2 ,0, 1
2) x,0,z (8) n(0, 1

2 ,
1
2 ) 0,y,z
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CONTINUED No. 68 C cce

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,0); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,0)+

Reflection conditions

General:

16 i 1 (1) x,y,z (2) x̄ + 1
2 , ȳ + 1

2 ,z (3) x̄,y, z̄ (4) x + 1
2 , ȳ + 1

2 , z̄
(5) x̄, ȳ + 1

2 , z̄+ 1
2 (6) x + 1

2 ,y, z̄ + 1
2 (7) x, ȳ + 1

2 ,z+ 1
2 (8) x̄+ 1

2 ,y,z+ 1
2

hkl : h + k = 2n
0kl : k, l = 2n
h0l : h, l = 2n
hk0 : h,k = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

8 h . . 2 1
4 ,

1
4 ,z

3
4 ,

1
4 , z̄

3
4 ,

1
4 , z̄+ 1

2
1
4 ,

1
4 ,z+ 1

2 hkl : l = 2n

8 g . . 2 0,0,z 0,0, z̄ 0, 1
2 , z̄+ 1

2 0, 1
2 ,z+ 1

2 hkl : k + l = 2n

8 f . 2 . 0,y,0 1
2 , ȳ + 1

2 ,0 0, ȳ+ 1
2 ,

1
2

1
2 ,y,

1
2 hkl : k + l = 2n

8 e 2 . . x,0,0 x̄ + 1
2 ,

1
2 ,0 x̄, 1

2 ,
1
2 x + 1

2 ,0, 1
2 hkl : k + l = 2n

8 d 1̄ 0, 1
4 ,

1
4

1
2 ,

1
4 ,

1
4 0, 1

4 ,
3
4

1
2 ,

1
4 ,

3
4 hkl : k, l = 2n

8 c 1̄ 1
4 ,0, 1

4
1
4 ,

1
2 ,

1
4

3
4 ,0, 3

4
3
4 ,

1
2 ,

3
4 hkl : k, l = 2n

4 b 2 2 2 0,0, 1
2 0, 1

2 ,0 hkl : k + l = 2n

4 a 2 2 2 0,0,0 0, 1
2 ,

1
2 hkl : k + l = 2n

Symmetry of special projections
Along [001] p2mm
a′ = 1

2 a b′ = 1
2 b

Origin at 0,0,z

Along [100] p2mm
a′ = 1

2 b b′ = 1
2 c

Origin at x,0,0

Along [010] p2mm
a′ = 1

2 c b′ = 1
2 a

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] C c2e (Aea2, 41) (1; 3; 6; 8)+

[2] C 2ce (Aea2, 41) (1; 4; 6; 7)+
[2] C cc2 (37) (1; 2; 7; 8)+
[2] C 222 (21) (1; 2; 3; 4)+
[2] C 12/c1 (C 2/c, 15) (1; 3; 5; 7)+
[2] C 2/c11 (C 2/c, 15) (1; 4; 5; 8)+
[2] C 112/e (P2/c, 13) (1; 2; 5; 6)+

IIa [2] Pcnb (Pbcn, 60) 1; 4; 5; 8; (2; 3; 6; 7) + ( 1
2 ,

1
2 ,0)

[2] Pnca (Pbcn, 60) 1; 4; 6; 7; (2; 3; 5; 8) + ( 1
2 ,

1
2 ,0)

[2] Pcca (54) 1; 2; 3; 4; 5; 6; 7; 8
[2] Pccb (Pcca, 54) 1; 2; 7; 8; (3; 4; 5; 6) + ( 1

2 ,
1
2 ,0)

[2] Pnnb (Pnna, 52) 1; 2; 3; 4; (5; 6; 7; 8) + ( 1
2 ,

1
2 ,0)

[2] Pnna (52) 1; 2; 5; 6; (3; 4; 7; 8) + ( 1
2 ,

1
2 ,0)

[2] Pncb (Pban, 50) 1; 3; 5; 7; (2; 4; 6; 8) + ( 1
2 ,

1
2 ,0)

[2] Pcna (Pban, 50) 1; 3; 6; 8; (2; 4; 5; 7) + ( 1
2 ,

1
2 ,0)

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] C cce (a′ = 3a or b′ = 3b) (68); [3] C cce (c′ = 3c) (68)

Minimal non-isomorphic supergroups
I [2] P4/nnc (126); [2] P4/ncc (130); [2] P42/nbc (133); [2] P42/nmc (137)

II [2] F mmm (69); [2] Pccm (a′ = 1
2 a,b′ = 1

2 b) (49); [2] C mme (c′ = 1
2 c) (67)
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C cce D22
2h mmm Orthorhombic

No. 68 C 2/c 2/c 2/e Patterson symmetry C mmm

Former space-group symbol C cca; cf. Chapter 1.3

ORIGIN CHOICE 2

Origin at 1̄ at nce, at 0,− 1
4 ,− 1

4 from 222

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

4 ; 0 ≤ z ≤ 1
2

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 1

4 ,0,z (3) 2 0,y, 1
4 (4) 2( 1

2 ,0,0) x,0, 1
4

(5) 1̄ 0,0,0 (6) a x,y,0 (7) c x,0,z (8) c 1
4 ,y,z

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2 0, 1

4 ,z (3) 2(0, 1
2 ,0) 1

4 ,y,
1
4 (4) 2 x, 1

4 ,
1
4

(5) 1̄ 1
4 ,

1
4 ,0 (6) b x,y,0 (7) n( 1

2 ,0, 1
2 ) x, 1

4 ,z (8) n(0, 1
2 ,

1
2 ) 0,y,z
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CONTINUED No. 68 C cce

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,0); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,0)+

Reflection conditions

General:

16 i 1 (1) x,y,z (2) x̄+ 1
2 , ȳ,z (3) x̄,y, z̄+ 1

2 (4) x + 1
2 , ȳ, z̄+ 1

2

(5) x̄, ȳ, z̄ (6) x + 1
2 ,y, z̄ (7) x, ȳ,z+ 1

2 (8) x̄ + 1
2 ,y,z+ 1

2

hkl : h + k = 2n
0kl : k, l = 2n
h0l : h, l = 2n
hk0 : h,k = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

8 h . . 2 1
4 ,0,z 3

4 ,0, z̄+ 1
2

3
4 ,0, z̄ 1

4 ,0,z+ 1
2 hkl : l = 2n

8 g . . 2 0, 1
4 ,z 0, 1

4 , z̄+ 1
2 0, 3

4 , z̄ 0, 3
4 ,z+ 1

2 hkl : k + l = 2n

8 f . 2 . 0,y, 1
4

1
2 , ȳ,

1
4 0, ȳ, 3

4
1
2 ,y,

3
4 hkl : k + l = 2n

8 e 2 . . x, 1
4 ,

1
4 x̄+ 1

2 ,
3
4 ,

1
4 x̄, 3

4 ,
3
4 x + 1

2 ,
1
4 ,

3
4 hkl : k + l = 2n

8 d 1̄ 0,0,0 1
2 ,0,0 0,0, 1

2
1
2 ,0, 1

2 hkl : k, l = 2n

8 c 1̄ 1
4 ,

3
4 ,0

1
4 ,

1
4 ,0

3
4 ,

3
4 ,

1
2

3
4 ,

1
4 ,

1
2 hkl : k, l = 2n

4 b 2 2 2 0, 1
4 ,

3
4 0, 3

4 ,
1
4 hkl : k + l = 2n

4 a 2 2 2 0, 1
4 ,

1
4 0, 3

4 ,
3
4 hkl : k + l = 2n

Symmetry of special projections
Along [001] p2mm
a′ = 1

2 a b′ = 1
2 b

Origin at 0,0,z

Along [100] p2mm
a′ = 1

2 b b′ = 1
2 c

Origin at x,0,0

Along [010] p2mm
a′ = 1

2 c b′ = 1
2 a

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] C c2e (Aea2, 41) (1; 3; 6; 8)+

[2] C 2ce (Aea2, 41) (1; 4; 6; 7)+
[2] C cc2 (37) (1; 2; 7; 8)+
[2] C 222 (21) (1; 2; 3; 4)+
[2] C 12/c1 (C 2/c, 15) (1; 3; 5; 7)+
[2] C 2/c11 (C 2/c, 15) (1; 4; 5; 8)+
[2] C 112/e (P2/c, 13) (1; 2; 5; 6)+

IIa [2] Pcnb (Pbcn, 60) 1; 4; 5; 8; (2; 3; 6; 7) + ( 1
2 ,

1
2 ,0)

[2] Pnca (Pbcn, 60) 1; 4; 6; 7; (2; 3; 5; 8) + ( 1
2 ,

1
2 ,0)

[2] Pcca (54) 1; 2; 3; 4; 5; 6; 7; 8
[2] Pccb (Pcca, 54) 1; 2; 7; 8; (3; 4; 5; 6) + ( 1

2 ,
1
2 ,0)

[2] Pnnb (Pnna, 52) 1; 2; 3; 4; (5; 6; 7; 8) + ( 1
2 ,

1
2 ,0)

[2] Pnna (52) 1; 2; 5; 6; (3; 4; 7; 8) + ( 1
2 ,

1
2 ,0)

[2] Pncb (Pban, 50) 1; 3; 5; 7; (2; 4; 6; 8) + ( 1
2 ,

1
2 ,0)

[2] Pcna (Pban, 50) 1; 3; 6; 8; (2; 4; 5; 7) + ( 1
2 ,

1
2 ,0)

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] C cce (a′ = 3a or b′ = 3b) (68); [3] C cce (c′ = 3c) (68)

Minimal non-isomorphic supergroups
I [2] P4/nnc (126); [2] P4/ncc (130); [2] P42/nbc (133); [2] P42/nmc (137)

II [2] F mmm (69); [2] Pccm (a′ = 1
2 a,b′ = 1

2 b) (49); [2] C mme (c′ = 1
2 c) (67)
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F mmm D23
2h mmm Orthorhombic

No. 69 F 2/m 2/m 2/m Patterson symmetry F mmm

Origin at centre (mmm)

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1

4 ; 0 ≤ z ≤ 1
2

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 1̄ 0,0,0 (6) m x,y,0 (7) m x,0,z (8) m 0,y,z

For (0, 1
2 ,

1
2)+ set

(1) t(0, 1
2 ,

1
2) (2) 2(0,0, 1

2 ) 0, 1
4 ,z (3) 2(0, 1

2 ,0) 0,y, 1
4 (4) 2 x, 1

4 ,
1
4

(5) 1̄ 0, 1
4 ,

1
4 (6) b x,y, 1

4 (7) c x, 1
4 ,z (8) n(0, 1

2 ,
1
2 ) 0,y,z

For ( 1
2 ,0, 1

2)+ set
(1) t( 1

2 ,0, 1
2) (2) 2(0,0, 1

2 ) 1
4 ,0,z (3) 2 1

4 ,y,
1
4 (4) 2( 1

2 ,0,0) x,0, 1
4

(5) 1̄ 1
4 ,0, 1

4 (6) a x,y, 1
4 (7) n( 1

2 ,0, 1
2) x,0,z (8) c 1

4 ,y,z

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2 1

4 ,
1
4 ,z (3) 2(0, 1

2 ,0) 1
4 ,y,0 (4) 2( 1

2 ,0,0) x, 1
4 ,0

(5) 1̄ 1
4 ,

1
4 ,0 (6) n( 1

2 ,
1
2 ,0) x,y,0 (7) a x, 1

4 ,z (8) b 1
4 ,y,z
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CONTINUED No. 69 F mmm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); t( 1

2 ,0, 1
2 ); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2)+ ( 1

2 ,0, 1
2 )+ ( 1

2 ,
1
2 ,0)+

Reflection conditions

General:

32 p 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) x̄, ȳ, z̄ (6) x,y, z̄ (7) x, ȳ,z (8) x̄,y,z

hkl : h + k,h + l,k + l = 2n
0kl : k, l = 2n
h0l : h, l = 2n
hk0 : h,k = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

16 o . . m x,y,0 x̄, ȳ,0 x̄,y,0 x, ȳ,0 no extra conditions

16 n . m . x,0,z x̄,0,z x̄,0, z̄ x,0, z̄ no extra conditions

16 m m . . 0,y,z 0, ȳ,z 0,y, z̄ 0, ȳ, z̄ no extra conditions

16 l 2 . . x, 1
4 ,

1
4 x̄, 3

4 ,
1
4 x̄, 3

4 ,
3
4 x, 1

4 ,
3
4 hkl : h = 2n

16 k . 2 . 1
4 ,y,

1
4

3
4 , ȳ,

1
4

3
4 , ȳ,

3
4

1
4 ,y,

3
4 hkl : h = 2n

16 j . . 2 1
4 ,

1
4 ,z

3
4 ,

1
4 , z̄

3
4 ,

3
4 , z̄

1
4 ,

3
4 ,z hkl : h = 2n

8 i m m 2 0,0,z 0,0, z̄ no extra conditions

8 h m 2 m 0,y,0 0, ȳ,0 no extra conditions

8 g 2 m m x,0,0 x̄,0,0 no extra conditions

8 f 2 2 2 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

3
4 hkl : h = 2n

8 e . . 2/m 1
4 ,

1
4 ,0

3
4 ,

1
4 ,0 hkl : h = 2n

8 d . 2/m . 1
4 ,0, 1

4
3
4 ,0, 1

4 hkl : h = 2n

8 c 2/m . . 0, 1
4 ,

1
4 0, 3

4 ,
1
4 hkl : h = 2n

4 b m m m 0,0, 1
2 no extra conditions

4 a m m m 0,0,0 no extra conditions

Symmetry of special projections
Along [001] p2mm
a′ = 1

2 a b′ = 1
2 b

Origin at 0,0,z

Along [100] p2mm
a′ = 1

2 b b′ = 1
2 c

Origin at x,0,0

Along [010] p2mm
a′ = 1

2 c b′ = 1
2 a

Origin at 0,y,0
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F mmm No. 69 CONTINUED

Maximal non-isomorphic subgroups
I [2] F mm2 (42) (1; 2; 7; 8)+

[2] F m2m (F mm2, 42) (1; 3; 6; 8)+
[2] F 2mm (F mm2, 42) (1; 4; 6; 7)+
[2] F 222 (22) (1; 2; 3; 4)+
[2] F 112/m (C 2/m, 12) (1; 2; 5; 6)+
[2] F 12/m1 (C 2/m, 12) (1; 3; 5; 7)+
[2] F 2/m11 (C 2/m, 12) (1; 4; 5; 8)+

IIa [2] Aeaa (C cce, 68) 1; 2; 3; 4; (1; 2; 3; 4)+ (0, 1
2 ,

1
2 ); (5; 6; 7; 8)+ ( 1

2 ,0, 1
2 ); (5; 6; 7; 8)+ ( 1

2 ,
1
2 ,0)

[2] Bbeb (C cce, 68) 1; 2; 3; 4; (1; 2; 3; 4)+ ( 1
2 ,0, 1

2 ); (5; 6; 7; 8)+ (0, 1
2 ,

1
2 ); (5; 6; 7; 8)+ ( 1

2 ,
1
2 ,0)

[2] C cce (68) 1; 2; 3; 4; (1; 2; 3; 4)+ ( 1
2 ,

1
2 ,0); (5; 6; 7; 8)+ (0, 1

2 ,
1
2 ); (5; 6; 7; 8)+ ( 1

2 ,0, 1
2 )

[2] C mme (67) 1; 2; 7; 8; (1; 2; 7; 8)+ ( 1
2 ,

1
2 ,0); (3; 4; 5; 6)+ (0, 1

2 ,
1
2 ); (3; 4; 5; 6)+ ( 1

2 ,0, 1
2 )

[2] Bmem (C mme, 67) 1; 3; 6; 8; (1; 3; 6; 8)+ ( 1
2 ,0, 1

2 ); (2; 4; 5; 7)+ (0, 1
2 ,

1
2 ); (2; 4; 5; 7)+ ( 1

2 ,
1
2 ,0)

[2] Aemm (C mme, 67) 1; 4; 6; 7; (1; 4; 6; 7)+ (0, 1
2 ,

1
2 ); (2; 3; 5; 8)+ ( 1

2 ,0, 1
2 ); (2; 3; 5; 8)+ ( 1

2 ,
1
2 ,0)

[2] C ccm (66) 1; 2; 5; 6; (1; 2; 5; 6)+ ( 1
2 ,

1
2 ,0); (3; 4; 7; 8)+ (0, 1

2 ,
1
2 ); (3; 4; 7; 8)+ ( 1

2 ,0, 1
2 )

[2] Bbmb (C ccm, 66) 1; 3; 5; 7; (1; 3; 5; 7)+ ( 1
2 ,0, 1

2 ); (2; 4; 6; 8)+ (0, 1
2 ,

1
2 ); (2; 4; 6; 8)+ ( 1

2 ,
1
2 ,0)

[2] Amaa (C ccm, 66) 1; 4; 5; 8; (1; 4; 5; 8)+ (0, 1
2 ,

1
2 ); (2; 3; 6; 7)+ ( 1

2 ,0, 1
2 ); (2; 3; 6; 7)+ ( 1

2 ,
1
2 ,0)

[2] Ammm (C mmm, 65) 1; 2; 3; 4; 5; 6; 7; 8; (1; 2; 3; 4; 5; 6; 7; 8)+ (0, 1
2 ,

1
2)

[2] Bmmm (C mmm, 65) 1; 2; 3; 4; 5; 6; 7; 8; (1; 2; 3; 4; 5; 6; 7; 8)+ ( 1
2 ,0, 1

2)
[2] C mmm (65) 1; 2; 3; 4; 5; 6; 7; 8; (1; 2; 3; 4; 5; 6; 7; 8)+ ( 1

2 ,
1
2 ,0)

[2] Aeam (C mce, 64) 1; 2; 5; 6; (1; 2; 5; 6)+ (0, 1
2 ,

1
2 ); (3; 4; 7; 8)+ ( 1

2 ,0, 1
2 ); (3; 4; 7; 8)+ ( 1

2 ,
1
2 ,0)

[2] Bbem (C mce, 64) 1; 2; 5; 6; (1; 2; 5; 6)+ ( 1
2 ,0, 1

2 ); (3; 4; 7; 8)+ (0, 1
2 ,

1
2 ); (3; 4; 7; 8)+ ( 1

2 ,
1
2 ,0)

[2] Aema (C mce, 64) 1; 3; 5; 7; (1; 3; 5; 7)+ (0, 1
2 ,

1
2 ); (2; 4; 6; 8)+ ( 1

2 ,0, 1
2 ); (2; 4; 6; 8)+ ( 1

2 ,
1
2 ,0)

[2] C cme (C mce, 64) 1; 3; 5; 7; (1; 3; 5; 7)+ ( 1
2 ,

1
2 ,0); (2; 4; 6; 8)+ (0, 1

2 ,
1
2 ); (2; 4; 6; 8)+ ( 1

2 ,0, 1
2 )

[2] Bmeb (C mce, 64) 1; 4; 5; 8; (1; 4; 5; 8)+ ( 1
2 ,0, 1

2 ); (2; 3; 6; 7)+ (0, 1
2 ,

1
2 ); (2; 3; 6; 7)+ ( 1

2 ,
1
2 ,0)

[2] C mce (64) 1; 4; 5; 8; (1; 4; 5; 8)+ ( 1
2 ,

1
2 ,0); (2; 3; 6; 7)+ (0, 1

2 ,
1
2 ); (2; 3; 6; 7)+ ( 1

2 ,0, 1
2 )

[2] Amam (C mcm, 63) 1; 3; 6; 8; (1; 3; 6; 8)+ (0, 1
2 ,

1
2 ); (2; 4; 5; 7)+ ( 1

2 ,0, 1
2 ); (2; 4; 5; 7)+ ( 1

2 ,
1
2 ,0)

[2] Amma (C mcm, 63) 1; 2; 7; 8; (1; 2; 7; 8)+ (0, 1
2 ,

1
2 ); (3; 4; 5; 6)+ ( 1

2 ,0, 1
2 ); (3; 4; 5; 6)+ ( 1

2 ,
1
2 ,0)

[2] Bmmb (C mcm, 63) 1; 2; 7; 8; (1; 2; 7; 8)+ ( 1
2 ,0, 1

2 ); (3; 4; 5; 6)+ (0, 1
2 ,

1
2 ); (3; 4; 5; 6)+ ( 1

2 ,
1
2 ,0)

[2] Bbmm (C mcm, 63) 1; 4; 6; 7; (1; 4; 6; 7)+ ( 1
2 ,0, 1

2 ); (2; 3; 5; 8)+ (0, 1
2 ,

1
2 ); (2; 3; 5; 8)+ ( 1

2 ,
1
2 ,0)

[2] C mcm (63) 1; 3; 6; 8; (1; 3; 6; 8)+ ( 1
2 ,

1
2 ,0); (2; 4; 5; 7)+ (0, 1

2 ,
1
2 ); (2; 4; 5; 7)+ ( 1

2 ,0, 1
2 )

[2] C cmm (C mcm, 63) 1; 4; 6; 7; (1; 4; 6; 7)+ ( 1
2 ,

1
2 ,0); (2; 3; 5; 8)+ (0, 1

2 ,
1
2 ); (2; 3; 5; 8)+ ( 1

2 ,0, 1
2 )

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] F mmm (a′ = 3a or b′ = 3b or c′ = 3c) (69)

Minimal non-isomorphic supergroups
I [2] I 4/mmm (139); [2] I 4/mcm (140); [3] F m 3̄ (202)
II [2] Pmmm (a′ = 1

2 a,b′ = 1
2 b,c′ = 1

2 c) (47)
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F d d d D24
2h mmm Orthorhombic

No. 70 F 2/d 2/d 2/d Patterson symmetry F mmm

ORIGIN CHOICE 1

Origin at 222, at − 1
8 ,− 1

8 ,− 1
8 from 1̄

Asymmetric unit 0 ≤ x ≤ 1
8 ; 0 ≤ y ≤ 1

4 ; 0 ≤ z ≤ 1

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 1̄ 1

8 ,
1
8 ,

1
8 (6) d( 1

4 ,
1
4 ,0) x,y, 1

8 (7) d( 1
4 ,0, 1

4 ) x, 1
8 ,z (8) d(0, 1

4 ,
1
4 ) 1

8 ,y,z

For (0, 1
2 ,

1
2)+ set

(1) t(0, 1
2 ,

1
2) (2) 2(0,0, 1

2 ) 0, 1
4 ,z (3) 2(0, 1

2 ,0) 0,y, 1
4 (4) 2 x, 1

4 ,
1
4

(5) 1̄ 1
8 ,

3
8 ,

3
8 (6) d( 1

4 ,
3
4 ,0) x,y, 3

8 (7) d( 1
4 ,0, 3

4 ) x, 3
8 ,z (8) d(0, 3

4 ,
3
4 ) 1

8 ,y,z

For ( 1
2 ,0, 1

2)+ set
(1) t( 1

2 ,0, 1
2) (2) 2(0,0, 1

2 ) 1
4 ,0,z (3) 2 1

4 ,y,
1
4 (4) 2( 1

2 ,0,0) x,0, 1
4

(5) 1̄ 3
8 ,

1
8 ,

3
8 (6) d( 3

4 ,
1
4 ,0) x,y, 3

8 (7) d( 3
4 ,0, 3

4 ) x, 1
8 ,z (8) d(0, 1

4 ,
3
4 ) 3

8 ,y,z

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2 1

4 ,
1
4 ,z (3) 2(0, 1

2 ,0) 1
4 ,y,0 (4) 2( 1

2 ,0,0) x, 1
4 ,0

(5) 1̄ 3
8 ,

3
8 ,

1
8 (6) d( 3

4 ,
3
4 ,0) x,y, 1

8 (7) d( 3
4 ,0, 1

4 ) x, 3
8 ,z (8) d(0, 3

4 ,
1
4 ) 3

8 ,y,z
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CONTINUED No. 70 F d d d

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); t( 1

2 ,0, 1
2 ); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2)+ ( 1

2 ,0, 1
2 )+ ( 1

2 ,
1
2 ,0)+

Reflection conditions

General:

32 h 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) x̄ + 1

4 , ȳ + 1
4 , z̄+ 1

4 (6) x + 1
4 ,y + 1

4 , z̄+ 1
4 (7) x + 1

4 , ȳ + 1
4 ,z+ 1

4 (8) x̄ + 1
4 ,y + 1

4 ,z+ 1
4

hkl : h + k = 2n and
h + l,k + l = 2n

0kl : k + l = 4n and
k, l = 2n

h0l : h + l = 4n and
h, l = 2n

hk0 : h + k = 4n and
h,k = 2n

h00 : h = 4n
0k0 : k = 4n
00l : l = 4n

Special: as above, plus

16 g . . 2 0,0,z 0,0, z̄ 1
4 ,

1
4 , z̄+ 1

4
1
4 ,

1
4 ,z+ 1

4

16 f . 2 . 0,y,0 0, ȳ,0 1
4 , ȳ+ 1

4 ,
1
4

1
4 ,y + 1

4 ,
1
4

16 e 2 . . x,0,0 x̄,0,0 x̄ + 1
4 ,

1
4 ,

1
4 x + 1

4 ,
1
4 ,

1
4

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

hkl : h = 2n + 1
or h + k + l = 4n

16 d 1̄ 5
8 ,

5
8 ,

5
8

3
8 ,

3
8 ,

5
8

3
8 ,

5
8 ,

3
8

5
8 ,

3
8 ,

3
8

16 c 1̄ 1
8 ,

1
8 ,

1
8

7
8 ,

7
8 ,

1
8

7
8 ,

1
8 ,

7
8

1
8 ,

7
8 ,

7
8

}
hkl : h = 2n + 1

or h,k, l = 4n + 2
or h,k, l = 4n

8 b 2 2 2 0,0, 1
2

1
4 ,

1
4 ,

3
4

8 a 2 2 2 0,0,0 1
4 ,

1
4 ,

1
4

}
hkl : h = 2n + 1

or h + k + l = 4n

Symmetry of special projections
Along [001] c2mm
a′ = 1

2 a b′ = 1
2 b

Origin at 0,0,z

Along [100] c2mm
a′ = 1

2 b b′ = 1
2 c

Origin at x,0,0

Along [010] c2mm
a′ = 1

2 c b′ = 1
2 a

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] F d d 2 (43) (1; 2; 7; 8)+

[2] F d 2d (F d d 2, 43) (1; 3; 6; 8)+
[2] F 2d d (F d d 2, 43) (1; 4; 6; 7)+
[2] F 222 (22) (1; 2; 3; 4)+
[2] F 112/d (C 2/c, 15) (1; 2; 5; 6)+
[2] F 12/d 1 (C 2/c, 15) (1; 3; 5; 7)+
[2] F 2/d 11 (C 2/c, 15) (1; 4; 5; 8)+

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] F d d d (a′ = 3a or b′ = 3b or c′ = 3c) (70)

Minimal non-isomorphic supergroups
I [2] I 41/amd (141); [2] I 41/acd (142); [3] F d 3̄ (203)

II [2] Pnnn (a′ = 1
2 a,b′ = 1

2 b,c′ = 1
2 c) (48)
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F d d d D24
2h mmm Orthorhombic

No. 70 F 2/d 2/d 2/d Patterson symmetry F mmm

ORIGIN CHOICE 2

Origin at 1̄ at d d d, at 1
8 ,

1
8 ,

1
8 from 222

Asymmetric unit 0 ≤ x ≤ 1
8 ; − 1

8 ≤ y ≤ 1
8 ; 0 ≤ z ≤ 1

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 3

8 ,
3
8 ,z (3) 2 3

8 ,y,
3
8 (4) 2 x, 3

8 ,
3
8

(5) 1̄ 0,0,0 (6) d( 1
4 ,

1
4 ,0) x,y,0 (7) d( 1

4 ,0, 1
4 ) x,0,z (8) d(0, 1

4 ,
1
4 ) 0,y,z

For (0, 1
2 ,

1
2)+ set

(1) t(0, 1
2 ,

1
2) (2) 2(0,0, 1

2 ) 3
8 ,

1
8 ,z (3) 2(0, 1

2 ,0) 3
8 ,y,

1
8 (4) 2 x, 1

8 ,
1
8

(5) 1̄ 0, 1
4 ,

1
4 (6) d( 1

4 ,
3
4 ,0) x,y, 1

4 (7) d( 1
4 ,0, 3

4 ) x, 1
4 ,z (8) d(0, 3

4 ,
3
4 ) 0,y,z

For ( 1
2 ,0, 1

2)+ set
(1) t( 1

2 ,0, 1
2) (2) 2(0,0, 1

2 ) 1
8 ,

3
8 ,z (3) 2 1

8 ,y,
1
8 (4) 2( 1

2 ,0,0) x, 3
8 ,

1
8

(5) 1̄ 1
4 ,0, 1

4 (6) d( 3
4 ,

1
4 ,0) x,y, 1

4 (7) d( 3
4 ,0, 3

4 ) x,0,z (8) d(0, 1
4 ,

3
4 ) 1

4 ,y,z

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2 1

8 ,
1
8 ,z (3) 2(0, 1

2 ,0) 1
8 ,y,

3
8 (4) 2( 1

2 ,0,0) x, 1
8 ,

3
8

(5) 1̄ 1
4 ,

1
4 ,0 (6) d( 3

4 ,
3
4 ,0) x,y,0 (7) d( 3

4 ,0, 1
4 ) x, 1

4 ,z (8) d(0, 3
4 ,

1
4 ) 1

4 ,y,z
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CONTINUED No. 70 F d d d

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); t( 1

2 ,0, 1
2 ); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2)+ ( 1

2 ,0, 1
2 )+ ( 1

2 ,
1
2 ,0)+

Reflection conditions

General:

32 h 1 (1) x,y,z (2) x̄+ 3
4 , ȳ + 3

4 ,z (3) x̄+ 3
4 ,y, z̄ + 3

4 (4) x, ȳ+ 3
4 , z̄+ 3

4

(5) x̄, ȳ, z̄ (6) x + 1
4 ,y + 1

4 , z̄ (7) x + 1
4 , ȳ,z+ 1

4 (8) x̄,y + 1
4 ,z+ 1

4

hkl : h + k,h + l,k + l = 2n
0kl : k + l = 4n, k, l = 2n
h0l : h + l = 4n, h, l = 2n
hk0 : h + k = 4n, h,k = 2n
h00 : h = 4n
0k0 : k = 4n
00l : l = 4n

Special: as above, plus

16 g . . 2 1
8 ,

1
8 ,z

5
8 ,

1
8 , z̄+ 3

4
7
8 ,

7
8 , z̄

3
8 ,

7
8 ,z+ 1

4

16 f . 2 . 1
8 ,y,

1
8

5
8 , ȳ+ 3

4 ,
1
8

7
8 , ȳ,

7
8

3
8 ,y + 1

4 ,
7
8

16 e 2 . . x, 1
8 ,

1
8 x̄+ 3

4 ,
5
8 ,

1
8 x̄, 7

8 ,
7
8 x + 1

4 ,
3
8 ,

7
8

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

hkl : h = 2n + 1
or h + k + l = 4n

16 d 1̄ 1
2 ,

1
2 ,

1
2

1
4 ,

1
4 ,

1
2

1
4 ,

1
2 ,

1
4

1
2 ,

1
4 ,

1
4

16 c 1̄ 0,0,0 3
4 ,

3
4 ,0

3
4 ,0, 3

4 0, 3
4 ,

3
4

}
hkl : h = 2n + 1

or h,k, l = 4n + 2
or h,k, l = 4n

8 b 2 2 2 1
8 ,

1
8 ,

5
8

7
8 ,

7
8 ,

3
8

8 a 2 2 2 1
8 ,

1
8 ,

1
8

7
8 ,

7
8 ,

7
8

}
hkl : h = 2n + 1

or h + k + l = 4n

Symmetry of special projections
Along [001] c2mm
a′ = 1

2 a b′ = 1
2 b

Origin at 1
8 ,

1
8 ,z

Along [100] c2mm
a′ = 1

2 b b′ = 1
2 c

Origin at x, 1
8 ,

1
8

Along [010] c2mm
a′ = 1

2 c b′ = 1
2 a

Origin at 1
8 ,y,

1
8

Maximal non-isomorphic subgroups
I [2] F d d 2 (43) (1; 2; 7; 8)+

[2] F d 2d (F d d 2, 43) (1; 3; 6; 8)+
[2] F 2d d (F d d 2, 43) (1; 4; 6; 7)+
[2] F 222 (22) (1; 2; 3; 4)+
[2] F 112/d (C 2/c, 15) (1; 2; 5; 6)+
[2] F 12/d 1 (C 2/c, 15) (1; 3; 5; 7)+
[2] F 2/d 11 (C 2/c, 15) (1; 4; 5; 8)+

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] F d d d (a′ = 3a or b′ = 3b or c′ = 3c) (70)

Minimal non-isomorphic supergroups
I [2] I 41/amd (141); [2] I 41/acd (142); [3] F d 3̄ (203)

II [2] Pnnn (a′ = 1
2 a,b′ = 1

2 b,c′ = 1
2 c) (48)
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I mmm D25
2h mmm Orthorhombic

No. 71 I 2/m 2/m 2/m Patterson symmetry I mmm

Origin at centre (mmm)

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 1̄ 0,0,0 (6) m x,y,0 (7) m x,0,z (8) m 0,y,z

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) 2(0, 1

2 ,0) 1
4 ,y,

1
4 (4) 2( 1

2 ,0,0) x, 1
4 ,

1
4

(5) 1̄ 1
4 ,

1
4 ,

1
4 (6) n( 1

2 ,
1
2 ,0) x,y, 1

4 (7) n( 1
2 ,0, 1

2 ) x, 1
4 ,z (8) n(0, 1

2 ,
1
2 ) 1

4 ,y,z

Maximal isomorphic subgroups of lowest index
IIc [3] I mmm (a′ = 3a or b′ = 3b or c′ = 3c) (71)

Minimal non-isomorphic supergroups
I [2] I 4/mmm (139); [3] I m 3̄ (204)

II [2] Ammm (a′ = 1
2 a) (C mmm, 65); [2] Bmmm (b′ = 1

2 b) (C mmm, 65); [2] C mmm (c′ = 1
2 c) (65)
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CONTINUED No. 71 I mmm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

16 o 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) x̄, ȳ, z̄ (6) x,y, z̄ (7) x, ȳ,z (8) x̄,y,z

hkl : h + k + l = 2n
0kl : k + l = 2n
h0l : h + l = 2n
hk0 : h + k = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

8 n . . m x,y,0 x̄, ȳ,0 x̄,y,0 x, ȳ,0 no extra conditions

8 m . m . x,0,z x̄,0,z x̄,0, z̄ x,0, z̄ no extra conditions

8 l m . . 0,y,z 0, ȳ,z 0,y, z̄ 0, ȳ, z̄ no extra conditions

8 k 1̄ 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

3
4

1
4 ,

3
4 ,

3
4 hkl : k, l = 2n

4 j m m 2 1
2 ,0,z 1

2 ,0, z̄ no extra conditions

4 i m m 2 0,0,z 0,0, z̄ no extra conditions

4 h m 2 m 0,y, 1
2 0, ȳ, 1

2 no extra conditions

4 g m 2 m 0,y,0 0, ȳ,0 no extra conditions

4 f 2 m m x, 1
2 ,0 x̄, 1

2 ,0 no extra conditions

4 e 2 m m x,0,0 x̄,0,0 no extra conditions

2 d m m m 1
2 ,0, 1

2 no extra conditions

2 c m m m 1
2 ,

1
2 ,0 no extra conditions

2 b m m m 0, 1
2 ,

1
2 no extra conditions

2 a m m m 0,0,0 no extra conditions

Symmetry of special projections
Along [001] c2mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] c2mm
a′ = b b′ = c
Origin at x,0,0

Along [010] c2mm
a′ = c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] I mm2 (44) (1; 2; 7; 8)+

[2] I m2m (I mm2, 44) (1; 3; 6; 8)+
[2] I 2mm (I mm2, 44) (1; 4; 6; 7)+
[2] I 222 (23) (1; 2; 3; 4)+
[2] I 112/m (C 2/m, 12) (1; 2; 5; 6)+
[2] I 12/m1 (C 2/m, 12) (1; 3; 5; 7)+
[2] I 2/m11 (C 2/m, 12) (1; 4; 5; 8)+

IIa [2] Pmmn (59) 1; 2; 7; 8; (3; 4; 5; 6)+ ( 1
2 ,

1
2 ,

1
2 )

[2] Pmnm (Pmmn, 59) 1; 3; 6; 8; (2; 4; 5; 7)+ ( 1
2 ,

1
2 ,

1
2 )

[2] Pnmm (Pmmn, 59) 1; 4; 6; 7; (2; 3; 5; 8)+ ( 1
2 ,

1
2 ,

1
2 )

[2] Pnnm (58) 1; 2; 5; 6; (3; 4; 7; 8)+ ( 1
2 ,

1
2 ,

1
2 )

[2] Pnmn (Pnnm, 58) 1; 3; 5; 7; (2; 4; 6; 8)+ ( 1
2 ,

1
2 ,

1
2 )

[2] Pmnn (Pnnm, 58) 1; 4; 5; 8; (2; 3; 6; 7)+ ( 1
2 ,

1
2 ,

1
2 )

[2] Pnnn (48) 1; 2; 3; 4; (5; 6; 7; 8)+ ( 1
2 ,

1
2 ,

1
2 )

[2] Pmmm (47) 1; 2; 3; 4; 5; 6; 7; 8

IIb none
(Continued on preceding page)
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I bam D26
2h mmm Orthorhombic

No. 72 I 2/b 2/a 2/m Patterson symmetry I mmm

Origin at centre (2/m) at cc2/m

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) 2(0, 1

2 ,0) 1
4 ,y,0 (4) 2( 1

2 ,0,0) x, 1
4 ,0

(5) 1̄ 0,0,0 (6) m x,y,0 (7) a x, 1
4 ,z (8) b 1

4 ,y,z

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) 2 0,y, 1

4 (4) 2 x,0, 1
4

(5) 1̄ 1
4 ,

1
4 ,

1
4 (6) n( 1

2 ,
1
2 ,0) x,y, 1

4 (7) c x,0,z (8) c 0,y,z

Maximal isomorphic subgroups of lowest index
IIc [3] I bam (a′ = 3a or b′ = 3b) (72); [3] I bam (c′ = 3c) (72)

Minimal non-isomorphic supergroups
I [2] I 4/mcm (140)

II [2] C mmm (c′ = 1
2 c) (65); [2] Aemm (a′ = 1

2 a) (C mme, 67); [2] Bmem (b′ = 1
2 b) (C mme, 67)
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CONTINUED No. 72 I bam

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

16 k 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄ + 1
2 ,y + 1

2 , z̄ (4) x + 1
2 , ȳ + 1

2 , z̄
(5) x̄, ȳ, z̄ (6) x,y, z̄ (7) x + 1

2 , ȳ+ 1
2 ,z (8) x̄ + 1

2 ,y + 1
2 ,z

hkl : h + k + l = 2n
0kl : k, l = 2n
h0l : h, l = 2n
hk0 : h + k = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

8 j . . m x,y,0 x̄, ȳ,0 x̄+ 1
2 ,y + 1

2 ,0 x + 1
2 , ȳ+ 1

2 ,0 no extra conditions

8 i . . 2 0, 1
2 ,z

1
2 ,0, z̄ 0, 1

2 , z̄
1
2 ,0,z hkl : l = 2n

8 h . . 2 0,0,z 1
2 ,

1
2 , z̄ 0,0, z̄ 1

2 ,
1
2 ,z hkl : l = 2n

8 g . 2 . 0,y, 1
4 0, ȳ, 1

4 0, ȳ, 3
4 0,y, 3

4 hkl : l = 2n

8 f 2 . . x,0, 1
4 x̄,0, 1

4 x̄,0, 3
4 x,0, 3

4 hkl : l = 2n

8 e 1̄ 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

1
4

1
4 ,

3
4 ,

3
4

3
4 ,

1
4 ,

3
4 hkl : k, l = 2n

4 d . . 2/m 1
2 ,0,0 0, 1

2 ,0 hkl : l = 2n

4 c . . 2/m 0,0,0 1
2 ,

1
2 ,0 hkl : l = 2n

4 b 2 2 2 1
2 ,0, 1

4
1
2 ,0, 3

4 hkl : l = 2n

4 a 2 2 2 0,0, 1
4 0,0, 3

4 hkl : l = 2n

Symmetry of special projections
Along [001] c2mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = 1

2 b b′ = 1
2 c

Origin at x,0,0

Along [010] p2mm
a′ = 1

2 c b′ = 1
2 a

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] I b2m (I ma2, 46) (1; 3; 6; 8)+

[2] I 2am (I ma2, 46) (1; 4; 6; 7)+
[2] I ba2 (45) (1; 2; 7; 8)+
[2] I 222 (23) (1; 2; 3; 4)+
[2] I 12/a1 (C 2/c, 15) (1; 3; 5; 7)+
[2] I 2/b11 (C 2/c, 15) (1; 4; 5; 8)+
[2] I 112/m (C 2/m, 12) (1; 2; 5; 6)+

IIa [2] Pcan (Pbcn, 60) 1; 3; 5; 7; (2; 4; 6; 8)+ ( 1
2 ,

1
2 ,

1
2)

[2] Pbcn (60) 1; 4; 5; 8; (2; 3; 6; 7)+ ( 1
2 ,

1
2 ,

1
2)

[2] Pbcm (57) 1; 3; 6; 8; (2; 4; 5; 7)+ ( 1
2 ,

1
2 ,

1
2)

[2] Pcam (Pbcm, 57) 1; 4; 6; 7; (2; 3; 5; 8)+ ( 1
2 ,

1
2 ,

1
2)

[2] Pccn (56) 1; 2; 3; 4; (5; 6; 7; 8)+ ( 1
2 ,

1
2 ,

1
2)

[2] Pbam (55) 1; 2; 3; 4; 5; 6; 7; 8
[2] Pban (50) 1; 2; 7; 8; (3; 4; 5; 6)+ ( 1

2 ,
1
2 ,

1
2)

[2] Pccm (49) 1; 2; 5; 6; (3; 4; 7; 8)+ ( 1
2 ,

1
2 ,

1
2)

IIb none

(Continued on preceding page)
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I bca D27
2h mmm Orthorhombic

No. 73 I 21/b 21/c 21/a Patterson symmetry I mmm

Origin at 1̄ at cab

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2(0,0, 1

2 ) 1
4 ,0,z (3) 2(0, 1

2 ,0) 0,y, 1
4 (4) 2( 1

2 ,0,0) x, 1
4 ,0

(5) 1̄ 0,0,0 (6) a x,y, 1
4 (7) c x, 1

4 ,z (8) b 1
4 ,y,z

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2 0, 1

4 ,z (3) 2 1
4 ,y,0 (4) 2 x,0, 1

4

(5) 1̄ 1
4 ,

1
4 ,

1
4 (6) b x,y,0 (7) a x,0,z (8) c 0,y,z
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CONTINUED No. 73 I bca

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

16 f 1 (1) x,y,z (2) x̄+ 1
2 , ȳ,z+ 1

2 (3) x̄,y + 1
2 , z̄+ 1

2 (4) x + 1
2 , ȳ + 1

2 , z̄
(5) x̄, ȳ, z̄ (6) x + 1

2 ,y, z̄ + 1
2 (7) x, ȳ+ 1

2 ,z+ 1
2 (8) x̄+ 1

2 ,y + 1
2 ,z

hkl : h + k + l = 2n
0kl : k, l = 2n
h0l : h, l = 2n
hk0 : h,k = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

8 e . . 2 0, 1
4 ,z 0, 3

4 , z̄+ 1
2 0, 3

4 , z̄ 0, 1
4 ,z+ 1

2 hkl : l = 2n

8 d . 2 . 1
4 ,y,0

1
4 , ȳ,

1
2

3
4 , ȳ,0

3
4 ,y,

1
2 hkl : k = 2n

8 c 2 . . x,0, 1
4 x̄+ 1

2 ,0, 3
4 x̄,0, 3

4 x + 1
2 ,0, 1

4 hkl : h = 2n

8 b 1̄ 1
4 ,

1
4 ,

1
4

1
4 ,

3
4 ,

3
4

3
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

3
4 hkl : k, l = 2n

8 a 1̄ 0,0,0 1
2 ,0, 1

2 0, 1
2 ,

1
2

1
2 ,

1
2 ,0 hkl : k, l = 2n

Symmetry of special projections
Along [001] p2mm
a′ = 1

2 a b′ = 1
2 b

Origin at 0,0,z

Along [100] p2mm
a′ = 1

2 b b′ = 1
2 c

Origin at x,0,0

Along [010] p2mm
a′ = 1

2 c b′ = 1
2 a

Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] I bc2 (I ba2, 45) (1; 2; 7; 8)+

[2] I b2a (I ba2, 45) (1; 3; 6; 8)+
[2] I 2ca (I ba2, 45) (1; 4; 6; 7)+
[2] I 21 21 21 (24) (1; 2; 3; 4)+
[2] I 112/a (C 2/c, 15) (1; 2; 5; 6)+
[2] I 12/c1 (C 2/c, 15) (1; 3; 5; 7)+
[2] I 2/b11 (C 2/c, 15) (1; 4; 5; 8)+

IIa [2] Pbca (61) 1; 2; 3; 4; 5; 6; 7; 8
[2] Pcab (Pbca, 61) 1; 2; 3; 4; (5; 6; 7; 8)+ ( 1

2 ,
1
2 ,

1
2)

[2] Pcaa (Pcca, 54) 1; 2; 5; 6; (3; 4; 7; 8)+ ( 1
2 ,

1
2 ,

1
2)

[2] Pccb (Pcca, 54) 1; 3; 5; 7; (2; 4; 6; 8)+ ( 1
2 ,

1
2 ,

1
2)

[2] Pbab (Pcca, 54) 1; 4; 5; 8; (2; 3; 6; 7)+ ( 1
2 ,

1
2 ,

1
2)

[2] Pbcb (Pcca, 54) 1; 2; 7; 8; (3; 4; 5; 6)+ ( 1
2 ,

1
2 ,

1
2)

[2] Pbaa (Pcca, 54) 1; 3; 6; 8; (2; 4; 5; 7)+ ( 1
2 ,

1
2 ,

1
2)

[2] Pcca (54) 1; 4; 6; 7; (2; 3; 5; 8)+ ( 1
2 ,

1
2 ,

1
2)

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I bca (a′ = 3a or b′ = 3b or c′ = 3c) (73)

Minimal non-isomorphic supergroups
I [2] I 41/acd (142); [3] I a 3̄ (206)

II [2] Aemm (a′ = 1
2 a) (C mme, 67); [2] Bmem (b′ = 1

2 b) (C mme, 67); [2] C mme (c′ = 1
2 c) (67)
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I mma D28
2h mmm Orthorhombic

No. 74 I 21/m 21/m 21/a Patterson symmetry I mmm

Origin at centre (2/m) at 2/m21/nb

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1

4 ; 0 ≤ z ≤ 1

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0, 1

4 ,z (3) 2(0, 1
2 ,0) 0,y,0 (4) 2 x,0,0

(5) 1̄ 0,0,0 (6) b x,y,0 (7) m x, 1
4 ,z (8) m 0,y,z

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2(0,0, 1

2 ) 1
4 ,0,z (3) 2 1

4 ,y,
1
4 (4) 2( 1

2 ,0,0) x, 1
4 ,

1
4

(5) 1̄ 1
4 ,

1
4 ,

1
4 (6) a x,y, 1

4 (7) n( 1
2 ,0, 1

2 ) x,0,z (8) n(0, 1
2 ,

1
2 ) 1

4 ,y,z

Maximal isomorphic subgroups of lowest index
IIc [3] I mma (a′ = 3a or b′ = 3b) (74); [3] I mma (c′ = 3c) (74)

Minimal non-isomorphic supergroups
I [2] I 41/amd (141)

II [2] Ammm (a′ = 1
2 a) (C mmm, 65); [2] Bmmm (b′ = 1

2 b) (C mmm, 65); [2] C mme (c′ = 1
2 c) (67)
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CONTINUED No. 74 I mma

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

16 j 1 (1) x,y,z (2) x̄, ȳ + 1
2 ,z (3) x̄,y + 1

2 , z̄ (4) x, ȳ, z̄
(5) x̄, ȳ, z̄ (6) x,y + 1

2 , z̄ (7) x, ȳ + 1
2 ,z (8) x̄,y,z

hkl : h + k + l = 2n
0kl : k + l = 2n
h0l : h + l = 2n
hk0 : h,k = 2n
h00 : h = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

8 i . m . x, 1
4 ,z x̄, 1

4 ,z x̄, 3
4 , z̄ x, 3

4 , z̄ no extra conditions

8 h m . . 0,y,z 0, ȳ+ 1
2 ,z 0,y + 1

2 , z̄ 0, ȳ, z̄ no extra conditions

8 g . 2 . 1
4 ,y,

1
4

3
4 , ȳ + 1

2 ,
1
4

3
4 , ȳ,

3
4

1
4 ,y + 1

2 ,
3
4 hkl : h = 2n

8 f 2 . . x,0,0 x̄, 1
2 ,0 x̄,0,0 x, 1

2 ,0 hkl : k = 2n

4 e m m 2 0, 1
4 ,z 0, 3

4 , z̄ no extra conditions

4 d . 2/m . 1
4 ,

1
4 ,

3
4

3
4 ,

1
4 ,

3
4 hkl : h = 2n

4 c . 2/m . 1
4 ,

1
4 ,

1
4

3
4 ,

1
4 ,

1
4 hkl : h = 2n

4 b 2/m . . 0,0, 1
2 0, 1

2 ,
1
2 hkl : h = 2n

4 a 2/m . . 0,0,0 0, 1
2 ,0 hkl : h = 2n

Symmetry of special projections
Along [001] p2mm
a′ = 1

2 a b′ = 1
2 b

Origin at 0,0,z

Along [100] c2mm
a′ = b b′ = c
Origin at x, 1

4 ,
1
4

Along [010] c2mm
a′ = c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] I m2b (I ma2, 46) (1; 3; 6; 8)+

[2] I 2mb (I ma2, 46) (1; 4; 6; 7)+
[2] I mm2 (44) (1; 2; 7; 8)+
[2] I 21 21 21 (24) (1; 2; 3; 4)+
[2] I 112/b (C 2/c, 15) (1; 2; 5; 6)+
[2] I 12/m1 (C 2/m, 12) (1; 3; 5; 7)+
[2] I 2/m11 (C 2/m, 12) (1; 4; 5; 8)+

IIa [2] Pnma (62) 1; 3; 5; 7; (2; 4; 6; 8)+ ( 1
2 ,

1
2 ,

1
2)

[2] Pmnb (Pnma, 62) 1; 3; 6; 8; (2; 4; 5; 7)+ ( 1
2 ,

1
2 ,

1
2)

[2] Pnmb (Pmna, 53) 1; 4; 6; 7; (2; 3; 5; 8)+ ( 1
2 ,

1
2 ,

1
2)

[2] Pmna (53) 1; 4; 5; 8; (2; 3; 6; 7)+ ( 1
2 ,

1
2 ,

1
2)

[2] Pnna (52) 1; 2; 3; 4; (5; 6; 7; 8)+ ( 1
2 ,

1
2 ,

1
2)

[2] Pnnb (Pnna, 52) 1; 2; 5; 6; (3; 4; 7; 8)+ ( 1
2 ,

1
2 ,

1
2)

[2] Pmma (51) 1; 2; 7; 8; (3; 4; 5; 6)+ ( 1
2 ,

1
2 ,

1
2)

[2] Pmmb (Pmma, 51) 1; 2; 3; 4; 5; 6; 7; 8

IIb none

(Continued on preceding page)

331



P4 C1
4 4 Tetragonal

No. 75 P4 Patterson symmetry P4/m

Origin on 4

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+ 0,0,z (4) 4− 0,0,z

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 d 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z (4) y, x̄,z no conditions

Special:

2 c 2 . . 0, 1
2 ,z

1
2 ,0,z hkl : h + k = 2n

1 b 4 . . 1
2 ,

1
2 ,z no extra conditions

1 a 4 . . 0,0,z no extra conditions

Symmetry of special projections
Along [001] p4
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = b b′ = c
Origin at x,0,0

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P2 (3) 1; 2
IIa none

IIb [2] P42 (c′ = 2c) (77); [2] F 4 (a′ = 2a,b′ = 2b,c′ = 2c) (I 4, 79)

Maximal isomorphic subgroups of lowest index
IIc [2] P4 (c′ = 2c) (75); [2] C 4 (a′ = 2a,b′ = 2b) (P4, 75)

Minimal non-isomorphic supergroups
I [2] P4/m (83); [2] P4/n (85); [2] P422 (89); [2] P421 2 (90); [2] P4mm (99); [2] P4bm (100); [2] P4cc (103); [2] P4nc (104)

II [2] I 4 (79)
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Tetragonal 4 C2
4 P41

Patterson symmetry P4/m P41 No. 76

Origin on 41

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2(0,0, 1
2 ) 0,0,z (3) 4+(0,0, 1

4 ) 0,0,z (4) 4−(0,0, 3
4 ) 0,0,z

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 a 1 (1) x,y,z (2) x̄, ȳ,z+ 1
2 (3) ȳ,x,z+ 1

4 (4) y, x̄,z+ 3
4 00l : l = 4n

Symmetry of special projections
Along [001] p4
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1g1
a′ = b b′ = c
Origin at x,0,0

Along [110] p1g1
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P21 (4) 1; 2

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [2] C 41 (a′ = 2a,b′ = 2b) (P41, 76); [3] P43 (c′ = 3c) (78); [5] P41 (c′ = 5c) (76)

Minimal non-isomorphic supergroups
I [2] P41 22 (91); [2] P41 21 2 (92)

II [2] I 41 (80); [2] P42 (c′ = 1
2 c) (77)
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P42 C3
4 4 Tetragonal

No. 77 P42 Patterson symmetry P4/m

Origin on 2 on 42

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+(0,0, 1
2 ) 0,0,z (4) 4−(0,0, 1

2) 0,0,z

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 d 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z+ 1
2 (4) y, x̄,z+ 1

2 00l : l = 2n

Special: as above, plus

2 c 2 . . 0, 1
2 ,z

1
2 ,0,z+ 1

2 hkl : h + k + l = 2n

2 b 2 . . 1
2 ,

1
2 ,z

1
2 ,

1
2 ,z+ 1

2 hkl : l = 2n

2 a 2 . . 0,0,z 0,0,z+ 1
2 hkl : l = 2n

Symmetry of special projections
Along [001] p4
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = b b′ = c
Origin at x,0,0

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P2 (3) 1; 2
IIa none

IIb [2] P43 (c′ = 2c) (78); [2] P41 (c′ = 2c) (76); [2] F 41 (a′ = 2a,b′ = 2b,c′ = 2c) (I 41, 80)

Maximal isomorphic subgroups of lowest index
IIc [2] C 42 (a′ = 2a,b′ = 2b) (P42, 77); [3] P42 (c′ = 3c) (77)

Minimal non-isomorphic supergroups
I [2] P42/m (84); [2] P42/n (86); [2] P42 22 (93); [2] P42 21 2 (94); [2] P42 cm (101); [2] P42 nm (102); [2] P42 mc (105);

[2] P42 bc (106)
II [2] I 4 (79); [2] P4 (c′ = 1

2 c) (75)
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Tetragonal 4 C4
4 P43

Patterson symmetry P4/m P43 No. 78

Origin on 43

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2(0,0, 1
2 ) 0,0,z (3) 4+(0,0, 3

4 ) 0,0,z (4) 4−(0,0, 1
4 ) 0,0,z

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 a 1 (1) x,y,z (2) x̄, ȳ,z+ 1
2 (3) ȳ,x,z+ 3

4 (4) y, x̄,z+ 1
4 00l : l = 4n

Symmetry of special projections
Along [001] p4
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1g1
a′ = b b′ = c
Origin at x,0,0

Along [110] p1g1
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P21 (4) 1; 2

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [2] C 43 (a′ = 2a,b′ = 2b) (P43, 78); [3] P41 (c′ = 3c) (76); [5] P43 (c′ = 5c) (78)

Minimal non-isomorphic supergroups
I [2] P43 22 (95); [2] P43 21 2 (96)

II [2] I 41 (80); [2] P42 (c′ = 1
2 c) (77)
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I 4 C5
4 4 Tetragonal

No. 79 I 4 Patterson symmetry I 4/m

Origin on 4

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) 4+ 0,0,z (4) 4− 0,0,z

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) 4+(0,0, 1

2 ) 0, 1
2 ,z (4) 4−(0,0, 1

2 ) 1
2 ,0,z
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CONTINUED No. 79 I 4

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

8 c 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z (4) y, x̄,z hkl : h + k + l = 2n
hk0 : h + k = 2n
0kl : k + l = 2n
hhl : l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

4 b 2 . . 0, 1
2 ,z

1
2 ,0,z hkl : l = 2n

2 a 4 . . 0,0,z no extra conditions

Symmetry of special projections
Along [001] p4
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [100] c1m1
a′ = b b′ = c
Origin at x,0,0

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] I 2 (C 2, 5) (1; 2)+
IIa [2] P42 (77) 1; 2; (3; 4) + ( 1

2 ,
1
2 ,

1
2)

[2] P4 (75) 1; 2; 3; 4

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I 4 (c′ = 3c) (79); [5] I 4 (a′ = a + 2b,b′ = −2a + b or a′ = a−2b,b′ = 2a + b) (79)

Minimal non-isomorphic supergroups
I [2] I 4/m (87); [2] I 422 (97); [2] I 4mm (107); [2] I 4cm (108)

II [2] C 4 (c′ = 1
2 c) (P4, 75)
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I 41 C6
4 4 Tetragonal

No. 80 I 41 Patterson symmetry I 4/m

Origin on 2

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1

4

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) 4+(0,0, 1

4 ) − 1
4 ,

1
4 ,z (4) 4−(0,0, 3

4) 1
4 ,− 1

4 ,z

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2 0,0,z (3) 4+(0,0, 3

4 ) 1
4 ,

1
4 ,z (4) 4−(0,0, 1

4) 1
4 ,

1
4 ,z
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CONTINUED No. 80 I 41

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

8 b 1 (1) x,y,z (2) x̄ + 1
2 , ȳ+ 1

2 ,z+ 1
2 (3) ȳ,x + 1

2 ,z+ 1
4 (4) y + 1

2 , x̄,z+ 3
4 hkl : h + k + l = 2n

hk0 : h + k = 2n
0kl : k + l = 2n
hhl : l = 2n
00l : l = 4n
h00 : h = 2n

Special: as above, plus

4 a 2 . . 0,0,z 0, 1
2 ,z+ 1

4 hkl : l = 2n + 1
or 2h + l = 4n

Symmetry of special projections
Along [001] p4
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 1
4 ,

1
4 ,z

Along [100] c1m1
a′ = b b′ = c
Origin at x,0,0

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] I 2 (C 2, 5) (1; 2)+
IIa [2] P43 (78) 1; 2; (3; 4) + ( 1

2 ,
1
2 ,

1
2)

[2] P41 (76) 1; 2; 3; 4

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I 41 (c′ = 3c) (80); [5] I 41 (a′ = a + 2b,b′ = −2a + b or a′ = a−2b,b′ = 2a + b) (80)

Minimal non-isomorphic supergroups
I [2] I 41/a (88); [2] I 41 22 (98); [2] I 41 md (109); [2] I 41 cd (110)

II [2] C 42 (c′ = 1
2 c) (P42, 77)
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P 4̄ S1
4 4̄ Tetragonal

No. 81 P 4̄ Patterson symmetry P4/m

Origin at 4̄

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4̄+ 0,0,z; 0,0,0 (4) 4̄− 0,0,z; 0,0,0
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CONTINUED No. 81 P 4̄

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 h 1 (1) x,y,z (2) x̄, ȳ,z (3) y, x̄, z̄ (4) ȳ,x, z̄ no conditions

Special:

2 g 2 . . 0, 1
2 ,z

1
2 ,0, z̄ hk0 : h + k = 2n

2 f 2 . . 1
2 ,

1
2 ,z

1
2 ,

1
2 , z̄ no extra conditions

2 e 2 . . 0,0,z 0,0, z̄ no extra conditions

1 d 4̄ . . 1
2 ,

1
2 ,

1
2 no extra conditions

1 c 4̄ . . 1
2 ,

1
2 ,0 no extra conditions

1 b 4̄ . . 0,0, 1
2 no extra conditions

1 a 4̄ . . 0,0,0 no extra conditions

Symmetry of special projections
Along [001] p4
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = b b′ = c
Origin at x,0,0

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P2 (3) 1; 2

IIa none

IIb [2] F 4̄ (a′ = 2a,b′ = 2b,c′ = 2c) (I 4̄, 82)

Maximal isomorphic subgroups of lowest index
IIc [2] P 4̄ (c′ = 2c) (81); [2] C 4̄ (a′ = 2a,b′ = 2b) (P 4̄, 81)

Minimal non-isomorphic supergroups
I [2] P4/m (83); [2] P42/m (84); [2] P4/n (85); [2] P42/n (86); [2] P 4̄ 2m (111); [2] P 4̄ 2c (112); [2] P 4̄ 21 m (113); [2] P 4̄ 21 c (114);

[2] P 4̄m2 (115); [2] P 4̄c2 (116); [2] P 4̄b2 (117); [2] P 4̄n2 (118)

II [2] I 4̄ (82)
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I 4̄ S2
4 4̄ Tetragonal

No. 82 I 4̄ Patterson symmetry I 4/m

Origin at 4̄

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) 4̄+ 0,0,z; 0,0,0 (4) 4̄− 0,0,z; 0,0,0

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) 4̄+ 1

2 ,0,z; 1
2 ,0, 1

4 (4) 4̄− 0, 1
2 ,z; 0, 1

2 ,
1
4
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CONTINUED No. 82 I 4̄

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

8 g 1 (1) x,y,z (2) x̄, ȳ,z (3) y, x̄, z̄ (4) ȳ,x, z̄ hkl : h + k + l = 2n
hk0 : h + k = 2n
0kl : k + l = 2n
hhl : l = 2n
00l : l = 2n
h00 : h = 2n

Special: no extra conditions

4 f 2 . . 0, 1
2 ,z

1
2 ,0, z̄

4 e 2 . . 0,0,z 0,0, z̄

2 d 4̄ . . 0, 1
2 ,

3
4

2 c 4̄ . . 0, 1
2 ,

1
4

2 b 4̄ . . 0,0, 1
2

2 a 4̄ . . 0,0,0

Symmetry of special projections
Along [001] p4
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [100] c1m1
a′ = b b′ = c
Origin at x,0,0

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] I 2 (C 2, 5) (1; 2)+

IIa [2] P 4̄ (81) 1; 2; 3; 4
[2] P 4̄ (81) 1; 2; (3; 4) + ( 1

2 ,
1
2 ,

1
2)

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I 4̄ (c′ = 3c) (82); [5] I 4̄ (a′ = a + 2b,b′ = −2a + b or a′ = a−2b,b′ = 2a + b) (82)

Minimal non-isomorphic supergroups
I [2] I 4/m (87); [2] I 41/a (88); [2] I 4̄m2 (119); [2] I 4̄c2 (120); [2] I 4̄ 2m (121); [2] I 4̄ 2d (122)
II [2] C 4̄ (c′ = 1

2 c) (P 4̄, 81)
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P4/m C1
4h 4/m Tetragonal

No. 83 P4/m Patterson symmetry P4/m

Origin at centre (4/m)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+ 0,0,z (4) 4− 0,0,z
(5) 1̄ 0,0,0 (6) m x,y,0 (7) 4̄+ 0,0,z; 0,0,0 (8) 4̄− 0,0,z; 0,0,0
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CONTINUED No. 83 P4/m

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 l 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z (4) y, x̄,z
(5) x̄, ȳ, z̄ (6) x,y, z̄ (7) y, x̄, z̄ (8) ȳ,x, z̄

no conditions

Special:

4 k m . . x,y, 1
2 x̄, ȳ, 1

2 ȳ,x, 1
2 y, x̄, 1

2 no extra conditions

4 j m . . x,y,0 x̄, ȳ,0 ȳ,x,0 y, x̄,0 no extra conditions

4 i 2 . . 0, 1
2 ,z

1
2 ,0,z 0, 1

2 , z̄
1
2 ,0, z̄ hkl : h + k = 2n

2 h 4 . . 1
2 ,

1
2 ,z

1
2 ,

1
2 , z̄ no extra conditions

2 g 4 . . 0,0,z 0,0, z̄ no extra conditions

2 f 2/m . . 0, 1
2 ,

1
2

1
2 ,0, 1

2 hkl : h + k = 2n

2 e 2/m . . 0, 1
2 ,0

1
2 ,0,0 hkl : h + k = 2n

1 d 4/m . . 1
2 ,

1
2 ,

1
2 no extra conditions

1 c 4/m . . 1
2 ,

1
2 ,0 no extra conditions

1 b 4/m . . 0,0, 1
2 no extra conditions

1 a 4/m . . 0,0,0 no extra conditions

Symmetry of special projections
Along [001] p4
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = b b′ = c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄ (81) 1; 2; 7; 8

[2] P4 (75) 1; 2; 3; 4
[2] P2/m (10) 1; 2; 5; 6

IIa none

IIb [2] P42/m (c′ = 2c) (84); [2] C 4/e (a′ = 2a,b′ = 2b) (P4/n, 85); [2] F 4/m (a′ = 2a,b′ = 2b,c′ = 2c) (I 4/m, 87)

Maximal isomorphic subgroups of lowest index
IIc [2] P4/m (c′ = 2c) (83); [2] C 4/m (a′ = 2a,b′ = 2b) (P4/m, 83)

Minimal non-isomorphic supergroups
I [2] P4/mmm (123); [2] P4/mcc (124); [2] P4/mbm (127); [2] P4/mnc (128)

II [2] I 4/m (87)
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P42/m C2
4h 4/m Tetragonal

No. 84 P42/m Patterson symmetry P4/m

Origin at centre (2/m) on 42

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+(0,0, 1
2 ) 0,0,z (4) 4−(0,0, 1

2) 0,0,z
(5) 1̄ 0,0,0 (6) m x,y,0 (7) 4̄+ 0,0,z; 0,0, 1

4 (8) 4̄− 0,0,z; 0,0, 1
4
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CONTINUED No. 84 P42/m

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 k 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z+ 1
2 (4) y, x̄,z+ 1

2

(5) x̄, ȳ, z̄ (6) x,y, z̄ (7) y, x̄, z̄+ 1
2 (8) ȳ,x, z̄+ 1

2

00l : l = 2n

Special: as above, plus

4 j m . . x,y,0 x̄, ȳ,0 ȳ,x, 1
2 y, x̄, 1

2 no extra conditions

4 i 2 . . 0, 1
2 ,z

1
2 ,0,z+ 1

2 0, 1
2 , z̄

1
2 ,0, z̄+ 1

2 hkl : h + k + l = 2n

4 h 2 . . 1
2 ,

1
2 ,z

1
2 ,

1
2 ,z+ 1

2
1
2 ,

1
2 , z̄

1
2 ,

1
2 , z̄+ 1

2 hkl : l = 2n

4 g 2 . . 0,0,z 0,0,z+ 1
2 0,0, z̄ 0,0, z̄+ 1

2 hkl : l = 2n

2 f 4̄ . . 1
2 ,

1
2 ,

1
4

1
2 ,

1
2 ,

3
4 hkl : l = 2n

2 e 4̄ . . 0,0, 1
4 0,0, 3

4 hkl : l = 2n

2 d 2/m . . 0, 1
2 ,

1
2

1
2 ,0,0 hkl : h + k + l = 2n

2 c 2/m . . 0, 1
2 ,0

1
2 ,0, 1

2 hkl : h + k + l = 2n

2 b 2/m . . 1
2 ,

1
2 ,0

1
2 ,

1
2 ,

1
2 hkl : l = 2n

2 a 2/m . . 0,0,0 0,0, 1
2 hkl : l = 2n

Symmetry of special projections
Along [001] p4
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = b b′ = c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄ (81) 1; 2; 7; 8

[2] P42 (77) 1; 2; 3; 4
[2] P2/m (10) 1; 2; 5; 6

IIa none

IIb [2] C 42/e (a′ = 2a,b′ = 2b) (P42/n, 86)

Maximal isomorphic subgroups of lowest index
IIc [2] C 42/m (a′ = 2a,b′ = 2b) (P42/m, 84); [3] P42/m (c′ = 3c) (84)

Minimal non-isomorphic supergroups
I [2] P42/mmc (131); [2] P42/mcm (132); [2] P42/mbc (135); [2] P42/mnm (136)
II [2] I 4/m (87); [2] P4/m (c′ = 1

2 c) (83)
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P4/n C3
4h 4/m Tetragonal

No. 85 P4/n Patterson symmetry P4/m

ORIGIN CHOICE 1

Origin at 4̄ on n, at − 1
4 ,

1
4 ,0 from 1̄

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+ 0, 1
2 ,z (4) 4− 1

2 ,0,z
(5) 1̄ 1

4 ,
1
4 ,0 (6) n( 1

2 ,
1
2 ,0) x,y,0 (7) 4̄+ 0,0,z; 0,0,0 (8) 4̄− 0,0,z; 0,0,0
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CONTINUED No. 85 P4/n

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 g 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ + 1
2 ,x + 1

2 ,z (4) y + 1
2 , x̄ + 1

2 ,z
(5) x̄+ 1

2 , ȳ + 1
2 , z̄ (6) x + 1

2 ,y + 1
2 , z̄ (7) y, x̄, z̄ (8) ȳ,x, z̄

hk0 : h + k = 2n
h00 : h = 2n

Special: as above, plus

4 f 2 . . 0,0,z 1
2 ,

1
2 ,z

1
2 ,

1
2 , z̄ 0,0, z̄ hkl : h + k = 2n

4 e 1̄ 1
4 ,

1
4 ,

1
2

3
4 ,

3
4 ,

1
2

1
4 ,

3
4 ,

1
2

3
4 ,

1
4 ,

1
2 hkl : h,k = 2n

4 d 1̄ 1
4 ,

1
4 ,0

3
4 ,

3
4 ,0

1
4 ,

3
4 ,0

3
4 ,

1
4 ,0 hkl : h,k = 2n

2 c 4 . . 0, 1
2 ,z

1
2 ,0, z̄ no extra conditions

2 b 4̄ . . 0,0, 1
2

1
2 ,

1
2 ,

1
2 hkl : h + k = 2n

2 a 4̄ . . 0,0,0 1
2 ,

1
2 ,0 hkl : h + k = 2n

Symmetry of special projections
Along [001] p4
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [100] p2mg
a′ = b b′ = c
Origin at x, 1

4 ,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄ (81) 1; 2; 7; 8

[2] P4 (75) 1; 2; 3; 4
[2] P2/n (P2/c, 13) 1; 2; 5; 6

IIa none

IIb [2] P42/n (c′ = 2c) (86)

Maximal isomorphic subgroups of lowest index
IIc [2] P4/n (c′ = 2c) (85); [5] P4/n (a′ = a + 2b,b′ = −2a + b or a′ = a−2b,b′ = 2a + b) (85)

Minimal non-isomorphic supergroups
I [2] P4/nbm (125); [2] P4/nnc (126); [2] P4/nmm (129); [2] P4/ncc (130)
II [2] C 4/m (P4/m, 83); [2] I 4/m (87)
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P4/n C3
4h 4/m Tetragonal

No. 85 P4/n Patterson symmetry P4/m

ORIGIN CHOICE 2

Origin at 1̄ on n, at 1
4 ,− 1

4 ,0 from 4̄

Asymmetric unit − 1
4 ≤ x ≤ 1

4 ; − 1
4 ≤ y ≤ 1

4 ; 0 ≤ z ≤ 1
2

Symmetry operations

(1) 1 (2) 2 1
4 ,

1
4 ,z (3) 4+ 1

4 ,
1
4 ,z (4) 4− 1

4 ,
1
4 ,z

(5) 1̄ 0,0,0 (6) n( 1
2 ,

1
2 ,0) x,y,0 (7) 4̄+ 1

4 ,− 1
4 ,z; 1

4 ,− 1
4 ,0 (8) 4̄− − 1

4 ,
1
4 ,z; − 1

4 ,
1
4 ,0
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CONTINUED No. 85 P4/n

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 g 1 (1) x,y,z (2) x̄+ 1
2 , ȳ + 1

2 ,z (3) ȳ+ 1
2 ,x,z (4) y, x̄ + 1

2 ,z
(5) x̄, ȳ, z̄ (6) x + 1

2 ,y + 1
2 , z̄ (7) y + 1

2 , x̄, z̄ (8) ȳ,x + 1
2 , z̄

hk0 : h + k = 2n
h00 : h = 2n

Special: as above, plus

4 f 2 . . 1
4 ,

3
4 ,z

3
4 ,

1
4 ,z

3
4 ,

1
4 , z̄

1
4 ,

3
4 , z̄ hkl : h + k = 2n

4 e 1̄ 0,0, 1
2

1
2 ,

1
2 ,

1
2

1
2 ,0, 1

2 0, 1
2 ,

1
2 hkl : h,k = 2n

4 d 1̄ 0,0,0 1
2 ,

1
2 ,0

1
2 ,0,0 0, 1

2 ,0 hkl : h,k = 2n

2 c 4 . . 1
4 ,

1
4 ,z

3
4 ,

3
4 , z̄ no extra conditions

2 b 4̄ . . 1
4 ,

3
4 ,

1
2

3
4 ,

1
4 ,

1
2 hkl : h + k = 2n

2 a 4̄ . . 1
4 ,

3
4 ,0

3
4 ,

1
4 ,0 hkl : h + k = 2n

Symmetry of special projections
Along [001] p4
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 1
4 ,

1
4 ,z

Along [100] p2mg
a′ = b b′ = c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄ (81) 1; 2; 7; 8

[2] P4 (75) 1; 2; 3; 4
[2] P2/n (P2/c, 13) 1; 2; 5; 6

IIa none

IIb [2] P42/n (c′ = 2c) (86)

Maximal isomorphic subgroups of lowest index
IIc [2] P4/n (c′ = 2c) (85); [5] P4/n (a′ = a + 2b,b′ = −2a + b or a′ = a−2b,b′ = 2a + b) (85)

Minimal non-isomorphic supergroups
I [2] P4/nbm (125); [2] P4/nnc (126); [2] P4/nmm (129); [2] P4/ncc (130)
II [2] C 4/m (P4/m, 83); [2] I 4/m (87)
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P42/n C4
4h 4/m Tetragonal

No. 86 P42/n Patterson symmetry P4/m

ORIGIN CHOICE 1

Origin at 4̄, at − 1
4 ,− 1

4 ,− 1
4 from 1̄

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1

4

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+(0,0, 1
2 ) 0, 1

2 ,z (4) 4−(0,0, 1
2 ) 1

2 ,0,z
(5) 1̄ 1

4 ,
1
4 ,

1
4 (6) n( 1

2 ,
1
2 ,0) x,y, 1

4 (7) 4̄+ 0,0,z; 0,0,0 (8) 4̄− 0,0,z; 0,0,0
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CONTINUED No. 86 P42/n

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 g 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ+ 1
2 ,x + 1

2 ,z+ 1
2 (4) y + 1

2 , x̄+ 1
2 ,z+ 1

2

(5) x̄ + 1
2 , ȳ + 1

2 , z̄+ 1
2 (6) x + 1

2 ,y + 1
2 , z̄+ 1

2 (7) y, x̄, z̄ (8) ȳ,x, z̄
hk0 : h + k = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

4 f 2 . . 0,0,z 1
2 ,

1
2 ,z+ 1

2
1
2 ,

1
2 , z̄+ 1

2 0,0, z̄ hkl : h + k + l = 2n

4 e 2 . . 0, 1
2 ,z 0, 1

2 ,z+ 1
2

1
2 ,0, z̄+ 1

2
1
2 ,0, z̄ hkl : l = 2n

4 d 1̄ 1
4 ,

1
4 ,

3
4

3
4 ,

3
4 ,

3
4

1
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

1
4 hkl : h + k,h + l,k + l = 2n

4 c 1̄ 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

1
4

1
4 ,

3
4 ,

3
4

3
4 ,

1
4 ,

3
4 hkl : h + k,h + l,k + l = 2n

2 b 4̄ . . 0,0, 1
2

1
2 ,

1
2 ,0 hkl : h + k + l = 2n

2 a 4̄ . . 0,0,0 1
2 ,

1
2 ,

1
2 hkl : h + k + l = 2n

Symmetry of special projections
Along [001] p4
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [100] p2mg
a′ = b b′ = c
Origin at x, 1

4 ,
1
4

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x, 1

4

Maximal non-isomorphic subgroups
I [2] P 4̄ (81) 1; 2; 7; 8

[2] P42 (77) 1; 2; 3; 4
[2] P2/n (P2/c, 13) 1; 2; 5; 6

IIa none

IIb [2] F 41/d (a′ = 2a,b′ = 2b,c′ = 2c) (I 41/a, 88)

Maximal isomorphic subgroups of lowest index
IIc [3] P42/n (c′ = 3c) (86); [5] P42/n (a′ = a + 2b,b′ = −2a + b or a′ = a−2b,b′ = 2a + b) (86)

Minimal non-isomorphic supergroups
I [2] P42/nbc (133); [2] P42/nnm (134); [2] P42/nmc (137); [2] P42/ncm (138)
II [2] C 42/m (P42/m, 84); [2] I 4/m (87); [2] P4/n (c′ = 1

2 c) (85)
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P42/n C4
4h 4/m Tetragonal

No. 86 P42/n Patterson symmetry P4/m

ORIGIN CHOICE 2

Origin at 1̄ on n, at 1
4 ,

1
4 ,

1
4 from 4̄

Asymmetric unit − 1
4 ≤ x ≤ 1

4 ; − 1
4 ≤ y ≤ 1

4 ; 0 ≤ z ≤ 1
2

Symmetry operations

(1) 1 (2) 2 1
4 ,

1
4 ,z (3) 4+(0,0, 1

2) − 1
4 ,

1
4 ,z (4) 4−(0,0, 1

2 ) 1
4 ,− 1

4 ,z
(5) 1̄ 0,0,0 (6) n( 1

2 ,
1
2 ,0) x,y,0 (7) 4̄+ 1

4 ,
1
4 ,z; 1

4 ,
1
4 ,

1
4 (8) 4̄− 1

4 ,
1
4 ,z; 1

4 ,
1
4 ,

1
4
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CONTINUED No. 86 P42/n

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 g 1 (1) x,y,z (2) x̄+ 1
2 , ȳ + 1

2 ,z (3) ȳ,x + 1
2 ,z+ 1

2 (4) y + 1
2 , x̄,z+ 1

2

(5) x̄, ȳ, z̄ (6) x + 1
2 ,y + 1

2 , z̄ (7) y, x̄ + 1
2 , z̄+ 1

2 (8) ȳ+ 1
2 ,x, z̄+ 1

2

hk0 : h + k = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

4 f 2 . . 1
4 ,

1
4 ,z

3
4 ,

3
4 ,z+ 1

2
3
4 ,

3
4 , z̄

1
4 ,

1
4 , z̄+ 1

2 hkl : h + k + l = 2n

4 e 2 . . 3
4 ,

1
4 ,z

3
4 ,

1
4 ,z+ 1

2
1
4 ,

3
4 , z̄

1
4 ,

3
4 , z̄+ 1

2 hkl : l = 2n

4 d 1̄ 0,0, 1
2

1
2 ,

1
2 ,

1
2 0, 1

2 ,0
1
2 ,0,0 hkl : h + k,h + l,k + l = 2n

4 c 1̄ 0,0,0 1
2 ,

1
2 ,0 0, 1

2 ,
1
2

1
2 ,0, 1

2 hkl : h + k,h + l,k + l = 2n

2 b 4̄ . . 1
4 ,

1
4 ,

3
4

3
4 ,

3
4 ,

1
4 hkl : h + k + l = 2n

2 a 4̄ . . 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

3
4 hkl : h + k + l = 2n

Symmetry of special projections
Along [001] p4
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 1
4 ,

1
4 ,z

Along [100] p2mg
a′ = b b′ = c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄ (81) 1; 2; 7; 8

[2] P42 (77) 1; 2; 3; 4
[2] P2/n (P2/c, 13) 1; 2; 5; 6

IIa none

IIb [2] F 41/d (a′ = 2a,b′ = 2b,c′ = 2c) (I 41/a, 88)

Maximal isomorphic subgroups of lowest index
IIc [3] P42/n (c′ = 3c) (86); [5] P42/n (a′ = a + 2b,b′ = −2a + b or a′ = a−2b,b′ = 2a + b) (86)

Minimal non-isomorphic supergroups
I [2] P42/nbc (133); [2] P42/nnm (134); [2] P42/nmc (137); [2] P42/ncm (138)
II [2] C 42/m (P42/m, 84); [2] I 4/m (87); [2] P4/n (c′ = 1

2 c) (85)
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I 4/m C5
4h 4/m Tetragonal

No. 87 I 4/m Patterson symmetry I 4/m

Origin at centre (4/m)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) 4+ 0,0,z (4) 4− 0,0,z
(5) 1̄ 0,0,0 (6) m x,y,0 (7) 4̄+ 0,0,z; 0,0,0 (8) 4̄− 0,0,z; 0,0,0

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) 4+(0,0, 1

2 ) 0, 1
2 ,z (4) 4−(0,0, 1

2 ) 1
2 ,0,z

(5) 1̄ 1
4 ,

1
4 ,

1
4 (6) n( 1

2 ,
1
2 ,0) x,y, 1

4 (7) 4̄+ 1
2 ,0,z; 1

2 ,0, 1
4 (8) 4̄− 0, 1

2 ,z; 0, 1
2 ,

1
4

356
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CONTINUED No. 87 I 4/m

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

16 i 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z (4) y, x̄,z
(5) x̄, ȳ, z̄ (6) x,y, z̄ (7) y, x̄, z̄ (8) ȳ,x, z̄

hkl : h + k + l = 2n
hk0 : h + k = 2n
0kl : k + l = 2n
hhl : l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

8 h m . . x,y,0 x̄, ȳ,0 ȳ,x,0 y, x̄,0 no extra conditions

8 g 2 . . 0, 1
2 ,z

1
2 ,0,z 0, 1

2 , z̄
1
2 ,0, z̄ hkl : l = 2n

8 f 1̄ 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

1
4

1
4 ,

3
4 ,

1
4 hkl : k, l = 2n

4 e 4 . . 0,0,z 0,0, z̄ no extra conditions

4 d 4̄ . . 0, 1
2 ,

1
4

1
2 ,0, 1

4 hkl : l = 2n

4 c 2/m . . 0, 1
2 ,0

1
2 ,0,0 hkl : l = 2n

2 b 4/m . . 0,0, 1
2 no extra conditions

2 a 4/m . . 0,0,0 no extra conditions

Symmetry of special projections
Along [001] p4
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [100] c2mm
a′ = b b′ = c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] I 4̄ (82) (1; 2; 7; 8)+

[2] I 4 (79) (1; 2; 3; 4)+
[2] I 2/m (C 2/m, 12) (1; 2; 5; 6)+

IIa [2] P42/n (86) 1; 2; 7; 8; (3; 4; 5; 6) + ( 1
2 ,

1
2 ,

1
2 )

[2] P4/n (85) 1; 2; 3; 4; (5; 6; 7; 8) + ( 1
2 ,

1
2 ,

1
2 )

[2] P42/m (84) 1; 2; 5; 6; (3; 4; 7; 8) + ( 1
2 ,

1
2 ,

1
2 )

[2] P4/m (83) 1; 2; 3; 4; 5; 6; 7; 8

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I 4/m (c′ = 3c) (87); [5] I 4/m (a′ = a + 2b,b′ = −2a + b or a′ = a−2b,b′ = 2a + b) (87)

Minimal non-isomorphic supergroups
I [2] I 4/mmm (139); [2] I 4/mcm (140)
II [2] C 4/m (c′ = 1

2 c) (P4/m, 83)
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I 41/a C6
4h 4/m Tetragonal

No. 88 I 41/a Patterson symmetry I 4/m

ORIGIN CHOICE 1

Origin at 4̄, at 0,− 1
4 ,− 1

8 from 1̄

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1

4 ; 0 ≤ z ≤ 1

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) 4+(0,0, 1

4 ) − 1
4 ,

1
4 ,z (4) 4−(0,0, 3

4) 1
4 ,− 1

4 ,z
(5) 1̄ 0, 1

4 ,
1
8 (6) a x,y, 3

8 (7) 4̄+ 0,0,z; 0,0,0 (8) 4̄− 0, 1
2 ,z; 0, 1

2 ,
1
4

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2 0,0,z (3) 4+(0,0, 3

4 ) 1
4 ,

1
4 ,z (4) 4−(0,0, 1

4) 1
4 ,

1
4 ,z

(5) 1̄ 1
4 ,0, 3

8 (6) b x,y, 1
8 (7) 4̄+ 1

2 ,0,z; 1
2 ,0, 1

4 (8) 4̄− 0,0,z; 0,0,0
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CONTINUED No. 88 I 41/a

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

16 f 1 (1) x,y,z (2) x̄ + 1
2 , ȳ+ 1

2 ,z+ 1
2 (3) ȳ,x + 1

2 ,z+ 1
4 (4) y + 1

2 , x̄,z+ 3
4

(5) x̄, ȳ + 1
2 , z̄+ 1

4 (6) x + 1
2 ,y, z̄+ 3

4 (7) y, x̄, z̄ (8) ȳ + 1
2 ,x + 1

2 , z̄+ 1
2

hkl : h + k + l = 2n
hk0 : h,k = 2n
0kl : k + l = 2n
hhl : l = 2n
00l : l = 4n
h00 : h = 2n
hh̄0 : h = 2n

Special: as above, plus

8 e 2 . . 0,0,z 0, 1
2 ,z+ 1

4 0, 1
2 , z̄+ 1

4 0,0, z̄ hkl : l = 2n + 1
or 2h + l = 4n

8 d 1̄ 0, 1
4 ,

5
8

1
2 ,

1
4 ,

1
8

3
4 ,

1
2 ,

7
8

3
4 ,0, 3

8

8 c 1̄ 0, 1
4 ,

1
8

1
2 ,

1
4 ,

5
8

3
4 ,

1
2 ,

3
8

3
4 ,0, 7

8

}
hkl : l = 2n + 1

or h,k = 2n, h + k + l = 4n

4 b 4̄ . . 0,0, 1
2 0, 1

2 ,
3
4

4 a 4̄ . . 0,0,0 0, 1
2 ,

1
4

}
hkl : l = 2n + 1

or 2h + l = 4n

Symmetry of special projections
Along [001] p4
a′ = 1

2 a b′ = 1
2 b

Origin at 0,0,z

Along [100] c2mm
a′ = b b′ = c
Origin at x,0, 3

8

Along [110] p2mg
a′ = 1

2(−a + b) b′ = 1
2 c

Origin at x,x + 1
4 ,

1
8

Maximal non-isomorphic subgroups
I [2] I 4̄ (82) (1; 2; 7; 8)+

[2] I 41 (80) (1; 2; 3; 4)+
[2] I 2/a (C 2/c, 15) (1; 2; 5; 6)+

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I 41/a (c′ = 3c) (88); [5] I 41/a (a′ = a + 2b,b′ = −2a + b or a′ = a−2b,b′ = 2a + b) (88)

Minimal non-isomorphic supergroups
I [2] I 41/amd (141); [2] I 41/acd (142)

II [2] C 42/a (c′ = 1
2 c) (P42/n, 86)
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I 41/a C6
4h 4/m Tetragonal

No. 88 I 41/a Patterson symmetry I 4/m

ORIGIN CHOICE 2

Origin at 1̄ on glide plane b, at 0, 1
4 ,

1
8 from 4̄

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1

4 ; 0 ≤ z ≤ 1

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2(0,0, 1

2 ) 1
4 ,0,z (3) 4+(0,0, 1

4 ) 1
4 ,

1
2 ,z (4) 4−(0,0, 3

4 ) 3
4 ,0,z

(5) 1̄ 0,0,0 (6) a x,y, 1
4 (7) 4̄+ 1

2 ,
1
4 ,z; 1

2 ,
1
4 ,

3
8 (8) 4̄− 0, 1

4 ,z; 0, 1
4 ,

1
8

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2 0, 1

4 ,z (3) 4+(0,0, 3
4 ) − 1

4 ,
1
2 ,z (4) 4−(0,0, 1

4 ) 1
4 ,0,z

(5) 1̄ 1
4 ,

1
4 ,

1
4 (6) b x,y,0 (7) 4̄+ 1

2 ,− 1
4 ,z; 1

2 ,− 1
4 ,

1
8 (8) 4̄− 0, 3

4 ,z; 0, 3
4 ,

3
8

360



CONTINUED No. 88 I 41/a

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

16 f 1 (1) x,y,z (2) x̄+ 1
2 , ȳ,z+ 1

2 (3) ȳ+ 3
4 ,x + 1

4 ,z+ 1
4 (4) y + 3

4 , x̄ + 3
4 ,z+ 3

4

(5) x̄, ȳ, z̄ (6) x + 1
2 ,y, z̄+ 1

2 (7) y + 1
4 , x̄ + 3

4 , z̄+ 3
4 (8) ȳ + 1

4 ,x + 1
4 , z̄+ 1

4

hkl : h + k + l = 2n
hk0 : h,k = 2n
0kl : k + l = 2n
hhl : l = 2n
00l : l = 4n
h00 : h = 2n
hh̄0 : h = 2n

Special: as above, plus

8 e 2 . . 0, 1
4 ,z

1
2 ,

1
4 ,z+ 1

4 0, 3
4 , z̄

1
2 ,

3
4 , z̄+ 3

4 hkl : l = 2n + 1
or 2h + l = 4n

8 d 1̄ 0,0, 1
2

1
2 ,0,0 3

4 ,
1
4 ,

3
4

3
4 ,

3
4 ,

1
4

8 c 1̄ 0,0,0 1
2 ,0, 1

2
3
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

3
4

}
hkl : l = 2n + 1

or h,k = 2n, h + k + l = 4n

4 b 4̄ . . 0, 1
4 ,

5
8

1
2 ,

1
4 ,

7
8

4 a 4̄ . . 0, 1
4 ,

1
8

1
2 ,

1
4 ,

3
8

}
hkl : l = 2n + 1

or 2h + l = 4n

Symmetry of special projections
Along [001] p4
a′ = 1

2 a b′ = 1
2 b

Origin at 1
4 ,0,z

Along [100] c2mm
a′ = b b′ = c
Origin at x, 1

4 ,
1
4

Along [110] p2mg
a′ = 1

2(−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] I 4̄ (82) (1; 2; 7; 8)+

[2] I 41 (80) (1; 2; 3; 4)+
[2] I 2/a (C 2/c, 15) (1; 2; 5; 6)+

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I 41/a (c′ = 3c) (88); [5] I 41/a (a′ = a + 2b,b′ = −2a + b or a′ = a−2b,b′ = 2a + b) (88)

Minimal non-isomorphic supergroups
I [2] I 41/amd (141); [2] I 41/acd (142)

II [2] C 42/a (c′ = 1
2 c) (P42/n, 86)
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P422 D1
4 422 Tetragonal

No. 89 P422 Patterson symmetry P4/mmm

Origin at 422

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+ 0,0,z (4) 4− 0,0,z
(5) 2 0,y,0 (6) 2 x,0,0 (7) 2 x,x,0 (8) 2 x, x̄,0

362
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CONTINUED No. 89 P422

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 p 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z (4) y, x̄,z
(5) x̄,y, z̄ (6) x, ȳ, z̄ (7) y,x, z̄ (8) ȳ, x̄, z̄

no conditions

Special:

4 o . 2 . x, 1
2 ,0 x̄, 1

2 ,0
1
2 ,x,0

1
2 , x̄,0 no extra conditions

4 n . 2 . x,0, 1
2 x̄,0, 1

2 0,x, 1
2 0, x̄, 1

2 no extra conditions

4 m . 2 . x, 1
2 ,

1
2 x̄, 1

2 ,
1
2

1
2 ,x,

1
2

1
2 , x̄,

1
2 no extra conditions

4 l . 2 . x,0,0 x̄,0,0 0,x,0 0, x̄,0 no extra conditions

4 k . . 2 x,x, 1
2 x̄, x̄, 1

2 x̄,x, 1
2 x, x̄, 1

2 no extra conditions

4 j . . 2 x,x,0 x̄, x̄,0 x̄,x,0 x, x̄,0 no extra conditions

4 i 2 . . 0, 1
2 ,z

1
2 ,0,z 0, 1

2 , z̄
1
2 ,0, z̄ hkl : h + k = 2n

2 h 4 . . 1
2 ,

1
2 ,z

1
2 ,

1
2 , z̄ no extra conditions

2 g 4 . . 0,0,z 0,0, z̄ no extra conditions

2 f 2 2 2 . 1
2 ,0, 1

2 0, 1
2 ,

1
2 hkl : h + k = 2n

2 e 2 2 2 . 1
2 ,0,0 0, 1

2 ,0 hkl : h + k = 2n

1 d 4 2 2 1
2 ,

1
2 ,

1
2 no extra conditions

1 c 4 2 2 1
2 ,

1
2 ,0 no extra conditions

1 b 4 2 2 0,0, 1
2 no extra conditions

1 a 4 2 2 0,0,0 no extra conditions

Symmetry of special projections
Along [001] p4mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = b b′ = c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P411 (P4, 75) 1; 2; 3; 4

[2] P212 (C 222, 21) 1; 2; 7; 8
[2] P221 (P222, 16) 1; 2; 5; 6

IIa none

IIb [2] P42 22 (c′ = 2c) (93); [2] C 4221 (a′ = 2a,b′ = 2b) (P421 2, 90); [2] F 422 (a′ = 2a,b′ = 2b,c′ = 2c) (I 422, 97)

Maximal isomorphic subgroups of lowest index
IIc [2] P422 (c′ = 2c) (89); [2] C 422 (a′ = 2a,b′ = 2b) (P422, 89)

Minimal non-isomorphic supergroups
I [2] P4/mmm (123); [2] P4/mcc (124); [2] P4/nbm (125); [2] P4/nnc (126); [3] P432 (207)

II [2] I 422 (97)
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P421 2 D2
4 422 Tetragonal

No. 90 P421 2 Patterson symmetry P4/mmm

Origin at 222 at 212

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+ 0, 1
2 ,z (4) 4− 1

2 ,0,z
(5) 2(0, 1

2 ,0) 1
4 ,y,0 (6) 2( 1

2 ,0,0) x, 1
4 ,0 (7) 2 x,x,0 (8) 2 x, x̄,0

364

International Tables for Crystallography (2006). Vol. A, Space group 90, pp. 364–365.

Copyright © 2006 International Union of Crystallography



CONTINUED No. 90 P421 2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 g 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ + 1
2 ,x + 1

2 ,z (4) y + 1
2 , x̄ + 1

2 ,z
(5) x̄+ 1

2 ,y + 1
2 , z̄ (6) x + 1

2 , ȳ + 1
2 , z̄ (7) y,x, z̄ (8) ȳ, x̄, z̄

h00 : h = 2n

Special: as above, plus

4 f . . 2 x,x, 1
2 x̄, x̄, 1

2 x̄ + 1
2 ,x + 1

2 ,
1
2 x + 1

2 , x̄ + 1
2 ,

1
2 0kl : k = 2n

4 e . . 2 x,x,0 x̄, x̄,0 x̄ + 1
2 ,x + 1

2 ,0 x + 1
2 , x̄ + 1

2 ,0 0kl : k = 2n

4 d 2 . . 0,0,z 1
2 ,

1
2 ,z

1
2 ,

1
2 , z̄ 0,0, z̄ hkl : h + k = 2n

2 c 4 . . 0, 1
2 ,z

1
2 ,0, z̄ hk0 : h + k = 2n

2 b 2 . 22 0,0, 1
2

1
2 ,

1
2 ,

1
2 hkl : h + k = 2n

2 a 2 . 22 0,0,0 1
2 ,

1
2 ,0 hkl : h + k = 2n

Symmetry of special projections
Along [001] p4gm
a′ = a b′ = b
Origin at 0, 1

2 ,z

Along [100] p2mg
a′ = b b′ = c
Origin at x, 1

4 ,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P411 (P4, 75) 1; 2; 3; 4

[2] P212 (C 222, 21) 1; 2; 7; 8
[2] P221 1 (P21 21 2, 18) 1; 2; 5; 6

IIa none

IIb [2] P42 21 2 (c′ = 2c) (94)

Maximal isomorphic subgroups of lowest index
IIc [2] P421 2 (c′ = 2c) (90); [9] P421 2 (a′ = 3a,b′ = 3b) (90)

Minimal non-isomorphic supergroups
I [2] P4/mbm (127); [2] P4/mnc (128); [2] P4/nmm (129); [2] P4/ncc (130)
II [2] C 422 (P422, 89); [2] I 422 (97)
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P41 22 D3
4 422 Tetragonal

No. 91 P41 22 Patterson symmetry P4/mmm

Origin on 2 [010] at 41 (1,2)1

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
8

Symmetry operations

(1) 1 (2) 2(0,0, 1
2 ) 0,0,z (3) 4+(0,0, 1

4) 0,0,z (4) 4−(0,0, 3
4 ) 0,0,z

(5) 2 0,y,0 (6) 2 x,0, 1
4 (7) 2 x,x, 3

8 (8) 2 x, x̄, 1
8
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CONTINUED No. 91 P41 22

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 d 1 (1) x,y,z (2) x̄, ȳ,z+ 1
2 (3) ȳ,x,z+ 1

4 (4) y, x̄,z+ 3
4

(5) x̄,y, z̄ (6) x, ȳ, z̄+ 1
2 (7) y,x, z̄ + 3

4 (8) ȳ, x̄, z̄+ 1
4

00l : l = 4n

Special: as above, plus

4 c . . 2 x,x, 3
8 x̄, x̄, 7

8 x̄,x, 5
8 x, x̄, 1

8 0kl : l = 2n + 1
or l = 4n

4 b . 2 . 1
2 ,y,0

1
2 , ȳ,

1
2 ȳ, 1

2 ,
1
4 y, 1

2 ,
3
4 hhl : l = 2n + 1

or l = 4n

4 a . 2 . 0,y,0 0, ȳ, 1
2 ȳ,0, 1

4 y,0, 3
4 hhl : l = 2n + 1

or l = 4n

Symmetry of special projections
Along [001] p4mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2gm
a′ = b b′ = c
Origin at x,0, 1

4

Along [110] p2gm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x, 3

8

Maximal non-isomorphic subgroups
I [2] P41 11 (P41, 76) 1; 2; 3; 4

[2] P21 21 (P2221, 17) 1; 2; 5; 6
[2] P21 12 (C 2221, 20) 1; 2; 7; 8

IIa none

IIb [2] C 41 221 (a′ = 2a,b′ = 2b) (P41 21 2, 92)

Maximal isomorphic subgroups of lowest index
IIc [2] C 41 22 (a′ = 2a,b′ = 2b) (P41 22, 91); [3] P43 22 (c′ = 3c) (95); [5] P41 22 (c′ = 5c) (91)

Minimal non-isomorphic supergroups
I none

II [2] I 41 22 (98); [2] P42 22 (c′ = 1
2 c) (93)
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P41 21 2 D4
4 422 Tetragonal

No. 92 P41 21 2 Patterson symmetry P4/mmm

Origin on 2 [110] at 21 1(1,2)

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
8

Symmetry operations

(1) 1 (2) 2(0,0, 1
2 ) 0,0,z (3) 4+(0,0, 1

4 ) 0, 1
2 ,z (4) 4−(0,0, 3

4) 1
2 ,0,z

(5) 2(0, 1
2 ,0) 1

4 ,y,
1
8 (6) 2( 1

2 ,0,0) x, 1
4 ,

3
8 (7) 2 x,x,0 (8) 2 x, x̄, 1

4
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CONTINUED No. 92 P41 21 2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 b 1 (1) x,y,z (2) x̄, ȳ,z+ 1
2 (3) ȳ+ 1

2 ,x + 1
2 ,z+ 1

4 (4) y + 1
2 , x̄+ 1

2 ,z+ 3
4

(5) x̄ + 1
2 ,y + 1

2 , z̄+ 1
4 (6) x + 1

2 , ȳ + 1
2 , z̄+ 3

4 (7) y,x, z̄ (8) ȳ, x̄, z̄+ 1
2

00l : l = 4n
h00 : h = 2n

Special: as above, plus

4 a . . 2 x,x,0 x̄, x̄, 1
2 x̄ + 1

2 ,x + 1
2 ,

1
4 x + 1

2 , x̄ + 1
2 ,

3
4 0kl : l = 2n + 1

or 2k + l = 4n

Symmetry of special projections
Along [001] p4gm
a′ = a b′ = b
Origin at 0, 1

2 ,z

Along [100] p2gg
a′ = b b′ = c
Origin at x, 1

4 ,
3
8

Along [110] p2gm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P41 11 (P41, 76) 1; 2; 3; 4

[2] P21 12 (C 2221, 20) 1; 2; 7; 8
[2] P21 21 1 (P21 21 21, 19) 1; 2; 5; 6

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P43 21 2 (c′ = 3c) (96); [5] P41 21 2 (c′ = 5c) (92); [9] P41 21 2 (a′ = 3a,b′ = 3b) (92)

Minimal non-isomorphic supergroups
I [3] P41 32 (213)

II [2] C 41 22 (P41 22, 91); [2] I 41 22 (98); [2] P42 21 2 (c′ = 1
2 c) (94)
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P42 22 D5
4 422 Tetragonal

No. 93 P42 22 Patterson symmetry P4/mmm

Origin at 222 at 42 21

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1

4

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+(0,0, 1
2) 0,0,z (4) 4−(0,0, 1

2 ) 0,0,z
(5) 2 0,y,0 (6) 2 x,0,0 (7) 2 x,x, 1

4 (8) 2 x, x̄, 1
4

370

International Tables for Crystallography (2006). Vol. A, Space group 93, pp. 370–371.

Copyright © 2006 International Union of Crystallography



CONTINUED No. 93 P42 22

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 p 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z+ 1
2 (4) y, x̄,z+ 1

2

(5) x̄,y, z̄ (6) x, ȳ, z̄ (7) y,x, z̄+ 1
2 (8) ȳ, x̄, z̄+ 1

2

00l : l = 2n

Special: as above, plus

4 o . . 2 x,x, 3
4 x̄, x̄, 3

4 x̄,x, 1
4 x, x̄, 1

4 0kl : l = 2n

4 n . . 2 x,x, 1
4 x̄, x̄, 1

4 x̄,x, 3
4 x, x̄, 3

4 0kl : l = 2n

4 m . 2 . x, 1
2 ,0 x̄, 1

2 ,0
1
2 ,x,

1
2

1
2 , x̄,

1
2 hhl : l = 2n

4 l . 2 . x,0, 1
2 x̄,0, 1

2 0,x,0 0, x̄,0 hhl : l = 2n

4 k . 2 . x, 1
2 ,

1
2 x̄, 1

2 ,
1
2

1
2 ,x,0

1
2 , x̄,0 hhl : l = 2n

4 j . 2 . x,0,0 x̄,0,0 0,x, 1
2 0, x̄, 1

2 hhl : l = 2n

4 i 2 . . 0, 1
2 ,z

1
2 ,0,z+ 1

2 0, 1
2 , z̄

1
2 ,0, z̄+ 1

2 hkl : h + k + l = 2n

4 h 2 . . 1
2 ,

1
2 ,z

1
2 ,

1
2 ,z+ 1

2
1
2 ,

1
2 , z̄

1
2 ,

1
2 , z̄+ 1

2 hkl : l = 2n

4 g 2 . . 0,0,z 0,0,z+ 1
2 0,0, z̄ 0,0, z̄+ 1

2 hkl : l = 2n

2 f 2 . 22 1
2 ,

1
2 ,

1
4

1
2 ,

1
2 ,

3
4 hkl : l = 2n

2 e 2 . 22 0,0, 1
4 0,0, 3

4 hkl : l = 2n

2 d 2 2 2 . 0, 1
2 ,

1
2

1
2 ,0,0 hkl : h + k + l = 2n

2 c 2 2 2 . 0, 1
2 ,0

1
2 ,0, 1

2 hkl : h + k + l = 2n

2 b 2 2 2 . 1
2 ,

1
2 ,0

1
2 ,

1
2 ,

1
2 hkl : l = 2n

2 a 2 2 2 . 0,0,0 0,0, 1
2 hkl : l = 2n

Symmetry of special projections
Along [001] p4mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = b b′ = c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x, 1

4

Maximal non-isomorphic subgroups
I [2] P42 11 (P42, 77) 1; 2; 3; 4

[2] P212 (C 222, 21) 1; 2; 7; 8
[2] P221 (P222, 16) 1; 2; 5; 6

IIa none

IIb [2] P43 22 (c′ = 2c) (95); [2] P41 22 (c′ = 2c) (91); [2] C 42 221 (a′ = 2a,b′ = 2b) (P42 21 2, 94);
[2] F 41 22 (a′ = 2a,b′ = 2b,c′ = 2c) (I 41 22, 98)

Maximal isomorphic subgroups of lowest index
IIc [2] C 42 22 (a′ = 2a,b′ = 2b) (P42 22, 93); [3] P42 22 (c′ = 3c) (93)

Minimal non-isomorphic supergroups
I [2] P42/mmc (131); [2] P42/mcm (132); [2] P42/nbc (133); [2] P42/nnm (134); [3] P42 32 (208)

II [2] I 422 (97); [2] P422 (c′ = 1
2 c) (89)
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P42 21 2 D6
4 422 Tetragonal

No. 94 P42 21 2 Patterson symmetry P4/mmm

Origin at 222 at 212

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+(0,0, 1
2 ) 0, 1

2 ,z (4) 4−(0,0, 1
2) 1

2 ,0,z
(5) 2(0, 1

2 ,0) 1
4 ,y,

1
4 (6) 2( 1

2 ,0,0) x, 1
4 ,

1
4 (7) 2 x,x,0 (8) 2 x, x̄,0
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CONTINUED No. 94 P42 21 2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 g 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ+ 1
2 ,x + 1

2 ,z+ 1
2 (4) y + 1

2 , x̄+ 1
2 ,z+ 1

2

(5) x̄ + 1
2 ,y + 1

2 , z̄+ 1
2 (6) x + 1

2 , ȳ + 1
2 , z̄+ 1

2 (7) y,x, z̄ (8) ȳ, x̄, z̄
00l : l = 2n
h00 : h = 2n

Special: as above, plus

4 f . . 2 x,x, 1
2 x̄, x̄, 1

2 x̄ + 1
2 ,x + 1

2 ,0 x + 1
2 , x̄ + 1

2 ,0 0kl : k + l = 2n

4 e . . 2 x,x,0 x̄, x̄,0 x̄ + 1
2 ,x + 1

2 ,
1
2 x + 1

2 , x̄+ 1
2 ,

1
2 0kl : k + l = 2n

4 d 2 . . 0, 1
2 ,z 0, 1

2 ,z+ 1
2

1
2 ,0, z̄+ 1

2
1
2 ,0, z̄ hkl : l = 2n

hk0 : h + k = 2n

4 c 2 . . 0,0,z 1
2 ,

1
2 ,z+ 1

2
1
2 ,

1
2 , z̄ + 1

2 0,0, z̄ hkl : h + k + l = 2n

2 b 2 . 22 0,0, 1
2

1
2 ,

1
2 ,0 hkl : h + k + l = 2n

2 a 2 . 22 0,0,0 1
2 ,

1
2 ,

1
2 hkl : h + k + l = 2n

Symmetry of special projections
Along [001] p4gm
a′ = a b′ = b
Origin at 0, 1

2 ,z

Along [100] p2mg
a′ = b b′ = c
Origin at x, 1

4 ,
1
4

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P42 11 (P42, 77) 1; 2; 3; 4

[2] P212 (C 222, 21) 1; 2; 7; 8
[2] P221 1 (P21 21 2, 18) 1; 2; 5; 6

IIa none

IIb [2] P43 21 2 (c′ = 2c) (96); [2] P41 21 2 (c′ = 2c) (92)

Maximal isomorphic subgroups of lowest index
IIc [3] P42 21 2 (c′ = 3c) (94); [9] P42 21 2 (a′ = 3a,b′ = 3b) (94)

Minimal non-isomorphic supergroups
I [2] P42/mbc (135); [2] P42/mnm (136); [2] P42/nmc (137); [2] P42/ncm (138)

II [2] C 42 22 (P42 22, 93); [2] I 422 (97); [2] P421 2 (c′ = 1
2 c) (90)
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P43 22 D7
4 422 Tetragonal

No. 95 P43 22 Patterson symmetry P4/mmm

Origin on 2 [010] at 43 (1,2)1

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
8

Symmetry operations

(1) 1 (2) 2(0,0, 1
2 ) 0,0,z (3) 4+(0,0, 3

4) 0,0,z (4) 4−(0,0, 1
4 ) 0,0,z

(5) 2 0,y,0 (6) 2 x,0, 1
4 (7) 2 x,x, 1

8 (8) 2 x, x̄, 3
8
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CONTINUED No. 95 P43 22

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 d 1 (1) x,y,z (2) x̄, ȳ,z+ 1
2 (3) ȳ,x,z+ 3

4 (4) y, x̄,z+ 1
4

(5) x̄,y, z̄ (6) x, ȳ, z̄+ 1
2 (7) y,x, z̄ + 1

4 (8) ȳ, x̄, z̄+ 3
4

00l : l = 4n

Special: as above, plus

4 c . . 2 x,x, 5
8 x̄, x̄, 1

8 x̄,x, 3
8 x, x̄, 7

8 0kl : l = 2n + 1
or l = 4n

4 b . 2 . 1
2 ,y,0

1
2 , ȳ,

1
2 ȳ, 1

2 ,
3
4 y, 1

2 ,
1
4 hhl : l = 2n + 1

or l = 4n

4 a . 2 . 0,y,0 0, ȳ, 1
2 ȳ,0, 3

4 y,0, 1
4 hhl : l = 2n + 1

or l = 4n

Symmetry of special projections
Along [001] p4mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2gm
a′ = b b′ = c
Origin at x,0, 1

4

Along [110] p2gm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x, 1

8

Maximal non-isomorphic subgroups
I [2] P43 11 (P43, 78) 1; 2; 3; 4

[2] P21 12 (C 2221, 20) 1; 2; 7; 8
[2] P21 21 (P2221, 17) 1; 2; 5; 6

IIa none

IIb [2] C 43 221 (a′ = 2a,b′ = 2b) (P43 21 2, 96)

Maximal isomorphic subgroups of lowest index
IIc [2] C 43 22 (a′ = 2a,b′ = 2b) (P43 22, 95); [3] P41 22 (c′ = 3c) (91); [5] P43 22 (c′ = 5c) (95)

Minimal non-isomorphic supergroups
I none

II [2] I 41 22 (98); [2] P42 22 (c′ = 1
2 c) (93)
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P43 21 2 D8
4 422 Tetragonal

No. 96 P43 21 2 Patterson symmetry P4/mmm

Origin on 2 [110] at 21 1(1,2)

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
8

Symmetry operations

(1) 1 (2) 2(0,0, 1
2 ) 0,0,z (3) 4+(0,0, 3

4 ) 0, 1
2 ,z (4) 4−(0,0, 1

4) 1
2 ,0,z

(5) 2(0, 1
2 ,0) 1

4 ,y,
3
8 (6) 2( 1

2 ,0,0) x, 1
4 ,

1
8 (7) 2 x,x,0 (8) 2 x, x̄, 1

4
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CONTINUED No. 96 P43 21 2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 b 1 (1) x,y,z (2) x̄, ȳ,z+ 1
2 (3) ȳ+ 1

2 ,x + 1
2 ,z+ 3

4 (4) y + 1
2 , x̄+ 1

2 ,z+ 1
4

(5) x̄ + 1
2 ,y + 1

2 , z̄+ 3
4 (6) x + 1

2 , ȳ + 1
2 , z̄+ 1

4 (7) y,x, z̄ (8) ȳ, x̄, z̄+ 1
2

00l : l = 4n
h00 : h = 2n

Special: as above, plus

4 a . . 2 x,x,0 x̄, x̄, 1
2 x̄ + 1

2 ,x + 1
2 ,

3
4 x + 1

2 , x̄ + 1
2 ,

1
4 0kl : l = 2n + 1

or 2k + l = 4n

Symmetry of special projections
Along [001] p4gm
a′ = a b′ = b
Origin at 0, 1

2 ,z

Along [100] p2gg
a′ = b b′ = c
Origin at x, 1

4 ,
1
8

Along [110] p2gm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P43 11 (P43, 78) 1; 2; 3; 4

[2] P21 12 (C 2221, 20) 1; 2; 7; 8
[2] P21 21 1 (P21 21 21, 19) 1; 2; 5; 6

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P41 21 2 (c′ = 3c) (92); [5] P43 21 2 (c′ = 5c) (96); [9] P43 21 2 (a′ = 3a,b′ = 3b) (96)

Minimal non-isomorphic supergroups
I [3] P43 32 (212)

II [2] C 43 22 (P43 22, 95); [2] I 41 22 (98); [2] P42 21 2 (c′ = 1
2 c) (94)
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I 422 D9
4 422 Tetragonal

No. 97 I 422 Patterson symmetry I 4/mmm

Origin at 422

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) 4+ 0,0,z (4) 4− 0,0,z
(5) 2 0,y,0 (6) 2 x,0,0 (7) 2 x,x,0 (8) 2 x, x̄,0

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) 4+(0,0, 1

2) 0, 1
2 ,z (4) 4−(0,0, 1

2 ) 1
2 ,0,z

(5) 2(0, 1
2 ,0) 1

4 ,y,
1
4 (6) 2( 1

2 ,0,0) x, 1
4 ,

1
4 (7) 2( 1

2 ,
1
2 ,0) x,x, 1

4 (8) 2 x, x̄ + 1
2 ,

1
4
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CONTINUED No. 97 I 422

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

16 k 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z (4) y, x̄,z
(5) x̄,y, z̄ (6) x, ȳ, z̄ (7) y,x, z̄ (8) ȳ, x̄, z̄

hkl : h + k + l = 2n
hk0 : h + k = 2n
0kl : k + l = 2n
hhl : l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

8 j . . 2 x,x + 1
2 ,

1
4 x̄, x̄ + 1

2 ,
1
4 x̄ + 1

2 ,x,
1
4 x + 1

2 , x̄,
1
4 0kl : k = 2n

8 i . 2 . x,0, 1
2 x̄,0, 1

2 0,x, 1
2 0, x̄, 1

2 no extra conditions

8 h . 2 . x,0,0 x̄,0,0 0,x,0 0, x̄,0 no extra conditions

8 g . . 2 x,x,0 x̄, x̄,0 x̄,x,0 x, x̄,0 no extra conditions

8 f 2 . . 0, 1
2 ,z

1
2 ,0,z 0, 1

2 , z̄
1
2 ,0, z̄ hkl : l = 2n

4 e 4 . . 0,0,z 0,0, z̄ no extra conditions

4 d 2 . 22 0, 1
2 ,

1
4

1
2 ,0, 1

4 hkl : l = 2n

4 c 2 2 2 . 0, 1
2 ,0

1
2 ,0,0 hkl : l = 2n

2 b 4 2 2 0,0, 1
2 no extra conditions

2 a 4 2 2 0,0,0 no extra conditions

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [100] c2mm
a′ = b b′ = c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] I 411 (I 4, 79) (1; 2; 3; 4)+

[2] I 221 (I 222, 23) (1; 2; 5; 6)+
[2] I 212 (F 222, 22) (1; 2; 7; 8)+

IIa [2] P42 21 2 (94) 1; 2; 7; 8; (3; 4; 5; 6) + ( 1
2 ,

1
2 ,

1
2 )

[2] P42 22 (93) 1; 2; 5; 6; (3; 4; 7; 8) + ( 1
2 ,

1
2 ,

1
2 )

[2] P421 2 (90) 1; 2; 3; 4; (5; 6; 7; 8) + ( 1
2 ,

1
2 ,

1
2 )

[2] P422 (89) 1; 2; 3; 4; 5; 6; 7; 8

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I 422 (c′ = 3c) (97); [9] I 422 (a′ = 3a,b′ = 3b) (97)

Minimal non-isomorphic supergroups
I [2] I 4/mmm (139); [2] I 4/mcm (140); [3] F 432 (209); [3] I 432 (211)
II [2] C 422 (c′ = 1

2 c) (P422, 89)
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I 41 22 D10
4 422 Tetragonal

No. 98 I 41 22 Patterson symmetry I 4/mmm

Origin at 222 at 212

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1

8

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2(0,0, 1

2) 1
4 ,

1
4 ,z (3) 4+(0,0, 1

4 ) − 1
4 ,

1
4 ,z (4) 4−(0,0, 3

4 ) 1
4 ,− 1

4 ,z
(5) 2 1

4 ,y,
3
8 (6) 2 x, 1

4 ,
1
8 (7) 2( 1

2 ,
1
2 ,0) x,x, 1

4 (8) 2 x, x̄,0

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2 0,0,z (3) 4+(0,0, 3

4 ) 1
4 ,

1
4 ,z (4) 4−(0,0, 1

4 ) 1
4 ,

1
4 ,z

(5) 2(0, 1
2 ,0) 0,y, 1

8 (6) 2( 1
2 ,0,0) x,0, 3

8 (7) 2 x,x,0 (8) 2 x, x̄ + 1
2 ,

1
4
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CONTINUED No. 98 I 41 22

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

16 g 1 (1) x,y,z (2) x̄+ 1
2 , ȳ + 1

2 ,z+ 1
2 (3) ȳ,x + 1

2 ,z+ 1
4 (4) y + 1

2 , x̄,z+ 3
4

(5) x̄ + 1
2 ,y, z̄ + 3

4 (6) x, ȳ+ 1
2 , z̄+ 1

4 (7) y + 1
2 ,x + 1

2 , z̄+ 1
2 (8) ȳ, x̄, z̄

hkl : h + k + l = 2n
hk0 : h + k = 2n
0kl : k + l = 2n
hhl : l = 2n
00l : l = 4n
h00 : h = 2n

Special: as above, plus

8 f . 2 . x, 1
4 ,

1
8 x̄ + 1

2 ,
1
4 ,

5
8

3
4 ,x + 1

2 ,
3
8

3
4 , x̄,

7
8 hhl : l = 4n

8 e . . 2 x̄,x,0 x + 1
2 , x̄+ 1

2 ,
1
2 x̄, x̄ + 1

2 ,
1
4 x + 1

2 ,x,
3
4 0kl : k = 2n + 1

or l = 4n

8 d . . 2 x,x,0 x̄ + 1
2 , x̄+ 1

2 ,
1
2 x̄,x + 1

2 ,
1
4 x + 1

2 , x̄,
3
4 0kl : k = 2n + 1

or l = 4n

8 c 2 . . 0,0,z 0, 1
2 ,z+ 1

4
1
2 ,0, z̄+ 3

4
1
2 ,

1
2 , z̄+ 1

2 hkl : l = 2n + 1
or 2h + l = 4n

4 b 2 . 22 0,0, 1
2 0, 1

2 ,
3
4 hkl : l = 2n + 1

or 2h + l = 4n

4 a 2 . 22 0,0,0 0, 1
2 ,

1
4 hkl : l = 2n + 1

or 2h + l = 4n

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 1
4 ,

1
4 ,z

Along [100] c2mm
a′ = b b′ = c
Origin at x,0, 3

8

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] I 41 11 (I 41, 80) (1; 2; 3; 4)+

[2] I 21 21 (I 21 21 21, 24) (1; 2; 5; 6)+
[2] I 21 12 (F 222, 22) (1; 2; 7; 8)+

IIa [2] P43 21 2 (96) 1; 2; 7; 8; (3; 4; 5; 6) + ( 1
2 ,

1
2 ,

1
2 )

[2] P43 22 (95) 1; 2; 5; 6; (3; 4; 7; 8) + ( 1
2 ,

1
2 ,

1
2 )

[2] P41 21 2 (92) 1; 2; 3; 4; (5; 6; 7; 8) + ( 1
2 ,

1
2 ,

1
2 )

[2] P41 22 (91) 1; 2; 3; 4; 5; 6; 7; 8

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I 41 22 (c′ = 3c) (98); [9] I 41 22 (a′ = 3a,b′ = 3b) (98)

Minimal non-isomorphic supergroups
I [2] I 41/amd (141); [2] I 41/acd (142); [3] F 41 32 (210); [3] I 41 32 (214)

II [2] C 42 22 (c′ = 1
2 c) (P42 22, 93)
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P4mm C1
4v 4mm Tetragonal

No. 99 P4mm Patterson symmetry P4/mmm

Origin on 4mm

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1; x ≤ y

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+ 0,0,z (4) 4− 0,0,z
(5) m x,0,z (6) m 0,y,z (7) m x, x̄,z (8) m x,x,z

382
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CONTINUED No. 99 P4mm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 g 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z (4) y, x̄,z
(5) x, ȳ,z (6) x̄,y,z (7) ȳ, x̄,z (8) y,x,z

no conditions

Special:

4 f . m . x, 1
2 ,z x̄, 1

2 ,z
1
2 ,x,z

1
2 , x̄,z no extra conditions

4 e . m . x,0,z x̄,0,z 0,x,z 0, x̄,z no extra conditions

4 d . . m x,x,z x̄, x̄,z x̄,x,z x, x̄,z no extra conditions

2 c 2 m m . 1
2 ,0,z 0, 1

2 ,z hkl : h + k = 2n

1 b 4 m m 1
2 ,

1
2 ,z no extra conditions

1 a 4 m m 0,0,z no extra conditions

Symmetry of special projections
Along [001] p4mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = b b′ = c
Origin at x,0,0

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P411 (P4, 75) 1; 2; 3; 4

[2] P21m (C mm2, 35) 1; 2; 7; 8
[2] P2m1 (Pmm2, 25) 1; 2; 5; 6

IIa none
IIb [2] P42 mc (c′ = 2c) (105); [2] P4cc (c′ = 2c) (103); [2] P42 cm (c′ = 2c) (101); [2] C 4md (a′ = 2a,b′ = 2b) (P4bm, 100);

[2] F 4mc (a′ = 2a,b′ = 2b,c′ = 2c) (I 4cm, 108); [2] F 4mm (a′ = 2a,b′ = 2b,c′ = 2c) (I 4mm, 107)

Maximal isomorphic subgroups of lowest index
IIc [2] P4mm (c′ = 2c) (99); [2] C 4mm (a′ = 2a,b′ = 2b) (P4mm, 99)

Minimal non-isomorphic supergroups
I [2] P4/mmm (123); [2] P4/nmm (129)

II [2] I 4mm (107)
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P4bm C2
4v 4mm Tetragonal

No. 100 P4bm Patterson symmetry P4/mmm

Origin on 41g

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1; y ≤ 1
2 − x

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+ 0,0,z (4) 4− 0,0,z
(5) a x, 1

4 ,z (6) b 1
4 ,y,z (7) m x + 1

2 , x̄,z (8) g( 1
2 ,

1
2 ,0) x,x,z

384
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CONTINUED No. 100 P4bm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 d 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z (4) y, x̄,z
(5) x + 1

2 , ȳ + 1
2 ,z (6) x̄ + 1

2 ,y + 1
2 ,z (7) ȳ + 1

2 , x̄ + 1
2 ,z (8) y + 1

2 ,x + 1
2 ,z

0kl : k = 2n
h00 : h = 2n

Special: as above, plus

4 c . . m x,x + 1
2 ,z x̄, x̄ + 1

2 ,z x̄ + 1
2 ,x,z x + 1

2 , x̄,z no extra conditions

2 b 2 . mm 1
2 ,0,z 0, 1

2 ,z hkl : h + k = 2n

2 a 4 . . 0,0,z 1
2 ,

1
2 ,z hkl : h + k = 2n

Symmetry of special projections
Along [001] p4gm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = 1

2 b b′ = c
Origin at x,0,0

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P411 (P4, 75) 1; 2; 3; 4

[2] P21m (C mm2, 35) 1; 2; 7; 8
[2] P2b1 (Pba2, 32) 1; 2; 5; 6

IIa none

IIb [2] P42 bc (c′ = 2c) (106); [2] P4nc (c′ = 2c) (104); [2] P42 nm (c′ = 2c) (102)

Maximal isomorphic subgroups of lowest index
IIc [2] P4bm (c′ = 2c) (100); [9] P4bm (a′ = 3a,b′ = 3b) (100)

Minimal non-isomorphic supergroups
I [2] P4/nbm (125); [2] P4/mbm (127)
II [2] C 4mm (P4mm, 99); [2] I 4cm (108)
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P42 cm C3
4v 4mm Tetragonal

No. 101 P42 cm Patterson symmetry P4/mmm

Origin on 2mm on 42cm

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1; x ≤ y

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+(0,0, 1
2 ) 0,0,z (4) 4−(0,0, 1

2 ) 0,0,z
(5) c x,0,z (6) c 0,y,z (7) m x, x̄,z (8) m x,x,z
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CONTINUED No. 101 P42 cm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 e 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z+ 1
2 (4) y, x̄,z+ 1

2

(5) x, ȳ,z+ 1
2 (6) x̄,y,z+ 1

2 (7) ȳ, x̄,z (8) y,x,z
0kl : l = 2n
00l : l = 2n

Special: as above, plus

4 d . . m x,x,z x̄, x̄,z x̄,x,z+ 1
2 x, x̄,z+ 1

2 no extra conditions

4 c 2 . . 0, 1
2 ,z

1
2 ,0,z+ 1

2 0, 1
2 ,z+ 1

2
1
2 ,0,z hkl : h + k, l = 2n

2 b 2 . mm 1
2 ,

1
2 ,z

1
2 ,

1
2 ,z+ 1

2 hkl : l = 2n

2 a 2 . mm 0,0,z 0,0,z+ 1
2 hkl : l = 2n

Symmetry of special projections
Along [001] p4mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = b b′ = 1

2 c
Origin at x,0,0

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P42 11 (P42, 77) 1; 2; 3; 4

[2] P21m (C mm2, 35) 1; 2; 7; 8
[2] P2c1 (Pcc2, 27) 1; 2; 5; 6

IIa none

IIb [2] C 42 cd (a′ = 2a,b′ = 2b) (P42 bc, 106); [2] C 42 cm (a′ = 2a,b′ = 2b) (P42 mc, 105)

Maximal isomorphic subgroups of lowest index
IIc [3] P42 cm (c′ = 3c) (101); [9] P42 cm (a′ = 3a,b′ = 3b) (101)

Minimal non-isomorphic supergroups
I [2] P42/mcm (132); [2] P42/ncm (138)

II [2] C 42 cm (P42 mc, 105); [2] I 4cm (108); [2] P4mm (c′ = 1
2 c) (99)
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P42 nm C4
4v 4mm Tetragonal

No. 102 P42 nm Patterson symmetry P4/mmm

Origin on 2mm on 21m

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1; x ≤ y

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+(0,0, 1
2 ) 0, 1

2 ,z (4) 4−(0,0, 1
2 ) 1

2 ,0,z
(5) n( 1

2 ,0, 1
2) x, 1

4 ,z (6) n(0, 1
2 ,

1
2 ) 1

4 ,y,z (7) m x, x̄,z (8) m x,x,z
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CONTINUED No. 102 P42 nm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 d 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ+ 1
2 ,x + 1

2 ,z+ 1
2 (4) y + 1

2 , x̄+ 1
2 ,z+ 1

2

(5) x + 1
2 , ȳ + 1

2 ,z+ 1
2 (6) x̄+ 1

2 ,y + 1
2 ,z+ 1

2 (7) ȳ, x̄,z (8) y,x,z
0kl : k + l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

4 c . . m x,x,z x̄, x̄,z x̄+ 1
2 ,x + 1

2 ,z+ 1
2 x + 1

2 , x̄ + 1
2 ,z+ 1

2 no extra conditions

4 b 2 . . 0, 1
2 ,z 0, 1

2 ,z+ 1
2

1
2 ,0,z+ 1

2
1
2 ,0,z hkl : h + k, l = 2n

2 a 2 . mm 0,0,z 1
2 ,

1
2 ,z+ 1

2 hkl : h + k + l = 2n

Symmetry of special projections
Along [001] p4gm
a′ = a b′ = b
Origin at 0, 1

2 ,z

Along [100] c1m1
a′ = b b′ = c
Origin at x,0,0

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P42 11 (P42, 77) 1; 2; 3; 4

[2] P21m (C mm2, 35) 1; 2; 7; 8
[2] P2n1 (Pnn2, 34) 1; 2; 5; 6

IIa none
IIb [2] F 41 d c (a′ = 2a,b′ = 2b,c′ = 2c) (I 41 cd, 110); [2] F 41 d m (a′ = 2a,b′ = 2b,c′ = 2c) (I 41 md, 109)

Maximal isomorphic subgroups of lowest index
IIc [3] P42 nm (c′ = 3c) (102); [9] P42 nm (a′ = 3a,b′ = 3b) (102)

Minimal non-isomorphic supergroups
I [2] P42/nnm (134); [2] P42/mnm (136)

II [2] C 42 cm (P42 mc, 105); [2] I 4mm (107); [2] P4bm (c′ = 1
2 c) (100)
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P4cc C5
4v 4mm Tetragonal

No. 103 P4cc Patterson symmetry P4/mmm

Origin on 4cc

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+ 0,0,z (4) 4− 0,0,z
(5) c x,0,z (6) c 0,y,z (7) c x, x̄,z (8) c x,x,z
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CONTINUED No. 103 P4cc

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 d 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z (4) y, x̄,z
(5) x, ȳ,z+ 1

2 (6) x̄,y,z+ 1
2 (7) ȳ, x̄,z+ 1

2 (8) y,x,z+ 1
2

0kl : l = 2n
hhl : l = 2n
00l : l = 2n

Special: as above, plus

4 c 2 . . 0, 1
2 ,z

1
2 ,0,z 0, 1

2 ,z+ 1
2

1
2 ,0,z+ 1

2 hkl : h + k, l = 2n

2 b 4 . . 1
2 ,

1
2 ,z

1
2 ,

1
2 ,z+ 1

2 hkl : l = 2n

2 a 4 . . 0,0,z 0,0,z+ 1
2 hkl : l = 2n

Symmetry of special projections
Along [001] p4mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = b b′ = 1

2 c
Origin at x,0,0

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P411 (P4, 75) 1; 2; 3; 4

[2] P21c (C cc2, 37) 1; 2; 7; 8
[2] P2c1 (Pcc2, 27) 1; 2; 5; 6

IIa none

IIb [2] C 4cd (a′ = 2a,b′ = 2b) (P4nc, 104)

Maximal isomorphic subgroups of lowest index
IIc [2] C 4cc (a′ = 2a,b′ = 2b) (P4cc, 103); [3] P4cc (c′ = 3c) (103)

Minimal non-isomorphic supergroups
I [2] P4/mcc (124); [2] P4/ncc (130)
II [2] I 4cm (108); [2] P4mm (c′ = 1

2 c) (99)

391



P4nc C6
4v 4mm Tetragonal

No. 104 P4nc Patterson symmetry P4/mmm

Origin on 41n

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+ 0,0,z (4) 4− 0,0,z
(5) n( 1

2 ,0, 1
2) x, 1

4 ,z (6) n(0, 1
2 ,

1
2 ) 1

4 ,y,z (7) c x + 1
2 , x̄,z (8) n( 1

2 ,
1
2 ,

1
2 ) x,x,z
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CONTINUED No. 104 P4nc

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 c 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z (4) y, x̄,z
(5) x + 1

2 , ȳ + 1
2 ,z+ 1

2 (6) x̄+ 1
2 ,y + 1

2 ,z+ 1
2 (7) ȳ+ 1

2 , x̄ + 1
2 ,z+ 1

2 (8) y + 1
2 ,x + 1

2 ,z+ 1
2

0kl : k + l = 2n
hhl : l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

4 b 2 . . 0, 1
2 ,z

1
2 ,0,z 1

2 ,0,z+ 1
2 0, 1

2 ,z+ 1
2 hkl : h + k, l = 2n

2 a 4 . . 0,0,z 1
2 ,

1
2 ,z+ 1

2 hkl : h + k + l = 2n

Symmetry of special projections
Along [001] p4gm
a′ = a b′ = b
Origin at 0,0,z

Along [100] c1m1
a′ = b b′ = c
Origin at x,0,0

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P411 (P4, 75) 1; 2; 3; 4

[2] P21c (C cc2, 37) 1; 2; 7; 8
[2] P2n1 (Pnn2, 34) 1; 2; 5; 6

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P4nc (c′ = 3c) (104); [9] P4nc (a′ = 3a,b′ = 3b) (104)

Minimal non-isomorphic supergroups
I [2] P4/nnc (126); [2] P4/mnc (128)
II [2] C 4cc (P4cc, 103); [2] I 4mm (107); [2] P4bm (c′ = 1

2 c) (100)
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P42 mc C7
4v 4mm Tetragonal

No. 105 P42 mc Patterson symmetry P4/mmm

Origin on 2mm on 42mc

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+(0,0, 1
2 ) 0,0,z (4) 4−(0,0, 1

2 ) 0,0,z
(5) m x,0,z (6) m 0,y,z (7) c x, x̄,z (8) c x,x,z
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CONTINUED No. 105 P42 mc

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 f 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z+ 1
2 (4) y, x̄,z+ 1

2

(5) x, ȳ,z (6) x̄,y,z (7) ȳ, x̄,z+ 1
2 (8) y,x,z+ 1

2

hhl : l = 2n
00l : l = 2n

Special: as above, plus

4 e . m . x, 1
2 ,z x̄, 1

2 ,z
1
2 ,x,z+ 1

2
1
2 , x̄,z+ 1

2 no extra conditions

4 d . m . x,0,z x̄,0,z 0,x,z+ 1
2 0, x̄,z+ 1

2 no extra conditions

2 c 2 m m . 0, 1
2 ,z

1
2 ,0,z+ 1

2 hkl : h + k + l = 2n

2 b 2 m m . 1
2 ,

1
2 ,z

1
2 ,

1
2 ,z+ 1

2 hkl : l = 2n

2 a 2 m m . 0,0,z 0,0,z+ 1
2 hkl : l = 2n

Symmetry of special projections
Along [001] p4mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = b b′ = c
Origin at x,0,0

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P42 11 (P42, 77) 1; 2; 3; 4

[2] P21c (C cc2, 37) 1; 2; 7; 8
[2] P2m1 (Pmm2, 25) 1; 2; 5; 6

IIa none

IIb [2] C 42 md (a′ = 2a,b′ = 2b) (P42 nm, 102); [2] C 42 mc (a′ = 2a,b′ = 2b) (P42 cm, 101)

Maximal isomorphic subgroups of lowest index
IIc [3] P42 mc (c′ = 3c) (105); [9] P42 mc (a′ = 3a,b′ = 3b) (105)

Minimal non-isomorphic supergroups
I [2] P42/mmc (131); [2] P42/nmc (137)

II [2] C 42 mc (P42 cm, 101); [2] I 4mm (107); [2] P4mm (c′ = 1
2 c) (99)
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P42 bc C8
4v 4mm Tetragonal

No. 106 P42 bc Patterson symmetry P4/mmm

Origin on 2 on 42 1n

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+(0,0, 1
2 ) 0,0,z (4) 4−(0,0, 1

2 ) 0,0,z
(5) a x, 1

4 ,z (6) b 1
4 ,y,z (7) c x + 1

2 , x̄,z (8) n( 1
2 ,

1
2 ,

1
2 ) x,x,z
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CONTINUED No. 106 P42 bc

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 c 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z+ 1
2 (4) y, x̄,z+ 1

2

(5) x + 1
2 , ȳ + 1

2 ,z (6) x̄ + 1
2 ,y + 1

2 ,z (7) ȳ+ 1
2 , x̄ + 1

2 ,z+ 1
2 (8) y + 1

2 ,x + 1
2 ,z+ 1

2

0kl : k = 2n
hhl : l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

4 b 2 . . 0, 1
2 ,z

1
2 ,0,z+ 1

2
1
2 ,0,z 0, 1

2 ,z+ 1
2 hkl : h + k, l = 2n

4 a 2 . . 0,0,z 0,0,z+ 1
2

1
2 ,

1
2 ,z

1
2 ,

1
2 ,z+ 1

2 hkl : h + k, l = 2n

Symmetry of special projections
Along [001] p4gm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = 1

2 b b′ = c
Origin at x,0,0

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P42 11 (P42, 77) 1; 2; 3; 4

[2] P21c (C cc2, 37) 1; 2; 7; 8
[2] P2b1 (Pba2, 32) 1; 2; 5; 6

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P42 bc (c′ = 3c) (106); [9] P42 bc (a′ = 3a,b′ = 3b) (106)

Minimal non-isomorphic supergroups
I [2] P42/nbc (133); [2] P42/mbc (135)

II [2] C 42 mc (P42 cm, 101); [2] I 4cm (108); [2] P4bm (c′ = 1
2 c) (100)

397



I 4mm C9
4v 4mm Tetragonal

No. 107 I 4mm Patterson symmetry I 4/mmm

Origin on 4mm

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2 ; x ≤ y

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) 4+ 0,0,z (4) 4− 0,0,z
(5) m x,0,z (6) m 0,y,z (7) m x, x̄,z (8) m x,x,z

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) 4+(0,0, 1

2 ) 0, 1
2 ,z (4) 4−(0,0, 1

2 ) 1
2 ,0,z

(5) n( 1
2 ,0, 1

2) x, 1
4 ,z (6) n(0, 1

2 ,
1
2) 1

4 ,y,z (7) c x + 1
2 , x̄,z (8) n( 1

2 ,
1
2 ,

1
2 ) x,x,z
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CONTINUED No. 107 I 4mm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

16 e 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z (4) y, x̄,z
(5) x, ȳ,z (6) x̄,y,z (7) ȳ, x̄,z (8) y,x,z

hkl : h + k + l = 2n
hk0 : h + k = 2n
0kl : k + l = 2n
hhl : l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

8 d . m . x,0,z x̄,0,z 0,x,z 0, x̄,z no extra conditions

8 c . . m x,x,z x̄, x̄,z x̄,x,z x, x̄,z no extra conditions

4 b 2 m m . 0, 1
2 ,z

1
2 ,0,z hkl : l = 2n

2 a 4 m m 0,0,z no extra conditions

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [100] c1m1
a′ = b b′ = c
Origin at x,0,0

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] I 411 (I 4, 79) (1; 2; 3; 4)+

[2] I 2m1 (I mm2, 44) (1; 2; 5; 6)+
[2] I 21m (F mm2, 42) (1; 2; 7; 8)+

IIa [2] P42 mc (105) 1; 2; 5; 6; (3; 4; 7; 8)+ ( 1
2 ,

1
2 ,

1
2)

[2] P4nc (104) 1; 2; 3; 4; (5; 6; 7; 8)+ ( 1
2 ,

1
2 ,

1
2)

[2] P42 nm (102) 1; 2; 7; 8; (3; 4; 5; 6)+ ( 1
2 ,

1
2 ,

1
2)

[2] P4mm (99) 1; 2; 3; 4; 5; 6; 7; 8

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I 4mm (c′ = 3c) (107); [9] I 4mm (a′ = 3a,b′ = 3b) (107)

Minimal non-isomorphic supergroups
I [2] I 4/mmm (139)
II [2] C 4mm (c′ = 1

2 c) (P4mm, 99)
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I 4cm C10
4v 4mm Tetragonal

No. 108 I 4cm Patterson symmetry I 4/mmm

Origin on 4ce

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2 ; y ≤ 1

2 − x

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) 4+ 0,0,z (4) 4− 0,0,z
(5) c x,0,z (6) c 0,y,z (7) c x, x̄,z (8) c x,x,z

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) 4+(0,0, 1

2 ) 0, 1
2 ,z (4) 4−(0,0, 1

2 ) 1
2 ,0,z

(5) a x, 1
4 ,z (6) b 1

4 ,y,z (7) m x + 1
2 , x̄,z (8) g( 1

2 ,
1
2 ,0) x,x,z
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CONTINUED No. 108 I 4cm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

16 d 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z (4) y, x̄,z
(5) x, ȳ,z+ 1

2 (6) x̄,y,z+ 1
2 (7) ȳ, x̄,z+ 1

2 (8) y,x,z+ 1
2

hkl : h + k + l = 2n
hk0 : h + k = 2n
0kl : k, l = 2n
hhl : l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

8 c . . m x,x + 1
2 ,z x̄, x̄ + 1

2 ,z x̄+ 1
2 ,x,z x + 1

2 , x̄,z no extra conditions

4 b 2 . mm 1
2 ,0,z 0, 1

2 ,z hkl : l = 2n

4 a 4 . . 0,0,z 0,0,z+ 1
2 hkl : l = 2n

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [100] p1m1
a′ = 1

2 b b′ = 1
2 c

Origin at x,0,0

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] I 411 (I 4, 79) (1; 2; 3; 4)+

[2] I 2c1 (I ba2, 45) (1; 2; 5; 6)+
[2] I 21m (F mm2, 42) (1; 2; 7; 8)+

IIa [2] P42 bc (106) 1; 2; 7; 8; (3; 4; 5; 6)+ ( 1
2 ,

1
2 ,

1
2)

[2] P4cc (103) 1; 2; 3; 4; 5; 6; 7; 8
[2] P42 cm (101) 1; 2; 5; 6; (3; 4; 7; 8)+ ( 1

2 ,
1
2 ,

1
2)

[2] P4bm (100) 1; 2; 3; 4; (5; 6; 7; 8)+ ( 1
2 ,

1
2 ,

1
2)

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I 4cm (c′ = 3c) (108); [9] I 4cm (a′ = 3a,b′ = 3b) (108)

Minimal non-isomorphic supergroups
I [2] I 4/mcm (140)

II [2] C 4mm (c′ = 1
2 c) (P4mm, 99)
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I 41 md C11
4v 4mm Tetragonal

No. 109 I 41 md Patterson symmetry I 4/mmm

Origin on 2mm on 2m1

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) 4+(0,0, 1

4 ) − 1
4 ,

1
4 ,z (4) 4−(0,0, 3

4 ) 1
4 ,− 1

4 ,z
(5) m x,0,z (6) n(0, 1

2 ,
1
2) 1

4 ,y,z (7) d(− 1
4 ,

1
4 ,

1
4 ) x + 1

4 , x̄,z (8) d( 1
4 ,

1
4 ,

3
4 ) x + 1

4 ,x,z

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2 0,0,z (3) 4+(0,0, 3

4 ) 1
4 ,

1
4 ,z (4) 4−(0,0, 1

4 ) 1
4 ,

1
4 ,z

(5) n( 1
2 ,0, 1

2) x, 1
4 ,z (6) m 0,y,z (7) d( 1

4 ,− 1
4 ,

3
4 ) x + 1

4 , x̄,z (8) d( 1
4 ,

1
4 ,

1
4 ) x− 1

4 ,x,z
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CONTINUED No. 109 I 41 md

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

16 c 1 (1) x,y,z (2) x̄+ 1
2 , ȳ + 1

2 ,z+ 1
2 (3) ȳ,x + 1

2 ,z+ 1
4 (4) y + 1

2 , x̄,z+ 3
4

(5) x, ȳ,z (6) x̄+ 1
2 ,y + 1

2 ,z+ 1
2 (7) ȳ, x̄ + 1

2 ,z+ 1
4 (8) y + 1

2 ,x,z+ 3
4

hkl : h + k + l = 2n
hk0 : h + k = 2n
0kl : k + l = 2n
hhl : 2h + l = 4n
00l : l = 4n
h00 : h = 2n
hh̄0 : h = 2n

Special: as above, plus

8 b . m . 0,y,z 1
2 , ȳ + 1

2 ,z+ 1
2 ȳ, 1

2 ,z+ 1
4 y + 1

2 ,0,z+ 3
4 no extra conditions

4 a 2 m m . 0,0,z 0, 1
2 ,z+ 1

4 hkl : l = 2n + 1
or 2h + l = 4n

Symmetry of special projections
Along [001] p4gm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 1
4 ,

1
4 ,z

Along [100] c1m1
a′ = b b′ = c
Origin at x,0,0

Along [110] c1m1
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] I 41 11 (I 41, 80) (1; 2; 3; 4)+

[2] I 2m1 (I mm2, 44) (1; 2; 5; 6)+
[2] I 21d (F d d 2, 43) (1; 2; 7; 8)+

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I 41 md (c′ = 3c) (109); [9] I 41 md (a′ = 3a,b′ = 3b) (109)

Minimal non-isomorphic supergroups
I [2] I 41/amd (141)

II [2] C 42 md (c′ = 1
2 c) (P42 nm, 102)
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I 41 cd C12
4v 4mm Tetragonal

No. 110 I 41 cd Patterson symmetry I 4/mmm

Origin on 2c1

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) 4+(0,0, 1

4 ) − 1
4 ,

1
4 ,z (4) 4−(0,0, 3

4 ) 1
4 ,− 1

4 ,z
(5) c x,0,z (6) b 1

4 ,y,z (7) d(− 1
4 ,

1
4 ,

3
4 ) x + 1

4 , x̄,z (8) d( 1
4 ,

1
4 ,

1
4 ) x + 1

4 ,x,z

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2 0,0,z (3) 4+(0,0, 3

4 ) 1
4 ,

1
4 ,z (4) 4−(0,0, 1

4 ) 1
4 ,

1
4 ,z

(5) a x, 1
4 ,z (6) c 0,y,z (7) d( 1

4 ,− 1
4 ,

1
4 ) x + 1

4 , x̄,z (8) d( 1
4 ,

1
4 ,

3
4 ) x− 1

4 ,x,z

404
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CONTINUED No. 110 I 41 cd

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

16 b 1 (1) x,y,z (2) x̄+ 1
2 , ȳ + 1

2 ,z+ 1
2 (3) ȳ,x + 1

2 ,z+ 1
4 (4) y + 1

2 , x̄,z+ 3
4

(5) x, ȳ,z+ 1
2 (6) x̄+ 1

2 ,y + 1
2 ,z (7) ȳ, x̄ + 1

2 ,z+ 3
4 (8) y + 1

2 ,x,z+ 1
4

hkl : h + k + l = 2n
hk0 : h + k = 2n
0kl : k, l = 2n
hhl : 2h + l = 4n
00l : l = 4n
h00 : h = 2n
hh̄0 : h = 2n

Special: as above, plus

8 a 2 . . 0,0,z 0, 1
2 ,z+ 1

4 0,0,z+ 1
2 0, 1

2 ,z+ 3
4 hkl : 2h + l = 4n

Symmetry of special projections
Along [001] p4gm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 1
4 ,

1
4 ,z

Along [100] p1m1
a′ = 1

2 b b′ = 1
2 c

Origin at x,0,0

Along [110] c1m1
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] I 41 11 (I 41, 80) (1; 2; 3; 4)+

[2] I 2c1 (I ba2, 45) (1; 2; 5; 6)+
[2] I 21d (F d d 2, 43) (1; 2; 7; 8)+

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I 41 cd (c′ = 3c) (110); [9] I 41 cd (a′ = 3a,b′ = 3b) (110)

Minimal non-isomorphic supergroups
I [2] I 41/acd (142)
II [2] C 42 md (c′ = 1

2 c) (P42 nm, 102)
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P 4̄2m D1
2d 4̄2m Tetragonal

No. 111 P 4̄2m Patterson symmetry P4/mmm

Origin at 4̄2m

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1; x ≤ y

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4̄+ 0,0,z; 0,0,0 (4) 4̄− 0,0,z; 0,0,0
(5) 2 0,y,0 (6) 2 x,0,0 (7) m x, x̄,z (8) m x,x,z
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CONTINUED No. 111 P 4̄2m

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 o 1 (1) x,y,z (2) x̄, ȳ,z (3) y, x̄, z̄ (4) ȳ,x, z̄
(5) x̄,y, z̄ (6) x, ȳ, z̄ (7) ȳ, x̄,z (8) y,x,z

no conditions

Special:

4 n . . m x,x,z x̄, x̄,z x, x̄, z̄ x̄,x, z̄ no extra conditions

4 m 2 . . 0, 1
2 ,z

1
2 ,0, z̄ 0, 1

2 , z̄
1
2 ,0,z hkl : h + k = 2n

4 l . 2 . x, 1
2 ,0 x̄, 1

2 ,0
1
2 , x̄,0

1
2 ,x,0 no extra conditions

4 k . 2 . x,0, 1
2 x̄,0, 1

2 0, x̄, 1
2 0,x, 1

2 no extra conditions

4 j . 2 . x, 1
2 ,

1
2 x̄, 1

2 ,
1
2

1
2 , x̄,

1
2

1
2 ,x,

1
2 no extra conditions

4 i . 2 . x,0,0 x̄,0,0 0, x̄,0 0,x,0 no extra conditions

2 h 2 . mm 1
2 ,

1
2 ,z

1
2 ,

1
2 , z̄ no extra conditions

2 g 2 . mm 0,0,z 0,0, z̄ no extra conditions

2 f 2 2 2 . 1
2 ,0, 1

2 0, 1
2 ,

1
2 hkl : h + k = 2n

2 e 2 2 2 . 1
2 ,0,0 0, 1

2 ,0 hkl : h + k = 2n

1 d 4̄ 2 m 1
2 ,

1
2 ,0 no extra conditions

1 c 4̄ 2 m 0,0, 1
2 no extra conditions

1 b 4̄ 2 m 1
2 ,

1
2 ,

1
2 no extra conditions

1 a 4̄ 2 m 0,0,0 no extra conditions

Symmetry of special projections
Along [001] p4mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = b b′ = c
Origin at x,0,0

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄11 (P 4̄, 81) 1; 2; 3; 4

[2] P21m (C mm2, 35) 1; 2; 7; 8
[2] P221 (P222, 16) 1; 2; 5; 6

IIa none

IIb [2] P 4̄2c (c′ = 2c) (112); [2] C 4̄ 2d (a′ = 2a,b′ = 2b) (P 4̄b2, 117); [2] C 4̄ 2m (a′ = 2a,b′ = 2b) (P 4̄m2, 115);
[2] F 4̄2c (a′ = 2a,b′ = 2b,c′ = 2c) (I 4̄c2, 120); [2] F 4̄ 2m (a′ = 2a,b′ = 2b,c′ = 2c) (I 4̄m2, 119)

Maximal isomorphic subgroups of lowest index
IIc [2] P 4̄2m (c′ = 2c) (111); [9] P 4̄ 2m (a′ = 3a,b′ = 3b) (111)

Minimal non-isomorphic supergroups
I [2] P4/mmm (123); [2] P4/nbm (125); [2] P42/mcm (132); [2] P42/nnm (134); [3] P 4̄ 3m (215)

II [2] C 4̄ 2m (P 4̄m2, 115); [2] I 4̄ 2m (121)
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P 4̄2c D2
2d 4̄2m Tetragonal

No. 112 P 4̄2c Patterson symmetry P4/mmm

Origin at 4̄1c

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4̄+ 0,0,z; 0,0,0 (4) 4̄− 0,0,z; 0,0,0
(5) 2 0,y, 1

4 (6) 2 x,0, 1
4 (7) c x, x̄,z (8) c x,x,z
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CONTINUED No. 112 P 4̄ 2c

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 n 1 (1) x,y,z (2) x̄, ȳ,z (3) y, x̄, z̄ (4) ȳ,x, z̄
(5) x̄,y, z̄+ 1

2 (6) x, ȳ, z̄+ 1
2 (7) ȳ, x̄,z+ 1

2 (8) y,x,z+ 1
2

hhl : l = 2n
00l : l = 2n

Special: as above, plus

4 m 2 . . 0, 1
2 ,z

1
2 ,0, z̄ 0, 1

2 , z̄+ 1
2

1
2 ,0,z+ 1

2 hkl : h + k + l = 2n

4 l 2 . . 1
2 ,

1
2 ,z

1
2 ,

1
2 , z̄

1
2 ,

1
2 , z̄+ 1

2
1
2 ,

1
2 ,z+ 1

2 hkl : l = 2n

4 k 2 . . 0,0,z 0,0, z̄ 0,0, z̄+ 1
2 0,0,z+ 1

2 hkl : l = 2n

4 j . 2 . 0,y, 1
4 0, ȳ, 1

4 y,0, 3
4 ȳ,0, 3

4 no extra conditions

4 i . 2 . x, 1
2 ,

1
4 x̄, 1

2 ,
1
4

1
2 , x̄,

3
4

1
2 ,x,

3
4 no extra conditions

4 h . 2 . 1
2 ,y,

1
4

1
2 , ȳ,

1
4 y, 1

2 ,
3
4 ȳ, 1

2 ,
3
4 no extra conditions

4 g . 2 . x,0, 1
4 x̄,0, 1

4 0, x̄, 3
4 0,x, 3

4 no extra conditions

2 f 4̄ . . 1
2 ,

1
2 ,0

1
2 ,

1
2 ,

1
2 hkl : l = 2n

2 e 4̄ . . 0,0,0 0,0, 1
2 hkl : l = 2n

2 d 2 2 2 . 0, 1
2 ,

1
4

1
2 ,0, 3

4 hkl : h + k + l = 2n

2 c 2 2 2 . 1
2 ,

1
2 ,

1
4

1
2 ,

1
2 ,

3
4 hkl : l = 2n

2 b 2 2 2 . 1
2 ,0, 1

4 0, 1
2 ,

3
4 hkl : h + k + l = 2n

2 a 2 2 2 . 0,0, 1
4 0,0, 3

4 hkl : l = 2n

Symmetry of special projections
Along [001] p4mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = b b′ = c
Origin at x,0, 1

4

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄11 (P 4̄, 81) 1; 2; 3; 4

[2] P21c (C cc2, 37) 1; 2; 7; 8
[2] P221 (P222, 16) 1; 2; 5; 6

IIa none
IIb [2] C 4̄ 2d (a′ = 2a,b′ = 2b) (P 4̄n2, 118); [2] C 4̄ 2c (a′ = 2a,b′ = 2b) (P 4̄c2, 116)

Maximal isomorphic subgroups of lowest index
IIc [3] P 4̄2c (c′ = 3c) (112); [9] P 4̄ 2c (a′ = 3a,b′ = 3b) (112)

Minimal non-isomorphic supergroups
I [2] P4/mcc (124); [2] P4/nnc (126); [2] P42/mmc (131); [2] P42/nbc (133); [3] P 4̄ 3n (218)

II [2] C 4̄ 2c (P 4̄c2, 116); [2] I 4̄ 2m (121); [2] P 4̄ 2m (c′ = 1
2 c) (111)
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P 4̄21 m D3
2d 4̄2m Tetragonal

No. 113 P 4̄21 m Patterson symmetry P4/mmm

Origin at 4̄1g

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1; y ≤ 1
2 − x

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4̄+ 0,0,z; 0,0,0 (4) 4̄− 0,0,z; 0,0,0
(5) 2(0, 1

2 ,0) 1
4 ,y,0 (6) 2( 1

2 ,0,0) x, 1
4 ,0 (7) m x + 1

2 , x̄,z (8) g( 1
2 ,

1
2 ,0) x,x,z
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CONTINUED No. 113 P 4̄ 21 m

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 f 1 (1) x,y,z (2) x̄, ȳ,z (3) y, x̄, z̄ (4) ȳ,x, z̄
(5) x̄+ 1

2 ,y + 1
2 , z̄ (6) x + 1

2 , ȳ + 1
2 , z̄ (7) ȳ + 1

2 , x̄ + 1
2 ,z (8) y + 1

2 ,x + 1
2 ,z

h00 : h = 2n

Special: as above, plus

4 e . . m x,x + 1
2 ,z x̄, x̄ + 1

2 ,z x + 1
2 , x̄, z̄ x̄+ 1

2 ,x, z̄ no extra conditions

4 d 2 . . 0,0,z 0,0, z̄ 1
2 ,

1
2 , z̄

1
2 ,

1
2 ,z hkl : h + k = 2n

2 c 2 . mm 0, 1
2 ,z

1
2 ,0, z̄ hk0 : h + k = 2n

2 b 4̄ . . 0,0, 1
2

1
2 ,

1
2 ,

1
2 hkl : h + k = 2n

2 a 4̄ . . 0,0,0 1
2 ,

1
2 ,0 hkl : h + k = 2n

Symmetry of special projections
Along [001] p4gm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mg
a′ = b b′ = c
Origin at x, 1

4 ,0

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄11 (P 4̄, 81) 1; 2; 3; 4

[2] P21m (C mm2, 35) 1; 2; 7; 8
[2] P221 1 (P21 21 2, 18) 1; 2; 5; 6

IIa none

IIb [2] P 4̄21 c (c′ = 2c) (114)

Maximal isomorphic subgroups of lowest index
IIc [2] P 4̄21 m (c′ = 2c) (113); [9] P 4̄21 m (a′ = 3a,b′ = 3b) (113)

Minimal non-isomorphic supergroups
I [2] P4/mbm (127); [2] P4/nmm (129); [2] P42/mnm (136); [2] P42/ncm (138)

II [2] C 4̄ 2m (P 4̄m2, 115); [2] I 4̄ 2m (121)
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P 4̄21 c D4
2d 4̄2m Tetragonal

No. 114 P 4̄21 c Patterson symmetry P4/mmm

Origin at 4̄1n

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4̄+ 0,0,z; 0,0,0 (4) 4̄− 0,0,z; 0,0,0
(5) 2(0, 1

2 ,0) 1
4 ,y,

1
4 (6) 2( 1

2 ,0,0) x, 1
4 ,

1
4 (7) c x + 1

2 , x̄,z (8) n( 1
2 ,

1
2 ,

1
2 ) x,x,z
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CONTINUED No. 114 P 4̄21 c

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 e 1 (1) x,y,z (2) x̄, ȳ,z (3) y, x̄, z̄ (4) ȳ,x, z̄
(5) x̄ + 1

2 ,y + 1
2 , z̄+ 1

2 (6) x + 1
2 , ȳ + 1

2 , z̄+ 1
2 (7) ȳ+ 1

2 , x̄ + 1
2 ,z+ 1

2 (8) y + 1
2 ,x + 1

2 ,z+ 1
2

hhl : l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

4 d 2 . . 0, 1
2 ,z

1
2 ,0, z̄ 1

2 ,0, z̄+ 1
2 0, 1

2 ,z+ 1
2 hkl : l = 2n

hk0 : h + k = 2n

4 c 2 . . 0,0,z 0,0, z̄ 1
2 ,

1
2 , z̄+ 1

2
1
2 ,

1
2 ,z+ 1

2 hkl : h + k + l = 2n

2 b 4̄ . . 0,0, 1
2

1
2 ,

1
2 ,0 hkl : h + k + l = 2n

2 a 4̄ . . 0,0,0 1
2 ,

1
2 ,

1
2 hkl : h + k + l = 2n

Symmetry of special projections
Along [001] p4gm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mg
a′ = b b′ = c
Origin at x, 1

4 ,
1
4

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄11 (P 4̄, 81) 1; 2; 3; 4

[2] P21c (C cc2, 37) 1; 2; 7; 8
[2] P221 1 (P21 21 2, 18) 1; 2; 5; 6

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P 4̄21 c (c′ = 3c) (114); [9] P 4̄21 c (a′ = 3a,b′ = 3b) (114)

Minimal non-isomorphic supergroups
I [2] P4/mnc (128); [2] P4/ncc (130); [2] P42/mbc (135); [2] P42/nmc (137)

II [2] C 4̄ 2c (P 4̄c2, 116); [2] I 4̄ 2m (121); [2] P 4̄ 21 m (c′ = 1
2 c) (113)
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P 4̄m2 D5
2d 4̄m2 Tetragonal

No. 115 P 4̄m2 Patterson symmetry P4/mmm

Origin at 4̄m2

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4̄+ 0,0,z; 0,0,0 (4) 4̄− 0,0,z; 0,0,0
(5) m x,0,z (6) m 0,y,z (7) 2 x,x,0 (8) 2 x, x̄,0
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CONTINUED No. 115 P 4̄m2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 l 1 (1) x,y,z (2) x̄, ȳ,z (3) y, x̄, z̄ (4) ȳ,x, z̄
(5) x, ȳ,z (6) x̄,y,z (7) y,x, z̄ (8) ȳ, x̄, z̄

no conditions

Special:

4 k . m . x, 1
2 ,z x̄, 1

2 ,z
1
2 , x̄, z̄

1
2 ,x, z̄ no extra conditions

4 j . m . x,0,z x̄,0,z 0, x̄, z̄ 0,x, z̄ no extra conditions

4 i . . 2 x,x, 1
2 x̄, x̄, 1

2 x, x̄, 1
2 x̄,x, 1

2 no extra conditions

4 h . . 2 x,x,0 x̄, x̄,0 x, x̄,0 x̄,x,0 no extra conditions

2 g 2 m m . 0, 1
2 ,z

1
2 ,0, z̄ hk0 : h + k = 2n

2 f 2 m m . 1
2 ,

1
2 ,z

1
2 ,

1
2 , z̄ no extra conditions

2 e 2 m m . 0,0,z 0,0, z̄ no extra conditions

1 d 4̄ m 2 0,0, 1
2 no extra conditions

1 c 4̄ m 2 1
2 ,

1
2 ,

1
2 no extra conditions

1 b 4̄ m 2 1
2 ,

1
2 ,0 no extra conditions

1 a 4̄ m 2 0,0,0 no extra conditions

Symmetry of special projections
Along [001] p4mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = b b′ = c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄11 (P 4̄, 81) 1; 2; 3; 4

[2] P2m1 (Pmm2, 25) 1; 2; 5; 6
[2] P212 (C 222, 21) 1; 2; 7; 8

IIa none

IIb [2] P 4̄c2 (c′ = 2c) (116); [2] C 4̄m21 (a′ = 2a,b′ = 2b) (P 4̄ 21 m, 113); [2] C 4̄m2 (a′ = 2a,b′ = 2b) (P 4̄2m, 111);
[2] F 4̄m2 (a′ = 2a,b′ = 2b,c′ = 2c) (I 4̄ 2m, 121)

Maximal isomorphic subgroups of lowest index
IIc [2] P 4̄m2 (c′ = 2c) (115); [9] P 4̄m2 (a′ = 3a,b′ = 3b) (115)

Minimal non-isomorphic supergroups
I [2] P4/mmm (123); [2] P4/nmm (129); [2] P42/mmc (131); [2] P42/nmc (137)

II [2] C 4̄m2 (P 4̄2m, 111); [2] I 4̄m2 (119)

415



P 4̄c2 D6
2d 4̄m2 Tetragonal

No. 116 P 4̄c2 Patterson symmetry P4/mmm

Origin at 4̄c1

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1

4

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4̄+ 0,0,z; 0,0,0 (4) 4̄− 0,0,z; 0,0,0
(5) c x,0,z (6) c 0,y,z (7) 2 x,x, 1

4 (8) 2 x, x̄, 1
4
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CONTINUED No. 116 P 4̄c2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 j 1 (1) x,y,z (2) x̄, ȳ,z (3) y, x̄, z̄ (4) ȳ,x, z̄
(5) x, ȳ,z+ 1

2 (6) x̄,y,z+ 1
2 (7) y,x, z̄ + 1

2 (8) ȳ, x̄, z̄+ 1
2

0kl : l = 2n
00l : l = 2n

Special: as above, plus

4 i 2 . . 0, 1
2 ,z

1
2 ,0, z̄ 0, 1

2 ,z+ 1
2

1
2 ,0, z̄+ 1

2 hkl : l = 2n
hk0 : h + k = 2n

4 h 2 . . 1
2 ,

1
2 ,z

1
2 ,

1
2 , z̄

1
2 ,

1
2 ,z+ 1

2
1
2 ,

1
2 , z̄+ 1

2 hkl : l = 2n

4 g 2 . . 0,0,z 0,0, z̄ 0,0,z+ 1
2 0,0, z̄+ 1

2 hkl : l = 2n

4 f . . 2 x,x, 3
4 x̄, x̄, 3

4 x, x̄, 1
4 x̄,x, 1

4 no extra conditions

4 e . . 2 x,x, 1
4 x̄, x̄, 1

4 x, x̄, 3
4 x̄,x, 3

4 no extra conditions

2 d 4̄ . . 1
2 ,

1
2 ,0

1
2 ,

1
2 ,

1
2 hkl : l = 2n

2 c 4̄ . . 0,0,0 0,0, 1
2 hkl : l = 2n

2 b 2 . 22 1
2 ,

1
2 ,

1
4

1
2 ,

1
2 ,

3
4 hkl : l = 2n

2 a 2 . 22 0,0, 1
4 0,0, 3

4 hkl : l = 2n

Symmetry of special projections
Along [001] p4mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = b b′ = 1

2 c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x, 1

4

Maximal non-isomorphic subgroups
I [2] P 4̄11 (P 4̄, 81) 1; 2; 3; 4

[2] P2c1 (Pcc2, 27) 1; 2; 5; 6
[2] P212 (C 222, 21) 1; 2; 7; 8

IIa none

IIb [2] C 4̄c21 (a′ = 2a,b′ = 2b) (P 4̄ 21 c, 114); [2] C 4̄c2 (a′ = 2a,b′ = 2b) (P 4̄ 2c, 112)

Maximal isomorphic subgroups of lowest index
IIc [3] P 4̄c2 (c′ = 3c) (116); [9] P 4̄c2 (a′ = 3a,b′ = 3b) (116)

Minimal non-isomorphic supergroups
I [2] P4/mcc (124); [2] P4/ncc (130); [2] P42/mcm (132); [2] P42/ncm (138)
II [2] C 4̄c2 (P 4̄2c, 112); [2] I 4̄c2 (120); [2] P 4̄m2 (c′ = 1

2 c) (115)

417



P 4̄b2 D7
2d 4̄m2 Tetragonal

No. 117 P 4̄b2 Patterson symmetry P4/mmm

Origin at 4̄121

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4̄+ 0,0,z; 0,0,0 (4) 4̄− 0,0,z; 0,0,0
(5) a x, 1

4 ,z (6) b 1
4 ,y,z (7) 2( 1

2 ,
1
2 ,0) x,x,0 (8) 2 x, x̄ + 1

2 ,0

418
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CONTINUED No. 117 P 4̄b2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 i 1 (1) x,y,z (2) x̄, ȳ,z (3) y, x̄, z̄ (4) ȳ,x, z̄
(5) x + 1

2 , ȳ + 1
2 ,z (6) x̄ + 1

2 ,y + 1
2 ,z (7) y + 1

2 ,x + 1
2 , z̄ (8) ȳ+ 1

2 , x̄ + 1
2 , z̄

0kl : k = 2n
h00 : h = 2n

Special: as above, plus

4 h . . 2 x,x + 1
2 ,

1
2 x̄, x̄ + 1

2 ,
1
2 x + 1

2 , x̄,
1
2 x̄+ 1

2 ,x,
1
2 no extra conditions

4 g . . 2 x,x + 1
2 ,0 x̄, x̄ + 1

2 ,0 x + 1
2 , x̄,0 x̄ + 1

2 ,x,0 no extra conditions

4 f 2 . . 0, 1
2 ,z

1
2 ,0, z̄ 1

2 ,0,z 0, 1
2 , z̄ hkl : h + k = 2n

4 e 2 . . 0,0,z 0,0, z̄ 1
2 ,

1
2 ,z

1
2 ,

1
2 , z̄ hkl : h + k = 2n

2 d 2 . 22 0, 1
2 ,

1
2

1
2 ,0, 1

2 hkl : h + k = 2n

2 c 2 . 22 0, 1
2 ,0

1
2 ,0,0 hkl : h + k = 2n

2 b 4̄ . . 0,0, 1
2

1
2 ,

1
2 ,

1
2 hkl : h + k = 2n

2 a 4̄ . . 0,0,0 1
2 ,

1
2 ,0 hkl : h + k = 2n

Symmetry of special projections
Along [001] p4gm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = 1

2 b b′ = c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄11 (P 4̄, 81) 1; 2; 3; 4

[2] P2b1 (Pba2, 32) 1; 2; 5; 6
[2] P212 (C 222, 21) 1; 2; 7; 8

IIa none

IIb [2] P 4̄n2 (c′ = 2c) (118)

Maximal isomorphic subgroups of lowest index
IIc [2] P 4̄b2 (c′ = 2c) (117); [9] P 4̄b2 (a′ = 3a,b′ = 3b) (117)

Minimal non-isomorphic supergroups
I [2] P4/nbm (125); [2] P4/mbm (127); [2] P42/nbc (133); [2] P42/mbc (135)

II [2] C 4̄m2 (P 4̄2m, 111); [2] I 4̄c2 (120)

419



P 4̄n2 D8
2d 4̄m2 Tetragonal

No. 118 P 4̄n2 Patterson symmetry P4/mmm

Origin at 4̄

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1

4

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4̄+ 0,0,z; 0,0,0 (4) 4̄− 0,0,z; 0,0,0
(5) n( 1

2 ,0, 1
2) x, 1

4 ,z (6) n(0, 1
2 ,

1
2 ) 1

4 ,y,z (7) 2( 1
2 ,

1
2 ,0) x,x, 1

4 (8) 2 x, x̄ + 1
2 ,

1
4

420
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CONTINUED No. 118 P 4̄n2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

8 i 1 (1) x,y,z (2) x̄, ȳ,z (3) y, x̄, z̄ (4) ȳ,x, z̄
(5) x + 1

2 , ȳ + 1
2 ,z+ 1

2 (6) x̄+ 1
2 ,y + 1

2 ,z+ 1
2 (7) y + 1

2 ,x + 1
2 , z̄+ 1

2 (8) ȳ + 1
2 , x̄+ 1

2 , z̄+ 1
2

0kl : k + l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

4 h 2 . . 0, 1
2 ,z

1
2 ,0, z̄ 1

2 ,0,z+ 1
2 0, 1

2 , z̄ + 1
2 hkl : h + k + l = 2n

4 g . . 2 x,x + 1
2 ,

1
4 x̄, x̄ + 1

2 ,
1
4 x + 1

2 , x̄,
3
4 x̄+ 1

2 ,x,
3
4 no extra conditions

4 f . . 2 x, x̄ + 1
2 ,

1
4 x̄,x + 1

2 ,
1
4 x̄ + 1

2 , x̄,
3
4 x + 1

2 ,x,
3
4 no extra conditions

4 e 2 . . 0,0,z 0,0, z̄ 1
2 ,

1
2 ,z+ 1

2
1
2 ,

1
2 , z̄ + 1

2 hkl : h + k + l = 2n

2 d 2 . 22 0, 1
2 ,

3
4

1
2 ,0, 1

4 hkl : h + k + l = 2n

2 c 2 . 22 0, 1
2 ,

1
4

1
2 ,0, 3

4 hkl : h + k + l = 2n

2 b 4̄ . . 0,0, 1
2

1
2 ,

1
2 ,0 hkl : h + k + l = 2n

2 a 4̄ . . 0,0,0 1
2 ,

1
2 ,

1
2 hkl : h + k + l = 2n

Symmetry of special projections
Along [001] p4gm
a′ = a b′ = b
Origin at 0,0,z

Along [100] c1m1
a′ = b b′ = c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x, 1

4

Maximal non-isomorphic subgroups
I [2] P 4̄11 (P 4̄, 81) 1; 2; 3; 4

[2] P2n1 (Pnn2, 34) 1; 2; 5; 6
[2] P212 (C 222, 21) 1; 2; 7; 8

IIa none

IIb [2] F 4̄d 2 (a′ = 2a,b′ = 2b,c′ = 2c) (I 4̄ 2d, 122)

Maximal isomorphic subgroups of lowest index
IIc [3] P 4̄n2 (c′ = 3c) (118); [9] P 4̄n2 (a′ = 3a,b′ = 3b) (118)

Minimal non-isomorphic supergroups
I [2] P4/nnc (126); [2] P4/mnc (128); [2] P42/nnm (134); [2] P42/mnm (136)

II [2] C 4̄c2 (P 4̄2c, 112); [2] I 4̄m2 (119); [2] P 4̄b2 (c′ = 1
2 c) (117)

421



I 4̄m2 D9
2d 4̄m2 Tetragonal

No. 119 I 4̄m2 Patterson symmetry I 4/mmm

Origin at 4̄m2

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) 4̄+ 0,0,z; 0,0,0 (4) 4̄− 0,0,z; 0,0,0
(5) m x,0,z (6) m 0,y,z (7) 2 x,x,0 (8) 2 x, x̄,0

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) 4̄+ 1

2 ,0,z; 1
2 ,0, 1

4 (4) 4̄− 0, 1
2 ,z; 0, 1

2 ,
1
4

(5) n( 1
2 ,0, 1

2) x, 1
4 ,z (6) n(0, 1

2 ,
1
2) 1

4 ,y,z (7) 2( 1
2 ,

1
2 ,0) x,x, 1

4 (8) 2 x, x̄ + 1
2 ,

1
4

422
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CONTINUED No. 119 I 4̄m2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

16 j 1 (1) x,y,z (2) x̄, ȳ,z (3) y, x̄, z̄ (4) ȳ,x, z̄
(5) x, ȳ,z (6) x̄,y,z (7) y,x, z̄ (8) ȳ, x̄, z̄

hkl : h + k + l = 2n
hk0 : h + k = 2n
0kl : k + l = 2n
hhl : l = 2n
00l : l = 2n
h00 : h = 2n

Special: no extra conditions

8 i . m . x,0,z x̄,0,z 0, x̄, z̄ 0,x, z̄

8 h . . 2 x,x + 1
2 ,

1
4 x̄, x̄ + 1

2 ,
1
4 x + 1

2 , x̄,
3
4 x̄ + 1

2 ,x,
3
4

8 g . . 2 x,x,0 x̄, x̄,0 x, x̄,0 x̄,x,0

4 f 2 m m . 0, 1
2 ,z

1
2 ,0, z̄

4 e 2 m m . 0,0,z 0,0, z̄

2 d 4̄ m 2 0, 1
2 ,

3
4

2 c 4̄ m 2 0, 1
2 ,

1
4

2 b 4̄ m 2 0,0, 1
2

2 a 4̄ m 2 0,0,0

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [100] c1m1
a′ = b b′ = c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] I 4̄ 11 (I 4̄, 82) (1; 2; 3; 4)+

[2] I 2m1 (I mm2, 44) (1; 2; 5; 6)+
[2] I 212 (F 222, 22) (1; 2; 7; 8)+

IIa [2] P 4̄n2 (118) 1; 2; 3; 4; (5; 6; 7; 8) + ( 1
2 ,

1
2 ,

1
2 )

[2] P 4̄n2 (118) 1; 2; 7; 8; (3; 4; 5; 6) + ( 1
2 ,

1
2 ,

1
2 )

[2] P 4̄m2 (115) 1; 2; 3; 4; 5; 6; 7; 8
[2] P 4̄m2 (115) 1; 2; 5; 6; (3; 4; 7; 8) + ( 1

2 ,
1
2 ,

1
2 )

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I 4̄m2 (c′ = 3c) (119); [9] I 4̄m2 (a′ = 3a,b′ = 3b) (119)

Minimal non-isomorphic supergroups
I [2] I 4/mmm (139); [2] I 41/amd (141); [3] F 4̄ 3m (216)

II [2] C 4̄m2 (c′ = 1
2 c) (P 4̄ 2m, 111)

423



I 4̄c2 D10
2d 4̄m2 Tetragonal

No. 120 I 4̄c2 Patterson symmetry I 4/mmm

Origin at 4̄c21

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) 4̄+ 0,0,z; 0,0,0 (4) 4̄− 0,0,z; 0,0,0
(5) c x,0,z (6) c 0,y,z (7) 2 x,x, 1

4 (8) 2 x, x̄, 1
4

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) 4̄+ 1

2 ,0,z; 1
2 ,0, 1

4 (4) 4̄− 0, 1
2 ,z; 0, 1

2 ,
1
4

(5) a x, 1
4 ,z (6) b 1

4 ,y,z (7) 2( 1
2 ,

1
2 ,0) x,x,0 (8) 2 x, x̄ + 1

2 ,0

424
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CONTINUED No. 120 I 4̄c2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

16 i 1 (1) x,y,z (2) x̄, ȳ,z (3) y, x̄, z̄ (4) ȳ,x, z̄
(5) x, ȳ,z+ 1

2 (6) x̄,y,z+ 1
2 (7) y,x, z̄ + 1

2 (8) ȳ, x̄, z̄+ 1
2

hkl : h + k + l = 2n
hk0 : h + k = 2n
0kl : k, l = 2n
hhl : l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

8 h . . 2 x,x + 1
2 ,0 x̄, x̄+ 1

2 ,0 x + 1
2 , x̄,0 x̄+ 1

2 ,x,0 no extra conditions

8 g 2 . . 0, 1
2 ,z

1
2 ,0, z̄ 0, 1

2 ,z+ 1
2

1
2 ,0, z̄+ 1

2 hkl : l = 2n

8 f 2 . . 0,0,z 0,0, z̄ 0,0,z+ 1
2 0,0, z̄+ 1

2 hkl : l = 2n

8 e . . 2 x,x, 1
4 x̄, x̄, 1

4 x, x̄, 3
4 x̄,x, 3

4 no extra conditions

4 d 2 . 22 0, 1
2 ,0

1
2 ,0,0 hkl : l = 2n

4 c 4̄ . . 0, 1
2 ,

1
4 0, 1

2 ,
3
4 hkl : l = 2n

4 b 4̄ . . 0,0,0 0,0, 1
2 hkl : l = 2n

4 a 2 . 22 0,0, 1
4 0,0, 3

4 hkl : l = 2n

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [100] p1m1
a′ = 1

2 b b′ = 1
2 c

Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] I 4̄ 11 (I 4̄, 82) (1; 2; 3; 4)+

[2] I 2c1 (I ba2, 45) (1; 2; 5; 6)+
[2] I 212 (F 222, 22) (1; 2; 7; 8)+

IIa [2] P 4̄b2 (117) 1; 2; 3; 4; (5; 6; 7; 8) + ( 1
2 ,

1
2 ,

1
2 )

[2] P 4̄b2 (117) 1; 2; 7; 8; (3; 4; 5; 6) + ( 1
2 ,

1
2 ,

1
2 )

[2] P 4̄c2 (116) 1; 2; 3; 4; 5; 6; 7; 8
[2] P 4̄c2 (116) 1; 2; 5; 6; (3; 4; 7; 8) + ( 1

2 ,
1
2 ,

1
2 )

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I 4̄c2 (c′ = 3c) (120); [9] I 4̄c2 (a′ = 3a,b′ = 3b) (120)

Minimal non-isomorphic supergroups
I [2] I 4/mcm (140); [2] I 41/acd (142); [3] F 4̄ 3c (219)
II [2] C 4̄m2 (c′ = 1

2 c) (P 4̄ 2m, 111)

425



I 4̄2m D11
2d 4̄2m Tetragonal

No. 121 I 4̄2m Patterson symmetry I 4/mmm

Origin at 4̄2m

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2 ; x ≤ y

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) 4̄+ 0,0,z; 0,0,0 (4) 4̄− 0,0,z; 0,0,0
(5) 2 0,y,0 (6) 2 x,0,0 (7) m x, x̄,z (8) m x,x,z

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) 4̄+ 1

2 ,0,z; 1
2 ,0, 1

4 (4) 4̄− 0, 1
2 ,z; 0, 1

2 ,
1
4

(5) 2(0, 1
2 ,0) 1

4 ,y,
1
4 (6) 2( 1

2 ,0,0) x, 1
4 ,

1
4 (7) c x + 1

2 , x̄,z (8) n( 1
2 ,

1
2 ,

1
2) x,x,z

426
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CONTINUED No. 121 I 4̄2m

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

16 j 1 (1) x,y,z (2) x̄, ȳ,z (3) y, x̄, z̄ (4) ȳ,x, z̄
(5) x̄,y, z̄ (6) x, ȳ, z̄ (7) ȳ, x̄,z (8) y,x,z

hkl : h + k + l = 2n
hk0 : h + k = 2n
0kl : k + l = 2n
hhl : l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

8 i . . m x,x,z x̄, x̄,z x, x̄, z̄ x̄,x, z̄ no extra conditions

8 h 2 . . 0, 1
2 ,z

1
2 ,0, z̄ 0, 1

2 , z̄
1
2 ,0,z hkl : l = 2n

8 g . 2 . x,0, 1
2 x̄,0, 1

2 0, x̄, 1
2 0,x, 1

2 no extra conditions

8 f . 2 . x,0,0 x̄,0,0 0, x̄,0 0,x,0 no extra conditions

4 e 2 . mm 0,0,z 0,0, z̄ no extra conditions

4 d 4̄ . . 0, 1
2 ,

1
4 0, 1

2 ,
3
4 hkl : l = 2n

4 c 2 2 2 . 0, 1
2 ,0

1
2 ,0,0 hkl : l = 2n

2 b 4̄ 2 m 0,0, 1
2 no extra conditions

2 a 4̄ 2 m 0,0,0 no extra conditions

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [100] c2mm
a′ = b b′ = c
Origin at x,0,0

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] I 4̄ 11 (I 4̄, 82) (1; 2; 3; 4)+

[2] I 21m (F mm2, 42) (1; 2; 7; 8)+
[2] I 221 (I 222, 23) (1; 2; 5; 6)+

IIa [2] P 4̄21 c (114) 1; 2; 3; 4; (5; 6; 7; 8)+ ( 1
2 ,

1
2 ,

1
2)

[2] P 4̄21 m (113) 1; 2; 7; 8; (3; 4; 5; 6)+ ( 1
2 ,

1
2 ,

1
2)

[2] P 4̄2c (112) 1; 2; 5; 6; (3; 4; 7; 8)+ ( 1
2 ,

1
2 ,

1
2)

[2] P 4̄2m (111) 1; 2; 3; 4; 5; 6; 7; 8

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I 4̄ 2m (c′ = 3c) (121); [9] I 4̄ 2m (a′ = 3a,b′ = 3b) (121)

Minimal non-isomorphic supergroups
I [2] I 4/mmm (139); [2] I 4/mcm (140); [3] I 4̄ 3m (217)

II [2] C 4̄ 2m (c′ = 1
2 c) (P 4̄m2, 115)

427



I 4̄2d D12
2d 4̄2m Tetragonal

No. 122 I 4̄2d Patterson symmetry I 4/mmm

Origin at 4̄

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1

8

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) 4̄+ 0,0,z; 0,0,0 (4) 4̄− 0,0,z; 0,0,0
(5) 2 1

4 ,y,
3
8 (6) 2( 1

2 ,0,0) x,0, 3
8 (7) d( 1

4 ,− 1
4 ,

3
4 ) x + 1

4 , x̄,z (8) d( 1
4 ,

1
4 ,

3
4 ) x + 1

4 ,x,z

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2(0,0, 1

2) 1
4 ,

1
4 ,z (3) 4̄+ 1

2 ,0,z; 1
2 ,0, 1

4 (4) 4̄− 0, 1
2 ,z; 0, 1

2 ,
1
4

(5) 2(0, 1
2 ,0) 0,y, 1

8 (6) 2 x, 1
4 ,

1
8 (7) d(− 1

4 ,
1
4 ,

1
4 ) x + 1

4 , x̄,z (8) d( 1
4 ,

1
4 ,

1
4 ) x− 1

4 ,x,z

428
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CONTINUED No. 122 I 4̄ 2d

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

16 e 1 (1) x,y,z (2) x̄, ȳ,z (3) y, x̄, z̄ (4) ȳ,x, z̄
(5) x̄+ 1

2 ,y, z̄ + 3
4 (6) x + 1

2 , ȳ, z̄+ 3
4 (7) ȳ+ 1

2 , x̄,z+ 3
4 (8) y + 1

2 ,x,z+ 3
4

hkl : h + k + l = 2n
hk0 : h + k = 2n
0kl : k + l = 2n
hhl : 2h + l = 4n
00l : l = 4n
h00 : h = 2n
hh̄0 : h = 2n

Special: as above, plus

8 d . 2 . x, 1
4 ,

1
8 x̄, 3

4 ,
1
8

1
4 , x̄,

7
8

3
4 ,x,

7
8 no extra conditions

8 c 2 . . 0,0,z 0,0, z̄ 1
2 ,0, z̄+ 3

4
1
2 ,0,z+ 3

4 hkl : l = 2n + 1
or 2h + l = 4n

4 b 4̄ . . 0,0, 1
2

1
2 ,0, 1

4 hkl : l = 2n + 1
or 2h + l = 4n

4 a 4̄ . . 0,0,0 1
2 ,0, 3

4 hkl : l = 2n + 1
or 2h + l = 4n

Symmetry of special projections
Along [001] p4gm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [100] c2mm
a′ = b b′ = c
Origin at x,0, 3

8

Along [110] c1m1
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] I 4̄ 11 (I 4̄, 82) (1; 2; 3; 4)+

[2] I 21d (F d d 2, 43) (1; 2; 7; 8)+
[2] I 221 (I 21 21 21, 24) (1; 2; 5; 6)+

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I 4̄ 2d (c′ = 3c) (122); [9] I 4̄ 2d (a′ = 3a,b′ = 3b) (122)

Minimal non-isomorphic supergroups
I [2] I 41/amd (141); [2] I 41/acd (142); [3] I 4̄3d (220)
II [2] C 4̄ 2d (c′ = 1

2 c) (P 4̄n2, 118)
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P4/mmm D1
4h 4/mmm Tetragonal

No. 123 P 4/m 2/m 2/m Patterson symmetry P4/mmm

Origin at centre (4/mmm)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2 ; x ≤ y

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+ 0,0,z (4) 4− 0,0,z
(5) 2 0,y,0 (6) 2 x,0,0 (7) 2 x,x,0 (8) 2 x, x̄,0
(9) 1̄ 0,0,0 (10) m x,y,0 (11) 4̄+ 0,0,z; 0,0,0 (12) 4̄− 0,0,z; 0,0,0

(13) m x,0,z (14) m 0,y,z (15) m x, x̄,z (16) m x,x,z

Maximal non-isomorphic subgroups
I [2] P 4̄m2 (115) 1; 2; 7; 8; 11; 12; 13; 14

[2] P 4̄2m (111) 1; 2; 5; 6; 11; 12; 15; 16
[2] P4mm (99) 1; 2; 3; 4; 13; 14; 15; 16
[2] P422 (89) 1; 2; 3; 4; 5; 6; 7; 8
[2] P4/m11 (P4/m, 83) 1; 2; 3; 4; 9; 10; 11; 12
[2] P2/m12/m (C mmm, 65) 1; 2; 7; 8; 9; 10; 15; 16
[2] P2/m2/m1 (Pmmm, 47) 1; 2; 5; 6; 9; 10; 13; 14

IIa none
IIb [2] P42/mcm (c′ = 2c) (132); [2] P42/mmc (c′ = 2c) (131); [2] P4/mcc (c′ = 2c) (124);

[2] C 4/emm (a′ = 2a,b′ = 2b) (P4/nmm, 129); [2] C 4/mmd (a′ = 2a,b′ = 2b) (P4/mbm, 127);
[2] C 4/emd (a′ = 2a,b′ = 2b) (P4/nbm, 125); [2] F 4/mmc (a′ = 2a,b′ = 2b,c′ = 2c) (I 4/mcm, 140);
[2] F 4/mmm (a′ = 2a,b′ = 2b,c′ = 2c) (I 4/mmm, 139)

Maximal isomorphic subgroups of lowest index
IIc [2] P4/mmm (c′ = 2c) (123); [2] C 4/mmm (a′ = 2a,b′ = 2b) (P4/mmm, 123)

Minimal non-isomorphic supergroups
I [3] Pm 3̄m (221)
II [2] I 4/mmm (139)
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CONTINUED No. 123 P4/mmm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

16 u 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z (4) y, x̄,z
(5) x̄,y, z̄ (6) x, ȳ, z̄ (7) y,x, z̄ (8) ȳ, x̄, z̄
(9) x̄, ȳ, z̄ (10) x,y, z̄ (11) y, x̄, z̄ (12) ȳ,x, z̄

(13) x, ȳ,z (14) x̄,y,z (15) ȳ, x̄,z (16) y,x,z

no conditions

Special:

8 t . m . x, 1
2 ,z x̄, 1

2 ,z
1
2 ,x,z

1
2 , x̄,z

x̄, 1
2 , z̄ x, 1

2 , z̄
1
2 ,x, z̄

1
2 , x̄, z̄

no extra conditions

8 s . m . x,0,z x̄,0,z 0,x,z 0, x̄,z
x̄,0, z̄ x,0, z̄ 0,x, z̄ 0, x̄, z̄

no extra conditions

8 r . . m x,x,z x̄, x̄,z x̄,x,z x, x̄,z
x̄,x, z̄ x, x̄, z̄ x,x, z̄ x̄, x̄, z̄

no extra conditions

8 q m . . x,y, 1
2 x̄, ȳ, 1

2 ȳ,x, 1
2 y, x̄, 1

2

x̄,y, 1
2 x, ȳ, 1

2 y,x, 1
2 ȳ, x̄, 1

2

no extra conditions

8 p m . . x,y,0 x̄, ȳ,0 ȳ,x,0 y, x̄,0
x̄,y,0 x, ȳ,0 y,x,0 ȳ, x̄,0

no extra conditions

4 o m 2 m . x, 1
2 ,

1
2 x̄, 1

2 ,
1
2

1
2 ,x,

1
2

1
2 , x̄,

1
2 no extra conditions

4 n m 2 m . x, 1
2 ,0 x̄, 1

2 ,0
1
2 ,x,0

1
2 , x̄,0 no extra conditions

4 m m 2 m . x,0, 1
2 x̄,0, 1

2 0,x, 1
2 0, x̄, 1

2 no extra conditions

4 l m 2 m . x,0,0 x̄,0,0 0,x,0 0, x̄,0 no extra conditions

4 k m . 2m x,x, 1
2 x̄, x̄, 1

2 x̄,x, 1
2 x, x̄, 1

2 no extra conditions

4 j m . 2m x,x,0 x̄, x̄,0 x̄,x,0 x, x̄,0 no extra conditions

4 i 2 m m . 0, 1
2 ,z

1
2 ,0,z 0, 1

2 , z̄
1
2 ,0, z̄ hkl : h + k = 2n

2 h 4 m m 1
2 ,

1
2 ,z

1
2 ,

1
2 , z̄ no extra conditions

2 g 4 m m 0,0,z 0,0, z̄ no extra conditions

2 f m m m . 0, 1
2 ,0

1
2 ,0,0 hkl : h + k = 2n

2 e m m m . 0, 1
2 ,

1
2

1
2 ,0, 1

2 hkl : h + k = 2n

1 d 4/m m m 1
2 ,

1
2 ,

1
2 no extra conditions

1 c 4/m m m 1
2 ,

1
2 ,0 no extra conditions

1 b 4/m m m 0,0, 1
2 no extra conditions

1 a 4/m m m 0,0,0 no extra conditions

Symmetry of special projections
Along [001] p4mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = b b′ = c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

(Continued on preceding page)
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P4/mcc D2
4h 4/mmm Tetragonal

No. 124 P 4/m 2/c 2/c Patterson symmetry P4/mmm

Origin at centre (4/m) at 4/mcc

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+ 0,0,z (4) 4− 0,0,z
(5) 2 0,y, 1

4 (6) 2 x,0, 1
4 (7) 2 x,x, 1

4 (8) 2 x, x̄, 1
4

(9) 1̄ 0,0,0 (10) m x,y,0 (11) 4̄+ 0,0,z; 0,0,0 (12) 4̄− 0,0,z; 0,0,0
(13) c x,0,z (14) c 0,y,z (15) c x, x̄,z (16) c x,x,z

Maximal isomorphic subgroups of lowest index
IIc [2] C 4/mcc (a′ = 2a,b′ = 2b) (P4/mcc, 124); [3] P4/mcc (c′ = 3c) (124)

Minimal non-isomorphic supergroups
I none
II [2] I 4/mcm (140); [2] P4/mmm (c′ = 1

2 c) (123)
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CONTINUED No. 124 P4/mcc

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

16 n 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z (4) y, x̄,z
(5) x̄,y, z̄ + 1

2 (6) x, ȳ, z̄+ 1
2 (7) y,x, z̄ + 1

2 (8) ȳ, x̄, z̄+ 1
2

(9) x̄, ȳ, z̄ (10) x,y, z̄ (11) y, x̄, z̄ (12) ȳ,x, z̄
(13) x, ȳ,z+ 1

2 (14) x̄,y,z+ 1
2 (15) ȳ, x̄,z+ 1

2 (16) y,x,z+ 1
2

0kl : l = 2n
hhl : l = 2n
00l : l = 2n

Special: as above, plus

8 m m . . x,y,0 x̄, ȳ,0 ȳ,x,0 y, x̄,0
x̄,y, 1

2 x, ȳ, 1
2 y,x, 1

2 ȳ, x̄, 1
2

no extra conditions

8 l . 2 . x, 1
2 ,

1
4 x̄, 1

2 ,
1
4

1
2 ,x,

1
4

1
2 , x̄,

1
4

x̄, 1
2 ,

3
4 x, 1

2 ,
3
4

1
2 , x̄,

3
4

1
2 ,x,

3
4

hkl : l = 2n

8 k . 2 . x,0, 1
4 x̄,0, 1

4 0,x, 1
4 0, x̄, 1

4

x̄,0, 3
4 x,0, 3

4 0, x̄, 3
4 0,x, 3

4

hkl : l = 2n

8 j . . 2 x,x, 1
4 x̄, x̄, 1

4 x̄,x, 1
4 x, x̄, 1

4

x̄, x̄, 3
4 x,x, 3

4 x, x̄, 3
4 x̄,x, 3

4

hkl : l = 2n

8 i 2 . . 0, 1
2 ,z

1
2 ,0,z 0, 1

2 , z̄+ 1
2

1
2 ,0, z̄+ 1

2

0, 1
2 , z̄

1
2 ,0, z̄ 0, 1

2 ,z+ 1
2

1
2 ,0,z+ 1

2

hkl : h + k, l = 2n

4 h 4 . . 1
2 ,

1
2 ,z

1
2 ,

1
2 , z̄+ 1

2
1
2 ,

1
2 , z̄

1
2 ,

1
2 ,z+ 1

2 hkl : l = 2n

4 g 4 . . 0,0,z 0,0, z̄+ 1
2 0,0, z̄ 0,0,z+ 1

2 hkl : l = 2n

4 f 2 2 2 . 0, 1
2 ,

1
4

1
2 ,0, 1

4 0, 1
2 ,

3
4

1
2 ,0, 3

4 hkl : h + k, l = 2n

4 e 2/m . . 0, 1
2 ,0

1
2 ,0,0 0, 1

2 ,
1
2

1
2 ,0, 1

2 hkl : h + k, l = 2n

2 d 4/m . . 1
2 ,

1
2 ,0

1
2 ,

1
2 ,

1
2 hkl : l = 2n

2 c 4 2 2 1
2 ,

1
2 ,

1
4

1
2 ,

1
2 ,

3
4 hkl : l = 2n

2 b 4/m . . 0,0,0 0,0, 1
2 hkl : l = 2n

2 a 4 2 2 0,0, 1
4 0,0, 3

4 hkl : l = 2n

Symmetry of special projections
Along [001] p4mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = b b′ = 1

2 c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄c2 (116) 1; 2; 7; 8; 11; 12; 13; 14

[2] P 4̄2c (112) 1; 2; 5; 6; 11; 12; 15; 16
[2] P4cc (103) 1; 2; 3; 4; 13; 14; 15; 16
[2] P422 (89) 1; 2; 3; 4; 5; 6; 7; 8
[2] P4/m11 (P4/m, 83) 1; 2; 3; 4; 9; 10; 11; 12
[2] P2/m12/c (C ccm, 66) 1; 2; 7; 8; 9; 10; 15; 16
[2] P2/m2/c1 (Pccm, 49) 1; 2; 5; 6; 9; 10; 13; 14

IIa none

IIb [2] C 4/ecc (a′ = 2a,b′ = 2b) (P4/ncc, 130); [2] C 4/mcd (a′ = 2a,b′ = 2b) (P4/mnc, 128);
[2] C 4/ecd (a′ = 2a,b′ = 2b) (P4/nnc, 126)

(Continued on preceding page)

433



P4/nbm D3
4h 4/mmm Tetragonal

No. 125 P 4/n 2/b 2/m Patterson symmetry P4/mmm

ORIGIN CHOICE 1

Origin at 422 at 4/n22/g, at − 1
4 ,− 1

4 ,0 from centre (2/m)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2 ; y ≤ 1

2 − x

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+ 0,0,z (4) 4− 0,0,z
(5) 2 0,y,0 (6) 2 x,0,0 (7) 2 x,x,0 (8) 2 x, x̄,0
(9) 1̄ 1

4 ,
1
4 ,0 (10) n( 1

2 ,
1
2 ,0) x,y,0 (11) 4̄+ 1

2 ,0,z; 1
2 ,0,0 (12) 4̄− 0, 1

2 ,z; 0, 1
2 ,0

(13) a x, 1
4 ,z (14) b 1

4 ,y,z (15) m x + 1
2 , x̄,z (16) g( 1

2 ,
1
2 ,0) x,x,z

Maximal isomorphic subgroups of lowest index
IIc [2] P4/nbm (c′ = 2c) (125); [9] P4/nbm (a′ = 3a,b′ = 3b) (125)

Minimal non-isomorphic supergroups
I none
II [2] C 4/mmm (P4/mmm, 123); [2] I 4/mcm (140)
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CONTINUED No. 125 P4/nbm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

16 n 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z (4) y, x̄,z
(5) x̄,y, z̄ (6) x, ȳ, z̄ (7) y,x, z̄ (8) ȳ, x̄, z̄
(9) x̄ + 1

2 , ȳ + 1
2 , z̄ (10) x + 1

2 ,y + 1
2 , z̄ (11) y + 1

2 , x̄ + 1
2 , z̄ (12) ȳ+ 1

2 ,x + 1
2 , z̄

(13) x + 1
2 , ȳ + 1

2 ,z (14) x̄+ 1
2 ,y + 1

2 ,z (15) ȳ + 1
2 , x̄ + 1

2 ,z (16) y + 1
2 ,x + 1

2 ,z

hk0 : h + k = 2n
0kl : k = 2n
h00 : h = 2n

Special: as above, plus

8 m . . m x,x + 1
2 ,z x̄, x̄ + 1

2 ,z x̄+ 1
2 ,x,z x + 1

2 , x̄,z
x̄,x + 1

2 , z̄ x, x̄ + 1
2 , z̄ x + 1

2 ,x, z̄ x̄ + 1
2 , x̄, z̄

no extra conditions

8 l . 2 . x,0, 1
2 x̄,0, 1

2 0,x, 1
2 0, x̄, 1

2

x̄+ 1
2 ,

1
2 ,

1
2 x + 1

2 ,
1
2 ,

1
2

1
2 , x̄ + 1

2 ,
1
2

1
2 ,x + 1

2 ,
1
2

hkl : h + k = 2n

8 k . 2 . x,0,0 x̄,0,0 0,x,0 0, x̄,0
x̄+ 1

2 ,
1
2 ,0 x + 1

2 ,
1
2 ,0

1
2 , x̄ + 1

2 ,0
1
2 ,x + 1

2 ,0
hkl : h + k = 2n

8 j . . 2 x,x, 1
2 x̄, x̄, 1

2 x̄,x, 1
2 x, x̄, 1

2

x̄+ 1
2 , x̄ + 1

2 ,
1
2 x + 1

2 ,x + 1
2 ,

1
2 x + 1

2 , x̄ + 1
2 ,

1
2 x̄ + 1

2 ,x + 1
2 ,

1
2

hkl : h + k = 2n

8 i . . 2 x,x,0 x̄, x̄,0 x̄,x,0 x, x̄,0
x̄+ 1

2 , x̄ + 1
2 ,0 x + 1

2 ,x + 1
2 ,0 x + 1

2 , x̄ + 1
2 ,0 x̄ + 1

2 ,x + 1
2 ,0

hkl : h + k = 2n

4 h 2 . mm 0, 1
2 ,z

1
2 ,0,z 0, 1

2 , z̄
1
2 ,0, z̄ hkl : h + k = 2n

4 g 4 . . 0,0,z 0,0, z̄ 1
2 ,

1
2 , z̄

1
2 ,

1
2 ,z hkl : h + k = 2n

4 f . . 2/m 1
4 ,

1
4 ,

1
2

3
4 ,

3
4 ,

1
2

3
4 ,

1
4 ,

1
2

1
4 ,

3
4 ,

1
2 hkl : h,k = 2n

4 e . . 2/m 1
4 ,

1
4 ,0

3
4 ,

3
4 ,0

3
4 ,

1
4 ,0

1
4 ,

3
4 ,0 hkl : h,k = 2n

2 d 4̄ 2 m 0, 1
2 ,

1
2

1
2 ,0, 1

2 hkl : h + k = 2n

2 c 4̄ 2 m 0, 1
2 ,0

1
2 ,0,0 hkl : h + k = 2n

2 b 4 2 2 0,0, 1
2

1
2 ,

1
2 ,

1
2 hkl : h + k = 2n

2 a 4 2 2 0,0,0 1
2 ,

1
2 ,0 hkl : h + k = 2n

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [100] p2mm
a′ = 1

2 b b′ = c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄b2 (117) 1; 2; 7; 8; 11; 12; 13; 14

[2] P 4̄2m (111) 1; 2; 5; 6; 11; 12; 15; 16
[2] P4bm (100) 1; 2; 3; 4; 13; 14; 15; 16
[2] P422 (89) 1; 2; 3; 4; 5; 6; 7; 8
[2] P4/n11 (P4/n, 85) 1; 2; 3; 4; 9; 10; 11; 12
[2] P2/n12/m (C mme, 67) 1; 2; 7; 8; 9; 10; 15; 16
[2] P2/n2/b1 (Pban, 50) 1; 2; 5; 6; 9; 10; 13; 14

IIa none

IIb [2] P42/nnm (c′ = 2c) (134); [2] P42/nbc (c′ = 2c) (133); [2] P4/nnc (c′ = 2c) (126)

(Continued on preceding page)
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P4/nbm D3
4h 4/mmm Tetragonal

No. 125 P 4/n 2/b 2/m Patterson symmetry P4/mmm

ORIGIN CHOICE 2

Origin at centre (2/m) at n(b,a)(21/g,2/m), at 1
4 ,

1
4 ,0 from 422

Asymmetric unit − 1
4 ≤ x ≤ 1

4 ; − 1
4 ≤ y ≤ 1

4 ; 0 ≤ z ≤ 1
2 ; x ≤−y

Symmetry operations

(1) 1 (2) 2 1
4 ,

1
4 ,z (3) 4+ 1

4 ,
1
4 ,z (4) 4− 1

4 ,
1
4 ,z

(5) 2 1
4 ,y,0 (6) 2 x, 1

4 ,0 (7) 2 x,x,0 (8) 2 x, x̄ + 1
2 ,0

(9) 1̄ 0,0,0 (10) n( 1
2 ,

1
2 ,0) x,y,0 (11) 4̄+ 1

4 ,− 1
4 ,z; 1

4 ,− 1
4 ,0 (12) 4̄− − 1

4 ,
1
4 ,z; − 1

4 ,
1
4 ,0

(13) a x,0,z (14) b 0,y,z (15) m x, x̄,z (16) g( 1
2 ,

1
2 ,0) x,x,z

Maximal isomorphic subgroups of lowest index
IIc [2] P4/nbm (c′ = 2c) (125); [9] P4/nbm (a′ = 3a,b′ = 3b) (125)

Minimal non-isomorphic supergroups
I none
II [2] C 4/mmm (P4/mmm, 123); [2] I 4/mcm (140)
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CONTINUED No. 125 P4/nbm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

16 n 1 (1) x,y,z (2) x̄ + 1
2 , ȳ + 1

2 ,z (3) ȳ+ 1
2 ,x,z (4) y, x̄ + 1

2 ,z
(5) x̄ + 1

2 ,y, z̄ (6) x, ȳ + 1
2 , z̄ (7) y,x, z̄ (8) ȳ+ 1

2 , x̄ + 1
2 , z̄

(9) x̄, ȳ, z̄ (10) x + 1
2 ,y + 1

2 , z̄ (11) y + 1
2 , x̄, z̄ (12) ȳ,x + 1

2 , z̄
(13) x + 1

2 , ȳ,z (14) x̄,y + 1
2 ,z (15) ȳ, x̄,z (16) y + 1

2 ,x + 1
2 ,z

hk0 : h + k = 2n
0kl : k = 2n
h00 : h = 2n

Special: as above, plus

8 m . . m x, x̄,z x̄ + 1
2 ,x + 1

2 ,z x + 1
2 ,x,z x̄, x̄ + 1

2 ,z
x̄+ 1

2 , x̄, z̄ x,x + 1
2 , z̄ x̄,x, z̄ x + 1

2 , x̄+ 1
2 , z̄

no extra conditions

8 l . 2 . x, 1
4 ,

1
2 x̄ + 1

2 ,
1
4 ,

1
2

1
4 ,x,

1
2

1
4 , x̄ + 1

2 ,
1
2

x̄, 3
4 ,

1
2 x + 1

2 ,
3
4 ,

1
2

3
4 , x̄,

1
2

3
4 ,x + 1

2 ,
1
2

hkl : h + k = 2n

8 k . 2 . x, 1
4 ,0 x̄+ 1

2 ,
1
4 ,0

1
4 ,x,0

1
4 , x̄+ 1

2 ,0
x̄, 3

4 ,0 x + 1
2 ,

3
4 ,0

3
4 , x̄,0

3
4 ,x + 1

2 ,0
hkl : h + k = 2n

8 j . . 2 x,x, 1
2 x̄ + 1

2 , x̄ + 1
2 ,

1
2 x̄ + 1

2 ,x,
1
2 x, x̄ + 1

2 ,
1
2

x̄, x̄, 1
2 x + 1

2 ,x + 1
2 ,

1
2 x + 1

2 , x̄,
1
2 x̄,x + 1

2 ,
1
2

hkl : h + k = 2n

8 i . . 2 x,x,0 x̄ + 1
2 , x̄ + 1

2 ,0 x̄ + 1
2 ,x,0 x, x̄ + 1

2 ,0
x̄, x̄,0 x + 1

2 ,x + 1
2 ,0 x + 1

2 , x̄,0 x̄,x + 1
2 ,0

hkl : h + k = 2n

4 h 2 . mm 3
4 ,

1
4 ,z

1
4 ,

3
4 ,z

3
4 ,

1
4 , z̄

1
4 ,

3
4 , z̄ hkl : h + k = 2n

4 g 4 . . 1
4 ,

1
4 ,z

1
4 ,

1
4 , z̄

3
4 ,

3
4 , z̄

3
4 ,

3
4 ,z hkl : h + k = 2n

4 f . . 2/m 0,0, 1
2

1
2 ,

1
2 ,

1
2

1
2 ,0, 1

2 0, 1
2 ,

1
2 hkl : h,k = 2n

4 e . . 2/m 0,0,0 1
2 ,

1
2 ,0

1
2 ,0,0 0, 1

2 ,0 hkl : h,k = 2n

2 d 4̄ 2 m 3
4 ,

1
4 ,

1
2

1
4 ,

3
4 ,

1
2 hkl : h + k = 2n

2 c 4̄ 2 m 3
4 ,

1
4 ,0

1
4 ,

3
4 ,0 hkl : h + k = 2n

2 b 4 2 2 1
4 ,

1
4 ,

1
2

3
4 ,

3
4 ,

1
2 hkl : h + k = 2n

2 a 4 2 2 1
4 ,

1
4 ,0

3
4 ,

3
4 ,0 hkl : h + k = 2n

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 1
4 ,

1
4 ,z

Along [100] p2mm
a′ = 1

2 b b′ = c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄b2 (117) 1; 2; 7; 8; 11; 12; 13; 14

[2] P 4̄2m (111) 1; 2; 5; 6; 11; 12; 15; 16
[2] P4bm (100) 1; 2; 3; 4; 13; 14; 15; 16
[2] P422 (89) 1; 2; 3; 4; 5; 6; 7; 8
[2] P4/n11 (P4/n, 85) 1; 2; 3; 4; 9; 10; 11; 12
[2] P2/n12/m (C mme, 67) 1; 2; 7; 8; 9; 10; 15; 16
[2] P2/n2/b1 (Pban, 50) 1; 2; 5; 6; 9; 10; 13; 14

IIa none

IIb [2] P42/nnm (c′ = 2c) (134); [2] P42/nbc (c′ = 2c) (133); [2] P4/nnc (c′ = 2c) (126)

(Continued on preceding page)
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P4/nnc D4
4h 4/mmm Tetragonal

No. 126 P 4/n 2/n 2/c Patterson symmetry P4/mmm

ORIGIN CHOICE 1

Origin at 422/n, at − 1
4 ,− 1

4 ,− 1
4 from 1̄

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+ 0,0,z (4) 4− 0,0,z
(5) 2 0,y,0 (6) 2 x,0,0 (7) 2 x,x,0 (8) 2 x, x̄,0
(9) 1̄ 1

4 ,
1
4 ,

1
4 (10) n( 1

2 ,
1
2 ,0) x,y, 1

4 (11) 4̄+ 1
2 ,0,z; 1

2 ,0, 1
4 (12) 4̄− 0, 1

2 ,z; 0, 1
2 ,

1
4

(13) n( 1
2 ,0, 1

2 ) x, 1
4 ,z (14) n(0, 1

2 ,
1
2 ) 1

4 ,y,z (15) c x + 1
2 , x̄,z (16) n( 1

2 ,
1
2 ,

1
2 ) x,x,z
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CONTINUED No. 126 P4/nnc

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

16 k 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z (4) y, x̄,z
(5) x̄,y, z̄ (6) x, ȳ, z̄ (7) y,x, z̄ (8) ȳ, x̄, z̄
(9) x̄+ 1

2 , ȳ + 1
2 , z̄+ 1

2 (10) x + 1
2 ,y + 1

2 , z̄+ 1
2 (11) y + 1

2 , x̄ + 1
2 , z̄+ 1

2 (12) ȳ+ 1
2 ,x + 1

2 , z̄+ 1
2

(13) x + 1
2 , ȳ + 1

2 ,z+ 1
2 (14) x̄ + 1

2 ,y + 1
2 ,z+ 1

2 (15) ȳ + 1
2 , x̄ + 1

2 ,z+ 1
2 (16) y + 1

2 ,x + 1
2 ,z+ 1

2

hk0 : h + k = 2n
0kl : k + l = 2n
hhl : l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

8 j . 2 . x,0, 1
2 x̄,0, 1

2 0,x, 1
2 0, x̄, 1

2

x̄ + 1
2 ,

1
2 ,0 x + 1

2 ,
1
2 ,0

1
2 , x̄ + 1

2 ,0
1
2 ,x + 1

2 ,0
hkl : h + k + l = 2n

8 i . 2 . x,0,0 x̄,0,0 0,x,0 0, x̄,0
x̄ + 1

2 ,
1
2 ,

1
2 x + 1

2 ,
1
2 ,

1
2

1
2 , x̄ + 1

2 ,
1
2

1
2 ,x + 1

2 ,
1
2

hkl : h + k + l = 2n

8 h . . 2 x,x,0 x̄, x̄,0 x̄,x,0 x, x̄,0
x̄ + 1

2 , x̄ + 1
2 ,

1
2 x + 1

2 ,x + 1
2 ,

1
2 x + 1

2 , x̄ + 1
2 ,

1
2 x̄+ 1

2 ,x + 1
2 ,

1
2

hkl : h + k + l = 2n

8 g 2 . . 1
2 ,0,z 0, 1

2 ,z
1
2 ,0, z̄ 0, 1

2 , z̄
0, 1

2 , z̄+ 1
2

1
2 ,0, z̄+ 1

2 0, 1
2 ,z+ 1

2
1
2 ,0,z+ 1

2

hkl : h + k, l = 2n

8 f 1̄ 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

1
4

1
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

3
4

1
4 ,

3
4 ,

3
4

1
4 ,

1
4 ,

3
4

3
4 ,

3
4 ,

3
4 hkl : h,k, l = 2n

4 e 4 . . 0,0,z 0,0, z̄ 1
2 ,

1
2 , z̄+ 1

2
1
2 ,

1
2 ,z+ 1

2 hkl : h + k + l = 2n

4 d 4̄ . . 1
2 ,0, 1

4 0, 1
2 ,

1
4

1
2 ,0, 3

4 0, 1
2 ,

3
4 hkl : h + k, l = 2n

4 c 2 2 2 . 1
2 ,0,0 0, 1

2 ,0 0, 1
2 ,

1
2

1
2 ,0, 1

2 hkl : h + k, l = 2n

2 b 4 2 2 0,0, 1
2

1
2 ,

1
2 ,0 hkl : h + k + l = 2n

2 a 4 2 2 0,0,0 1
2 ,

1
2 ,

1
2 hkl : h + k + l = 2n

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [100] c2mm
a′ = b b′ = c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄n2 (118) 1; 2; 7; 8; 11; 12; 13; 14

[2] P 4̄2c (112) 1; 2; 5; 6; 11; 12; 15; 16
[2] P4nc (104) 1; 2; 3; 4; 13; 14; 15; 16
[2] P422 (89) 1; 2; 3; 4; 5; 6; 7; 8
[2] P4/n11 (P4/n, 85) 1; 2; 3; 4; 9; 10; 11; 12
[2] P2/n12/c (C cce, 68) 1; 2; 7; 8; 9; 10; 15; 16
[2] P2/n2/n1 (Pnnn, 48) 1; 2; 5; 6; 9; 10; 13; 14

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P4/nnc (c′ = 3c) (126); [9] P4/nnc (a′ = 3a,b′ = 3b) (126)

Minimal non-isomorphic supergroups
I [3] Pn 3̄n (222)

II [2] I 4/mmm (139); [2] C 4/mcc (P4/mcc, 124); [2] P4/nbm (c′ = 1
2 c) (125)
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P4/nnc D4
4h 4/mmm Tetragonal

No. 126 P 4/n 2/n 2/c Patterson symmetry P4/mmm

ORIGIN CHOICE 2

Origin at 1̄ at nn(n,c), at 1
4 ,

1
4 ,

1
4 from 422

Asymmetric unit − 1
4 ≤ x ≤ 1

4 ; − 1
4 ≤ y ≤ 1

4 ; 0 ≤ z ≤ 1
4

Symmetry operations

(1) 1 (2) 2 1
4 ,

1
4 ,z (3) 4+ 1

4 ,
1
4 ,z (4) 4− 1

4 ,
1
4 ,z

(5) 2 1
4 ,y,

1
4 (6) 2 x, 1

4 ,
1
4 (7) 2 x,x, 1

4 (8) 2 x, x̄ + 1
2 ,

1
4

(9) 1̄ 0,0,0 (10) n( 1
2 ,

1
2 ,0) x,y,0 (11) 4̄+ 1

4 ,− 1
4 ,z; 1

4 ,− 1
4 ,0 (12) 4̄− − 1

4 ,
1
4 ,z; − 1

4 ,
1
4 ,0

(13) n( 1
2 ,0, 1

2 ) x,0,z (14) n(0, 1
2 ,

1
2) 0,y,z (15) c x, x̄,z (16) n( 1

2 ,
1
2 ,

1
2) x,x,z
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CONTINUED No. 126 P4/nnc

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

16 k 1 (1) x,y,z (2) x̄+ 1
2 , ȳ + 1

2 ,z (3) ȳ + 1
2 ,x,z (4) y, x̄ + 1

2 ,z
(5) x̄ + 1

2 ,y, z̄ + 1
2 (6) x, ȳ+ 1

2 , z̄+ 1
2 (7) y,x, z̄ + 1

2 (8) ȳ + 1
2 , x̄+ 1

2 , z̄+ 1
2

(9) x̄, ȳ, z̄ (10) x + 1
2 ,y + 1

2 , z̄ (11) y + 1
2 , x̄, z̄ (12) ȳ,x + 1

2 , z̄
(13) x + 1

2 , ȳ,z+ 1
2 (14) x̄,y + 1

2 ,z+ 1
2 (15) ȳ, x̄,z+ 1

2 (16) y + 1
2 ,x + 1

2 ,z+ 1
2

hk0 : h + k = 2n
0kl : k + l = 2n
hhl : l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

8 j . 2 . x, 3
4 ,

1
4 x̄ + 1

2 ,
3
4 ,

1
4

3
4 ,x,

1
4

3
4 , x̄ + 1

2 ,
1
4

x̄, 1
4 ,

3
4 x + 1

2 ,
1
4 ,

3
4

1
4 , x̄,

3
4

1
4 ,x + 1

2 ,
3
4

hkl : h + k + l = 2n

8 i . 2 . x, 1
4 ,

1
4 x̄ + 1

2 ,
1
4 ,

1
4

1
4 ,x,

1
4

1
4 , x̄ + 1

2 ,
1
4

x̄, 3
4 ,

3
4 x + 1

2 ,
3
4 ,

3
4

3
4 , x̄,

3
4

3
4 ,x + 1

2 ,
3
4

hkl : h + k + l = 2n

8 h . . 2 x,x, 1
4 x̄+ 1

2 , x̄ + 1
2 ,

1
4 x̄ + 1

2 ,x,
1
4 x, x̄ + 1

2 ,
1
4

x̄, x̄, 3
4 x + 1

2 ,x + 1
2 ,

3
4 x + 1

2 , x̄,
3
4 x̄,x + 1

2 ,
3
4

hkl : h + k + l = 2n

8 g 2 . . 1
4 ,

3
4 ,z

3
4 ,

1
4 ,z

1
4 ,

3
4 , z̄ + 1

2
3
4 ,

1
4 , z̄+ 1

2
3
4 ,

1
4 , z̄

1
4 ,

3
4 , z̄

3
4 ,

1
4 ,z+ 1

2
1
4 ,

3
4 ,z+ 1

2

hkl : h + k, l = 2n

8 f 1̄ 0,0,0 1
2 ,

1
2 ,0

1
2 ,0,0 0, 1

2 ,0
1
2 ,0, 1

2 0, 1
2 ,

1
2 0,0, 1

2
1
2 ,

1
2 ,

1
2 hkl : h,k, l = 2n

4 e 4 . . 1
4 ,

1
4 ,z

1
4 ,

1
4 , z̄+ 1

2
3
4 ,

3
4 , z̄

3
4 ,

3
4 ,z+ 1

2 hkl : h + k + l = 2n

4 d 4̄ . . 1
4 ,

3
4 ,0

3
4 ,

1
4 ,0

1
4 ,

3
4 ,

1
2

3
4 ,

1
4 ,

1
2 hkl : h + k, l = 2n

4 c 2 2 2 . 1
4 ,

3
4 ,

3
4

3
4 ,

1
4 ,

3
4

3
4 ,

1
4 ,

1
4

1
4 ,

3
4 ,

1
4 hkl : h + k, l = 2n

2 b 4 2 2 1
4 ,

1
4 ,

3
4

3
4 ,

3
4 ,

1
4 hkl : h + k + l = 2n

2 a 4 2 2 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

3
4 hkl : h + k + l = 2n

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 1
4 ,

1
4 ,z

Along [100] c2mm
a′ = b b′ = c
Origin at x, 1

4 ,
1
4

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄n2 (118) 1; 2; 7; 8; 11; 12; 13; 14

[2] P 4̄2c (112) 1; 2; 5; 6; 11; 12; 15; 16
[2] P4nc (104) 1; 2; 3; 4; 13; 14; 15; 16
[2] P422 (89) 1; 2; 3; 4; 5; 6; 7; 8
[2] P4/n11 (P4/n, 85) 1; 2; 3; 4; 9; 10; 11; 12
[2] P2/n12/c (C cce, 68) 1; 2; 7; 8; 9; 10; 15; 16
[2] P2/n2/n1 (Pnnn, 48) 1; 2; 5; 6; 9; 10; 13; 14

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P4/nnc (c′ = 3c) (126); [9] P4/nnc (a′ = 3a,b′ = 3b) (126)

Minimal non-isomorphic supergroups
I [3] Pn 3̄n (222)

II [2] I 4/mmm (139); [2] C 4/mcc (P4/mcc, 124); [2] P4/nbm (c′ = 1
2 c) (125)
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P4/mbm D5
4h 4/mmm Tetragonal

No. 127 P 4/m 21/b 2/m Patterson symmetry P4/mmm

Origin at centre (4/m) at 4/m121/g

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2 ; y ≤ 1

2 − x

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+ 0,0,z (4) 4− 0,0,z
(5) 2(0, 1

2 ,0) 1
4 ,y,0 (6) 2( 1

2 ,0,0) x, 1
4 ,0 (7) 2( 1

2 ,
1
2 ,0) x,x,0 (8) 2 x, x̄ + 1

2 ,0
(9) 1̄ 0,0,0 (10) m x,y,0 (11) 4̄+ 0,0,z; 0,0,0 (12) 4̄− 0,0,z; 0,0,0

(13) a x, 1
4 ,z (14) b 1

4 ,y,z (15) m x + 1
2 , x̄,z (16) g( 1

2 ,
1
2 ,0) x,x,z
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CONTINUED No. 127 P4/mbm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

16 l 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z (4) y, x̄,z
(5) x̄ + 1

2 ,y + 1
2 , z̄ (6) x + 1

2 , ȳ + 1
2 , z̄ (7) y + 1

2 ,x + 1
2 , z̄ (8) ȳ+ 1

2 , x̄ + 1
2 , z̄

(9) x̄, ȳ, z̄ (10) x,y, z̄ (11) y, x̄, z̄ (12) ȳ,x, z̄
(13) x + 1

2 , ȳ + 1
2 ,z (14) x̄+ 1

2 ,y + 1
2 ,z (15) ȳ + 1

2 , x̄ + 1
2 ,z (16) y + 1

2 ,x + 1
2 ,z

0kl : k = 2n
h00 : h = 2n

Special: as above, plus

8 k . . m x,x + 1
2 ,z x̄, x̄ + 1

2 ,z x̄ + 1
2 ,x,z x + 1

2 , x̄,z
x̄ + 1

2 ,x, z̄ x + 1
2 , x̄, z̄ x,x + 1

2 , z̄ x̄, x̄+ 1
2 , z̄

no extra conditions

8 j m . . x,y, 1
2 x̄, ȳ, 1

2 ȳ,x, 1
2 y, x̄, 1

2

x̄ + 1
2 ,y + 1

2 ,
1
2 x + 1

2 , ȳ + 1
2 ,

1
2 y + 1

2 ,x + 1
2 ,

1
2 ȳ+ 1

2 , x̄ + 1
2 ,

1
2

no extra conditions

8 i m . . x,y,0 x̄, ȳ,0 ȳ,x,0 y, x̄,0
x̄ + 1

2 ,y + 1
2 ,0 x + 1

2 , ȳ + 1
2 ,0 y + 1

2 ,x + 1
2 ,0 ȳ+ 1

2 , x̄ + 1
2 ,0

no extra conditions

4 h m . 2m x,x + 1
2 ,

1
2 x̄, x̄ + 1

2 ,
1
2 x̄+ 1

2 ,x,
1
2 x + 1

2 , x̄,
1
2 no extra conditions

4 g m . 2m x,x + 1
2 ,0 x̄, x̄ + 1

2 ,0 x̄ + 1
2 ,x,0 x + 1

2 , x̄,0 no extra conditions

4 f 2 . mm 0, 1
2 ,z

1
2 ,0,z 1

2 ,0, z̄ 0, 1
2 , z̄ hkl : h + k = 2n

4 e 4 . . 0,0,z 1
2 ,

1
2 , z̄ 0,0, z̄ 1

2 ,
1
2 ,z hkl : h + k = 2n

2 d m . mm 0, 1
2 ,0

1
2 ,0,0 hkl : h + k = 2n

2 c m . mm 0, 1
2 ,

1
2

1
2 ,0, 1

2 hkl : h + k = 2n

2 b 4/m . . 0,0, 1
2

1
2 ,

1
2 ,

1
2 hkl : h + k = 2n

2 a 4/m . . 0,0,0 1
2 ,

1
2 ,0 hkl : h + k = 2n

Symmetry of special projections
Along [001] p4gm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = 1

2 b b′ = c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄b2 (117) 1; 2; 7; 8; 11; 12; 13; 14

[2] P 4̄21 m (113) 1; 2; 5; 6; 11; 12; 15; 16
[2] P4bm (100) 1; 2; 3; 4; 13; 14; 15; 16
[2] P421 2 (90) 1; 2; 3; 4; 5; 6; 7; 8
[2] P4/m11 (P4/m, 83) 1; 2; 3; 4; 9; 10; 11; 12
[2] P2/m12/m (C mmm, 65) 1; 2; 7; 8; 9; 10; 15; 16
[2] P2/m21/b1 (Pbam, 55) 1; 2; 5; 6; 9; 10; 13; 14

IIa none
IIb [2] P42/mnm (c′ = 2c) (136); [2] P42/mbc (c′ = 2c) (135); [2] P4/mnc (c′ = 2c) (128)

Maximal isomorphic subgroups of lowest index
IIc [2] P4/mbm (c′ = 2c) (127); [9] P4/mbm (a′ = 3a,b′ = 3b) (127)

Minimal non-isomorphic supergroups
I none

II [2] C 4/mmm (P4/mmm, 123); [2] I 4/mcm (140)
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P4/mnc D6
4h 4/mmm Tetragonal

No. 128 P 4/m 21/n 2/c Patterson symmetry P4/mmm

Origin at centre (4/m) at 4/m1n

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+ 0,0,z (4) 4− 0,0,z
(5) 2(0, 1

2 ,0) 1
4 ,y,

1
4 (6) 2( 1

2 ,0,0) x, 1
4 ,

1
4 (7) 2( 1

2 ,
1
2 ,0) x,x, 1

4 (8) 2 x, x̄ + 1
2 ,

1
4

(9) 1̄ 0,0,0 (10) m x,y,0 (11) 4̄+ 0,0,z; 0,0,0 (12) 4̄− 0,0,z; 0,0,0
(13) n( 1

2 ,0, 1
2 ) x, 1

4 ,z (14) n(0, 1
2 ,

1
2 ) 1

4 ,y,z (15) c x + 1
2 , x̄,z (16) n( 1

2 ,
1
2 ,

1
2 ) x,x,z
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CONTINUED No. 128 P4/mnc

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

16 i 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z (4) y, x̄,z
(5) x̄+ 1

2 ,y + 1
2 , z̄+ 1

2 (6) x + 1
2 , ȳ + 1

2 , z̄+ 1
2 (7) y + 1

2 ,x + 1
2 , z̄+ 1

2 (8) ȳ+ 1
2 , x̄+ 1

2 , z̄+ 1
2

(9) x̄, ȳ, z̄ (10) x,y, z̄ (11) y, x̄, z̄ (12) ȳ,x, z̄
(13) x + 1

2 , ȳ + 1
2 ,z+ 1

2 (14) x̄ + 1
2 ,y + 1

2 ,z+ 1
2 (15) ȳ + 1

2 , x̄ + 1
2 ,z+ 1

2 (16) y + 1
2 ,x + 1

2 ,z+ 1
2

0kl : k + l = 2n
hhl : l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

8 h m . . x,y,0 x̄, ȳ,0 ȳ,x,0 y, x̄,0
x̄ + 1

2 ,y + 1
2 ,

1
2 x + 1

2 , ȳ + 1
2 ,

1
2 y + 1

2 ,x + 1
2 ,

1
2 ȳ+ 1

2 , x̄+ 1
2 ,

1
2

no extra conditions

8 g . . 2 x,x + 1
2 ,

1
4 x̄, x̄ + 1

2 ,
1
4 x̄+ 1

2 ,x,
1
4 x + 1

2 , x̄,
1
4

x̄, x̄ + 1
2 ,

3
4 x,x + 1

2 ,
3
4 x + 1

2 , x̄,
3
4 x̄+ 1

2 ,x,
3
4

hkl : l = 2n

8 f 2 . . 0, 1
2 ,z

1
2 ,0,z 1

2 ,0, z̄+ 1
2 0, 1

2 , z̄+ 1
2

0, 1
2 , z̄

1
2 ,0, z̄ 1

2 ,0,z+ 1
2 0, 1

2 ,z+ 1
2

hkl : h + k, l = 2n

4 e 4 . . 0,0,z 1
2 ,

1
2 , z̄+ 1

2 0,0, z̄ 1
2 ,

1
2 ,z+ 1

2 hkl : h + k + l = 2n

4 d 2 . 22 0, 1
2 ,

1
4

1
2 ,0, 1

4 0, 1
2 ,

3
4

1
2 ,0, 3

4 hkl : h + k, l = 2n

4 c 2/m . . 0, 1
2 ,0

1
2 ,0,0 1

2 ,0, 1
2 0, 1

2 ,
1
2 hkl : h + k, l = 2n

2 b 4/m . . 0,0, 1
2

1
2 ,

1
2 ,0 hkl : h + k + l = 2n

2 a 4/m . . 0,0,0 1
2 ,

1
2 ,

1
2 hkl : h + k + l = 2n

Symmetry of special projections
Along [001] p4gm
a′ = a b′ = b
Origin at 0,0,z

Along [100] c2mm
a′ = b b′ = c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄n2 (118) 1; 2; 7; 8; 11; 12; 13; 14

[2] P 4̄21 c (114) 1; 2; 5; 6; 11; 12; 15; 16
[2] P4nc (104) 1; 2; 3; 4; 13; 14; 15; 16
[2] P421 2 (90) 1; 2; 3; 4; 5; 6; 7; 8
[2] P4/m11 (P4/m, 83) 1; 2; 3; 4; 9; 10; 11; 12
[2] P2/m12/c (C ccm, 66) 1; 2; 7; 8; 9; 10; 15; 16
[2] P2/m21/n1 (Pnnm, 58) 1; 2; 5; 6; 9; 10; 13; 14

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P4/mnc (c′ = 3c) (128); [9] P4/mnc (a′ = 3a,b′ = 3b) (128)

Minimal non-isomorphic supergroups
I none

II [2] C 4/mcc (P4/mcc, 124); [2] I 4/mmm (139); [2] P4/mbm (c′ = 1
2 c) (127)

445



P4/nmm D7
4h 4/mmm Tetragonal

No. 129 P 4/n 21/m 2/m Patterson symmetry P4/mmm

ORIGIN CHOICE 1

Origin at 4̄m2 at 4̄/nm2/g, at − 1
4 ,

1
4 ,0 from centre (2/m)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2 ; y ≤ 1

2 − x

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+ 0, 1
2 ,z (4) 4− 1

2 ,0,z
(5) 2(0, 1

2 ,0) 1
4 ,y,0 (6) 2( 1

2 ,0,0) x, 1
4 ,0 (7) 2 x,x,0 (8) 2 x, x̄,0

(9) 1̄ 1
4 ,

1
4 ,0 (10) n( 1

2 ,
1
2 ,0) x,y,0 (11) 4̄+ 0,0,z; 0,0,0 (12) 4̄− 0,0,z; 0,0,0

(13) m x,0,z (14) m 0,y,z (15) m x + 1
2 , x̄,z (16) g( 1

2 ,
1
2 ,0) x,x,z
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CONTINUED No. 129 P4/nmm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

16 k 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ + 1
2 ,x + 1

2 ,z (4) y + 1
2 , x̄ + 1

2 ,z
(5) x̄ + 1

2 ,y + 1
2 , z̄ (6) x + 1

2 , ȳ + 1
2 , z̄ (7) y,x, z̄ (8) ȳ, x̄, z̄

(9) x̄ + 1
2 , ȳ + 1

2 , z̄ (10) x + 1
2 ,y + 1

2 , z̄ (11) y, x̄, z̄ (12) ȳ,x, z̄
(13) x, ȳ,z (14) x̄,y,z (15) ȳ + 1

2 , x̄ + 1
2 ,z (16) y + 1

2 ,x + 1
2 ,z

hk0 : h + k = 2n
h00 : h = 2n

Special: as above, plus

8 j . . m x,x + 1
2 ,z x̄, x̄ + 1

2 ,z x̄,x + 1
2 ,z x, x̄ + 1

2 ,z
x̄+ 1

2 ,x, z̄ x + 1
2 , x̄, z̄ x + 1

2 ,x, z̄ x̄ + 1
2 , x̄, z̄

no extra conditions

8 i . m . 0,y,z 0, ȳ,z ȳ + 1
2 ,

1
2 ,z y + 1

2 ,
1
2 ,z

1
2 ,y + 1

2 , z̄
1
2 , ȳ + 1

2 , z̄ y,0, z̄ ȳ,0, z̄
no extra conditions

8 h . . 2 x,x, 1
2 x̄, x̄, 1

2 x̄+ 1
2 ,x + 1

2 ,
1
2 x + 1

2 , x̄ + 1
2 ,

1
2

x̄+ 1
2 , x̄ + 1

2 ,
1
2 x + 1

2 ,x + 1
2 ,

1
2 x, x̄, 1

2 x̄,x, 1
2

hkl : h + k = 2n

8 g . . 2 x,x,0 x̄, x̄,0 x̄+ 1
2 ,x + 1

2 ,0 x + 1
2 , x̄ + 1

2 ,0
x̄+ 1

2 , x̄ + 1
2 ,0 x + 1

2 ,x + 1
2 ,0 x, x̄,0 x̄,x,0

hkl : h + k = 2n

4 f 2 m m . 0,0,z 1
2 ,

1
2 ,z

1
2 ,

1
2 , z̄ 0,0, z̄ hkl : h + k = 2n

4 e . . 2/m 1
4 ,

1
4 ,

1
2

3
4 ,

3
4 ,

1
2

1
4 ,

3
4 ,

1
2

3
4 ,

1
4 ,

1
2 hkl : h,k = 2n

4 d . . 2/m 1
4 ,

1
4 ,0

3
4 ,

3
4 ,0

1
4 ,

3
4 ,0

3
4 ,

1
4 ,0 hkl : h,k = 2n

2 c 4 m m 0, 1
2 ,z

1
2 ,0, z̄ no extra conditions

2 b 4̄ m 2 0,0, 1
2

1
2 ,

1
2 ,

1
2 hkl : h + k = 2n

2 a 4̄ m 2 0,0,0 1
2 ,

1
2 ,0 hkl : h + k = 2n

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [100] p2mg
a′ = b b′ = c
Origin at x, 1

4 ,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄m2 (115) 1; 2; 7; 8; 11; 12; 13; 14

[2] P 4̄21 m (113) 1; 2; 5; 6; 11; 12; 15; 16
[2] P4mm (99) 1; 2; 3; 4; 13; 14; 15; 16
[2] P421 2 (90) 1; 2; 3; 4; 5; 6; 7; 8
[2] P4/n11 (P4/n, 85) 1; 2; 3; 4; 9; 10; 11; 12
[2] P2/n12/m (C mme, 67) 1; 2; 7; 8; 9; 10; 15; 16
[2] P2/n21/m1 (Pmmn, 59) 1; 2; 5; 6; 9; 10; 13; 14

IIa none

IIb [2] P42/ncm (c′ = 2c) (138); [2] P42/nmc (c′ = 2c) (137); [2] P4/ncc (c′ = 2c) (130)

Maximal isomorphic subgroups of lowest index
IIc [2] P4/nmm (c′ = 2c) (129); [9] P4/nmm (a′ = 3a,b′ = 3b) (129)

Minimal non-isomorphic supergroups
I none

II [2] C 4/mmm (P4/mmm, 123); [2] I 4/mmm (139)
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P4/nmm D7
4h 4/mmm Tetragonal

No. 129 P 4/n 21/m 2/m Patterson symmetry P4/mmm

ORIGIN CHOICE 2

Origin at centre (2/m) at n21 (2/m,21/g), at 1
4 ,− 1

4 ,0 from 4̄m2

Asymmetric unit − 1
4 ≤ x ≤ 1

4 ; − 1
4 ≤ y ≤ 1

4 ; 0 ≤ z ≤ 1
2 ; x ≤ y

Symmetry operations

(1) 1 (2) 2 1
4 ,

1
4 ,z (3) 4+ 1

4 ,
1
4 ,z (4) 4− 1

4 ,
1
4 ,z

(5) 2(0, 1
2 ,0) 0,y,0 (6) 2( 1

2 ,0,0) x,0,0 (7) 2( 1
2 ,

1
2 ,0) x,x,0 (8) 2 x, x̄,0

(9) 1̄ 0,0,0 (10) n( 1
2 ,

1
2 ,0) x,y,0 (11) 4̄+ 1

4 ,− 1
4 ,z; 1

4 ,− 1
4 ,0 (12) 4̄− − 1

4 ,
1
4 ,z; − 1

4 ,
1
4 ,0

(13) m x, 1
4 ,z (14) m 1

4 ,y,z (15) m x + 1
2 , x̄,z (16) m x,x,z
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CONTINUED No. 129 P4/nmm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

16 k 1 (1) x,y,z (2) x̄ + 1
2 , ȳ + 1

2 ,z (3) ȳ+ 1
2 ,x,z (4) y, x̄ + 1

2 ,z
(5) x̄,y + 1

2 , z̄ (6) x + 1
2 , ȳ, z̄ (7) y + 1

2 ,x + 1
2 , z̄ (8) ȳ, x̄, z̄

(9) x̄, ȳ, z̄ (10) x + 1
2 ,y + 1

2 , z̄ (11) y + 1
2 , x̄, z̄ (12) ȳ,x + 1

2 , z̄
(13) x, ȳ + 1

2 ,z (14) x̄ + 1
2 ,y,z (15) ȳ+ 1

2 , x̄+ 1
2 ,z (16) y,x,z

hk0 : h + k = 2n
h00 : h = 2n

Special: as above, plus

8 j . . m x,x,z x̄ + 1
2 , x̄+ 1

2 ,z x̄+ 1
2 ,x,z x, x̄+ 1

2 ,z
x̄,x + 1

2 , z̄ x + 1
2 , x̄, z̄ x + 1

2 ,x + 1
2 , z̄ x̄, x̄, z̄

no extra conditions

8 i . m . 1
4 ,y,z

1
4 , ȳ + 1

2 ,z ȳ + 1
2 ,

1
4 ,z y, 1

4 ,z
3
4 ,y + 1

2 , z̄
3
4 , ȳ, z̄ y + 1

2 ,
3
4 , z̄ ȳ, 3

4 , z̄
no extra conditions

8 h . . 2 x, x̄, 1
2 x̄ + 1

2 ,x + 1
2 ,

1
2 x + 1

2 ,x,
1
2 x̄, x̄ + 1

2 ,
1
2

x̄,x, 1
2 x + 1

2 , x̄ + 1
2 ,

1
2 x̄ + 1

2 , x̄,
1
2 x,x + 1

2 ,
1
2

hkl : h + k = 2n

8 g . . 2 x, x̄,0 x̄ + 1
2 ,x + 1

2 ,0 x + 1
2 ,x,0 x̄, x̄ + 1

2 ,0
x̄,x,0 x + 1

2 , x̄ + 1
2 ,0 x̄ + 1

2 , x̄,0 x,x + 1
2 ,0

hkl : h + k = 2n

4 f 2 m m . 3
4 ,

1
4 ,z

1
4 ,

3
4 ,z

1
4 ,

3
4 , z̄

3
4 ,

1
4 , z̄ hkl : h + k = 2n

4 e . . 2/m 0,0, 1
2

1
2 ,

1
2 ,

1
2

1
2 ,0, 1

2 0, 1
2 ,

1
2 hkl : h,k = 2n

4 d . . 2/m 0,0,0 1
2 ,

1
2 ,0

1
2 ,0,0 0, 1

2 ,0 hkl : h,k = 2n

2 c 4 m m 1
4 ,

1
4 ,z

3
4 ,

3
4 , z̄ no extra conditions

2 b 4̄ m 2 3
4 ,

1
4 ,

1
2

1
4 ,

3
4 ,

1
2 hkl : h + k = 2n

2 a 4̄ m 2 3
4 ,

1
4 ,0

1
4 ,

3
4 ,0 hkl : h + k = 2n

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 1
4 ,

1
4 ,z

Along [100] p2mg
a′ = b b′ = c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄m2 (115) 1; 2; 7; 8; 11; 12; 13; 14

[2] P 4̄21 m (113) 1; 2; 5; 6; 11; 12; 15; 16
[2] P4mm (99) 1; 2; 3; 4; 13; 14; 15; 16
[2] P421 2 (90) 1; 2; 3; 4; 5; 6; 7; 8
[2] P4/n11 (P4/n, 85) 1; 2; 3; 4; 9; 10; 11; 12
[2] P2/n12/m (C mme, 67) 1; 2; 7; 8; 9; 10; 15; 16
[2] P2/n21/m1 (Pmmn, 59) 1; 2; 5; 6; 9; 10; 13; 14

IIa none

IIb [2] P42/ncm (c′ = 2c) (138); [2] P42/nmc (c′ = 2c) (137); [2] P4/ncc (c′ = 2c) (130)

Maximal isomorphic subgroups of lowest index
IIc [2] P4/nmm (c′ = 2c) (129); [9] P4/nmm (a′ = 3a,b′ = 3b) (129)

Minimal non-isomorphic supergroups
I none

II [2] C 4/mmm (P4/mmm, 123); [2] I 4/mmm (139)
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P4/ncc D8
4h 4/mmm Tetragonal

No. 130 P 4/n 21/c 2/c Patterson symmetry P4/mmm

ORIGIN CHOICE 1

Origin at 4̄/ncn, at − 1
4 ,

1
4 ,0 from 1̄

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+ 0, 1
2 ,z (4) 4− 1

2 ,0,z
(5) 2(0, 1

2 ,0) 1
4 ,y,

1
4 (6) 2( 1

2 ,0,0) x, 1
4 ,

1
4 (7) 2 x,x, 1

4 (8) 2 x, x̄, 1
4

(9) 1̄ 1
4 ,

1
4 ,0 (10) n( 1

2 ,
1
2 ,0) x,y,0 (11) 4̄+ 0,0,z; 0,0,0 (12) 4̄− 0,0,z; 0,0,0

(13) c x,0,z (14) c 0,y,z (15) c x + 1
2 , x̄,z (16) n( 1

2 ,
1
2 ,

1
2 ) x,x,z
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CONTINUED No. 130 P4/ncc

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

16 g 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ + 1
2 ,x + 1

2 ,z (4) y + 1
2 , x̄+ 1

2 ,z
(5) x̄+ 1

2 ,y + 1
2 , z̄+ 1

2 (6) x + 1
2 , ȳ + 1

2 , z̄+ 1
2 (7) y,x, z̄ + 1

2 (8) ȳ, x̄, z̄+ 1
2

(9) x̄+ 1
2 , ȳ + 1

2 , z̄ (10) x + 1
2 ,y + 1

2 , z̄ (11) y, x̄, z̄ (12) ȳ,x, z̄
(13) x, ȳ,z+ 1

2 (14) x̄,y,z+ 1
2 (15) ȳ + 1

2 , x̄ + 1
2 ,z+ 1

2 (16) y + 1
2 ,x + 1

2 ,z+ 1
2

hk0 : h + k = 2n
0kl : l = 2n
hhl : l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

8 f . . 2 x,x, 1
4 x̄, x̄, 1

4 x̄ + 1
2 ,x + 1

2 ,
1
4 x + 1

2 , x̄ + 1
2 ,

1
4

x̄ + 1
2 , x̄ + 1

2 ,
3
4 x + 1

2 ,x + 1
2 ,

3
4 x, x̄, 3

4 x̄,x, 3
4

hkl : h + k + l = 2n

8 e 2 . . 0,0,z 1
2 ,

1
2 ,z

1
2 ,

1
2 , z̄+ 1

2 0,0, z̄+ 1
2

1
2 ,

1
2 , z̄ 0,0, z̄ 0,0,z+ 1

2
1
2 ,

1
2 ,z+ 1

2

hkl : h + k, l = 2n

8 d 1̄ 1
4 ,

1
4 ,0

3
4 ,

3
4 ,0

1
4 ,

3
4 ,0

3
4 ,

1
4 ,0

1
4 ,

3
4 ,

1
2

3
4 ,

1
4 ,

1
2

1
4 ,

1
4 ,

1
2

3
4 ,

3
4 ,

1
2 hkl : h,k, l = 2n

4 c 4 . . 0, 1
2 ,z

1
2 ,0, z̄+ 1

2
1
2 ,0, z̄ 0, 1

2 ,z+ 1
2 hkl : l = 2n

4 b 4̄ . . 0,0,0 1
2 ,

1
2 ,0

1
2 ,

1
2 ,

1
2 0,0, 1

2 hkl : h + k, l = 2n

4 a 2 . 22 0,0, 1
4

1
2 ,

1
2 ,

1
4

1
2 ,

1
2 ,

3
4 0,0, 3

4 hkl : h + k, l = 2n

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [100] p2mg
a′ = b b′ = 1

2 c
Origin at x, 1

4 ,0

Along [110] p2mm
a′ = 1

2(−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄c2 (116) 1; 2; 7; 8; 11; 12; 13; 14

[2] P 4̄21 c (114) 1; 2; 5; 6; 11; 12; 15; 16
[2] P4cc (103) 1; 2; 3; 4; 13; 14; 15; 16
[2] P421 2 (90) 1; 2; 3; 4; 5; 6; 7; 8
[2] P4/n11 (P4/n, 85) 1; 2; 3; 4; 9; 10; 11; 12
[2] P2/n12/c (C cce, 68) 1; 2; 7; 8; 9; 10; 15; 16
[2] P2/n21/c1 (Pccn, 56) 1; 2; 5; 6; 9; 10; 13; 14

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P4/ncc (c′ = 3c) (130); [9] P4/ncc (a′ = 3a,b′ = 3b) (130)

Minimal non-isomorphic supergroups
I none

II [2] C 4/mcc (P4/mcc, 124); [2] I 4/mcm (140); [2] P4/nmm (c′ = 1
2 c) (129)
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P4/ncc D8
4h 4/mmm Tetragonal

No. 130 P 4/n 21/c 2/c Patterson symmetry P4/mmm

ORIGIN CHOICE 2

Origin at 1̄ at n1(c,n), at 1
4 ,− 1

4 ,0 from 4̄

Asymmetric unit − 1
4 ≤ x ≤ 1

4 ; − 1
4 ≤ y ≤ 1

4 ; 0 ≤ z ≤ 1
4

Symmetry operations

(1) 1 (2) 2 1
4 ,

1
4 ,z (3) 4+ 1

4 ,
1
4 ,z (4) 4− 1

4 ,
1
4 ,z

(5) 2(0, 1
2 ,0) 0,y, 1

4 (6) 2( 1
2 ,0,0) x,0, 1

4 (7) 2( 1
2 ,

1
2 ,0) x,x, 1

4 (8) 2 x, x̄, 1
4

(9) 1̄ 0,0,0 (10) n( 1
2 ,

1
2 ,0) x,y,0 (11) 4̄+ 1

4 ,− 1
4 ,z; 1

4 ,− 1
4 ,0 (12) 4̄− − 1

4 ,
1
4 ,z; − 1

4 ,
1
4 ,0

(13) c x, 1
4 ,z (14) c 1

4 ,y,z (15) c x + 1
2 , x̄,z (16) c x,x,z
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CONTINUED No. 130 P4/ncc

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

16 g 1 (1) x,y,z (2) x̄+ 1
2 , ȳ + 1

2 ,z (3) ȳ + 1
2 ,x,z (4) y, x̄ + 1

2 ,z
(5) x̄,y + 1

2 , z̄+ 1
2 (6) x + 1

2 , ȳ, z̄+ 1
2 (7) y + 1

2 ,x + 1
2 , z̄+ 1

2 (8) ȳ, x̄, z̄+ 1
2

(9) x̄, ȳ, z̄ (10) x + 1
2 ,y + 1

2 , z̄ (11) y + 1
2 , x̄, z̄ (12) ȳ,x + 1

2 , z̄
(13) x, ȳ + 1

2 ,z+ 1
2 (14) x̄+ 1

2 ,y,z+ 1
2 (15) ȳ + 1

2 , x̄ + 1
2 ,z+ 1

2 (16) y,x,z+ 1
2

hk0 : h + k = 2n
0kl : l = 2n
hhl : l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

8 f . . 2 x, x̄, 1
4 x̄+ 1

2 ,x + 1
2 ,

1
4 x + 1

2 ,x,
1
4 x̄, x̄ + 1

2 ,
1
4

x̄,x, 3
4 x + 1

2 , x̄ + 1
2 ,

3
4 x̄ + 1

2 , x̄,
3
4 x,x + 1

2 ,
3
4

hkl : h + k + l = 2n

8 e 2 . . 3
4 ,

1
4 ,z

1
4 ,

3
4 ,z

1
4 ,

3
4 , z̄ + 1

2
3
4 ,

1
4 , z̄+ 1

2
1
4 ,

3
4 , z̄

3
4 ,

1
4 , z̄

3
4 ,

1
4 ,z+ 1

2
1
4 ,

3
4 ,z+ 1

2

hkl : h + k, l = 2n

8 d 1̄ 0,0,0 1
2 ,

1
2 ,0

1
2 ,0,0 0, 1

2 ,0 0, 1
2 ,

1
2

1
2 ,0, 1

2
1
2 ,

1
2 ,

1
2 0,0, 1

2 hkl : h,k, l = 2n

4 c 4 . . 1
4 ,

1
4 ,z

3
4 ,

3
4 , z̄+ 1

2
3
4 ,

3
4 , z̄

1
4 ,

1
4 ,z+ 1

2 hkl : l = 2n

4 b 4̄ . . 3
4 ,

1
4 ,0

1
4 ,

3
4 ,0

1
4 ,

3
4 ,

1
2

3
4 ,

1
4 ,

1
2 hkl : h + k, l = 2n

4 a 2 . 22 3
4 ,

1
4 ,

1
4

1
4 ,

3
4 ,

1
4

1
4 ,

3
4 ,

3
4

3
4 ,

1
4 ,

3
4 hkl : h + k, l = 2n

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 1
4 ,

1
4 ,z

Along [100] p2mg
a′ = b b′ = 1

2 c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2(−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄c2 (116) 1; 2; 7; 8; 11; 12; 13; 14

[2] P 4̄21 c (114) 1; 2; 5; 6; 11; 12; 15; 16
[2] P4cc (103) 1; 2; 3; 4; 13; 14; 15; 16
[2] P421 2 (90) 1; 2; 3; 4; 5; 6; 7; 8
[2] P4/n11 (P4/n, 85) 1; 2; 3; 4; 9; 10; 11; 12
[2] P2/n12/c (C cce, 68) 1; 2; 7; 8; 9; 10; 15; 16
[2] P2/n21/c1 (Pccn, 56) 1; 2; 5; 6; 9; 10; 13; 14

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P4/ncc (c′ = 3c) (130); [9] P4/ncc (a′ = 3a,b′ = 3b) (130)

Minimal non-isomorphic supergroups
I none

II [2] C 4/mcc (P4/mcc, 124); [2] I 4/mcm (140); [2] P4/nmm (c′ = 1
2 c) (129)
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P42/mmc D9
4h 4/mmm Tetragonal

No. 131 P 42/m 2/m 2/c Patterson symmetry P4/mmm

Origin at centre (mmm) at 42/m2/mc

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+(0,0, 1
2 ) 0,0,z (4) 4−(0,0, 1

2 ) 0,0,z
(5) 2 0,y,0 (6) 2 x,0,0 (7) 2 x,x, 1

4 (8) 2 x, x̄, 1
4

(9) 1̄ 0,0,0 (10) m x,y,0 (11) 4̄+ 0,0,z; 0,0, 1
4 (12) 4̄− 0,0,z; 0,0, 1

4

(13) m x,0,z (14) m 0,y,z (15) c x, x̄,z (16) c x,x,z

Maximal non-isomorphic subgroups
I [2] P 4̄m2 (115) 1; 2; 7; 8; 11; 12; 13; 14

[2] P 4̄2c (112) 1; 2; 5; 6; 11; 12; 15; 16
[2] P42 mc (105) 1; 2; 3; 4; 13; 14; 15; 16
[2] P42 22 (93) 1; 2; 3; 4; 5; 6; 7; 8
[2] P42/m11 (P42/m, 84) 1; 2; 3; 4; 9; 10; 11; 12
[2] P2/m12/c (C ccm, 66) 1; 2; 7; 8; 9; 10; 15; 16
[2] P2/m2/m1 (Pmmm, 47) 1; 2; 5; 6; 9; 10; 13; 14

IIa none

IIb [2] C 42/emc (a′ = 2a,b′ = 2b) (P42/ncm, 138); [2] C 42/mmd (a′ = 2a,b′ = 2b) (P42/mnm, 136);
[2] C 42/emd (a′ = 2a,b′ = 2b) (P42/nnm, 134); [2] C 42/mmc (a′ = 2a,b′ = 2b) (P42/mcm, 132)

Maximal isomorphic subgroups of lowest index
IIc [3] P42/mmc (c′ = 3c) (131); [9] P42/mmc (a′ = 3a,b′ = 3b) (131)

Minimal non-isomorphic supergroups
I [3] Pm 3̄n (223)

II [2] C 42/mmc (P42/mcm, 132); [2] I 4/mmm (139); [2] P4/mmm (c′ = 1
2 c) (123)
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CONTINUED No. 131 P42/mmc

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

16 r 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z+ 1
2 (4) y, x̄,z+ 1

2

(5) x̄,y, z̄ (6) x, ȳ, z̄ (7) y,x, z̄+ 1
2 (8) ȳ, x̄, z̄+ 1

2

(9) x̄, ȳ, z̄ (10) x,y, z̄ (11) y, x̄, z̄+ 1
2 (12) ȳ,x, z̄+ 1

2

(13) x, ȳ,z (14) x̄,y,z (15) ȳ, x̄,z+ 1
2 (16) y,x,z+ 1

2

hhl : l = 2n
00l : l = 2n

Special: as above, plus

8 q m . . x,y,0 x̄, ȳ,0 ȳ,x, 1
2 y, x̄, 1

2

x̄,y,0 x, ȳ,0 y,x, 1
2 ȳ, x̄, 1

2

no extra conditions

8 p . m . 1
2 ,y,z

1
2 , ȳ,z ȳ, 1

2 ,z+ 1
2 y, 1

2 ,z+ 1
2

1
2 ,y, z̄

1
2 , ȳ, z̄ y, 1

2 , z̄+ 1
2 ȳ, 1

2 , z̄+ 1
2

no extra conditions

8 o . m . 0,y,z 0, ȳ,z ȳ,0,z+ 1
2 y,0,z+ 1

2

0,y, z̄ 0, ȳ, z̄ y,0, z̄+ 1
2 ȳ,0, z̄+ 1

2

no extra conditions

8 n . . 2 x,x, 1
4 x̄, x̄, 1

4 x̄,x, 3
4 x, x̄, 3

4

x̄, x̄, 3
4 x,x, 3

4 x, x̄, 1
4 x̄,x, 1

4

hkl : l = 2n

4 m m 2 m . x, 1
2 ,0 x̄, 1

2 ,0
1
2 ,x,

1
2

1
2 , x̄,

1
2 no extra conditions

4 l m 2 m . x,0, 1
2 x̄,0, 1

2 0,x,0 0, x̄,0 no extra conditions

4 k m 2 m . x, 1
2 ,

1
2 x̄, 1

2 ,
1
2

1
2 ,x,0

1
2 , x̄,0 no extra conditions

4 j m 2 m . x,0,0 x̄,0,0 0,x, 1
2 0, x̄, 1

2 no extra conditions

4 i 2 m m . 0, 1
2 ,z

1
2 ,0,z+ 1

2 0, 1
2 , z̄

1
2 ,0, z̄+ 1

2 hkl : h + k + l = 2n

4 h 2 m m . 1
2 ,

1
2 ,z

1
2 ,

1
2 ,z+ 1

2
1
2 ,

1
2 , z̄

1
2 ,

1
2 , z̄+ 1

2 hkl : l = 2n

4 g 2 m m . 0,0,z 0,0,z+ 1
2 0,0, z̄ 0,0, z̄+ 1

2 hkl : l = 2n

2 f 4̄ m 2 1
2 ,

1
2 ,

1
4

1
2 ,

1
2 ,

3
4 hkl : l = 2n

2 e 4̄ m 2 0,0, 1
4 0,0, 3

4 hkl : l = 2n

2 d m m m . 0, 1
2 ,

1
2

1
2 ,0,0 hkl : h + k + l = 2n

2 c m m m . 0, 1
2 ,0

1
2 ,0, 1

2 hkl : h + k + l = 2n

2 b m m m . 1
2 ,

1
2 ,0

1
2 ,

1
2 ,

1
2 hkl : l = 2n

2 a m m m . 0,0,0 0,0, 1
2 hkl : l = 2n

Symmetry of special projections
Along [001] p4mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = b b′ = c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

(Continued on preceding page)
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P42/mcm D10
4h 4/mmm Tetragonal

No. 132 P 42/m 2/c 2/m Patterson symmetry P4/mmm

Origin at centre (mmm) at 42/mc2/m

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2 ; x ≤ y

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+(0,0, 1
2 ) 0,0,z (4) 4−(0,0, 1

2) 0,0,z
(5) 2 0,y, 1

4 (6) 2 x,0, 1
4 (7) 2 x,x,0 (8) 2 x, x̄,0

(9) 1̄ 0,0,0 (10) m x,y,0 (11) 4̄+ 0,0,z; 0,0, 1
4 (12) 4̄− 0,0,z; 0,0, 1

4

(13) c x,0,z (14) c 0,y,z (15) m x, x̄,z (16) m x,x,z

Maximal non-isomorphic subgroups
I [2] P 4̄c2 (116) 1; 2; 7; 8; 11; 12; 13; 14

[2] P 4̄2m (111) 1; 2; 5; 6; 11; 12; 15; 16
[2] P42 cm (101) 1; 2; 3; 4; 13; 14; 15; 16
[2] P42 22 (93) 1; 2; 3; 4; 5; 6; 7; 8
[2] P42/m11 (P42/m, 84) 1; 2; 3; 4; 9; 10; 11; 12
[2] P2/m12/m (C mmm, 65) 1; 2; 7; 8; 9; 10; 15; 16
[2] P2/m2/c1 (Pccm, 49) 1; 2; 5; 6; 9; 10; 13; 14

IIa none

IIb [2] C 42/ecm (a′ = 2a,b′ = 2b) (P42/nmc, 137); [2] C 42/mcd (a′ = 2a,b′ = 2b) (P42/mbc, 135);
[2] C 42/ecd (a′ = 2a,b′ = 2b) (P42/nbc, 133); [2] C 42/mcm (a′ = 2a,b′ = 2b) (P42/mmc, 131)

Maximal isomorphic subgroups of lowest index
IIc [3] P42/mcm (c′ = 3c) (132); [9] P42/mcm (a′ = 3a,b′ = 3b) (132)

Minimal non-isomorphic supergroups
I none

II [2] C 42/mcm (P42/mmc, 131); [2] I 4/mcm (140); [2] P4/mmm (c′ = 1
2 c) (123)
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CONTINUED No. 132 P42/mcm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

16 p 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z+ 1
2 (4) y, x̄,z+ 1

2

(5) x̄,y, z̄ + 1
2 (6) x, ȳ, z̄+ 1

2 (7) y,x, z̄ (8) ȳ, x̄, z̄
(9) x̄, ȳ, z̄ (10) x,y, z̄ (11) y, x̄, z̄+ 1

2 (12) ȳ,x, z̄ + 1
2

(13) x, ȳ,z+ 1
2 (14) x̄,y,z+ 1

2 (15) ȳ, x̄,z (16) y,x,z

0kl : l = 2n
00l : l = 2n

Special: as above, plus

8 o . . m x,x,z x̄, x̄,z x̄,x,z+ 1
2 x, x̄,z+ 1

2

x̄,x, z̄ + 1
2 x, x̄, z̄+ 1

2 x,x, z̄ x̄, x̄, z̄
no extra conditions

8 n m . . x,y,0 x̄, ȳ,0 ȳ,x, 1
2 y, x̄, 1

2

x̄,y, 1
2 x, ȳ, 1

2 y,x,0 ȳ, x̄,0
no extra conditions

8 m . 2 . x, 1
2 ,

1
4 x̄, 1

2 ,
1
4

1
2 ,x,

3
4

1
2 , x̄,

3
4

x̄, 1
2 ,

3
4 x, 1

2 ,
3
4

1
2 , x̄,

1
4

1
2 ,x,

1
4

hkl : l = 2n

8 l . 2 . x,0, 1
4 x̄,0, 1

4 0,x, 3
4 0, x̄, 3

4

x̄,0, 3
4 x,0, 3

4 0, x̄, 1
4 0,x, 1

4

hkl : l = 2n

8 k 2 . . 0, 1
2 ,z

1
2 ,0,z+ 1

2 0, 1
2 , z̄+ 1

2
1
2 ,0, z̄

0, 1
2 , z̄

1
2 ,0, z̄+ 1

2 0, 1
2 ,z+ 1

2
1
2 ,0,z

hkl : h + k, l = 2n

4 j m . 2m x,x, 1
2 x̄, x̄, 1

2 x̄,x,0 x, x̄,0 no extra conditions

4 i m . 2m x,x,0 x̄, x̄,0 x̄,x, 1
2 x, x̄, 1

2 no extra conditions

4 h 2 . mm 1
2 ,

1
2 ,z

1
2 ,

1
2 ,z+ 1

2
1
2 ,

1
2 , z̄+ 1

2
1
2 ,

1
2 , z̄ hkl : l = 2n

4 g 2 . mm 0,0,z 0,0,z+ 1
2 0,0, z̄+ 1

2 0,0, z̄ hkl : l = 2n

4 f 2/m . . 0, 1
2 ,0

1
2 ,0, 1

2 0, 1
2 ,

1
2

1
2 ,0,0 hkl : h + k, l = 2n

4 e 2 2 2 . 0, 1
2 ,

1
4

1
2 ,0, 3

4 0, 1
2 ,

3
4

1
2 ,0, 1

4 hkl : h + k, l = 2n

2 d 4̄ 2 m 1
2 ,

1
2 ,

1
4

1
2 ,

1
2 ,

3
4 hkl : l = 2n

2 c m . mm 1
2 ,

1
2 ,0

1
2 ,

1
2 ,

1
2 hkl : l = 2n

2 b 4̄ 2 m 0,0, 1
4 0,0, 3

4 hkl : l = 2n

2 a m . mm 0,0,0 0,0, 1
2 hkl : l = 2n

Symmetry of special projections
Along [001] p4mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = b b′ = 1

2 c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

(Continued on preceding page)

457



P42/nbc D11
4h 4/mmm Tetragonal

No. 133 P 42/n 2/b 2/c Patterson symmetry P4/mmm

ORIGIN CHOICE 1

Origin at 4̄121/c, at − 1
4 ,

1
4 ,− 1

4 from 1̄

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+(0,0, 1
2) 0, 1

2 ,z (4) 4−(0,0, 1
2 ) 1

2 ,0,z
(5) 2 0,y, 1

4 (6) 2 x,0, 1
4 (7) 2( 1

2 ,
1
2 ,0) x,x,0 (8) 2 x, x̄ + 1

2 ,0
(9) 1̄ 1

4 ,
1
4 ,

1
4 (10) n( 1

2 ,
1
2 ,0) x,y, 1

4 (11) 4̄+ 0,0,z; 0,0,0 (12) 4̄− 0,0,z; 0,0,0
(13) a x, 1

4 ,z (14) b 1
4 ,y,z (15) c x, x̄,z (16) c x,x,z
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CONTINUED No. 133 P42/nbc

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

16 k 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ + 1
2 ,x + 1

2 ,z+ 1
2 (4) y + 1

2 , x̄+ 1
2 ,z+ 1

2

(5) x̄,y, z̄+ 1
2 (6) x, ȳ, z̄+ 1

2 (7) y + 1
2 ,x + 1

2 , z̄ (8) ȳ+ 1
2 , x̄+ 1

2 , z̄
(9) x̄+ 1

2 , ȳ + 1
2 , z̄+ 1

2 (10) x + 1
2 ,y + 1

2 , z̄+ 1
2 (11) y, x̄, z̄ (12) ȳ,x, z̄

(13) x + 1
2 , ȳ + 1

2 ,z (14) x̄ + 1
2 ,y + 1

2 ,z (15) ȳ, x̄,z+ 1
2 (16) y,x,z+ 1

2

hk0 : h + k = 2n
0kl : k = 2n
hhl : l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

8 j . . 2 x,x + 1
2 ,0 x̄, x̄ + 1

2 ,0 x̄,x + 1
2 ,

1
2 x, x̄ + 1

2 ,
1
2

x̄ + 1
2 , x̄,

1
2 x + 1

2 ,x,
1
2 x + 1

2 , x̄,0 x̄ + 1
2 ,x,0

hkl : h + k + l = 2n

8 i . 2 . x,0, 3
4 x̄,0, 3

4
1
2 ,x + 1

2 ,
1
4

1
2 , x̄ + 1

2 ,
1
4

x̄ + 1
2 ,

1
2 ,

3
4 x + 1

2 ,
1
2 ,

3
4 0, x̄, 1

4 0,x, 1
4

hkl : h + k = 2n

8 h . 2 . x,0, 1
4 x̄,0, 1

4
1
2 ,x + 1

2 ,
3
4

1
2 , x̄ + 1

2 ,
3
4

x̄ + 1
2 ,

1
2 ,

1
4 x + 1

2 ,
1
2 ,

1
4 0, x̄, 3

4 0,x, 3
4

hkl : h + k = 2n

8 g 2 . . 0,0,z 1
2 ,

1
2 ,z+ 1

2 0,0, z̄+ 1
2

1
2 ,

1
2 , z̄

1
2 ,

1
2 , z̄+ 1

2 0,0, z̄ 1
2 ,

1
2 ,z 0,0,z+ 1

2

hkl : h + k, l = 2n

8 f 2 . . 0, 1
2 ,z 0, 1

2 ,z+ 1
2 0, 1

2 , z̄ + 1
2 0, 1

2 , z̄
1
2 ,0, z̄+ 1

2
1
2 ,0, z̄ 1

2 ,0,z 1
2 ,0,z+ 1

2

hkl : h + k, l = 2n

8 e 1̄ 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

1
4

1
4 ,

3
4 ,

3
4

3
4 ,

1
4 ,

3
4

3
4 ,

1
4 ,

1
4

1
4 ,

3
4 ,

1
4

3
4 ,

3
4 ,

3
4

1
4 ,

1
4 ,

3
4 hkl : h,k, l = 2n

4 d 4̄ . . 0,0,0 1
2 ,

1
2 ,

1
2 0,0, 1

2
1
2 ,

1
2 ,0 hkl : h + k, l = 2n

4 c 2 . 22 0, 1
2 ,0 0, 1

2 ,
1
2

1
2 ,0, 1

2
1
2 ,0,0 hkl : h + k, l = 2n

4 b 2 2 2 . 0,0, 1
4

1
2 ,

1
2 ,

3
4

1
2 ,

1
2 ,

1
4 0,0, 3

4 hkl : h + k, l = 2n

4 a 2 2 2 . 0, 1
2 ,

1
4 0, 1

2 ,
3
4

1
2 ,0, 1

4
1
2 ,0, 3

4 hkl : h + k, l = 2n

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [100] p2mm
a′ = 1

2 b b′ = c
Origin at x,0, 1

4

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄b2 (117) 1; 2; 7; 8; 11; 12; 13; 14

[2] P 4̄2c (112) 1; 2; 5; 6; 11; 12; 15; 16
[2] P42 bc (106) 1; 2; 3; 4; 13; 14; 15; 16
[2] P42 22 (93) 1; 2; 3; 4; 5; 6; 7; 8
[2] P42/n11 (P42/n, 86) 1; 2; 3; 4; 9; 10; 11; 12
[2] P2/n12/c (C cce, 68) 1; 2; 7; 8; 9; 10; 15; 16
[2] P2/n2/b1 (Pban, 50) 1; 2; 5; 6; 9; 10; 13; 14

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P42/nbc (c′ = 3c) (133); [9] P42/nbc (a′ = 3a,b′ = 3b) (133)

Minimal non-isomorphic supergroups
I none

II [2] C 42/mmc (P42/mcm, 132); [2] I 4/mcm (140); [2] P4/nbm (c′ = 1
2 c) (125)
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P42/nbc D11
4h 4/mmm Tetragonal

No. 133 P 42/n 2/b 2/c Patterson symmetry P4/mmm

ORIGIN CHOICE 2

Origin at 1̄ at n(b,a)(n,c), at 1
4 ,− 1

4 ,
1
4 from 4̄

Asymmetric unit − 1
4 ≤ x ≤ 1

4 ; − 1
4 ≤ y ≤ 1

4 ; 0 ≤ z ≤ 1
4

Symmetry operations

(1) 1 (2) 2 1
4 ,

1
4 ,z (3) 4+(0,0, 1

2 ) 1
4 ,

1
4 ,z (4) 4−(0,0, 1

2) 1
4 ,

1
4 ,z

(5) 2 1
4 ,y,0 (6) 2 x, 1

4 ,0 (7) 2 x,x, 1
4 (8) 2 x, x̄ + 1

2 ,
1
4

(9) 1̄ 0,0,0 (10) n( 1
2 ,

1
2 ,0) x,y,0 (11) 4̄+ 1

4 ,− 1
4 ,z; 1

4 ,− 1
4 ,

1
4 (12) 4̄− − 1

4 ,
1
4 ,z; − 1

4 ,
1
4 ,

1
4

(13) a x,0,z (14) b 0,y,z (15) c x, x̄,z (16) n( 1
2 ,

1
2 ,

1
2) x,x,z
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CONTINUED No. 133 P42/nbc

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

16 k 1 (1) x,y,z (2) x̄ + 1
2 , ȳ+ 1

2 ,z (3) ȳ+ 1
2 ,x,z+ 1

2 (4) y, x̄ + 1
2 ,z+ 1

2

(5) x̄ + 1
2 ,y, z̄ (6) x, ȳ + 1

2 , z̄ (7) y,x, z̄ + 1
2 (8) ȳ + 1

2 , x̄+ 1
2 , z̄+ 1

2

(9) x̄, ȳ, z̄ (10) x + 1
2 ,y + 1

2 , z̄ (11) y + 1
2 , x̄, z̄+ 1

2 (12) ȳ,x + 1
2 , z̄+ 1

2

(13) x + 1
2 , ȳ,z (14) x̄,y + 1

2 ,z (15) ȳ, x̄,z+ 1
2 (16) y + 1

2 ,x + 1
2 ,z+ 1

2

hk0 : h + k = 2n
0kl : k = 2n
hhl : l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

8 j . . 2 x,x, 1
4 x̄+ 1

2 , x̄ + 1
2 ,

1
4 x̄ + 1

2 ,x,
3
4 x, x̄ + 1

2 ,
3
4

x̄, x̄, 3
4 x + 1

2 ,x + 1
2 ,

3
4 x + 1

2 , x̄,
1
4 x̄,x + 1

2 ,
1
4

hkl : h + k + l = 2n

8 i . 2 . x, 1
4 ,

1
2 x̄ + 1

2 ,
1
4 ,

1
2

1
4 ,x,0

1
4 , x̄+ 1

2 ,0
x̄, 3

4 ,
1
2 x + 1

2 ,
3
4 ,

1
2

3
4 , x̄,0

3
4 ,x + 1

2 ,0
hkl : h + k = 2n

8 h . 2 . x, 1
4 ,0 x̄ + 1

2 ,
1
4 ,0

1
4 ,x,

1
2

1
4 , x̄ + 1

2 ,
1
2

x̄, 3
4 ,0 x + 1

2 ,
3
4 ,0

3
4 , x̄,

1
2

3
4 ,x + 1

2 ,
1
2

hkl : h + k = 2n

8 g 2 . . 3
4 ,

1
4 ,z

1
4 ,

3
4 ,z+ 1

2
3
4 ,

1
4 , z̄

1
4 ,

3
4 , z̄+ 1

2
1
4 ,

3
4 , z̄

3
4 ,

1
4 , z̄+ 1

2
1
4 ,

3
4 ,z

3
4 ,

1
4 ,z+ 1

2

hkl : h + k, l = 2n

8 f 2 . . 1
4 ,

1
4 ,z

1
4 ,

1
4 ,z+ 1

2
1
4 ,

1
4 , z̄

1
4 ,

1
4 , z̄+ 1

2
3
4 ,

3
4 , z̄

3
4 ,

3
4 , z̄+ 1

2
3
4 ,

3
4 ,z

3
4 ,

3
4 ,z+ 1

2

hkl : h + k, l = 2n

8 e 1̄ 0,0,0 1
2 ,

1
2 ,0

1
2 ,0, 1

2 0, 1
2 ,

1
2

1
2 ,0,0 0, 1

2 ,0 0,0, 1
2

1
2 ,

1
2 ,

1
2 hkl : h,k, l = 2n

4 d 4̄ . . 3
4 ,

1
4 ,

3
4

1
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

1
4

1
4 ,

3
4 ,

3
4 hkl : h + k, l = 2n

4 c 2 . 22 1
4 ,

1
4 ,

1
4

1
4 ,

1
4 ,

3
4

3
4 ,

3
4 ,

3
4

3
4 ,

3
4 ,

1
4 hkl : h + k, l = 2n

4 b 2 2 2 . 3
4 ,

1
4 ,0

1
4 ,

3
4 ,

1
2

1
4 ,

3
4 ,0

3
4 ,

1
4 ,

1
2 hkl : h + k, l = 2n

4 a 2 2 2 . 1
4 ,

1
4 ,0

1
4 ,

1
4 ,

1
2

3
4 ,

3
4 ,0

3
4 ,

3
4 ,

1
2 hkl : h + k, l = 2n

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 1
4 ,

1
4 ,z

Along [100] p2mm
a′ = 1

2 b b′ = c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄b2 (117) 1; 2; 7; 8; 11; 12; 13; 14

[2] P 4̄2c (112) 1; 2; 5; 6; 11; 12; 15; 16
[2] P42 bc (106) 1; 2; 3; 4; 13; 14; 15; 16
[2] P42 22 (93) 1; 2; 3; 4; 5; 6; 7; 8
[2] P42/n11 (P42/n, 86) 1; 2; 3; 4; 9; 10; 11; 12
[2] P2/n12/c (C cce, 68) 1; 2; 7; 8; 9; 10; 15; 16
[2] P2/n2/b1 (Pban, 50) 1; 2; 5; 6; 9; 10; 13; 14

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P42/nbc (c′ = 3c) (133); [9] P42/nbc (a′ = 3a,b′ = 3b) (133)

Minimal non-isomorphic supergroups
I none

II [2] C 42/mmc (P42/mcm, 132); [2] I 4/mcm (140); [2] P4/nbm (c′ = 1
2 c) (125)
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P42/nnm D12
4h 4/mmm Tetragonal

No. 134 P 42/n 2/n 2/m Patterson symmetry P4/mmm

ORIGIN CHOICE 1

Origin at 4̄2m, at − 1
4 ,

1
4 ,− 1

4 from centre (2/m)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1

4 ; x ≤ y; y ≤ 1− x

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+(0,0, 1
2 ) 0, 1

2 ,z (4) 4−(0,0, 1
2 ) 1

2 ,0,z
(5) 2 0,y,0 (6) 2 x,0,0 (7) 2( 1

2 ,
1
2 ,0) x,x, 1

4 (8) 2 x, x̄ + 1
2 ,

1
4

(9) 1̄ 1
4 ,

1
4 ,

1
4 (10) n( 1

2 ,
1
2 ,0) x,y, 1

4 (11) 4̄+ 0,0,z; 0,0,0 (12) 4̄− 0,0,z; 0,0,0
(13) n( 1

2 ,0, 1
2 ) x, 1

4 ,z (14) n(0, 1
2 ,

1
2 ) 1

4 ,y,z (15) m x, x̄,z (16) m x,x,z

Maximal non-isomorphic subgroups
I [2] P 4̄n2 (118) 1; 2; 7; 8; 11; 12; 13; 14

[2] P 4̄2m (111) 1; 2; 5; 6; 11; 12; 15; 16
[2] P42 nm (102) 1; 2; 3; 4; 13; 14; 15; 16
[2] P42 22 (93) 1; 2; 3; 4; 5; 6; 7; 8
[2] P42/n11 (P42/n, 86) 1; 2; 3; 4; 9; 10; 11; 12
[2] P2/n12/m (C mme, 67) 1; 2; 7; 8; 9; 10; 15; 16
[2] P2/n2/n1 (Pnnn, 48) 1; 2; 5; 6; 9; 10; 13; 14

IIa none
IIb [2] F 41/d d c (a′ = 2a,b′ = 2b,c′ = 2c) (I 41/acd, 142); [2] F 41/d d m (a′ = 2a,b′ = 2b,c′ = 2c) (I 41/amd, 141)

Maximal isomorphic subgroups of lowest index
IIc [3] P42/nnm (c′ = 3c) (134); [9] P42/nnm (a′ = 3a,b′ = 3b) (134)

Minimal non-isomorphic supergroups
I [3] Pn 3̄m (224)

II [2] C 42/mcm (P42/mmc, 131); [2] I 4/mmm (139); [2] P4/nbm (c′ = 1
2 c) (125)
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CONTINUED No. 134 P42/nnm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

16 n 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ + 1
2 ,x + 1

2 ,z+ 1
2 (4) y + 1

2 , x̄+ 1
2 ,z+ 1

2

(5) x̄,y, z̄ (6) x, ȳ, z̄ (7) y + 1
2 ,x + 1

2 , z̄+ 1
2 (8) ȳ+ 1

2 , x̄+ 1
2 , z̄+ 1

2

(9) x̄+ 1
2 , ȳ + 1

2 , z̄+ 1
2 (10) x + 1

2 ,y + 1
2 , z̄+ 1

2 (11) y, x̄, z̄ (12) ȳ,x, z̄
(13) x + 1

2 , ȳ + 1
2 ,z+ 1

2 (14) x̄ + 1
2 ,y + 1

2 ,z+ 1
2 (15) ȳ, x̄,z (16) y,x,z

hk0 : h + k = 2n
0kl : k + l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

8 m . . m x,x,z x̄, x̄,z x̄ + 1
2 ,x + 1

2 ,z+ 1
2 x + 1

2 , x̄ + 1
2 ,z+ 1

2

x̄,x, z̄ x, x̄, z̄ x + 1
2 ,x + 1

2 , z̄+ 1
2 x̄ + 1

2 , x̄ + 1
2 , z̄+ 1

2

no extra conditions

8 l . . 2 x,x + 1
2 ,

3
4 x̄, x̄ + 1

2 ,
3
4 x̄,x + 1

2 ,
1
4 x, x̄ + 1

2 ,
1
4

x̄+ 1
2 , x̄,

3
4 x + 1

2 ,x,
3
4 x + 1

2 , x̄,
1
4 x̄ + 1

2 ,x,
1
4

hkl : h + k = 2n

8 k . . 2 x,x + 1
2 ,

1
4 x̄, x̄ + 1

2 ,
1
4 x̄,x + 1

2 ,
3
4 x, x̄ + 1

2 ,
3
4

x̄+ 1
2 , x̄,

1
4 x + 1

2 ,x,
1
4 x + 1

2 , x̄,
3
4 x̄ + 1

2 ,x,
3
4

hkl : h + k = 2n

8 j . 2 . x,0, 1
2 x̄,0, 1

2
1
2 ,x + 1

2 ,0
1
2 , x̄ + 1

2 ,0
x̄+ 1

2 ,
1
2 ,0 x + 1

2 ,
1
2 ,0 0, x̄, 1

2 0,x, 1
2

hkl : h + k + l = 2n

8 i . 2 . x,0,0 x̄,0,0 1
2 ,x + 1

2 ,
1
2

1
2 , x̄+ 1

2 ,
1
2

x̄+ 1
2 ,

1
2 ,

1
2 x + 1

2 ,
1
2 ,

1
2 0, x̄,0 0,x,0

hkl : h + k + l = 2n

8 h 2 . . 0, 1
2 ,z 0, 1

2 ,z+ 1
2 0, 1

2 , z̄ 0, 1
2 , z̄+ 1

2
1
2 ,0, z̄+ 1

2
1
2 ,0, z̄ 1

2 ,0,z+ 1
2

1
2 ,0,z

hkl : h + k, l = 2n

4 g 2 . mm 0,0,z 1
2 ,

1
2 ,z+ 1

2 0,0, z̄ 1
2 ,

1
2 , z̄+ 1

2 hkl : h + k + l = 2n

4 f . . 2/m 3
4 ,

3
4 ,

3
4

1
4 ,

1
4 ,

3
4

3
4 ,

1
4 ,

1
4

1
4 ,

3
4 ,

1
4 hkl : h + k,h + l,k + l = 2n

4 e . . 2/m 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

1
4

1
4 ,

3
4 ,

3
4

3
4 ,

1
4 ,

3
4 hkl : h + k,h + l,k + l = 2n

4 d 2 . 22 0, 1
2 ,

1
4 0, 1

2 ,
3
4

1
2 ,0, 1

4
1
2 ,0, 3

4 hkl : h + k, l = 2n

4 c 2 2 2 . 0, 1
2 ,0 0, 1

2 ,
1
2

1
2 ,0, 1

2
1
2 ,0,0 hkl : h + k, l = 2n

2 b 4̄ 2 m 0,0, 1
2

1
2 ,

1
2 ,0 hkl : h + k + l = 2n

2 a 4̄ 2 m 0,0,0 1
2 ,

1
2 ,

1
2 hkl : h + k + l = 2n

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [100] c2mm
a′ = b b′ = c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x, 1

4

(Continued on preceding page)

463



P42/nnm D12
4h 4/mmm Tetragonal

No. 134 P 42/n 2/n 2/m Patterson symmetry P4/mmm

ORIGIN CHOICE 2

Origin at centre (2/m) at nn(21/g,2/m), at 1
4 ,− 1

4 ,
1
4 from 4̄2m

Asymmetric unit − 1
4 ≤ x ≤ 1

4 ; − 1
4 ≤ y ≤ 1

4 ; 0 ≤ z ≤ 1
2 ; x ≤−y

Symmetry operations

(1) 1 (2) 2 1
4 ,

1
4 ,z (3) 4+(0,0, 1

2 ) 1
4 ,

1
4 ,z (4) 4−(0,0, 1

2 ) 1
4 ,

1
4 ,z

(5) 2 1
4 ,y,

1
4 (6) 2 x, 1

4 ,
1
4 (7) 2 x,x,0 (8) 2 x, x̄ + 1

2 ,0
(9) 1̄ 0,0,0 (10) n( 1

2 ,
1
2 ,0) x,y,0 (11) 4̄+ 1

4 ,− 1
4 ,z; 1

4 ,− 1
4 ,

1
4 (12) 4̄− − 1

4 ,
1
4 ,z; − 1

4 ,
1
4 ,

1
4

(13) n( 1
2 ,0, 1

2 ) x,0,z (14) n(0, 1
2 ,

1
2) 0,y,z (15) m x, x̄,z (16) g( 1

2 ,
1
2 ,0) x,x,z

Maximal non-isomorphic subgroups
I [2] P 4̄n2 (118) 1; 2; 7; 8; 11; 12; 13; 14

[2] P 4̄2m (111) 1; 2; 5; 6; 11; 12; 15; 16
[2] P42 nm (102) 1; 2; 3; 4; 13; 14; 15; 16
[2] P42 22 (93) 1; 2; 3; 4; 5; 6; 7; 8
[2] P42/n11 (P42/n, 86) 1; 2; 3; 4; 9; 10; 11; 12
[2] P2/n12/m (C mme, 67) 1; 2; 7; 8; 9; 10; 15; 16
[2] P2/n2/n1 (Pnnn, 48) 1; 2; 5; 6; 9; 10; 13; 14

IIa none
IIb [2] F 41/d d c (a′ = 2a,b′ = 2b,c′ = 2c) (I 41/acd, 142); [2] F 41/d d m (a′ = 2a,b′ = 2b,c′ = 2c) (I 41/amd, 141)

Maximal isomorphic subgroups of lowest index
IIc [3] P42/nnm (c′ = 3c) (134); [9] P42/nnm (a′ = 3a,b′ = 3b) (134)

Minimal non-isomorphic supergroups
I [3] Pn 3̄m (224)

II [2] C 42/mcm (P42/mmc, 131); [2] I 4/mmm (139); [2] P4/nbm (c′ = 1
2 c) (125)
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CONTINUED No. 134 P42/nnm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

16 n 1 (1) x,y,z (2) x̄+ 1
2 , ȳ + 1

2 ,z (3) ȳ + 1
2 ,x,z+ 1

2 (4) y, x̄ + 1
2 ,z+ 1

2

(5) x̄ + 1
2 ,y, z̄ + 1

2 (6) x, ȳ+ 1
2 , z̄+ 1

2 (7) y,x, z̄ (8) ȳ+ 1
2 , x̄ + 1

2 , z̄
(9) x̄, ȳ, z̄ (10) x + 1

2 ,y + 1
2 , z̄ (11) y + 1

2 , x̄, z̄+ 1
2 (12) ȳ,x + 1

2 , z̄+ 1
2

(13) x + 1
2 , ȳ,z+ 1

2 (14) x̄,y + 1
2 ,z+ 1

2 (15) ȳ, x̄,z (16) y + 1
2 ,x + 1

2 ,z

hk0 : h + k = 2n
0kl : k + l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

8 m . . m x, x̄,z x̄ + 1
2 ,x + 1

2 ,z x + 1
2 ,x,z+ 1

2 x̄, x̄ + 1
2 ,z+ 1

2

x̄+ 1
2 , x̄, z̄+ 1

2 x,x + 1
2 , z̄+ 1

2 x̄,x, z̄ x + 1
2 , x̄ + 1

2 , z̄
no extra conditions

8 l . . 2 x,x, 1
2 x̄ + 1

2 , x̄ + 1
2 ,

1
2 x̄ + 1

2 ,x,0 x, x̄ + 1
2 ,0

x̄, x̄, 1
2 x + 1

2 ,x + 1
2 ,

1
2 x + 1

2 , x̄,0 x̄,x + 1
2 ,0

hkl : h + k = 2n

8 k . . 2 x,x,0 x̄ + 1
2 , x̄ + 1

2 ,0 x̄ + 1
2 ,x,

1
2 x, x̄ + 1

2 ,
1
2

x̄, x̄,0 x + 1
2 ,x + 1

2 ,0 x + 1
2 , x̄,

1
2 x̄,x + 1

2 ,
1
2

hkl : h + k = 2n

8 j . 2 . x, 1
4 ,

1
4 x̄ + 1

2 ,
1
4 ,

1
4

1
4 ,x,

3
4

1
4 , x̄ + 1

2 ,
3
4

x̄, 3
4 ,

3
4 x + 1

2 ,
3
4 ,

3
4

3
4 , x̄,

1
4

3
4 ,x + 1

2 ,
1
4

hkl : h + k + l = 2n

8 i . 2 . x, 1
4 ,

3
4 x̄ + 1

2 ,
1
4 ,

3
4

1
4 ,x,

1
4

1
4 , x̄ + 1

2 ,
1
4

x̄, 3
4 ,

1
4 x + 1

2 ,
3
4 ,

1
4

3
4 , x̄,

3
4

3
4 ,x + 1

2 ,
3
4

hkl : h + k + l = 2n

8 h 2 . . 1
4 ,

1
4 ,z

1
4 ,

1
4 ,z+ 1

2
1
4 ,

1
4 , z̄+ 1

2
1
4 ,

1
4 , z̄

3
4 ,

3
4 , z̄

3
4 ,

3
4 , z̄+ 1

2
3
4 ,

3
4 ,z+ 1

2
3
4 ,

3
4 ,z

hkl : h + k, l = 2n

4 g 2 . mm 3
4 ,

1
4 ,z

1
4 ,

3
4 ,z+ 1

2
3
4 ,

1
4 , z̄+ 1

2
1
4 ,

3
4 , z̄ hkl : h + k + l = 2n

4 f . . 2/m 0,0,0 1
2 ,

1
2 ,0

1
2 ,0, 1

2 0, 1
2 ,

1
2 hkl : h + k,h + l,k + l = 2n

4 e . . 2/m 0,0, 1
2

1
2 ,

1
2 ,

1
2

1
2 ,0,0 0, 1

2 ,0 hkl : h + k,h + l,k + l = 2n

4 d 2 . 22 1
4 ,

1
4 ,0

1
4 ,

1
4 ,

1
2

3
4 ,

3
4 ,0

3
4 ,

3
4 ,

1
2 hkl : h + k, l = 2n

4 c 2 2 2 . 1
4 ,

1
4 ,

1
4

1
4 ,

1
4 ,

3
4

3
4 ,

3
4 ,

3
4

3
4 ,

3
4 ,

1
4 hkl : h + k, l = 2n

2 b 4̄ 2 m 3
4 ,

1
4 ,

1
4

1
4 ,

3
4 ,

3
4 hkl : h + k + l = 2n

2 a 4̄ 2 m 1
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

3
4 hkl : h + k + l = 2n

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 1
4 ,

1
4 ,z

Along [100] c2mm
a′ = b b′ = c
Origin at x, 1

4 ,
1
4

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

(Continued on preceding page)
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P42/mbc D13
4h 4/mmm Tetragonal

No. 135 P 42/m 21/b 2/c Patterson symmetry P4/mmm

Origin at centre (2/m) at 42/m1n

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+(0,0, 1
2 ) 0,0,z (4) 4−(0,0, 1

2 ) 0,0,z
(5) 2(0, 1

2 ,0) 1
4 ,y,0 (6) 2( 1

2 ,0,0) x, 1
4 ,0 (7) 2( 1

2 ,
1
2 ,0) x,x, 1

4 (8) 2 x, x̄ + 1
2 ,

1
4

(9) 1̄ 0,0,0 (10) m x,y,0 (11) 4̄+ 0,0,z; 0,0, 1
4 (12) 4̄− 0,0,z; 0,0, 1

4

(13) a x, 1
4 ,z (14) b 1

4 ,y,z (15) c x + 1
2 , x̄,z (16) n( 1

2 ,
1
2 ,

1
2 ) x,x,z
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CONTINUED No. 135 P42/mbc

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

16 i 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z+ 1
2 (4) y, x̄,z+ 1

2

(5) x̄ + 1
2 ,y + 1

2 , z̄ (6) x + 1
2 , ȳ + 1

2 , z̄ (7) y + 1
2 ,x + 1

2 , z̄+ 1
2 (8) ȳ + 1

2 , x̄+ 1
2 , z̄+ 1

2

(9) x̄, ȳ, z̄ (10) x,y, z̄ (11) y, x̄, z̄+ 1
2 (12) ȳ,x, z̄ + 1

2

(13) x + 1
2 , ȳ+ 1

2 ,z (14) x̄ + 1
2 ,y + 1

2 ,z (15) ȳ+ 1
2 , x̄ + 1

2 ,z+ 1
2 (16) y + 1

2 ,x + 1
2 ,z+ 1

2

0kl : k = 2n
hhl : l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

8 h m . . x,y,0 x̄, ȳ,0 ȳ,x, 1
2 y, x̄, 1

2

x̄ + 1
2 ,y + 1

2 ,0 x + 1
2 , ȳ + 1

2 ,0 y + 1
2 ,x + 1

2 ,
1
2 ȳ + 1

2 , x̄ + 1
2 ,

1
2

no extra conditions

8 g . . 2 x,x + 1
2 ,

1
4 x̄, x̄ + 1

2 ,
1
4 x̄+ 1

2 ,x,
3
4 x + 1

2 , x̄,
3
4

x̄, x̄ + 1
2 ,

3
4 x,x + 1

2 ,
3
4 x + 1

2 , x̄,
1
4 x̄+ 1

2 ,x,
1
4

hkl : l = 2n

8 f 2 . . 0, 1
2 ,z

1
2 ,0,z+ 1

2
1
2 ,0, z̄ 0, 1

2 , z̄+ 1
2

0, 1
2 , z̄

1
2 ,0, z̄+ 1

2
1
2 ,0,z 0, 1

2 ,z+ 1
2

hkl : h + k, l = 2n

8 e 2 . . 0,0,z 0,0,z+ 1
2

1
2 ,

1
2 , z̄

1
2 ,

1
2 , z̄+ 1

2

0,0, z̄ 0,0, z̄+ 1
2

1
2 ,

1
2 ,z

1
2 ,

1
2 ,z+ 1

2

hkl : h + k, l = 2n

4 d 2 . 22 0, 1
2 ,

1
4

1
2 ,0, 3

4 0, 1
2 ,

3
4

1
2 ,0, 1

4 hkl : h + k, l = 2n

4 c 2/m . . 0, 1
2 ,0

1
2 ,0, 1

2
1
2 ,0,0 0, 1

2 ,
1
2 hkl : h + k, l = 2n

4 b 4̄ . . 0,0, 1
4 0,0, 3

4
1
2 ,

1
2 ,

3
4

1
2 ,

1
2 ,

1
4 hkl : h + k, l = 2n

4 a 2/m . . 0,0,0 0,0, 1
2

1
2 ,

1
2 ,0

1
2 ,

1
2 ,

1
2 hkl : h + k, l = 2n

Symmetry of special projections
Along [001] p4gm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = 1

2 b b′ = c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄b2 (117) 1; 2; 7; 8; 11; 12; 13; 14

[2] P 4̄21 c (114) 1; 2; 5; 6; 11; 12; 15; 16
[2] P42 bc (106) 1; 2; 3; 4; 13; 14; 15; 16
[2] P42 21 2 (94) 1; 2; 3; 4; 5; 6; 7; 8
[2] P42/m11 (P42/m, 84) 1; 2; 3; 4; 9; 10; 11; 12
[2] P2/m12/c (C ccm, 66) 1; 2; 7; 8; 9; 10; 15; 16
[2] P2/m21/b1 (Pbam, 55) 1; 2; 5; 6; 9; 10; 13; 14

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P42/mbc (c′ = 3c) (135); [9] P42/mbc (a′ = 3a,b′ = 3b) (135)

Minimal non-isomorphic supergroups
I none

II [2] C 42/mmc (P42/mcm, 132); [2] I 4/mcm (140); [2] P4/mbm (c′ = 1
2 c) (127)
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P42/mnm D14
4h 4/mmm Tetragonal

No. 136 P 42/m 21/n 2/m Patterson symmetry P4/mmm

Origin at centre (mmm) at 2/m12/m

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2 ; x ≤ y

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+(0,0, 1
2 ) 0, 1

2 ,z (4) 4−(0,0, 1
2) 1

2 ,0,z
(5) 2(0, 1

2 ,0) 1
4 ,y,

1
4 (6) 2( 1

2 ,0,0) x, 1
4 ,

1
4 (7) 2 x,x,0 (8) 2 x, x̄,0

(9) 1̄ 0,0,0 (10) m x,y,0 (11) 4̄+ 1
2 ,0,z; 1

2 ,0, 1
4 (12) 4̄− 0, 1

2 ,z; 0, 1
2 ,

1
4

(13) n( 1
2 ,0, 1

2 ) x, 1
4 ,z (14) n(0, 1

2 ,
1
2 ) 1

4 ,y,z (15) m x, x̄,z (16) m x,x,z
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CONTINUED No. 136 P42/mnm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

16 k 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ + 1
2 ,x + 1

2 ,z+ 1
2 (4) y + 1

2 , x̄+ 1
2 ,z+ 1

2

(5) x̄+ 1
2 ,y + 1

2 , z̄+ 1
2 (6) x + 1

2 , ȳ + 1
2 , z̄+ 1

2 (7) y,x, z̄ (8) ȳ, x̄, z̄
(9) x̄, ȳ, z̄ (10) x,y, z̄ (11) y + 1

2 , x̄ + 1
2 , z̄+ 1

2 (12) ȳ+ 1
2 ,x + 1

2 , z̄+ 1
2

(13) x + 1
2 , ȳ + 1

2 ,z+ 1
2 (14) x̄ + 1

2 ,y + 1
2 ,z+ 1

2 (15) ȳ, x̄,z (16) y,x,z

0kl : k + l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

8 j . . m x,x,z x̄, x̄,z x̄ + 1
2 ,x + 1

2 ,z+ 1
2 x + 1

2 , x̄ + 1
2 ,z+ 1

2

x̄ + 1
2 ,x + 1

2 , z̄+ 1
2 x + 1

2 , x̄ + 1
2 , z̄+ 1

2 x,x, z̄ x̄, x̄, z̄
no extra conditions

8 i m . . x,y,0 x̄, ȳ,0 ȳ + 1
2 ,x + 1

2 ,
1
2 y + 1

2 , x̄ + 1
2 ,

1
2

x̄ + 1
2 ,y + 1

2 ,
1
2 x + 1

2 , ȳ+ 1
2 ,

1
2 y,x,0 ȳ, x̄,0

no extra conditions

8 h 2 . . 0, 1
2 ,z 0, 1

2 ,z+ 1
2

1
2 ,0, z̄+ 1

2
1
2 ,0, z̄

0, 1
2 , z̄ 0, 1

2 , z̄+ 1
2

1
2 ,0,z+ 1

2
1
2 ,0,z

hkl : h + k, l = 2n

4 g m . 2m x, x̄,0 x̄,x,0 x + 1
2 ,x + 1

2 ,
1
2 x̄+ 1

2 , x̄ + 1
2 ,

1
2 no extra conditions

4 f m . 2m x,x,0 x̄, x̄,0 x̄ + 1
2 ,x + 1

2 ,
1
2 x + 1

2 , x̄ + 1
2 ,

1
2 no extra conditions

4 e 2 . mm 0,0,z 1
2 ,

1
2 ,z+ 1

2
1
2 ,

1
2 , z̄+ 1

2 0,0, z̄ hkl : h + k + l = 2n

4 d 4̄ . . 0, 1
2 ,

1
4 0, 1

2 ,
3
4

1
2 ,0, 1

4
1
2 ,0, 3

4 hkl : h + k, l = 2n

4 c 2/m . . 0, 1
2 ,0 0, 1

2 ,
1
2

1
2 ,0, 1

2
1
2 ,0,0 hkl : h + k, l = 2n

2 b m . mm 0,0, 1
2

1
2 ,

1
2 ,0 hkl : h + k + l = 2n

2 a m . mm 0,0,0 1
2 ,

1
2 ,

1
2 hkl : h + k + l = 2n

Symmetry of special projections
Along [001] p4gm
a′ = a b′ = b
Origin at 0, 1

2 ,z

Along [100] c2mm
a′ = b b′ = c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2(−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄n2 (118) 1; 2; 7; 8; 11; 12; 13; 14

[2] P 4̄21 m (113) 1; 2; 5; 6; 11; 12; 15; 16
[2] P42 nm (102) 1; 2; 3; 4; 13; 14; 15; 16
[2] P42 21 2 (94) 1; 2; 3; 4; 5; 6; 7; 8
[2] P42/m11 (P42/m, 84) 1; 2; 3; 4; 9; 10; 11; 12
[2] P2/m12/m (C mmm, 65) 1; 2; 7; 8; 9; 10; 15; 16
[2] P2/m21/n1 (Pnnm, 58) 1; 2; 5; 6; 9; 10; 13; 14

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P42/mnm (c′ = 3c) (136); [9] P42/mnm (a′ = 3a,b′ = 3b) (136)

Minimal non-isomorphic supergroups
I none

II [2] C 42/mcm (P42/mmc, 131); [2] I 4/mmm (139); [2] P4/mbm (c′ = 1
2 c) (127)
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P42/nmc D15
4h 4/mmm Tetragonal

No. 137 P 42/n 21/m 2/c Patterson symmetry P4/mmm

ORIGIN CHOICE 1

Origin at 4̄m2/n, at − 1
4 ,

1
4 ,− 1

4 from 1̄

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+(0,0, 1
2 ) 0, 1

2 ,z (4) 4−(0,0, 1
2) 1

2 ,0,z
(5) 2(0, 1

2 ,0) 1
4 ,y,

1
4 (6) 2( 1

2 ,0,0) x, 1
4 ,

1
4 (7) 2 x,x,0 (8) 2 x, x̄,0

(9) 1̄ 1
4 ,

1
4 ,

1
4 (10) n( 1

2 ,
1
2 ,0) x,y, 1

4 (11) 4̄+ 0,0,z; 0,0,0 (12) 4̄− 0,0,z; 0,0,0
(13) m x,0,z (14) m 0,y,z (15) c x + 1

2 , x̄,z (16) n( 1
2 ,

1
2 ,

1
2) x,x,z
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CONTINUED No. 137 P42/nmc

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

16 h 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ + 1
2 ,x + 1

2 ,z+ 1
2 (4) y + 1

2 , x̄+ 1
2 ,z+ 1

2

(5) x̄+ 1
2 ,y + 1

2 , z̄+ 1
2 (6) x + 1

2 , ȳ + 1
2 , z̄+ 1

2 (7) y,x, z̄ (8) ȳ, x̄, z̄
(9) x̄+ 1

2 , ȳ + 1
2 , z̄+ 1

2 (10) x + 1
2 ,y + 1

2 , z̄+ 1
2 (11) y, x̄, z̄ (12) ȳ,x, z̄

(13) x, ȳ,z (14) x̄,y,z (15) ȳ + 1
2 , x̄ + 1

2 ,z+ 1
2 (16) y + 1

2 ,x + 1
2 ,z+ 1

2

hk0 : h + k = 2n
hhl : l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

8 g . m . 0,y,z 0, ȳ,z ȳ + 1
2 ,

1
2 ,z+ 1

2 y + 1
2 ,

1
2 ,z+ 1

2
1
2 ,y + 1

2 , z̄+ 1
2

1
2 , ȳ+ 1

2 , z̄+ 1
2 y,0, z̄ ȳ,0, z̄

no extra conditions

8 f . . 2 x,x,0 x̄, x̄,0 x̄ + 1
2 ,x + 1

2 ,
1
2 x + 1

2 , x̄ + 1
2 ,

1
2

x̄ + 1
2 , x̄ + 1

2 ,
1
2 x + 1

2 ,x + 1
2 ,

1
2 x, x̄,0 x̄,x,0

hkl : h + k + l = 2n

8 e 1̄ 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

1
4

1
4 ,

3
4 ,

3
4

3
4 ,

1
4 ,

3
4

1
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

1
4

1
4 ,

1
4 ,

3
4

3
4 ,

3
4 ,

3
4 hkl : h,k, l = 2n

4 d 2 m m . 0, 1
2 ,z 0, 1

2 ,z+ 1
2

1
2 ,0, z̄+ 1

2
1
2 ,0, z̄ hkl : l = 2n

4 c 2 m m . 0,0,z 1
2 ,

1
2 ,z+ 1

2
1
2 ,

1
2 , z̄+ 1

2 0,0, z̄ hkl : h + k + l = 2n

2 b 4̄ m 2 0,0, 1
2

1
2 ,

1
2 ,0 hkl : h + k + l = 2n

2 a 4̄ m 2 0,0,0 1
2 ,

1
2 ,

1
2 hkl : h + k + l = 2n

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [100] p2mg
a′ = b b′ = c
Origin at x, 1

4 ,
1
4

Along [110] p2mm
a′ = 1

2(−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄m2 (115) 1; 2; 7; 8; 11; 12; 13; 14

[2] P 4̄21 c (114) 1; 2; 5; 6; 11; 12; 15; 16
[2] P42 mc (105) 1; 2; 3; 4; 13; 14; 15; 16
[2] P42 21 2 (94) 1; 2; 3; 4; 5; 6; 7; 8
[2] P42/n11 (P42/n, 86) 1; 2; 3; 4; 9; 10; 11; 12
[2] P2/n12/c (C cce, 68) 1; 2; 7; 8; 9; 10; 15; 16
[2] P2/n21/m1 (Pmmn, 59) 1; 2; 5; 6; 9; 10; 13; 14

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P42/nmc (c′ = 3c) (137); [9] P42/nmc (a′ = 3a,b′ = 3b) (137)

Minimal non-isomorphic supergroups
I none
II [2] C 42/mmc (P42/mcm, 132); [2] I 4/mmm (139); [2] P4/nmm (c′ = 1

2 c) (129)
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P42/nmc D15
4h 4/mmm Tetragonal

No. 137 P 42/n 21/m 2/c Patterson symmetry P4/mmm

ORIGIN CHOICE 2

Origin at 1̄ at n21 (c,n), at 1
4 ,− 1

4 ,
1
4 from 4̄m2

Asymmetric unit − 1
4 ≤ x ≤ 1

4 ; − 1
4 ≤ y ≤ 1

4 ; 0 ≤ z ≤ 1
4

Symmetry operations

(1) 1 (2) 2 1
4 ,

1
4 ,z (3) 4+(0,0, 1

2) 1
4 ,

1
4 ,z (4) 4−(0,0, 1

2 ) 1
4 ,

1
4 ,z

(5) 2(0, 1
2 ,0) 0,y,0 (6) 2( 1

2 ,0,0) x,0,0 (7) 2( 1
2 ,

1
2 ,0) x,x, 1

4 (8) 2 x, x̄, 1
4

(9) 1̄ 0,0,0 (10) n( 1
2 ,

1
2 ,0) x,y,0 (11) 4̄+ 1

4 ,− 1
4 ,z; 1

4 ,− 1
4 ,

1
4 (12) 4̄− − 1

4 ,
1
4 ,z; − 1

4 ,
1
4 ,

1
4

(13) m x, 1
4 ,z (14) m 1

4 ,y,z (15) c x + 1
2 , x̄,z (16) c x,x,z
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CONTINUED No. 137 P42/nmc

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

16 h 1 (1) x,y,z (2) x̄ + 1
2 , ȳ+ 1

2 ,z (3) ȳ+ 1
2 ,x,z+ 1

2 (4) y, x̄ + 1
2 ,z+ 1

2

(5) x̄,y + 1
2 , z̄ (6) x + 1

2 , ȳ, z̄ (7) y + 1
2 ,x + 1

2 , z̄+ 1
2 (8) ȳ, x̄, z̄+ 1

2

(9) x̄, ȳ, z̄ (10) x + 1
2 ,y + 1

2 , z̄ (11) y + 1
2 , x̄, z̄+ 1

2 (12) ȳ,x + 1
2 , z̄+ 1

2

(13) x, ȳ + 1
2 ,z (14) x̄ + 1

2 ,y,z (15) ȳ+ 1
2 , x̄ + 1

2 ,z+ 1
2 (16) y,x,z+ 1

2

hk0 : h + k = 2n
hhl : l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

8 g . m . 1
4 ,y,z

1
4 , ȳ + 1

2 ,z ȳ+ 1
2 ,

1
4 ,z+ 1

2 y, 1
4 ,z+ 1

2
3
4 ,y + 1

2 , z̄
3
4 , ȳ, z̄ y + 1

2 ,
3
4 , z̄+ 1

2 ȳ, 3
4 , z̄+ 1

2

no extra conditions

8 f . . 2 x, x̄, 1
4 x̄+ 1

2 ,x + 1
2 ,

1
4 x + 1

2 ,x,
3
4 x̄, x̄ + 1

2 ,
3
4

x̄,x, 3
4 x + 1

2 , x̄ + 1
2 ,

3
4 x̄+ 1

2 , x̄,
1
4 x,x + 1

2 ,
1
4

hkl : h + k + l = 2n

8 e 1̄ 0,0,0 1
2 ,

1
2 ,0

1
2 ,0, 1

2 0, 1
2 ,

1
2 0, 1

2 ,0
1
2 ,0,0 1

2 ,
1
2 ,

1
2 0,0, 1

2 hkl : h,k, l = 2n

4 d 2 m m . 1
4 ,

1
4 ,z

1
4 ,

1
4 ,z+ 1

2
3
4 ,

3
4 , z̄

3
4 ,

3
4 , z̄+ 1

2 hkl : l = 2n

4 c 2 m m . 3
4 ,

1
4 ,z

1
4 ,

3
4 ,z+ 1

2
1
4 ,

3
4 , z̄

3
4 ,

1
4 , z̄+ 1

2 hkl : h + k + l = 2n

2 b 4̄ m 2 3
4 ,

1
4 ,

1
4

1
4 ,

3
4 ,

3
4 hkl : h + k + l = 2n

2 a 4̄ m 2 3
4 ,

1
4 ,

3
4

1
4 ,

3
4 ,

1
4 hkl : h + k + l = 2n

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 1
4 ,

1
4 ,z

Along [100] p2mg
a′ = b b′ = c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2(−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄m2 (115) 1; 2; 7; 8; 11; 12; 13; 14

[2] P 4̄21 c (114) 1; 2; 5; 6; 11; 12; 15; 16
[2] P42 mc (105) 1; 2; 3; 4; 13; 14; 15; 16
[2] P42 21 2 (94) 1; 2; 3; 4; 5; 6; 7; 8
[2] P42/n11 (P42/n, 86) 1; 2; 3; 4; 9; 10; 11; 12
[2] P2/n12/c (C cce, 68) 1; 2; 7; 8; 9; 10; 15; 16
[2] P2/n21/m1 (Pmmn, 59) 1; 2; 5; 6; 9; 10; 13; 14

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P42/nmc (c′ = 3c) (137); [9] P42/nmc (a′ = 3a,b′ = 3b) (137)

Minimal non-isomorphic supergroups
I none
II [2] C 42/mmc (P42/mcm, 132); [2] I 4/mmm (139); [2] P4/nmm (c′ = 1

2 c) (129)
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P42/ncm D16
4h 4/mmm Tetragonal

No. 138 P 42/n 21/c 2/m Patterson symmetry P4/mmm

ORIGIN CHOICE 1

Origin at 4̄cg, at − 1
4 ,

1
4 ,− 1

4 from centre (2/m)

Asymmetric unit 0 ≤ x ≤ 1
4 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1; x ≤ y; y ≤ 1
2 − x

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+(0,0, 1
2 ) 0, 1

2 ,z (4) 4−(0,0, 1
2 ) 1

2 ,0,z
(5) 2(0, 1

2 ,0) 1
4 ,y,0 (6) 2( 1

2 ,0,0) x, 1
4 ,0 (7) 2 x,x, 1

4 (8) 2 x, x̄, 1
4

(9) 1̄ 1
4 ,

1
4 ,

1
4 (10) n( 1

2 ,
1
2 ,0) x,y, 1

4 (11) 4̄+ 0,0,z; 0,0,0 (12) 4̄− 0,0,z; 0,0,0
(13) c x,0,z (14) c 0,y,z (15) m x + 1

2 , x̄,z (16) g( 1
2 ,

1
2 ,0) x,x,z
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CONTINUED No. 138 P42/ncm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

16 j 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ + 1
2 ,x + 1

2 ,z+ 1
2 (4) y + 1

2 , x̄+ 1
2 ,z+ 1

2

(5) x̄+ 1
2 ,y + 1

2 , z̄ (6) x + 1
2 , ȳ + 1

2 , z̄ (7) y,x, z̄ + 1
2 (8) ȳ, x̄, z̄+ 1

2

(9) x̄+ 1
2 , ȳ + 1

2 , z̄+ 1
2 (10) x + 1

2 ,y + 1
2 , z̄+ 1

2 (11) y, x̄, z̄ (12) ȳ,x, z̄
(13) x, ȳ,z+ 1

2 (14) x̄,y,z+ 1
2 (15) ȳ + 1

2 , x̄ + 1
2 ,z (16) y + 1

2 ,x + 1
2 ,z

hk0 : h + k = 2n
0kl : l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

8 i . . m x,x + 1
2 ,z x̄, x̄ + 1

2 ,z x̄,x + 1
2 ,z+ 1

2 x, x̄ + 1
2 ,z+ 1

2

x̄+ 1
2 ,x, z̄ x + 1

2 , x̄, z̄ x + 1
2 ,x, z̄+ 1

2 x̄ + 1
2 , x̄, z̄+ 1

2

no extra conditions

8 h . . 2 x,x, 3
4 x̄, x̄, 3

4 x̄+ 1
2 ,x + 1

2 ,
1
4 x + 1

2 , x̄ + 1
2 ,

1
4

x̄+ 1
2 , x̄ + 1

2 ,
3
4 x + 1

2 ,x + 1
2 ,

3
4 x, x̄, 1

4 x̄,x, 1
4

hkl : h + k = 2n

8 g . . 2 x,x, 1
4 x̄, x̄, 1

4 x̄+ 1
2 ,x + 1

2 ,
3
4 x + 1

2 , x̄ + 1
2 ,

3
4

x̄+ 1
2 , x̄ + 1

2 ,
1
4 x + 1

2 ,x + 1
2 ,

1
4 x, x̄, 3

4 x̄,x, 3
4

hkl : h + k = 2n

8 f 2 . . 0,0,z 1
2 ,

1
2 ,z+ 1

2
1
2 ,

1
2 , z̄ 0,0, z̄+ 1

2
1
2 ,

1
2 , z̄+ 1

2 0,0, z̄ 0,0,z+ 1
2

1
2 ,

1
2 ,z

hkl : h + k, l = 2n

4 e 2 . mm 0, 1
2 ,z 0, 1

2 ,z+ 1
2

1
2 ,0, z̄ 1

2 ,0, z̄+ 1
2 hkl : l = 2n

4 d . . 2/m 1
4 ,

1
4 ,

3
4

3
4 ,

3
4 ,

3
4

1
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

1
4 hkl : h + k,h + l,k + l = 2n

4 c . . 2/m 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

1
4

1
4 ,

3
4 ,

3
4

3
4 ,

1
4 ,

3
4 hkl : h + k,h + l,k + l = 2n

4 b 4̄ . . 0,0,0 1
2 ,

1
2 ,

1
2

1
2 ,

1
2 ,0 0,0, 1

2 hkl : h + k, l = 2n

4 a 2 . 22 0,0, 1
4

1
2 ,

1
2 ,

3
4

1
2 ,

1
2 ,

1
4 0,0, 3

4 hkl : h + k, l = 2n

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [100] p2mg
a′ = b b′ = 1

2 c
Origin at x, 1

4 ,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x, 1

4

Maximal non-isomorphic subgroups
I [2] P 4̄c2 (116) 1; 2; 7; 8; 11; 12; 13; 14

[2] P 4̄21 m (113) 1; 2; 5; 6; 11; 12; 15; 16
[2] P42 cm (101) 1; 2; 3; 4; 13; 14; 15; 16
[2] P42 21 2 (94) 1; 2; 3; 4; 5; 6; 7; 8
[2] P42/n11 (P42/n, 86) 1; 2; 3; 4; 9; 10; 11; 12
[2] P2/n12/m (C mme, 67) 1; 2; 7; 8; 9; 10; 15; 16
[2] P2/n21/c1 (Pccn, 56) 1; 2; 5; 6; 9; 10; 13; 14

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P42/ncm (c′ = 3c) (138); [9] P42/ncm (a′ = 3a,b′ = 3b) (138)

Minimal non-isomorphic supergroups
I none

II [2] C 42/mcm (P42/mmc, 131); [2] I 4/mcm (140); [2] P4/nmm (c′ = 1
2 c) (129)
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P42/ncm D16
4h 4/mmm Tetragonal

No. 138 P 42/n 21/c 2/m Patterson symmetry P4/mmm

ORIGIN CHOICE 2

Origin at centre (2/m) at n1(2/m,21/g), at 1
4 ,− 1

4 ,
1
4 from 4̄

Asymmetric unit − 1
4 ≤ x ≤ 1

4 ; − 1
4 ≤ y ≤ 1

4 ; 0 ≤ z ≤ 1
2 ; x ≤ y

Symmetry operations

(1) 1 (2) 2 1
4 ,

1
4 ,z (3) 4+(0,0, 1

2 ) 1
4 ,

1
4 ,z (4) 4−(0,0, 1

2) 1
4 ,

1
4 ,z

(5) 2(0, 1
2 ,0) 0,y, 1

4 (6) 2( 1
2 ,0,0) x,0, 1

4 (7) 2( 1
2 ,

1
2 ,0) x,x,0 (8) 2 x, x̄,0

(9) 1̄ 0,0,0 (10) n( 1
2 ,

1
2 ,0) x,y,0 (11) 4̄+ 1

4 ,− 1
4 ,z; 1

4 ,− 1
4 ,

1
4 (12) 4̄− − 1

4 ,
1
4 ,z; − 1

4 ,
1
4 ,

1
4

(13) c x, 1
4 ,z (14) c 1

4 ,y,z (15) m x + 1
2 , x̄,z (16) m x,x,z
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CONTINUED No. 138 P42/ncm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

16 j 1 (1) x,y,z (2) x̄+ 1
2 , ȳ + 1

2 ,z (3) ȳ + 1
2 ,x,z+ 1

2 (4) y, x̄ + 1
2 ,z+ 1

2

(5) x̄,y + 1
2 , z̄+ 1

2 (6) x + 1
2 , ȳ, z̄+ 1

2 (7) y + 1
2 ,x + 1

2 , z̄ (8) ȳ, x̄, z̄
(9) x̄, ȳ, z̄ (10) x + 1

2 ,y + 1
2 , z̄ (11) y + 1

2 , x̄, z̄+ 1
2 (12) ȳ,x + 1

2 , z̄+ 1
2

(13) x, ȳ + 1
2 ,z+ 1

2 (14) x̄+ 1
2 ,y,z+ 1

2 (15) ȳ + 1
2 , x̄ + 1

2 ,z (16) y,x,z

hk0 : h + k = 2n
0kl : l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

8 i . . m x,x,z x̄ + 1
2 , x̄ + 1

2 ,z x̄ + 1
2 ,x,z+ 1

2 x, x̄ + 1
2 ,z+ 1

2

x̄,x + 1
2 , z̄+ 1

2 x + 1
2 , x̄, z̄+ 1

2 x + 1
2 ,x + 1

2 , z̄ x̄, x̄, z̄
no extra conditions

8 h . . 2 x, x̄,0 x̄ + 1
2 ,x + 1

2 ,0 x + 1
2 ,x,

1
2 x̄, x̄ + 1

2 ,
1
2

x̄,x,0 x + 1
2 , x̄ + 1

2 ,0 x̄ + 1
2 , x̄,

1
2 x,x + 1

2 ,
1
2

hkl : h + k = 2n

8 g . . 2 x, x̄, 1
2 x̄ + 1

2 ,x + 1
2 ,

1
2 x + 1

2 ,x,0 x̄, x̄ + 1
2 ,0

x̄,x, 1
2 x + 1

2 , x̄ + 1
2 ,

1
2 x̄ + 1

2 , x̄,0 x,x + 1
2 ,0

hkl : h + k = 2n

8 f 2 . . 3
4 ,

1
4 ,z

1
4 ,

3
4 ,z+ 1

2
1
4 ,

3
4 , z̄+ 1

2
3
4 ,

1
4 , z̄

1
4 ,

3
4 , z̄

3
4 ,

1
4 , z̄+ 1

2
3
4 ,

1
4 ,z+ 1

2
1
4 ,

3
4 ,z

hkl : h + k, l = 2n

4 e 2 . mm 1
4 ,

1
4 ,z

1
4 ,

1
4 ,z+ 1

2
3
4 ,

3
4 , z̄+ 1

2
3
4 ,

3
4 , z̄ hkl : l = 2n

4 d . . 2/m 0,0,0 1
2 ,

1
2 ,0

1
2 ,0, 1

2 0, 1
2 ,

1
2 hkl : h + k,h + l,k + l = 2n

4 c . . 2/m 0,0, 1
2

1
2 ,

1
2 ,

1
2

1
2 ,0,0 0, 1

2 ,0 hkl : h + k,h + l,k + l = 2n

4 b 4̄ . . 3
4 ,

1
4 ,

3
4

1
4 ,

3
4 ,

1
4

1
4 ,

3
4 ,

3
4

3
4 ,

1
4 ,

1
4 hkl : h + k, l = 2n

4 a 2 . 22 3
4 ,

1
4 ,0

1
4 ,

3
4 ,

1
2

1
4 ,

3
4 ,0

3
4 ,

1
4 ,

1
2 hkl : h + k, l = 2n

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 1
4 ,

1
4 ,z

Along [100] p2mg
a′ = b b′ = 1

2 c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄c2 (116) 1; 2; 7; 8; 11; 12; 13; 14

[2] P 4̄21 m (113) 1; 2; 5; 6; 11; 12; 15; 16
[2] P42 cm (101) 1; 2; 3; 4; 13; 14; 15; 16
[2] P42 21 2 (94) 1; 2; 3; 4; 5; 6; 7; 8
[2] P42/n11 (P42/n, 86) 1; 2; 3; 4; 9; 10; 11; 12
[2] P2/n12/m (C mme, 67) 1; 2; 7; 8; 9; 10; 15; 16
[2] P2/n21/c1 (Pccn, 56) 1; 2; 5; 6; 9; 10; 13; 14

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P42/ncm (c′ = 3c) (138); [9] P42/ncm (a′ = 3a,b′ = 3b) (138)

Minimal non-isomorphic supergroups
I none

II [2] C 42/mcm (P42/mmc, 131); [2] I 4/mcm (140); [2] P4/nmm (c′ = 1
2 c) (129)
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I 4/mmm D17
4h 4/mmm Tetragonal

No. 139 I 4/m 2/m 2/m Patterson symmetry I 4/mmm

Origin at centre (4/mmm)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4 ; x ≤ y

Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 2 0,0,z (3) 4+ 0,0,z (4) 4− 0,0,z
(5) 2 0,y,0 (6) 2 x,0,0 (7) 2 x,x,0 (8) 2 x, x̄,0
(9) 1̄ 0,0,0 (10) m x,y,0 (11) 4̄+ 0,0,z; 0,0,0 (12) 4̄− 0,0,z; 0,0,0

(13) m x,0,z (14) m 0,y,z (15) m x, x̄,z (16) m x,x,z

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2) (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) 4+(0,0, 1

2 ) 0, 1
2 ,z (4) 4−(0,0, 1

2) 1
2 ,0,z

(5) 2(0, 1
2 ,0) 1

4 ,y,
1
4 (6) 2( 1

2 ,0,0) x, 1
4 ,

1
4 (7) 2( 1

2 ,
1
2 ,0) x,x, 1

4 (8) 2 x, x̄ + 1
2 ,

1
4

(9) 1̄ 1
4 ,

1
4 ,

1
4 (10) n( 1

2 ,
1
2 ,0) x,y, 1

4 (11) 4̄+ 1
2 ,0,z; 1

2 ,0, 1
4 (12) 4̄− 0, 1

2 ,z; 0, 1
2 ,

1
4

(13) n( 1
2 ,0, 1

2 ) x, 1
4 ,z (14) n(0, 1

2 ,
1
2 ) 1

4 ,y,z (15) c x + 1
2 , x̄,z (16) n( 1

2 ,
1
2 ,

1
2) x,x,z

Maximal non-isomorphic subgroups (continued)
IIa [2] P42/nmc (137) 1; 2; 7; 8; 11; 12; 13; 14; (3; 4; 5; 6; 9; 10; 15; 16)+ ( 1

2 ,
1
2 ,

1
2 )

[2] P42/mnm (136) 1; 2; 7; 8; 9; 10; 15; 16; (3; 4; 5; 6; 11; 12; 13; 14)+ ( 1
2 ,

1
2 ,

1
2 )

[2] P42/nnm (134) 1; 2; 5; 6; 11; 12; 15; 16; (3; 4; 7; 8; 9; 10; 13; 14)+ ( 1
2 ,

1
2 ,

1
2 )

[2] P42/mmc (131) 1; 2; 5; 6; 9; 10; 13; 14; (3; 4; 7; 8; 11; 12; 15; 16)+ ( 1
2 ,

1
2 ,

1
2 )

[2] P4/nmm (129) 1; 2; 3; 4; 13; 14; 15; 16; (5; 6; 7; 8; 9; 10; 11; 12)+ ( 1
2 ,

1
2 ,

1
2 )

[2] P4/mnc (128) 1; 2; 3; 4; 9; 10; 11; 12; (5; 6; 7; 8; 13; 14; 15; 16)+ ( 1
2 ,

1
2 ,

1
2 )

[2] P4/nnc (126) 1; 2; 3; 4; 5; 6; 7; 8; (9; 10; 11; 12; 13; 14; 15; 16)+ ( 1
2 ,

1
2 ,

1
2 )

[2] P4/mmm (123) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I 4/mmm (c′ = 3c) (139); [9] I 4/mmm (a′ = 3a,b′ = 3b) (139)

Minimal non-isomorphic supergroups
I [3] F m 3̄m (225); [3] I m 3̄m (229)
II [2] C 4/mmm (c′ = 1

2 c) (P4/mmm, 123)
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CONTINUED No. 139 I 4/mmm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

32 o 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z (4) y, x̄,z
(5) x̄,y, z̄ (6) x, ȳ, z̄ (7) y,x, z̄ (8) ȳ, x̄, z̄
(9) x̄, ȳ, z̄ (10) x,y, z̄ (11) y, x̄, z̄ (12) ȳ,x, z̄

(13) x, ȳ,z (14) x̄,y,z (15) ȳ, x̄,z (16) y,x,z

hkl : h + k + l = 2n
hk0 : h + k = 2n
0kl : k + l = 2n
hhl : l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

16 n . m . 0,y,z 0, ȳ,z ȳ,0,z y,0,z
0,y, z̄ 0, ȳ, z̄ y,0, z̄ ȳ,0, z̄

no extra conditions

16 m . . m x,x,z x̄, x̄,z x̄,x,z x, x̄,z
x̄,x, z̄ x, x̄, z̄ x,x, z̄ x̄, x̄, z̄

no extra conditions

16 l m . . x,y,0 x̄, ȳ,0 ȳ,x,0 y, x̄,0
x̄,y,0 x, ȳ,0 y,x,0 ȳ, x̄,0

no extra conditions

16 k . . 2 x,x + 1
2 ,

1
4 x̄, x̄ + 1

2 ,
1
4 x̄+ 1

2 ,x,
1
4 x + 1

2 , x̄,
1
4

x̄, x̄ + 1
2 ,

3
4 x,x + 1

2 ,
3
4 x + 1

2 , x̄,
3
4 x̄ + 1

2 ,x,
3
4

hkl : l = 2n

8 j m 2 m . x, 1
2 ,0 x̄, 1

2 ,0
1
2 ,x,0

1
2 , x̄,0 no extra conditions

8 i m 2 m . x,0,0 x̄,0,0 0,x,0 0, x̄,0 no extra conditions

8 h m . 2m x,x,0 x̄, x̄,0 x̄,x,0 x, x̄,0 no extra conditions

8 g 2 m m . 0, 1
2 ,z

1
2 ,0,z 0, 1

2 , z̄
1
2 ,0, z̄ hkl : l = 2n

8 f . . 2/m 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

1
4

1
4 ,

3
4 ,

1
4 hkl : k, l = 2n

4 e 4 m m 0,0,z 0,0, z̄ no extra conditions

4 d 4̄ m 2 0, 1
2 ,

1
4

1
2 ,0, 1

4 hkl : l = 2n

4 c m m m . 0, 1
2 ,0

1
2 ,0,0 hkl : l = 2n

2 b 4/m m m 0,0, 1
2 no extra conditions

2 a 4/m m m 0,0,0 no extra conditions

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [100] c2mm
a′ = b b′ = c
Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] I 4̄ 2m (121) (1; 2; 5; 6; 11; 12; 15; 16)+

[2] I 4̄m2 (119) (1; 2; 7; 8; 11; 12; 13; 14)+
[2] I 4mm (107) (1; 2; 3; 4; 13; 14; 15; 16)+
[2] I 422 (97) (1; 2; 3; 4; 5; 6; 7; 8)+
[2] I 4/m11 (I 4/m, 87) (1; 2; 3; 4; 9; 10; 11; 12)+
[2] I 2/m2/m1 (I mmm, 71) (1; 2; 5; 6; 9; 10; 13; 14)+
[2] I 2/m12/m (F mmm, 69) (1; 2; 7; 8; 9; 10; 15; 16)+

(Continued on preceding page)
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I 4/mcm D18
4h 4/mmm Tetragonal

No. 140 I 4/m 2/c 2/m Patterson symmetry I 4/mmm

Origin at centre (4/m) at 4/mc21/e

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4 ; y ≤ 1

2 − x

Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 2 0,0,z (3) 4+ 0,0,z (4) 4− 0,0,z
(5) 2 0,y, 1

4 (6) 2 x,0, 1
4 (7) 2 x,x, 1

4 (8) 2 x, x̄, 1
4

(9) 1̄ 0,0,0 (10) m x,y,0 (11) 4̄+ 0,0,z; 0,0,0 (12) 4̄− 0,0,z; 0,0,0
(13) c x,0,z (14) c 0,y,z (15) c x, x̄,z (16) c x,x,z

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2) (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) 4+(0,0, 1

2 ) 0, 1
2 ,z (4) 4−(0,0, 1

2 ) 1
2 ,0,z

(5) 2(0, 1
2 ,0) 1

4 ,y,0 (6) 2( 1
2 ,0,0) x, 1

4 ,0 (7) 2( 1
2 ,

1
2 ,0) x,x,0 (8) 2 x, x̄ + 1

2 ,0
(9) 1̄ 1

4 ,
1
4 ,

1
4 (10) n( 1

2 ,
1
2 ,0) x,y, 1

4 (11) 4̄+ 1
2 ,0,z; 1

2 ,0, 1
4 (12) 4̄− 0, 1

2 ,z; 0, 1
2 ,

1
4

(13) a x, 1
4 ,z (14) b 1

4 ,y,z (15) m x + 1
2 , x̄,z (16) g( 1

2 ,
1
2 ,0) x,x,z

Maximal non-isomorphic subgroups (continued)
IIa [2] P42/ncm (138) 1; 2; 7; 8; 11; 12; 13; 14; (3; 4; 5; 6; 9; 10; 15; 16)+ ( 1

2 ,
1
2 ,

1
2)

[2] P42/mbc (135) 1; 2; 7; 8; 9; 10; 15; 16; (3; 4; 5; 6; 11; 12; 13; 14)+ ( 1
2 ,

1
2 ,

1
2)

[2] P42/nbc (133) 1; 2; 5; 6; 11; 12; 15; 16; (3; 4; 7; 8; 9; 10; 13; 14)+ ( 1
2 ,

1
2 ,

1
2)

[2] P42/mcm (132) 1; 2; 5; 6; 9; 10; 13; 14; (3; 4; 7; 8; 11; 12; 15; 16)+ ( 1
2 ,

1
2 ,

1
2)

[2] P4/ncc (130) 1; 2; 3; 4; 13; 14; 15; 16; (5; 6; 7; 8; 9; 10; 11; 12)+ ( 1
2 ,

1
2 ,

1
2)

[2] P4/mbm (127) 1; 2; 3; 4; 9; 10; 11; 12; (5; 6; 7; 8; 13; 14; 15; 16)+ ( 1
2 ,

1
2 ,

1
2)

[2] P4/nbm (125) 1; 2; 3; 4; 5; 6; 7; 8; (9; 10; 11; 12; 13; 14; 15; 16)+ ( 1
2 ,

1
2 ,

1
2)

[2] P4/mcc (124) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I 4/mcm (c′ = 3c) (140); [9] I 4/mcm (a′ = 3a,b′ = 3b) (140)

Minimal non-isomorphic supergroups
I [3] F m 3̄c (226)
II [2] C 4/mmm (c′ = 1

2 c) (P4/mmm, 123)
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CONTINUED No. 140 I 4/mcm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

32 m 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z (4) y, x̄,z
(5) x̄,y, z̄ + 1

2 (6) x, ȳ, z̄+ 1
2 (7) y,x, z̄ + 1

2 (8) ȳ, x̄, z̄+ 1
2

(9) x̄, ȳ, z̄ (10) x,y, z̄ (11) y, x̄, z̄ (12) ȳ,x, z̄
(13) x, ȳ,z+ 1

2 (14) x̄,y,z+ 1
2 (15) ȳ, x̄,z+ 1

2 (16) y,x,z+ 1
2

hkl : h + k + l = 2n
hk0 : h + k = 2n
0kl : k, l = 2n
hhl : l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

16 l . . m x,x + 1
2 ,z x̄, x̄ + 1

2 ,z x̄+ 1
2 ,x,z x + 1

2 , x̄,z
x̄,x + 1

2 , z̄+ 1
2 x, x̄ + 1

2 , z̄+ 1
2 x + 1

2 ,x, z̄+ 1
2 x̄ + 1

2 , x̄, z̄+ 1
2

no extra conditions

16 k m . . x,y,0 x̄, ȳ,0 ȳ,x,0 y, x̄,0
x̄,y, 1

2 x, ȳ, 1
2 y,x, 1

2 ȳ, x̄, 1
2

no extra conditions

16 j . 2 . x,0, 1
4 x̄,0, 1

4 0,x, 1
4 0, x̄, 1

4

x̄,0, 3
4 x,0, 3

4 0, x̄, 3
4 0,x, 3

4

hkl : l = 2n

16 i . . 2 x,x, 1
4 x̄, x̄, 1

4 x̄,x, 1
4 x, x̄, 1

4

x̄, x̄, 3
4 x,x, 3

4 x, x̄, 3
4 x̄,x, 3

4

hkl : l = 2n

8 h m . 2m x,x + 1
2 ,0 x̄, x̄ + 1

2 ,0 x̄ + 1
2 ,x,0 x + 1

2 , x̄,0 no extra conditions

8 g 2 . mm 0, 1
2 ,z

1
2 ,0,z 0, 1

2 , z̄+ 1
2

1
2 ,0, z̄+ 1

2 hkl : l = 2n

8 f 4 . . 0,0,z 0,0, z̄+ 1
2 0,0, z̄ 0,0,z+ 1

2 hkl : l = 2n

8 e . . 2/m 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

1
4

1
4 ,

3
4 ,

1
4 hkl : k, l = 2n

4 d m . mm 0, 1
2 ,0

1
2 ,0,0 hkl : l = 2n

4 c 4/m . . 0,0,0 0,0, 1
2 hkl : l = 2n

4 b 4̄ 2 m 0, 1
2 ,

1
4

1
2 ,0, 1

4 hkl : l = 2n

4 a 4 2 2 0,0, 1
4 0,0, 3

4 hkl : l = 2n

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [100] p2mm
a′ = 1

2 b b′ = 1
2 c

Origin at x,0,0

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] I 4̄ 2m (121) (1; 2; 5; 6; 11; 12; 15; 16)+

[2] I 4̄c2 (120) (1; 2; 7; 8; 11; 12; 13; 14)+
[2] I 4cm (108) (1; 2; 3; 4; 13; 14; 15; 16)+
[2] I 422 (97) (1; 2; 3; 4; 5; 6; 7; 8)+
[2] I 4/m11 (I 4/m, 87) (1; 2; 3; 4; 9; 10; 11; 12)+
[2] I 2/m2/c1 (I bam, 72) (1; 2; 5; 6; 9; 10; 13; 14)+
[2] I 2/m12/m (F mmm, 69) (1; 2; 7; 8; 9; 10; 15; 16)+

(Continued on preceding page)
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I 41/amd D19
4h 4/mmm Tetragonal

No. 141 I 41/a 2/m 2/d Patterson symmetry I 4/mmm

ORIGIN CHOICE 1

Origin at 4̄m2, at 0, 1
4 ,− 1

8 from centre (2/m)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
8

Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 2(0,0, 1
2 ) 1

4 ,
1
4 ,z (3) 4+(0,0, 1

4 ) − 1
4 ,

1
4 ,z (4) 4−(0,0, 3

4 ) 1
4 ,− 1

4 ,z
(5) 2 1

4 ,y,
3
8 (6) 2 x, 1

4 ,
1
8 (7) 2( 1

2 ,
1
2 ,0) x,x, 1

4 (8) 2 x, x̄,0
(9) 1̄ 0, 1

4 ,
1
8 (10) a x,y, 3

8 (11) 4̄+ 0,0,z; 0,0,0 (12) 4̄− 0, 1
2 ,z; 0, 1

2 ,
1
4

(13) n( 1
2 ,0, 1

2 ) x, 1
4 ,z (14) m 0,y,z (15) d( 1

4 ,− 1
4 ,

3
4 ) x + 1

4 , x̄,z (16) d( 1
4 ,

1
4 ,

1
4) x− 1

4 ,x,z

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2) (2) 2 0,0,z (3) 4+(0,0, 3

4 ) 1
4 ,

1
4 ,z (4) 4−(0,0, 1

4 ) 1
4 ,

1
4 ,z

(5) 2(0, 1
2 ,0) 0,y, 1

8 (6) 2( 1
2 ,0,0) x,0, 3

8 (7) 2 x,x,0 (8) 2 x, x̄ + 1
2 ,

1
4

(9) 1̄ 1
4 ,0, 3

8 (10) b x,y, 1
8 (11) 4̄+ 1

2 ,0,z; 1
2 ,0, 1

4 (12) 4̄− 0,0,z; 0,0,0
(13) m x,0,z (14) n(0, 1

2 ,
1
2 ) 1

4 ,y,z (15) d(− 1
4 ,

1
4 ,

1
4 ) x + 1

4 , x̄,z (16) d( 1
4 ,

1
4 ,

3
4) x + 1

4 ,x,z
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CONTINUED No. 141 I 41/amd

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

32 i 1 (1) x,y,z (2) x̄ + 1
2 , ȳ + 1

2 ,z+ 1
2 (3) ȳ,x + 1

2 ,z+ 1
4 (4) y + 1

2 , x̄,z+ 3
4

(5) x̄+ 1
2 ,y, z̄+ 3

4 (6) x, ȳ + 1
2 , z̄+ 1

4 (7) y + 1
2 ,x + 1

2 , z̄+ 1
2 (8) ȳ, x̄, z̄

(9) x̄, ȳ+ 1
2 , z̄+ 1

4 (10) x + 1
2 ,y, z̄ + 3

4 (11) y, x̄, z̄ (12) ȳ+ 1
2 ,x + 1

2 , z̄+ 1
2

(13) x + 1
2 , ȳ + 1

2 ,z+ 1
2 (14) x̄,y,z (15) ȳ + 1

2 , x̄,z+ 3
4 (16) y,x + 1

2 ,z+ 1
4

hkl : h + k + l = 2n
hk0 : h,k = 2n
0kl : k + l = 2n
hhl : 2h + l = 4n
00l : l = 4n
h00 : h = 2n
hh̄0 : h = 2n

Special: as above, plus

16 h . m . 0,y,z 1
2 , ȳ+ 1

2 ,z+ 1
2 ȳ, 1

2 ,z+ 1
4 y + 1

2 ,0,z+ 3
4

1
2 ,y, z̄ + 3

4 0, ȳ+ 1
2 , z̄+ 1

4 y + 1
2 ,

1
2 , z̄+ 1

2 ȳ,0, z̄
no extra conditions

16 g . . 2 x,x,0 x̄+ 1
2 , x̄ + 1

2 ,
1
2 x̄,x + 1

2 ,
1
4 x + 1

2 , x̄,
3
4

x̄, x̄ + 1
2 ,

1
4 x + 1

2 ,x,
3
4 x, x̄,0 x̄ + 1

2 ,x + 1
2 ,

1
2

hkl : l = 2n + 1
or 2h + l = 4n

16 f . 2 . x, 1
4 ,

1
8 x̄ + 1

2 ,
1
4 ,

5
8

3
4 ,x + 1

2 ,
3
8

3
4 , x̄,

7
8

x̄, 1
4 ,

1
8 x + 1

2 ,
1
4 ,

5
8

1
4 , x̄,

7
8

1
4 ,x + 1

2 ,
3
8

hkl : l = 2n + 1
or h = 2n

8 e 2 m m . 0,0,z 0, 1
2 ,z+ 1

4
1
2 ,0, z̄+ 3

4
1
2 ,

1
2 , z̄+ 1

2 hkl : l = 2n + 1
or 2h + l = 4n

8 d . 2/m . 0, 1
4 ,

5
8

1
2 ,

1
4 ,

1
8

3
4 ,

1
2 ,

7
8

3
4 ,0, 3

8

8 c . 2/m . 0, 1
4 ,

1
8

1
2 ,

1
4 ,

5
8

3
4 ,

1
2 ,

3
8

3
4 ,0, 7

8

}
hkl : l = 2n + 1

or h,k = 2n, h + k + l = 4n

4 b 4̄ m 2 0,0, 1
2 0, 1

2 ,
3
4

4 a 4̄ m 2 0,0,0 0, 1
2 ,

1
4

}
hkl : l = 2n + 1

or 2h + l = 4n

Symmetry of special projections
Along [001] p4mm
a′ = 1

2 a b′ = 1
2 b

Origin at 0,0,z

Along [100] c2mm
a′ = b b′ = c
Origin at x,0, 3

8

Along [110] c2mm
a′ = 1

2(−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] I 4̄ 2d (122) (1; 2; 5; 6; 11; 12; 15; 16)+

[2] I 4̄m2 (119) (1; 2; 7; 8; 11; 12; 13; 14)+
[2] I 41 md (109) (1; 2; 3; 4; 13; 14; 15; 16)+
[2] I 41 22 (98) (1; 2; 3; 4; 5; 6; 7; 8)+
[2] I 41/a11 (I 41/a, 88) (1; 2; 3; 4; 9; 10; 11; 12)+
[2] I 2/a2/m1 (I mma, 74) (1; 2; 5; 6; 9; 10; 13; 14)+
[2] I 2/a12/d (F d d d, 70) (1; 2; 7; 8; 9; 10; 15; 16)+

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I 41/amd (c′ = 3c) (141); [9] I 41/amd (a′ = 3a,b′ = 3b) (141)

Minimal non-isomorphic supergroups
I [3] F d 3̄m (227)

II [2] C 42/amd (c′ = 1
2 c) (P42/nnm, 134)
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I 41/amd D19
4h 4/mmm Tetragonal

No. 141 I 41/a 2/m 2/d Patterson symmetry I 4/mmm

ORIGIN CHOICE 2

Origin at centre (2/m) at b(2/m,21/n)d, at 0,− 1
4 ,

1
8 from 4̄m2

Asymmetric unit 0 ≤ x ≤ 1
2 ; − 1

4 ≤ y ≤ 1
4 ; 0 ≤ z ≤ 1

8

Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 2(0,0, 1
2 ) 1

4 ,0,z (3) 4+(0,0, 1
4 ) − 1

4 ,
1
2 ,z (4) 4−(0,0, 3

4 ) 1
4 ,0,z

(5) 2 1
4 ,y,

1
4 (6) 2 x,0,0 (7) 2( 1

2 ,
1
2 ,0) x,x + 1

4 ,
1
8 (8) 2 x, x̄ + 1

4 ,
3
8

(9) 1̄ 0,0,0 (10) a x,y, 1
4 (11) 4̄+ 1

2 ,− 1
4 ,z; 1

2 ,− 1
4 ,

3
8 (12) 4̄− 0, 3

4 ,z; 0, 3
4 ,

1
8

(13) n( 1
2 ,0, 1

2 ) x,0,z (14) m 0,y,z (15) d( 1
4 ,− 1

4 ,
3
4 ) x + 1

2 , x̄,z (16) d( 3
4 ,

3
4 ,

1
4) x,x,z

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2) (2) 2 0, 1

4 ,z (3) 4+(0,0, 3
4 ) 1

4 ,
1
2 ,z (4) 4−(0,0, 1

4 ) 3
4 ,0,z

(5) 2(0, 1
2 ,0) 0,y,0 (6) 2( 1

2 ,0,0) x, 1
4 ,

1
4 (7) 2( 1

2 ,
1
2 ,0) x,x− 1

4 ,
3
8 (8) 2 x, x̄ + 3

4 ,
1
8

(9) 1̄ 1
4 ,

1
4 ,

1
4 (10) b x,y,0 (11) 4̄+ 1

2 ,
1
4 ,z; 1

2 ,
1
4 ,

1
8 (12) 4̄− 0, 1

4 ,z; 0, 1
4 ,

3
8

(13) m x, 1
4 ,z (14) n(0, 1

2 ,
1
2 ) 1

4 ,y,z (15) d(− 1
4 ,

1
4 ,

1
4 ) x + 1

2 , x̄,z (16) d( 1
4 ,

1
4 ,

3
4) x,x,z
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CONTINUED No. 141 I 41/amd

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

32 i 1 (1) x,y,z (2) x̄ + 1
2 , ȳ,z+ 1

2 (3) ȳ+ 1
4 ,x + 3

4 ,z+ 1
4 (4) y + 1

4 , x̄+ 1
4 ,z+ 3

4

(5) x̄ + 1
2 ,y, z̄+ 1

2 (6) x, ȳ, z̄ (7) y + 1
4 ,x + 3

4 , z̄+ 1
4 (8) ȳ + 1

4 , x̄+ 1
4 , z̄+ 3

4

(9) x̄, ȳ, z̄ (10) x + 1
2 ,y, z̄ + 1

2 (11) y + 3
4 , x̄ + 1

4 , z̄+ 3
4 (12) ȳ + 3

4 ,x + 3
4 , z̄+ 1

4

(13) x + 1
2 , ȳ,z+ 1

2 (14) x̄,y,z (15) ȳ+ 3
4 , x̄ + 1

4 ,z+ 3
4 (16) y + 3

4 ,x + 3
4 ,z+ 1

4

hkl : h + k + l = 2n
hk0 : h,k = 2n
0kl : k + l = 2n
hhl : 2h + l = 4n
00l : l = 4n
h00 : h = 2n
hh̄0 : h = 2n

Special: as above, plus

16 h . m . 0,y,z 1
2 , ȳ,z+ 1

2 ȳ+ 1
4 ,

3
4 ,z+ 1

4 y + 1
4 ,

1
4 ,z+ 3

4
1
2 ,y, z̄ + 1

2 0, ȳ, z̄ y + 1
4 ,

3
4 , z̄+ 1

4 ȳ+ 1
4 ,

1
4 , z̄+ 3

4

no extra conditions

16 g . . 2 x,x + 1
4 ,

7
8 x̄+ 1

2 , x̄ + 3
4 ,

3
8 x̄,x + 3

4 ,
1
8 x + 1

2 , x̄ + 1
4 ,

5
8

x̄, x̄ + 3
4 ,

1
8 x + 1

2 ,x + 1
4 ,

5
8 x, x̄ + 1

4 ,
7
8 x̄ + 1

2 ,x + 3
4 ,

3
8

hkl : l = 2n + 1
or 2h + l = 4n

16 f . 2 . x,0,0 x̄+ 1
2 ,0, 1

2
1
4 ,x + 3

4 ,
1
4

1
4 , x̄ + 1

4 ,
3
4

x̄,0,0 x + 1
2 ,0, 1

2
3
4 , x̄ + 1

4 ,
3
4

3
4 ,x + 3

4 ,
1
4

hkl : l = 2n + 1
or h = 2n

8 e 2 m m . 0, 1
4 ,z 0, 3

4 ,z+ 1
4

1
2 ,

1
4 , z̄+ 1

2
1
2 ,

3
4 , z̄+ 1

4 hkl : l = 2n + 1
or 2h + l = 4n

8 d . 2/m . 0,0, 1
2

1
2 ,0,0 1

4 ,
3
4 ,

3
4

1
4 ,

1
4 ,

1
4

8 c . 2/m . 0,0,0 1
2 ,0, 1

2
1
4 ,

3
4 ,

1
4

1
4 ,

1
4 ,

3
4

}
hkl : l = 2n + 1

or h,k = 2n, h + k + l = 4n

4 b 4̄ m 2 0, 1
4 ,

3
8 0, 3

4 ,
5
8

4 a 4̄ m 2 0, 3
4 ,

1
8

1
2 ,

3
4 ,

3
8

}
hkl : l = 2n + 1

or 2h + l = 4n

Symmetry of special projections
Along [001] p4mm
a′ = 1

2 a b′ = 1
2 b

Origin at 1
4 ,0,z

Along [100] c2mm
a′ = b b′ = c
Origin at x, 1

4 ,
1
4

Along [110] c2mm
a′ = 1

2(−a + b) b′ = 1
2 c

Origin at x,x + 1
4 ,

1
8

Maximal non-isomorphic subgroups
I [2] I 4̄ 2d (122) (1; 2; 5; 6; 11; 12; 15; 16)+

[2] I 4̄m2 (119) (1; 2; 7; 8; 11; 12; 13; 14)+
[2] I 41 md (109) (1; 2; 3; 4; 13; 14; 15; 16)+
[2] I 41 22 (98) (1; 2; 3; 4; 5; 6; 7; 8)+
[2] I 41/a11 (I 41/a, 88) (1; 2; 3; 4; 9; 10; 11; 12)+
[2] I 2/a2/m1 (I mma, 74) (1; 2; 5; 6; 9; 10; 13; 14)+
[2] I 2/a12/d (F d d d, 70) (1; 2; 7; 8; 9; 10; 15; 16)+

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I 41/amd (c′ = 3c) (141); [9] I 41/amd (a′ = 3a,b′ = 3b) (141)

Minimal non-isomorphic supergroups
I [3] F d 3̄m (227)

II [2] C 42/amd (c′ = 1
2 c) (P42/nnm, 134)
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I 41/acd D20
4h 4/mmm Tetragonal

No. 142 I 41/a 2/c 2/d Patterson symmetry I 4/mmm

ORIGIN CHOICE 1

Origin at 4̄c21, at 0, 1
4 ,− 1

8 from 1̄

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
8

Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 2(0,0, 1
2 ) 1

4 ,
1
4 ,z (3) 4+(0,0, 1

4 ) − 1
4 ,

1
4 ,z (4) 4−(0,0, 3

4 ) 1
4 ,− 1

4 ,z
(5) 2 1

4 ,y,
1
8 (6) 2 x, 1

4 ,
3
8 (7) 2( 1

2 ,
1
2 ,0) x,x,0 (8) 2 x, x̄, 1

4

(9) 1̄ 0, 1
4 ,

1
8 (10) a x,y, 3

8 (11) 4̄+ 0,0,z; 0,0,0 (12) 4̄− 0, 1
2 ,z; 0, 1

2 ,
1
4

(13) a x, 1
4 ,z (14) c 0,y,z (15) d( 1

4 ,− 1
4 ,

1
4 ) x + 1

4 , x̄,z (16) d( 1
4 ,

1
4 ,

3
4) x− 1

4 ,x,z

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2) (2) 2 0,0,z (3) 4+(0,0, 3

4 ) 1
4 ,

1
4 ,z (4) 4−(0,0, 1

4 ) 1
4 ,

1
4 ,z

(5) 2(0, 1
2 ,0) 0,y, 3

8 (6) 2( 1
2 ,0,0) x,0, 1

8 (7) 2 x,x, 1
4 (8) 2 x, x̄ + 1

2 ,0
(9) 1̄ 1

4 ,0, 3
8 (10) b x,y, 1

8 (11) 4̄+ 1
2 ,0,z; 1

2 ,0, 1
4 (12) 4̄− 0,0,z; 0,0,0

(13) c x,0,z (14) b 1
4 ,y,z (15) d(− 1

4 ,
1
4 ,

3
4 ) x + 1

4 , x̄,z (16) d( 1
4 ,

1
4 ,

1
4) x + 1

4 ,x,z
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CONTINUED No. 142 I 41/acd

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

32 g 1 (1) x,y,z (2) x̄ + 1
2 , ȳ + 1

2 ,z+ 1
2 (3) ȳ,x + 1

2 ,z+ 1
4 (4) y + 1

2 , x̄,z+ 3
4

(5) x̄ + 1
2 ,y, z̄+ 1

4 (6) x, ȳ + 1
2 , z̄+ 3

4 (7) y + 1
2 ,x + 1

2 , z̄ (8) ȳ, x̄, z̄+ 1
2

(9) x̄, ȳ + 1
2 , z̄+ 1

4 (10) x + 1
2 ,y, z̄ + 3

4 (11) y, x̄, z̄ (12) ȳ + 1
2 ,x + 1

2 , z̄+ 1
2

(13) x + 1
2 , ȳ+ 1

2 ,z (14) x̄,y,z+ 1
2 (15) ȳ+ 1

2 , x̄,z+ 1
4 (16) y,x + 1

2 ,z+ 3
4

hkl : h + k + l = 2n
hk0 : h,k = 2n
0kl : k, l = 2n
hhl : 2h + l = 4n
00l : l = 4n
h00 : h = 2n
hh̄0 : h = 2n

Special: as above, plus

16 f . . 2 x,x, 1
4 x̄+ 1

2 , x̄ + 1
2 ,

3
4 x̄,x + 1

2 ,
1
2 x + 1

2 , x̄,0
x̄, x̄ + 1

2 ,0 x + 1
2 ,x,

1
2 x, x̄, 3

4 x̄ + 1
2 ,x + 1

2 ,
1
4

hkl : l = 2n + 1
or 2h + l = 4n

16 e . 2 . 1
4 ,y,

1
8

1
4 , ȳ + 1

2 ,
5
8 ȳ, 3

4 ,
3
8 y + 1

2 ,
3
4 ,

7
8

3
4 , ȳ+ 1

2 ,
1
8

3
4 ,y,

5
8 y, 3

4 ,
7
8 ȳ+ 1

2 ,
3
4 ,

3
8

hkl : l = 2n + 1
or h = 2n

16 d 2 . . 0,0,z 0, 1
2 ,z+ 1

4
1
2 ,0, z̄+ 1

4
1
2 ,

1
2 , z̄

0, 1
2 , z̄+ 1

4 0,0, z̄ 1
2 ,

1
2 ,z

1
2 ,0,z+ 1

4

hkl : 2h + l = 4n

16 c 1̄ 0, 1
4 ,

1
8

1
2 ,

1
4 ,

5
8

3
4 ,

1
2 ,

3
8

3
4 ,0, 7

8
1
2 ,

1
4 ,

1
8 0, 1

4 ,
5
8

3
4 ,

1
2 ,

7
8

3
4 ,0, 3

8 hkl : h,k = 2n, h + k + l = 4n

8 b 2 . 22 0,0, 1
4 0, 1

2 ,
1
2 0, 1

2 ,0 0,0, 3
4 hkl : 2h + l = 4n

8 a 4̄ . . 0,0,0 0, 1
2 ,

1
4

1
2 ,0, 1

4
1
2 ,

1
2 ,0 hkl : 2h + l = 4n

Symmetry of special projections
Along [001] p4mm
a′ = 1

2 a b′ = 1
2 b

Origin at 0,0,z

Along [100] p2mm
a′ = 1

2 b b′ = 1
2 c

Origin at x,0, 1
8

Along [110] c2mm
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] I 4̄ 2d (122) (1; 2; 5; 6; 11; 12; 15; 16)+

[2] I 4̄c2 (120) (1; 2; 7; 8; 11; 12; 13; 14)+
[2] I 41 cd (110) (1; 2; 3; 4; 13; 14; 15; 16)+
[2] I 41 22 (98) (1; 2; 3; 4; 5; 6; 7; 8)+
[2] I 41/a11 (I 41/a, 88) (1; 2; 3; 4; 9; 10; 11; 12)+
[2] I 2/a2/c1 (I bca, 73) (1; 2; 5; 6; 9; 10; 13; 14)+
[2] I 2/a12/d (F d d d, 70) (1; 2; 7; 8; 9; 10; 15; 16)+

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I 41/acd (c′ = 3c) (142); [9] I 41/acd (a′ = 3a,b′ = 3b) (142)

Minimal non-isomorphic supergroups
I [3] F d 3̄c (228); [3] I a 3̄d (230)

II [2] C 42/amd (c′ = 1
2 c) (P42/nnm, 134)
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I 41/acd D20
4h 4/mmm Tetragonal

No. 142 I 41/a 2/c 2/d Patterson symmetry I 4/mmm

ORIGIN CHOICE 2

Origin at 1̄ at b(c,a)d, at 0,− 1
4 ,

1
8 from 4̄

Asymmetric unit 0 ≤ x ≤ 1
2 ; − 1

4 ≤ y ≤ 1
4 ; 0 ≤ z ≤ 1

8

Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 2(0,0, 1
2 ) 1

4 ,0,z (3) 4+(0,0, 1
4 ) − 1

4 ,
1
2 ,z (4) 4−(0,0, 3

4 ) 1
4 ,0,z

(5) 2 1
4 ,y,0 (6) 2 x,0, 1

4 (7) 2( 1
2 ,

1
2 ,0) x,x + 1

4 ,
3
8 (8) 2 x, x̄ + 1

4 ,
1
8

(9) 1̄ 0,0,0 (10) a x,y, 1
4 (11) 4̄+ 1

2 ,− 1
4 ,z; 1

2 ,− 1
4 ,

3
8 (12) 4̄− 0, 3

4 ,z; 0, 3
4 ,

1
8

(13) a x,0,z (14) c 0,y,z (15) d( 1
4 ,− 1

4 ,
1
4 ) x + 1

2 , x̄,z (16) d( 3
4 ,

3
4 ,

3
4) x,x,z

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2) (2) 2 0, 1

4 ,z (3) 4+(0,0, 3
4 ) 1

4 ,
1
2 ,z (4) 4−(0,0, 1

4 ) 3
4 ,0,z

(5) 2(0, 1
2 ,0) 0,y, 1

4 (6) 2( 1
2 ,0,0) x, 1

4 ,0 (7) 2( 1
2 ,

1
2 ,0) x,x− 1

4 ,
1
8 (8) 2 x, x̄ + 3

4 ,
3
8

(9) 1̄ 1
4 ,

1
4 ,

1
4 (10) b x,y,0 (11) 4̄+ 1

2 ,
1
4 ,z; 1

2 ,
1
4 ,

1
8 (12) 4̄− 0, 1

4 ,z; 0, 1
4 ,

3
8

(13) c x, 1
4 ,z (14) b 1

4 ,y,z (15) d(− 1
4 ,

1
4 ,

3
4 ) x + 1

2 , x̄,z (16) d( 1
4 ,

1
4 ,

1
4) x,x,z
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CONTINUED No. 142 I 41/acd

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5); (9)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

32 g 1 (1) x,y,z (2) x̄ + 1
2 , ȳ,z+ 1

2 (3) ȳ+ 1
4 ,x + 3

4 ,z+ 1
4 (4) y + 1

4 , x̄ + 1
4 ,z+ 3

4

(5) x̄ + 1
2 ,y, z̄ (6) x, ȳ, z̄+ 1

2 (7) y + 1
4 ,x + 3

4 , z̄+ 3
4 (8) ȳ + 1

4 , x̄ + 1
4 , z̄+ 1

4

(9) x̄, ȳ, z̄ (10) x + 1
2 ,y, z̄ + 1

2 (11) y + 3
4 , x̄ + 1

4 , z̄+ 3
4 (12) ȳ + 3

4 ,x + 3
4 , z̄+ 1

4

(13) x + 1
2 , ȳ,z (14) x̄,y,z+ 1

2 (15) ȳ+ 3
4 , x̄ + 1

4 ,z+ 1
4 (16) y + 3

4 ,x + 3
4 ,z+ 3

4

hkl : h + k + l = 2n
hk0 : h,k = 2n
0kl : k, l = 2n
hhl : 2h + l = 4n
00l : l = 4n
h00 : h = 2n
hh̄0 : h = 2n

Special: as above, plus

16 f . . 2 x,x + 1
4 ,

1
8 x̄ + 1

2 , x̄ + 3
4 ,

5
8 x̄,x + 3

4 ,
3
8 x + 1

2 , x̄ + 1
4 ,

7
8

x̄, x̄ + 3
4 ,

7
8 x + 1

2 ,x + 1
4 ,

3
8 x, x̄ + 1

4 ,
5
8 x̄ + 1

2 ,x + 3
4 ,

1
8

hkl : l = 2n + 1
or 2h + l = 4n

16 e . 2 . x,0, 1
4 x̄ + 1

2 ,0, 3
4

1
4 ,x + 3

4 ,
1
2

1
4 , x̄ + 1

4 ,0
x̄,0, 3

4 x + 1
2 ,0, 1

4
3
4 , x̄ + 1

4 ,
1
2

3
4 ,x + 3

4 ,0
hkl : l = 2n + 1

or h = 2n

16 d 2 . . 0, 1
4 ,z 0, 3

4 ,z+ 1
4

1
2 ,

1
4 , z̄

1
2 ,

3
4 , z̄+ 3

4

0, 3
4 , z̄ 0, 1

4 , z̄+ 3
4

1
2 ,

3
4 ,z

1
2 ,

1
4 ,z+ 1

4

hkl : 2h + l = 4n

16 c 1̄ 0,0,0 1
2 ,0, 1

2
1
4 ,

3
4 ,

1
4

1
4 ,

1
4 ,

3
4

1
2 ,0,0 0,0, 1

2
1
4 ,

3
4 ,

3
4

1
4 ,

1
4 ,

1
4 hkl : h,k = 2n, h + k + l = 4n

8 b 2 . 22 0, 1
4 ,

1
8 0, 3

4 ,
3
8 0, 3

4 ,
7
8 0, 1

4 ,
5
8 hkl : 2h + l = 4n

8 a 4̄ . . 0, 1
4 ,

3
8 0, 3

4 ,
5
8

1
2 ,

1
4 ,

5
8

1
2 ,

3
4 ,

3
8 hkl : 2h + l = 4n

Symmetry of special projections
Along [001] p4mm
a′ = 1

2 a b′ = 1
2 b

Origin at 1
4 ,0,z

Along [100] p2mm
a′ = 1

2 b b′ = 1
2 c

Origin at x,0,0

Along [110] c2mm
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x + 1
4 ,

1
8

Maximal non-isomorphic subgroups
I [2] I 4̄ 2d (122) (1; 2; 5; 6; 11; 12; 15; 16)+

[2] I 4̄c2 (120) (1; 2; 7; 8; 11; 12; 13; 14)+
[2] I 41 cd (110) (1; 2; 3; 4; 13; 14; 15; 16)+
[2] I 41 22 (98) (1; 2; 3; 4; 5; 6; 7; 8)+
[2] I 41/a11 (I 41/a, 88) (1; 2; 3; 4; 9; 10; 11; 12)+
[2] I 2/a2/c1 (I bca, 73) (1; 2; 5; 6; 9; 10; 13; 14)+
[2] I 2/a12/d (F d d d, 70) (1; 2; 7; 8; 9; 10; 15; 16)+

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I 41/acd (c′ = 3c) (142); [9] I 41/acd (a′ = 3a,b′ = 3b) (142)

Minimal non-isomorphic supergroups
I [3] F d 3̄c (228); [3] I a 3̄d (230)

II [2] C 42/amd (c′ = 1
2 c) (P42/nnm, 134)
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P3 C1
3 3 Trigonal

No. 143 P3 Patterson symmetry P 3̄

Origin on 3

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 2

3 ; 0 ≤ z ≤ 1; x ≤ (1 + y)/2; y ≤ min(1− x,(1 + x)/2)
Vertices 0,0,0 1

2 ,0,0 2
3 ,

1
3 ,0

1
3 ,

2
3 ,0 0, 1

2 ,0

0,0,1 1
2 ,0,1 2

3 ,
1
3 ,1

1
3 ,

2
3 ,1 0, 1

2 ,1

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
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CONTINUED No. 143 P3

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

3 d 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄+ y, x̄,z no conditions

Special: no extra conditions

1 c 3 . . 2
3 ,

1
3 ,z

1 b 3 . . 1
3 ,

2
3 ,z

1 a 3 . . 0,0,z

Symmetry of special projections
Along [001] p3
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1
a′ = 1

2(a + 2b) b′ = c
Origin at x,0,0

Along [210] p1
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

Maximal non-isomorphic subgroups
I [3] P1 (1) 1

IIa none

IIb [3] P32 (c′ = 3c) (145); [3] P31 (c′ = 3c) (144); [3] R3 (a′ = a−b,b′ = a + 2b,c′ = 3c) (146);
[3] R3 (a′ = 2a + b,b′ = −a + b,c′ = 3c) (146)

Maximal isomorphic subgroups of lowest index
IIc [2] P3 (c′ = 2c) (143); [3] H 3 (a′ = 3a,b′ = 3b) (P3, 143)

Minimal non-isomorphic supergroups
I [2] P 3̄ (147); [2] P312 (149); [2] P321 (150); [2] P3m1 (156); [2] P31m (157); [2] P3c1 (158); [2] P31c (159); [2] P6 (168);

[2] P63 (173); [2] P 6̄ (174)

II [3] R3 (obverse) (146); [3] R3 (reverse) (146)

491



P31 C2
3 3 Trigonal

No. 144 P31 Patterson symmetry P 3̄

Origin on 31

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
3

Vertices 0,0,0 1,0,0 1,1,0 0,1,0

0,0, 1
3 1,0, 1

3 1,1, 1
3 0,1, 1

3

Symmetry operations

(1) 1 (2) 3+(0,0, 1
3) 0,0,z (3) 3−(0,0, 2

3 ) 0,0,z

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

3 a 1 (1) x,y,z (2) ȳ,x− y,z+ 1
3 (3) x̄+ y, x̄,z+ 2

3 000l : l = 3n

Symmetry of special projections
Along [001] p3
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1
a′ = 1

2(a + 2b) b′ = c
Origin at x,0,0

Along [210] p1
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

Maximal non-isomorphic subgroups
I [3] P1 (1) 1

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [2] P32 (c′ = 2c) (145); [3] H 31 (a′ = 3a,b′ = 3b) (P31, 144); [7] P31 (c′ = 7c) (144)

Minimal non-isomorphic supergroups
I [2] P31 12 (151); [2] P31 21 (152); [2] P61 (169); [2] P64 (172)

II [3] R3 (obverse) (146); [3] R3 (reverse) (146); [3] P3 (c′ = 1
3 c) (143)
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Trigonal 3 C3
3 P32

Patterson symmetry P 3̄ P32 No. 145

Origin on 32

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
3

Vertices 0,0,0 1,0,0 1,1,0 0,1,0
0,0, 1

3 1,0, 1
3 1,1, 1

3 0,1, 1
3

Symmetry operations

(1) 1 (2) 3+(0,0, 2
3) 0,0,z (3) 3−(0,0, 1

3 ) 0,0,z

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

3 a 1 (1) x,y,z (2) ȳ,x− y,z+ 2
3 (3) x̄+ y, x̄,z+ 1

3 000l : l = 3n

Symmetry of special projections
Along [001] p3
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1
a′ = 1

2(a + 2b) b′ = c
Origin at x,0,0

Along [210] p1
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

Maximal non-isomorphic subgroups
I [3] P1 (1) 1

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [2] P31 (c′ = 2c) (144); [3] H 32 (a′ = 3a,b′ = 3b) (P32, 145); [7] P32 (c′ = 7c) (145)

Minimal non-isomorphic supergroups
I [2] P32 12 (153); [2] P32 21 (154); [2] P65 (170); [2] P62 (171)
II [3] R3 (obverse) (146); [3] R3 (reverse) (146); [3] P3 (c′ = 1

3 c) (143)
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R3 C4
3 3 Trigonal

No. 146 R3 Patterson symmetry R 3̄

HEXAGONAL AXES

Origin on 3

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 2

3 ; 0 ≤ z ≤ 1
3 ; x ≤ (1 + y)/2; y ≤ min(1− x,(1 + x)/2)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
3 ,

2
3 ,0 0, 1

2 ,0

0,0, 1
3

1
2 ,0, 1

3
2
3 ,

1
3 ,

1
3

1
3 ,

2
3 ,

1
3 0, 1

2 ,
1
3

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z

For ( 2
3 ,

1
3 ,

1
3 )+ set

(1) t( 2
3 ,

1
3 ,

1
3 ) (2) 3+(0,0, 1

3) 1
3 ,

1
3 ,z (3) 3−(0,0, 1

3 ) 1
3 ,0,z

For ( 1
3 ,

2
3 ,

2
3 )+ set

(1) t( 1
3 ,

2
3 ,

2
3 ) (2) 3+(0,0, 2

3) 0, 1
3 ,z (3) 3−(0,0, 2

3 ) 1
3 ,

1
3 ,z
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CONTINUED No. 146 R3

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 2
3 ,

1
3 ,

1
3 ); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 2
3 ,

1
3 ,

1
3 )+ ( 1

3 ,
2
3 ,

2
3)+

Reflection conditions

General:

9 b 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄+ y, x̄,z hkil : −h + k + l = 3n
hki0 : −h + k = 3n
hh2hl : l = 3n
hh̄0l : h + l = 3n
000l : l = 3n
hh̄00 : h = 3n

Special: no extra conditions

3 a 3 . 0,0,z

Symmetry of special projections
Along [001] p3
a′ = 1

3(2a + b) b′ = 1
3(−a + b)

Origin at 0,0,z

Along [100] p1
a′ = 1

2 (a + 2b) b′ = 1
3 (−a−2b+ c)

Origin at x,0,0

Along [210] p1
a′ = 1

2 b b′ = 1
3 c

Origin at x, 1
2 x,0

Maximal non-isomorphic subgroups
I [3] R1 (P1, 1) 1+
IIa [3] P32 (145) 1; 2 + ( 1

3 ,
2
3 ,

2
3); 3 + ( 2

3 ,
1
3 ,

1
3 )

[3] P31 (144) 1; 2 + ( 2
3 ,

1
3 ,

1
3); 3 + ( 1

3 ,
2
3 ,

2
3 )

[3] P3 (143) 1; 2; 3

IIb none

Maximal isomorphic subgroups of lowest index
IIc [2] R3 (a′ = −a,b′ = −b,c′ = 2c) (146); [4] R3 (a′ = −2a,b′ = −2b) (146)

Minimal non-isomorphic supergroups
I [2] R 3̄ (148); [2] R32 (155); [2] R3m (160); [2] R3c (161); [4] P23 (195); [4] F 23 (196); [4] I 23 (197); [4] P21 3 (198);

[4] I 21 3 (199)

II [3] P3 (a′ = 1
3 (2a + b),b′ = 1

3 (−a + b),c′ = 1
3 c) (143)
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R3 C4
3 3 Trigonal

No. 146 R3 Patterson symmetry R 3̄

RHOMBOHEDRAL AXES

Origin on 3

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1; z ≤min(x,y)
Vertices 0,0,0 1,0,0 1,1,0 0,1,0 1,1,1

Symmetry operations

(1) 1 (2) 3+ x,x,x (3) 3− x,x,x
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CONTINUED No. 146 R3

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

3 b 1 (1) x,y,z (2) z,x,y (3) y,z,x no conditions

Special: no extra conditions

1 a 3 . x,x,x

Symmetry of special projections
Along [111] p3
a′ = 1

3(2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [11̄0] p1
a′ = 1

2 (a + b−2c) b′ = c
Origin at x, x̄,0

Along [21̄1̄] p1
a′ = 1

2(b− c) b′ = 1
3(a + b+ c)

Origin at 2x, x̄, x̄

Maximal non-isomorphic subgroups
I [3] R1 (P1, 1) 1

IIa none
IIb [3] P32 (a′ = a−b,b′ = b− c,c′ = a + b+ c) (145); [3] P31 (a′ = a−b,b′ = b− c,c′ = a + b+ c) (144);

[3] P3 (a′ = a−b,b′ = b− c,c′ = a + b+ c) (143)

Maximal isomorphic subgroups of lowest index
IIc [2] R3 (a′ = b+ c,b′ = a + c,c′ = a + b) (146); [4] R3 (a′ = −a + b+ c,b′ = a−b+ c,c′ = a + b− c) (146)

Minimal non-isomorphic supergroups
I [2] R 3̄ (148); [2] R32 (155); [2] R3m (160); [2] R3c (161); [4] P23 (195); [4] F 23 (196); [4] I 23 (197); [4] P21 3 (198);

[4] I 21 3 (199)

II [3] P3 (a′ = 1
3 (2a−b− c),b′ = 1

3(−a + 2b− c),c′ = 1
3 (a + b+ c)) (143)
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P 3̄ C1
3i 3̄ Trigonal

No. 147 P 3̄ Patterson symmetry P 3̄

Origin at centre (3̄)

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 2

3 ; 0 ≤ z ≤ 1
2 ; x ≤ (1 + y)/2; y ≤ min(1− x,(1 + x)/2)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
3 ,

2
3 ,0 0, 1

2 ,0
0,0, 1

2
1
2 ,0, 1

2
2
3 ,

1
3 ,

1
2

1
3 ,

2
3 ,

1
2 0, 1

2 ,
1
2

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 1̄ 0,0,0 (5) 3̄+ 0,0,z; 0,0,0 (6) 3̄− 0,0,z; 0,0,0
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CONTINUED No. 147 P 3̄

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

6 g 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄ + y, x̄,z
(4) x̄, ȳ, z̄ (5) y, x̄ + y, z̄ (6) x− y,x, z̄

no conditions

Special: no extra conditions

3 f 1̄ 1
2 ,0, 1

2 0, 1
2 ,

1
2

1
2 ,

1
2 ,

1
2

3 e 1̄ 1
2 ,0,0 0, 1

2 ,0
1
2 ,

1
2 ,0

2 d 3 . . 1
3 ,

2
3 ,z

2
3 ,

1
3 , z̄

2 c 3 . . 0,0,z 0,0, z̄

1 b 3̄ . . 0,0, 1
2

1 a 3̄ . . 0,0,0

Symmetry of special projections
Along [001] p6
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2
a′ = 1

2(a + 2b) b′ = c
Origin at x,0,0

Along [210] p2
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

Maximal non-isomorphic subgroups
I [2] P3 (143) 1; 2; 3

[3] P 1̄ (2) 1; 4

IIa none

IIb [3] R 3̄ (a′ = a−b,b′ = a + 2b,c′ = 3c) (148); [3] R 3̄ (a′ = 2a + b,b′ = −a + b,c′ = 3c) (148)

Maximal isomorphic subgroups of lowest index
IIc [2] P 3̄ (c′ = 2c) (147); [3] H 3̄ (a′ = 3a,b′ = 3b) (P 3̄, 147)

Minimal non-isomorphic supergroups
I [2] P 3̄1m (162); [2] P 3̄1c (163); [2] P 3̄m1 (164); [2] P 3̄c1 (165); [2] P6/m (175); [2] P63/m (176)

II [3] R 3̄ (obverse) (148); [3] R 3̄ (reverse) (148)
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R 3̄ C2
3i 3̄ Trigonal

No. 148 R 3̄ Patterson symmetry R 3̄

HEXAGONAL AXES

Origin at centre (3̄)

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 2

3 ; 0 ≤ z ≤ 1
6 ; x ≤ (1 + y)/2; y ≤ min(1− x,(1 + x)/2)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
3 ,

2
3 ,0 0, 1

2 ,0

0,0, 1
6

1
2 ,0, 1

6
2
3 ,

1
3 ,

1
6

1
3 ,

2
3 ,

1
6 0, 1

2 ,
1
6

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 1̄ 0,0,0 (5) 3̄+ 0,0,z; 0,0,0 (6) 3̄− 0,0,z; 0,0,0

For ( 2
3 ,

1
3 ,

1
3 )+ set

(1) t( 2
3 ,

1
3 ,

1
3 ) (2) 3+(0,0, 1

3) 1
3 ,

1
3 ,z (3) 3−(0,0, 1

3) 1
3 ,0,z

(4) 1̄ 1
3 ,

1
6 ,

1
6 (5) 3̄+ 1

3 ,− 1
3 ,z; 1

3 ,− 1
3 ,

1
6 (6) 3̄− 1

3 ,
2
3 ,z; 1

3 ,
2
3 ,

1
6

For ( 1
3 ,

2
3 ,

2
3 )+ set

(1) t( 1
3 ,

2
3 ,

2
3 ) (2) 3+(0,0, 2

3) 0, 1
3 ,z (3) 3−(0,0, 2

3) 1
3 ,

1
3 ,z

(4) 1̄ 1
6 ,

1
3 ,

1
3 (5) 3̄+ 2

3 ,
1
3 ,z; 2

3 ,
1
3 ,

1
3 (6) 3̄− − 1

3 ,
1
3 ,z; − 1

3 ,
1
3 ,

1
3
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CONTINUED No. 148 R 3̄

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 2
3 ,

1
3 ,

1
3 ); (2); (4)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 2
3 ,

1
3 ,

1
3 )+ ( 1

3 ,
2
3 ,

2
3)+

Reflection conditions

General:

18 f 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄ + y, x̄,z
(4) x̄, ȳ, z̄ (5) y, x̄ + y, z̄ (6) x− y,x, z̄

hkil : −h + k + l = 3n
hki0 : −h + k = 3n
hh2hl : l = 3n
hh̄0l : h + l = 3n
000l : l = 3n
hh̄00 : h = 3n

Special: no extra conditions

9 e 1̄ 1
2 ,0,0 0, 1

2 ,0
1
2 ,

1
2 ,0

9 d 1̄ 1
2 ,0, 1

2 0, 1
2 ,

1
2

1
2 ,

1
2 ,

1
2

6 c 3 . 0,0,z 0,0, z̄

3 b 3̄ . 0,0, 1
2

3 a 3̄ . 0,0,0

Symmetry of special projections
Along [001] p6
a′ = 1

3(2a + b) b′ = 1
3(−a + b)

Origin at 0,0,z

Along [100] p2
a′ = 1

2 (a + 2b) b′ = 1
3 (−a−2b+ c)

Origin at x,0,0

Along [210] p2
a′ = 1

2 b b′ = 1
3 c

Origin at x, 1
2 x,0

Maximal non-isomorphic subgroups
I [2] R3 (146) (1; 2; 3)+

[3] R 1̄ (P 1̄, 2) (1; 4)+

IIa
⎧⎨
⎩

[3] P 3̄ (147) 1; 2; 3; 4; 5; 6
[3] P 3̄ (147) 1; 2; 3; (4; 5; 6) + ( 1

3 ,
2
3 ,

2
3 )

[3] P 3̄ (147) 1; 2; 3; (4; 5; 6) + ( 2
3 ,

1
3 ,

1
3 )

IIb none

Maximal isomorphic subgroups of lowest index
IIc [2] R 3̄ (a′ = −a,b′ = −b,c′ = 2c) (148); [4] R 3̄ (a′ = −2a,b′ = −2b) (148)

Minimal non-isomorphic supergroups
I [2] R 3̄m (166); [2] R 3̄c (167); [4] Pm 3̄ (200); [4] Pn 3̄ (201); [4] F m 3̄ (202); [4] F d 3̄ (203); [4] I m 3̄ (204); [4] Pa 3̄ (205);

[4] I a 3̄ (206)

II [3] P 3̄ (a′ = 1
3 (2a + b),b′ = 1

3 (−a + b),c′ = 1
3 c) (147)
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R 3̄ C2
3i 3̄ Trigonal

No. 148 R 3̄ Patterson symmetry R 3̄

RHOMBOHEDRAL AXES

Origin at centre (3̄)

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
2 ; z ≤ min(x,y,1− x,1− y)

Vertices 0,0,0 1,0,0 1,1,0 0,1,0 1
2 ,

1
2 ,

1
2

Symmetry operations

(1) 1 (2) 3+ x,x,x (3) 3− x,x,x
(4) 1̄ 0,0,0 (5) 3̄+ x,x,x; 0,0,0 (6) 3̄− x,x,x; 0,0,0
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CONTINUED No. 148 R 3̄

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

6 f 1 (1) x,y,z (2) z,x,y (3) y,z,x
(4) x̄, ȳ, z̄ (5) z̄, x̄, ȳ (6) ȳ, z̄, x̄

no conditions

Special: no extra conditions

3 e 1̄ 0, 1
2 ,

1
2

1
2 ,0, 1

2
1
2 ,

1
2 ,0

3 d 1̄ 1
2 ,0,0 0, 1

2 ,0 0,0, 1
2

2 c 3 . x,x,x x̄, x̄, x̄

1 b 3̄ . 1
2 ,

1
2 ,

1
2

1 a 3̄ . 0,0,0

Symmetry of special projections
Along [111] p6
a′ = 1

3(2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [11̄0] p2
a′ = 1

2 (a + b−2c) b′ = c
Origin at x, x̄,0

Along [21̄1̄] p2
a′ = 1

2(b− c) b′ = 1
3(a + b+ c)

Origin at 2x, x̄, x̄

Maximal non-isomorphic subgroups
I [2] R3 (146) 1; 2; 3

[3] R 1̄ (P 1̄, 2) 1; 4

IIa none

IIb [3] P 3̄ (a′ = a−b,b′ = b− c,c′ = a + b+ c) (147)

Maximal isomorphic subgroups of lowest index
IIc [2] R 3̄ (a′ = b+ c,b′ = a + c,c′ = a + b) (148); [4] R 3̄ (a′ = −a + b+ c,b′ = a−b+ c,c′ = a + b− c) (148)

Minimal non-isomorphic supergroups
I [2] R 3̄m (166); [2] R 3̄c (167); [4] Pm 3̄ (200); [4] Pn 3̄ (201); [4] F m 3̄ (202); [4] F d 3̄ (203); [4] I m 3̄ (204); [4] Pa 3̄ (205);

[4] I a 3̄ (206)

II [3] P 3̄ (a′ = 1
3 (2a−b− c),b′ = 1

3(−a + 2b− c),c′ = 1
3 (a + b+ c)) (147)
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P312 D1
3 312 Trigonal

No. 149 P312 Patterson symmetry P 3̄ 1m

Origin at 312

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 2

3 ; 0 ≤ z ≤ 1
2 ; x ≤ (1 + y)/2; y ≤ min(1− x,(1 + x)/2)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
3 ,

2
3 ,0 0, 1

2 ,0

0,0, 1
2

1
2 ,0, 1

2
2
3 ,

1
3 ,

1
2

1
3 ,

2
3 ,

1
2 0, 1

2 ,
1
2

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 x, x̄,0 (5) 2 x,2x,0 (6) 2 2x,x,0
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CONTINUED No. 149 P312

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

6 l 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄ + y, x̄,z
(4) ȳ, x̄, z̄ (5) x̄+ y,y, z̄ (6) x,x− y, z̄

no conditions

Special: no extra conditions

3 k . . 2 x, x̄, 1
2 x,2x, 1

2 2x̄, x̄, 1
2

3 j . . 2 x, x̄,0 x,2x,0 2x̄, x̄,0

2 i 3 . . 2
3 ,

1
3 ,z

2
3 ,

1
3 , z̄

2 h 3 . . 1
3 ,

2
3 ,z

1
3 ,

2
3 , z̄

2 g 3 . . 0,0,z 0,0, z̄

1 f 3 . 2 2
3 ,

1
3 ,

1
2

1 e 3 . 2 2
3 ,

1
3 ,0

1 d 3 . 2 1
3 ,

2
3 ,

1
2

1 c 3 . 2 1
3 ,

2
3 ,0

1 b 3 . 2 0,0, 1
2

1 a 3 . 2 0,0,0

Symmetry of special projections
Along [001] p3m1
a′ = a b′ = b
Origin at 0,0,z

Along [100] p11m
a′ = 1

2 (a + 2b) b′ = c
Origin at x,0,0

Along [210] p2
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

Maximal non-isomorphic subgroups
I [2] P311 (P3, 143) 1; 2; 3{

[3] P112 (C 2, 5) 1; 4
[3] P112 (C 2, 5) 1; 5
[3] P112 (C 2, 5) 1; 6

IIa none
IIb [3] P32 12 (c′ = 3c) (153); [3] P31 12 (c′ = 3c) (151); [3] H 312 (a′ = 3a,b′ = 3b) (P321, 150);

[3] R32 (a′ = a−b,b′ = a + 2b,c′ = 3c) (155); [3] R32 (a′ = 2a + b,b′ = −a + b,c′ = 3c) (155)

Maximal isomorphic subgroups of lowest index
IIc [2] P312 (c′ = 2c) (149); [4] P312 (a′ = 2a,b′ = 2b) (149)

Minimal non-isomorphic supergroups
I [2] P 3̄1m (162); [2] P 3̄1c (163); [2] P622 (177); [2] P63 22 (182); [2] P 6̄m2 (187); [2] P 6̄c2 (188)

II [3] H 312 (P321, 150)
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P321 D2
3 321 Trigonal

No. 150 P321 Patterson symmetry P 3̄m1

Origin at 321

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 2

3 ; 0 ≤ z ≤ 1
2 ; x ≤ (1 + y)/2; y ≤ min(1− x,(1 + x)/2)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
3 ,

2
3 ,0 0, 1

2 ,0

0,0, 1
2

1
2 ,0, 1

2
2
3 ,

1
3 ,

1
2

1
3 ,

2
3 ,

1
2 0, 1

2 ,
1
2

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 x,x,0 (5) 2 x,0,0 (6) 2 0,y,0
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CONTINUED No. 150 P321

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

6 g 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄+ y, x̄,z
(4) y,x, z̄ (5) x− y, ȳ, z̄ (6) x̄, x̄+ y, z̄

no conditions

Special: no extra conditions

3 f . 2 . x,0, 1
2 0,x, 1

2 x̄, x̄, 1
2

3 e . 2 . x,0,0 0,x,0 x̄, x̄,0

2 d 3 . . 1
3 ,

2
3 ,z

2
3 ,

1
3 , z̄

2 c 3 . . 0,0,z 0,0, z̄

1 b 3 2 . 0,0, 1
2

1 a 3 2 . 0,0,0

Symmetry of special projections
Along [001] p31m
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2
a′ = 1

2 (a + 2b) b′ = c
Origin at x,0,0

Along [210] p11m
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

Maximal non-isomorphic subgroups
I [2] P311 (P3, 143) 1; 2; 3{

[3] P121 (C 2, 5) 1; 4
[3] P121 (C 2, 5) 1; 5
[3] P121 (C 2, 5) 1; 6

IIa none

IIb [3] P32 21 (c′ = 3c) (154); [3] P31 21 (c′ = 3c) (152); [3] H 321 (a′ = 3a,b′ = 3b) (P312, 149)

Maximal isomorphic subgroups of lowest index
IIc [2] P321 (c′ = 2c) (150); [4] P321 (a′ = 2a,b′ = 2b) (150)

Minimal non-isomorphic supergroups
I [2] P 3̄m1 (164); [2] P 3̄c1 (165); [2] P622 (177); [2] P63 22 (182); [2] P 6̄ 2m (189); [2] P 6̄ 2c (190)
II [3] H 321 (P312, 149); [3] R32 (obverse) (155); [3] R32 (reverse) (155)
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P31 12 D3
3 312 Trigonal

No. 151 P31 12 Patterson symmetry P 3̄ 1m

Origin on 2[210] at 31 1(1,1,2)

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
6

Vertices 0,0,0 1,0,0 1,1,0 0,1,0

0,0, 1
6 1,0, 1

6 1,1, 1
6 0,1, 1

6

Symmetry operations

(1) 1 (2) 3+(0,0, 1
3 ) 0,0,z (3) 3−(0,0, 2

3) 0,0,z
(4) 2 x, x̄, 1

3 (5) 2 x,2x, 1
6 (6) 2 2x,x,0
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CONTINUED No. 151 P31 12

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

6 c 1 (1) x,y,z (2) ȳ,x− y,z+ 1
3 (3) x̄+ y, x̄,z+ 2

3

(4) ȳ, x̄, z̄+ 2
3 (5) x̄ + y,y, z̄+ 1

3 (6) x,x− y, z̄
000l : l = 3n

Special: no extra conditions

3 b . . 2 x, x̄, 5
6 x,2x, 1

6 2x̄, x̄, 1
2

3 a . . 2 x, x̄, 1
3 x,2x, 2

3 2x̄, x̄,0

Symmetry of special projections
Along [001] p3m1
a′ = a b′ = b
Origin at 0,0,z

Along [100] p11m
a′ = 1

2 (a + 2b) b′ = c
Origin at x,0, 1

6

Along [210] p2
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

Maximal non-isomorphic subgroups
I [2] P31 11 (P31, 144) 1; 2; 3{

[3] P112 (C 2, 5) 1; 4
[3] P112 (C 2, 5) 1; 5
[3] P112 (C 2, 5) 1; 6

IIa none

IIb [3] H 31 12 (a′ = 3a,b′ = 3b) (P31 21, 152)

Maximal isomorphic subgroups of lowest index
IIc [2] P32 12 (c′ = 2c) (153); [4] P31 12 (a′ = 2a,b′ = 2b) (151); [7] P31 12 (c′ = 7c) (151)

Minimal non-isomorphic supergroups
I [2] P61 22 (178); [2] P64 22 (181)

II [3] H 31 12 (P31 21, 152); [3] P312 (c′ = 1
3 c) (149)
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P31 21 D4
3 321 Trigonal

No. 152 P31 21 Patterson symmetry P 3̄m1

Origin on 2[110] at 31 (1,1,2)1

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
6

Vertices 0,0,0 1,0,0 1,1,0 0,1,0

0,0, 1
6 1,0, 1

6 1,1, 1
6 0,1, 1

6

Symmetry operations

(1) 1 (2) 3+(0,0, 1
3) 0,0,z (3) 3−(0,0, 2

3 ) 0,0,z
(4) 2 x,x,0 (5) 2 x,0, 1

3 (6) 2 0,y, 1
6
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CONTINUED No. 152 P31 21

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

6 c 1 (1) x,y,z (2) ȳ,x− y,z+ 1
3 (3) x̄+ y, x̄,z+ 2

3

(4) y,x, z̄ (5) x− y, ȳ, z̄+ 2
3 (6) x̄, x̄ + y, z̄+ 1

3

000l : l = 3n

Special: no extra conditions

3 b . 2 . x,0, 5
6 0,x, 1

6 x̄, x̄, 1
2

3 a . 2 . x,0, 1
3 0,x, 2

3 x̄, x̄,0

Symmetry of special projections
Along [001] p31m
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2
a′ = 1

2 (a + 2b) b′ = c
Origin at x,0, 1

3

Along [210] p11m
a′ = 1

2 b b′ = c
Origin at x, 1

2 x, 1
6

Maximal non-isomorphic subgroups
I [2] P31 11 (P31, 144) 1; 2; 3{

[3] P121 (C 2, 5) 1; 4
[3] P121 (C 2, 5) 1; 5
[3] P121 (C 2, 5) 1; 6

IIa none

IIb [3] H 31 21 (a′ = 3a,b′ = 3b) (P31 12, 151)

Maximal isomorphic subgroups of lowest index
IIc [2] P32 21 (c′ = 2c) (154); [4] P31 21 (a′ = 2a,b′ = 2b) (152); [7] P31 21 (c′ = 7c) (152)

Minimal non-isomorphic supergroups
I [2] P61 22 (178); [2] P64 22 (181)

II [3] H 31 21 (P31 12, 151); [3] R32 (obverse) (155); [3] R32 (reverse) (155); [3] P321 (c′ = 1
3 c) (150)
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P32 12 D5
3 312 Trigonal

No. 153 P32 12 Patterson symmetry P 3̄ 1m

Origin on 2[210] at 32 1(1,1,2)

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
6

Vertices 0,0,0 1,0,0 1,1,0 0,1,0
0,0, 1

6 1,0, 1
6 1,1, 1

6 0,1, 1
6

Symmetry operations

(1) 1 (2) 3+(0,0, 2
3 ) 0,0,z (3) 3−(0,0, 1

3) 0,0,z
(4) 2 x, x̄, 1

6 (5) 2 x,2x, 1
3 (6) 2 2x,x,0
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CONTINUED No. 153 P32 12

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

6 c 1 (1) x,y,z (2) ȳ,x− y,z+ 2
3 (3) x̄+ y, x̄,z+ 1

3

(4) ȳ, x̄, z̄+ 1
3 (5) x̄ + y,y, z̄+ 2

3 (6) x,x− y, z̄
000l : l = 3n

Special: no extra conditions

3 b . . 2 x, x̄, 1
6 x,2x, 5

6 2x̄, x̄, 1
2

3 a . . 2 x, x̄, 2
3 x,2x, 1

3 2x̄, x̄,0

Symmetry of special projections
Along [001] p3m1
a′ = a b′ = b
Origin at 0,0,z

Along [100] p11m
a′ = 1

2 (a + 2b) b′ = c
Origin at x,0, 1

3

Along [210] p2
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

Maximal non-isomorphic subgroups
I [2] P32 11 (P32, 145) 1; 2; 3{

[3] P112 (C 2, 5) 1; 4
[3] P112 (C 2, 5) 1; 5
[3] P112 (C 2, 5) 1; 6

IIa none

IIb [3] H 32 12 (a′ = 3a,b′ = 3b) (P32 21, 154)

Maximal isomorphic subgroups of lowest index
IIc [2] P31 12 (c′ = 2c) (151); [4] P32 12 (a′ = 2a,b′ = 2b) (153); [7] P32 12 (c′ = 7c) (153)

Minimal non-isomorphic supergroups
I [2] P65 22 (179); [2] P62 22 (180)

II [3] H 32 12 (P32 21, 154); [3] P312 (c′ = 1
3 c) (149)
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P32 21 D6
3 321 Trigonal

No. 154 P32 21 Patterson symmetry P 3̄m1

Origin on 2[110] at 32 (1,1,2)1

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
6

Vertices 0,0,0 1,0,0 1,1,0 0,1,0

0,0, 1
6 1,0, 1

6 1,1, 1
6 0,1, 1

6

Symmetry operations

(1) 1 (2) 3+(0,0, 2
3) 0,0,z (3) 3−(0,0, 1

3 ) 0,0,z
(4) 2 x,x,0 (5) 2 x,0, 1

6 (6) 2 0,y, 1
3

514
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CONTINUED No. 154 P32 21

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

6 c 1 (1) x,y,z (2) ȳ,x− y,z+ 2
3 (3) x̄+ y, x̄,z+ 1

3

(4) y,x, z̄ (5) x− y, ȳ, z̄+ 1
3 (6) x̄, x̄ + y, z̄+ 2

3

000l : l = 3n

Special: no extra conditions

3 b . 2 . x,0, 1
6 0,x, 5

6 x̄, x̄, 1
2

3 a . 2 . x,0, 2
3 0,x, 1

3 x̄, x̄,0

Symmetry of special projections
Along [001] p31m
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2
a′ = 1

2 (a + 2b) b′ = c
Origin at x,0, 1

6

Along [210] p11m
a′ = 1

2 b b′ = c
Origin at x, 1

2 x, 1
3

Maximal non-isomorphic subgroups
I [2] P32 11 (P32, 145) 1; 2; 3{

[3] P121 (C 2, 5) 1; 4
[3] P121 (C 2, 5) 1; 5
[3] P121 (C 2, 5) 1; 6

IIa none

IIb [3] H 32 21 (a′ = 3a,b′ = 3b) (P32 12, 153)

Maximal isomorphic subgroups of lowest index
IIc [2] P31 21 (c′ = 2c) (152); [4] P32 21 (a′ = 2a,b′ = 2b) (154); [7] P32 21 (c′ = 7c) (154)

Minimal non-isomorphic supergroups
I [2] P65 22 (179); [2] P62 22 (180)

II [3] H 32 21 (P32 12, 153); [3] R32 (obverse) (155); [3] R32 (reverse) (155); [3] P321 (c′ = 1
3 c) (150)
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R32 D7
3 32 Trigonal

No. 155 R32 Patterson symmetry R 3̄m

HEXAGONAL AXES

Origin at 32

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 2

3 ; 0 ≤ z ≤ 1
6 ; x ≤ (1 + y)/2; y ≤ min(1− x,(1 + x)/2)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
3 ,

2
3 ,0 0, 1

2 ,0

0,0, 1
6

1
2 ,0, 1

6
2
3 ,

1
3 ,

1
6

1
3 ,

2
3 ,

1
6 0, 1

2 ,
1
6

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 x,x,0 (5) 2 x,0,0 (6) 2 0,y,0

For ( 2
3 ,

1
3 ,

1
3 )+ set

(1) t( 2
3 ,

1
3 ,

1
3 ) (2) 3+(0,0, 1

3 ) 1
3 ,

1
3 ,z (3) 3−(0,0, 1

3) 1
3 ,0,z

(4) 2( 1
2 ,

1
2 ,0) x,x− 1

6 ,
1
6 (5) 2( 1

2 ,0,0) x, 1
6 ,

1
6 (6) 2 1

3 ,y,
1
6

For ( 1
3 ,

2
3 ,

2
3 )+ set

(1) t( 1
3 ,

2
3 ,

2
3 ) (2) 3+(0,0, 2

3 ) 0, 1
3 ,z (3) 3−(0,0, 2

3) 1
3 ,

1
3 ,z

(4) 2( 1
2 ,

1
2 ,0) x,x + 1

6 ,
1
3 (5) 2 x, 1

3 ,
1
3 (6) 2(0, 1

2 ,0) 1
6 ,y,

1
3
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CONTINUED No. 155 R32

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 2
3 ,

1
3 ,

1
3 ); (2); (4)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 2
3 ,

1
3 ,

1
3 )+ ( 1

3 ,
2
3 ,

2
3)+

Reflection conditions

General:

18 f 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄+ y, x̄,z
(4) y,x, z̄ (5) x− y, ȳ, z̄ (6) x̄, x̄+ y, z̄

hkil : −h + k + l = 3n
hki0 : −h + k = 3n
hh2hl : l = 3n
hh̄0l : h + l = 3n
000l : l = 3n
hh̄00 : h = 3n

Special: no extra conditions

9 e . 2 x,0, 1
2 0,x, 1

2 x̄, x̄, 1
2

9 d . 2 x,0,0 0,x,0 x̄, x̄,0

6 c 3 . 0,0,z 0,0, z̄

3 b 3 2 0,0, 1
2

3 a 3 2 0,0,0

Symmetry of special projections
Along [001] p3m1
a′ = 1

3(2a + b) b′ = 1
3(−a + b)

Origin at 0,0,z

Along [100] p2
a′ = 1

2 (a + 2b) b′ = 1
3 (−a−2b+ c)

Origin at x,0,0

Along [210] p11m
a′ = 1

2 b b′ = 1
3 c

Origin at x, 1
2 x,0

Maximal non-isomorphic subgroups
I [2] R31 (R3, 146) (1; 2; 3)+{

[3] R12 (C 2, 5) (1; 4)+
[3] R12 (C 2, 5) (1; 5)+
[3] R12 (C 2, 5) (1; 6)+

IIa {
[3] P32 21 (154) 1; 4; (2; 6)+ ( 1

3 ,
2
3 ,

2
3 ); (3; 5)+ ( 2

3 ,
1
3 ,

1
3 )

[3] P32 21 (154) 1; 5; (2; 4)+ ( 1
3 ,

2
3 ,

2
3 ); (3; 6)+ ( 2

3 ,
1
3 ,

1
3 )

[3] P32 21 (154) 1; 6; (2; 5)+ ( 1
3 ,

2
3 ,

2
3 ); (3; 4)+ ( 2

3 ,
1
3 ,

1
3 ){

[3] P31 21 (152) 1; 4; (2; 6)+ ( 2
3 ,

1
3 ,

1
3 ); (3; 5)+ ( 1

3 ,
2
3 ,

2
3 )

[3] P31 21 (152) 1; 5; (2; 4)+ ( 2
3 ,

1
3 ,

1
3 ); (3; 6)+ ( 1

3 ,
2
3 ,

2
3 )

[3] P31 21 (152) 1; 6; (2; 5)+ ( 2
3 ,

1
3 ,

1
3 ); (3; 4)+ ( 1

3 ,
2
3 ,

2
3 ){

[3] P321 (150) 1; 2; 3; 4; 5; 6
[3] P321 (150) 1; 2; 3; (4; 5; 6) + ( 1

3 ,
2
3 ,

2
3 )

[3] P321 (150) 1; 2; 3; (4; 5; 6) + ( 2
3 ,

1
3 ,

1
3 )

IIb none

Maximal isomorphic subgroups of lowest index
IIc [2] R32 (a′ = −a,b′ = −b,c′ = 2c) (155); [4] R32 (a′ = −2a,b′ = −2b) (155)

Minimal non-isomorphic supergroups
I [2] R 3̄m (166); [2] R 3̄c (167); [4] P432 (207); [4] P42 32 (208); [4] F 432 (209); [4] F 41 32 (210); [4] I 432 (211);

[4] P43 32 (212); [4] P41 32 (213); [4] I 41 32 (214)

II [3] P312 (a′ = 1
3 (2a + b),b′ = 1

3(−a + b),c′ = 1
3 c) (149)
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R32 D7
3 32 Trigonal

No. 155 R32 Patterson symmetry R 3̄m

RHOMBOHEDRAL AXES

Origin at 32

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
2 ; z ≤ min(x,y,1− x,1− y)

Vertices 0,0,0 1,0,0 1,1,0 0,1,0 1
2 ,

1
2 ,

1
2

Symmetry operations

(1) 1 (2) 3+ x,x,x (3) 3− x,x,x
(4) 2 x̄,0,x (5) 2 x, x̄,0 (6) 2 0,y, ȳ
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CONTINUED No. 155 R32

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

6 f 1 (1) x,y,z (2) z,x,y (3) y,z,x
(4) z̄, ȳ, x̄ (5) ȳ, x̄, z̄ (6) x̄, z̄, ȳ

no conditions

Special: no extra conditions

3 e . 2 1
2 ,y, ȳ ȳ, 1

2 ,y y, ȳ, 1
2

3 d . 2 0,y, ȳ ȳ,0,y y, ȳ,0

2 c 3 . x,x,x x̄, x̄, x̄

1 b 3 2 1
2 ,

1
2 ,

1
2

1 a 3 2 0,0,0

Symmetry of special projections
Along [111] p3m1
a′ = 1

3(2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [11̄0] p2
a′ = 1

2 (a + b−2c) b′ = c
Origin at x, x̄,0

Along [21̄1̄] p11m
a′ = 1

2(b− c) b′ = 1
3(a + b+ c)

Origin at 2x, x̄, x̄

Maximal non-isomorphic subgroups
I [2] R31 (R3, 146) 1; 2; 3{

[3] R12 (C 2, 5) 1; 4
[3] R12 (C 2, 5) 1; 5
[3] R12 (C 2, 5) 1; 6

IIa none

IIb [3] P321 (a′ = a−b,b′ = b− c,c′ = a + b+ c) (150); [3] P31 21 (a′ = a−b,b′ = b− c,c′ = a + b+ c) (152);
[3] P32 21 (a′ = a−b,b′ = b− c,c′ = a + b+ c) (154)

Maximal isomorphic subgroups of lowest index
IIc [2] R32 (a′ = b+ c,b′ = a + c,c′ = a + b) (155); [4] R32 (a′ = −a + b+ c,b′ = a−b+ c,c′ = a + b− c) (155)

Minimal non-isomorphic supergroups
I [2] R 3̄m (166); [2] R 3̄c (167); [4] P432 (207); [4] P42 32 (208); [4] F 432 (209); [4] F 41 32 (210); [4] I 432 (211);

[4] P43 32 (212); [4] P41 32 (213); [4] I 41 32 (214)
II [3] P312 (a′ = 1

3 (2a−b− c),b′ = 1
3 (−a + 2b− c),c′ = 1

3 (a + b+ c)) (149)
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P3m1 C1
3v 3m1 Trigonal

No. 156 P3m1 Patterson symmetry P 3̄m1

Origin on 3m1

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 2

3 ; 0 ≤ z ≤ 1; x ≤ 2y; y ≤ min(1− x,2x)
Vertices 0,0,0 2

3 ,
1
3 ,0

1
3 ,

2
3 ,0

0,0,1 2
3 ,

1
3 ,1

1
3 ,

2
3 ,1

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) m x, x̄,z (5) m x,2x,z (6) m 2x,x,z

520
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CONTINUED No. 156 P3m1

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

6 e 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄ + y, x̄,z
(4) ȳ, x̄,z (5) x̄+ y,y,z (6) x,x− y,z

no conditions

Special: no extra conditions

3 d . m . x, x̄,z x,2x,z 2x̄, x̄,z

1 c 3 m . 2
3 ,

1
3 ,z

1 b 3 m . 1
3 ,

2
3 ,z

1 a 3 m . 0,0,z

Symmetry of special projections
Along [001] p3m1
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1
a′ = 1

2 (a + 2b) b′ = c
Origin at x,0,0

Along [210] p1m1
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

Maximal non-isomorphic subgroups
I [2] P311 (P3, 143) 1; 2; 3{

[3] P1m1 (C m, 8) 1; 4
[3] P1m1 (C m, 8) 1; 5
[3] P1m1 (C m, 8) 1; 6

IIa none

IIb [2] P3c1 (c′ = 2c) (158); [3] H 3m1 (a′ = 3a,b′ = 3b) (P31m, 157)

Maximal isomorphic subgroups of lowest index
IIc [2] P3m1 (c′ = 2c) (156); [4] P3m1 (a′ = 2a,b′ = 2b) (156)

Minimal non-isomorphic supergroups
I [2] P 3̄m1 (164); [2] P6mm (183); [2] P63 mc (186); [2] P 6̄m2 (187)

II [3] H 3m1 (P31m, 157); [3] R3m (obverse) (160); [3] R3m (reverse) (160)
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P31m C2
3v 31m Trigonal

No. 157 P31m Patterson symmetry P 3̄ 1m

Origin on 31m

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1; x ≤ (y + 1)/2; y ≤ min(1− x,x)
Vertices 0,0,0 1

2 ,0,0 2
3 ,

1
3 ,0

1
2 ,

1
2 ,0

0,0,1 1
2 ,0,1 2

3 ,
1
3 ,1

1
2 ,

1
2 ,1

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) m x,x,z (5) m x,0,z (6) m 0,y,z

522
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CONTINUED No. 157 P31m

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

6 d 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄+ y, x̄,z
(4) y,x,z (5) x− y, ȳ,z (6) x̄, x̄+ y,z

no conditions

Special: no extra conditions

3 c . . m x,0,z 0,x,z x̄, x̄,z

2 b 3 . . 1
3 ,

2
3 ,z

2
3 ,

1
3 ,z

1 a 3 . m 0,0,z

Symmetry of special projections
Along [001] p31m
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = 1

2 (a + 2b) b′ = c
Origin at x,0,0

Along [210] p1
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

Maximal non-isomorphic subgroups
I [2] P311 (P3, 143) 1; 2; 3{

[3] P11m (C m, 8) 1; 4
[3] P11m (C m, 8) 1; 5
[3] P11m (C m, 8) 1; 6

IIa none

IIb [2] P31c (c′ = 2c) (159); [3] H 31m (a′ = 3a,b′ = 3b) (P3m1, 156); [3] R3m (a′ = a−b,b′ = a + 2b,c′ = 3c) (160);
[3] R3m (a′ = 2a + b,b′ = −a + b,c′ = 3c) (160)

Maximal isomorphic subgroups of lowest index
IIc [2] P31m (c′ = 2c) (157); [4] P31m (a′ = 2a,b′ = 2b) (157)

Minimal non-isomorphic supergroups
I [2] P 3̄1m (162); [2] P6mm (183); [2] P63 cm (185); [2] P 6̄2m (189)

II [3] H 31m (P3m1, 156)
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P3c1 C3
3v 3m1 Trigonal

No. 158 P3c1 Patterson symmetry P 3̄m1

Origin on 3c1

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 2

3 ; 0 ≤ z ≤ 1
2 ; x ≤ (1 + y)/2; y ≤ min(1− x,(1 + x)/2)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
3 ,

2
3 ,0 0, 1

2 ,0

0,0, 1
2

1
2 ,0, 1

2
2
3 ,

1
3 ,

1
2

1
3 ,

2
3 ,

1
2 0, 1

2 ,
1
2

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) c x, x̄,z (5) c x,2x,z (6) c 2x,x,z
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CONTINUED No. 158 P3c1

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

6 d 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄ + y, x̄,z
(4) ȳ, x̄,z+ 1

2 (5) x̄ + y,y,z+ 1
2 (6) x,x− y,z+ 1

2

hh̄0l : l = 2n
000l : l = 2n

Special: as above, plus

2 c 3 . . 2
3 ,

1
3 ,z

2
3 ,

1
3 ,z+ 1

2 hkil : l = 2n

2 b 3 . . 1
3 ,

2
3 ,z

1
3 ,

2
3 ,z+ 1

2 hkil : l = 2n

2 a 3 . . 0,0,z 0,0,z+ 1
2 hkil : l = 2n

Symmetry of special projections
Along [001] p3m1
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1
a′ = 1

2 (a + 2b) b′ = 1
2 c

Origin at x,0,0

Along [210] p1g1
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

Maximal non-isomorphic subgroups
I [2] P311 (P3, 143) 1; 2; 3{

[3] P1c1 (C c, 9) 1; 4
[3] P1c1 (C c, 9) 1; 5
[3] P1c1 (C c, 9) 1; 6

IIa none

IIb [3] H 3c1 (a′ = 3a,b′ = 3b) (P31c, 159)

Maximal isomorphic subgroups of lowest index
IIc [3] P3c1 (c′ = 3c) (158); [4] P3c1 (a′ = 2a,b′ = 2b) (158)

Minimal non-isomorphic supergroups
I [2] P 3̄c1 (165); [2] P6cc (184); [2] P63 cm (185); [2] P 6̄c2 (188)

II [3] H 3c1 (P31c, 159); [3] R3c (obverse) (161); [3] R3c (reverse) (161); [2] P3m1 (c′ = 1
2 c) (156)
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P31c C4
3v 31m Trigonal

No. 159 P31c Patterson symmetry P 3̄ 1m

Origin on 31c

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 2

3 ; 0 ≤ z ≤ 1
2 ; x ≤ (1 + y)/2; y ≤ min(1− x,(1 + x)/2)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
3 ,

2
3 ,0 0, 1

2 ,0

0,0, 1
2

1
2 ,0, 1

2
2
3 ,

1
3 ,

1
2

1
3 ,

2
3 ,

1
2 0, 1

2 ,
1
2

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) c x,x,z (5) c x,0,z (6) c 0,y,z
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CONTINUED No. 159 P31c

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

6 c 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄ + y, x̄,z
(4) y,x,z+ 1

2 (5) x− y, ȳ,z+ 1
2 (6) x̄, x̄ + y,z+ 1

2

hh2hl : l = 2n
000l : l = 2n

Special: as above, plus

2 b 3 . . 1
3 ,

2
3 ,z

2
3 ,

1
3 ,z+ 1

2 hkil : l = 2n
or h− k = 3n + 1
or h− k = 3n + 2

2 a 3 . . 0,0,z 0,0,z+ 1
2 hkil : l = 2n

Symmetry of special projections
Along [001] p31m
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1g1
a′ = 1

2(a + 2b) b′ = c
Origin at x,0,0

Along [210] p1
a′ = 1

2 b b′ = 1
2 c

Origin at x, 1
2 x,0

Maximal non-isomorphic subgroups
I [2] P311 (P3, 143) 1; 2; 3{

[3] P11c (C c, 9) 1; 4
[3] P11c (C c, 9) 1; 5
[3] P11c (C c, 9) 1; 6

IIa none
IIb [3] H 31c (a′ = 3a,b′ = 3b) (P3c1, 158); [3] R3c (a′ = a−b,b′ = a + 2b,c′ = 3c) (161);

[3] R3c (a′ = 2a + b,b′ = −a + b,c′ = 3c) (161)

Maximal isomorphic subgroups of lowest index
IIc [3] P31c (c′ = 3c) (159); [4] P31c (a′ = 2a,b′ = 2b) (159)

Minimal non-isomorphic supergroups
I [2] P 3̄1c (163); [2] P6cc (184); [2] P63 mc (186); [2] P 6̄ 2c (190)

II [3] H 31c (P3c1, 158); [2] P31m (c′ = 1
2 c) (157)
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R3m C5
3v 3m Trigonal

No. 160 R3m Patterson symmetry R 3̄m

HEXAGONAL AXES

Origin on 3m

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 2

3 ; 0 ≤ z ≤ 1
3 ; x ≤ 2y; y ≤ min(1− x,2x)

Vertices 0,0,0 2
3 ,

1
3 ,0

1
3 ,

2
3 ,0

0,0, 1
3

2
3 ,

1
3 ,

1
3

1
3 ,

2
3 ,

1
3

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) m x, x̄,z (5) m x,2x,z (6) m 2x,x,z

For ( 2
3 ,

1
3 ,

1
3 )+ set

(1) t( 2
3 ,

1
3 ,

1
3 ) (2) 3+(0,0, 1

3 ) 1
3 ,

1
3 ,z (3) 3−(0,0, 1

3) 1
3 ,0,z

(4) g( 1
6 ,− 1

6 ,
1
3 ) x + 1

2 , x̄,z (5) g( 1
6 ,

1
3 ,

1
3 ) x + 1

4 ,2x,z (6) g( 2
3 ,

1
3 ,

1
3) 2x,x,z

For ( 1
3 ,

2
3 ,

2
3 )+ set

(1) t( 1
3 ,

2
3 ,

2
3 ) (2) 3+(0,0, 2

3 ) 0, 1
3 ,z (3) 3−(0,0, 2

3) 1
3 ,

1
3 ,z

(4) g(− 1
6 ,

1
6 ,

2
3 ) x + 1

2 , x̄,z (5) g( 1
3 ,

2
3 ,

2
3 ) x,2x,z (6) g( 1

3 ,
1
6 ,

2
3) 2x− 1

2 ,x,z
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CONTINUED No. 160 R3m

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 2
3 ,

1
3 ,

1
3 ); (2); (4)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 2
3 ,

1
3 ,

1
3 )+ ( 1

3 ,
2
3 ,

2
3)+

Reflection conditions

General:

18 c 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄ + y, x̄,z
(4) ȳ, x̄,z (5) x̄+ y,y,z (6) x,x− y,z

hkil : −h + k + l = 3n
hki0 : −h + k = 3n
hh2hl : l = 3n
hh̄0l : h + l = 3n
000l : l = 3n
hh̄00 : h = 3n

Special: no extra conditions

9 b . m x, x̄,z x,2x,z 2x̄, x̄,z

3 a 3 m 0,0,z

Symmetry of special projections
Along [001] p31m
a′ = 1

3(2a + b) b′ = 1
3(−a + b)

Origin at 0,0,z

Along [100] p1
a′ = 1

2 (a + 2b) b′ = 1
3 (−a−2b+ c)

Origin at x,0,0

Along [210] p1m1
a′ = 1

2 b b′ = 1
3 c

Origin at x, 1
2 x,0

Maximal non-isomorphic subgroups
I [2] R31 (R3, 146) (1; 2; 3)+{

[3] R1m (C m, 8) (1; 4)+
[3] R1m (C m, 8) (1; 5)+
[3] R1m (C m, 8) (1; 6)+

IIa [3] P3m1 (156) 1; 2; 3; 4; 5; 6

IIb [2] R3c (a′ = −a,b′ = −b,c′ = 2c) (161)

Maximal isomorphic subgroups of lowest index
IIc [2] R3m (a′ = −a,b′ = −b,c′ = 2c) (160); [4] R3m (a′ = −2a,b′ = −2b) (160)

Minimal non-isomorphic supergroups
I [2] R 3̄m (166); [4] P 4̄ 3m (215); [4] F 4̄ 3m (216); [4] I 4̄ 3m (217)

II [3] P31m (a′ = 1
3 (2a + b),b′ = 1

3 (−a + b),c′ = 1
3 c) (157)

529



R3m C5
3v 3m Trigonal

No. 160 R3m Patterson symmetry R 3̄m

RHOMBOHEDRAL AXES

Origin on 3m

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1; y ≤ x; z ≤ y

Vertices 0,0,0 1,0,0 1,1,0 1,1,1

Symmetry operations

(1) 1 (2) 3+ x,x,x (3) 3− x,x,x
(4) m x,y,x (5) m x,x,z (6) m x,y,y
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CONTINUED No. 160 R3m

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

6 c 1 (1) x,y,z (2) z,x,y (3) y,z,x
(4) z,y,x (5) y,x,z (6) x,z,y

no conditions

Special: no extra conditions

3 b . m x,x,z z,x,x x,z,x

1 a 3 m x,x,x

Symmetry of special projections
Along [111] p31m
a′ = 1

3(2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [11̄0] p1
a′ = 1

2 (a + b−2c) b′ = c
Origin at x, x̄,0

Along [21̄1̄] p1m1
a′ = 1

2(b− c) b′ = 1
3(a + b+ c)

Origin at 2x, x̄, x̄

Maximal non-isomorphic subgroups
I [2] R31 (R3, 146) 1; 2; 3{

[3] R1m (C m, 8) 1; 4
[3] R1m (C m, 8) 1; 5
[3] R1m (C m, 8) 1; 6

IIa none

IIb [2] F 3c (a′ = 2a,b′ = 2b,c′ = 2c) (R3c, 161); [3] P3m1 (a′ = a−b,b′ = b− c,c′ = a + b+ c) (156)

Maximal isomorphic subgroups of lowest index
IIc [2] R3m (a′ = b+ c,b′ = a + c,c′ = a + b) (160); [4] R3m (a′ = −a + b+ c,b′ = a−b+ c,c′ = a + b− c) (160)

Minimal non-isomorphic supergroups
I [2] R 3̄m (166); [4] P 4̄ 3m (215); [4] F 4̄ 3m (216); [4] I 4̄ 3m (217)
II [3] P31m (a′ = 1

3 (2a−b− c),b′ = 1
3 (−a + 2b− c),c′ = 1

3 (a + b+ c)) (157)
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R3c C6
3v 3m Trigonal

No. 161 R3c Patterson symmetry R 3̄m

HEXAGONAL AXES

Origin on 3c

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 2

3 ; 0 ≤ z ≤ 1
6 ; x ≤ (1 + y)/2; y ≤ min(1− x,(1 + x)/2)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
3 ,

2
3 ,0 0, 1

2 ,0

0,0, 1
6

1
2 ,0, 1

6
2
3 ,

1
3 ,

1
6

1
3 ,

2
3 ,

1
6 0, 1

2 ,
1
6

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) c x, x̄,z (5) c x,2x,z (6) c 2x,x,z

For ( 2
3 ,

1
3 ,

1
3 )+ set

(1) t( 2
3 ,

1
3 ,

1
3 ) (2) 3+(0,0, 1

3 ) 1
3 ,

1
3 ,z (3) 3−(0,0, 1

3) 1
3 ,0,z

(4) g( 1
6 ,− 1

6 ,
5
6 ) x + 1

2 , x̄,z (5) g( 1
6 ,

1
3 ,

5
6 ) x + 1

4 ,2x,z (6) g( 2
3 ,

1
3 ,

5
6) 2x,x,z

For ( 1
3 ,

2
3 ,

2
3 )+ set

(1) t( 1
3 ,

2
3 ,

2
3 ) (2) 3+(0,0, 2

3 ) 0, 1
3 ,z (3) 3−(0,0, 2

3) 1
3 ,

1
3 ,z

(4) g(− 1
6 ,

1
6 ,

1
6 ) x + 1

2 , x̄,z (5) g( 1
3 ,

2
3 ,

1
6 ) x,2x,z (6) g( 1

3 ,
1
6 ,

1
6) 2x− 1

2 ,x,z
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CONTINUED No. 161 R3c

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 2
3 ,

1
3 ,

1
3 ); (2); (4)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 2
3 ,

1
3 ,

1
3 )+ ( 1

3 ,
2
3 ,

2
3)+

Reflection conditions

General:

18 b 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄ + y, x̄,z
(4) ȳ, x̄,z+ 1

2 (5) x̄ + y,y,z+ 1
2 (6) x,x− y,z+ 1

2

hkil : −h + k + l = 3n
hki0 : −h + k = 3n
hh2hl : l = 3n
hh̄0l : h + l = 3n, l = 2n
000l : l = 6n
hh̄00 : h = 3n

Special: as above, plus

6 a 3 . 0,0,z 0,0,z+ 1
2 hkil : l = 2n

Symmetry of special projections
Along [001] p31m
a′ = 1

3(2a + b) b′ = 1
3(−a + b)

Origin at 0,0,z

Along [100] p1
a′ = 1

6(2a + 4b+ c) b′ = 1
6(−a−2b+ c)

Origin at x,0,0

Along [210] p1g1
a′ = 1

2 b b′ = 1
3 c

Origin at x, 1
2 x,0

Maximal non-isomorphic subgroups
I [2] R31 (R3, 146) (1; 2; 3)+{

[3] R1c (C c, 9) (1; 4)+
[3] R1c (C c, 9) (1; 5)+
[3] R1c (C c, 9) (1; 6)+

IIa [3] P3c1 (158) 1; 2; 3; 4; 5; 6

IIb none

Maximal isomorphic subgroups of lowest index
IIc [4] R3c (a′ = −2a,b′ = −2b) (161); [5] R3c (a′ = −a,b′ = −b,c′ = 5c) (161)

Minimal non-isomorphic supergroups
I [2] R 3̄c (167); [4] P 4̄ 3n (218); [4] F 4̄3c (219); [4] I 4̄3d (220)
II [2] R3m (a′ = −a,b′ = −b,c′ = 1

2 c) (160); [3] P31c (a′ = 1
3 (2a + b),b′ = 1

3 (−a + b),c′ = 1
3 c) (159)
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R3c C6
3v 3m Trigonal

No. 161 R3c Patterson symmetry R 3̄m

RHOMBOHEDRAL AXES

Origin on 3c

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1; y ≤ x; z ≤ y

Vertices 0,0,0 1,0,0 1,1,0 1,1,1

Symmetry operations

(1) 1 (2) 3+ x,x,x (3) 3− x,x,x
(4) n( 1

2 ,
1
2 ,

1
2 ) x,y,x (5) n( 1

2 ,
1
2 ,

1
2) x,x,z (6) n( 1

2 ,
1
2 ,

1
2 ) x,y,y

534



CONTINUED No. 161 R3c

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

6 b 1 (1) x,y,z (2) z,x,y (3) y,z,x
(4) z+ 1

2 ,y + 1
2 ,x + 1

2 (5) y + 1
2 ,x + 1

2 ,z+ 1
2 (6) x + 1

2 ,z+ 1
2 ,y + 1

2

hhl : l = 2n
hhh : h = 2n

Special: as above, plus

2 a 3 . x,x,x x + 1
2 ,x + 1

2 ,x + 1
2 hkl : h + k + l = 2n

Symmetry of special projections
Along [111] p31m
a′ = 1

3(2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [11̄0] p1
a′ = 1

2(a + b−2c) b′ = 1
2 c

Origin at x, x̄,0

Along [21̄1̄] p1g1
a′ = 1

2 (b− c) b′ = 1
3 (a + b+ c)

Origin at 2x, x̄, x̄

Maximal non-isomorphic subgroups
I [2] R31 (R3, 146) 1; 2; 3{

[3] R1c (C c, 9) 1; 4
[3] R1c (C c, 9) 1; 5
[3] R1c (C c, 9) 1; 6

IIa none

IIb [3] P3c1 (a′ = a−b,b′ = b− c,c′ = a + b+ c) (158)

Maximal isomorphic subgroups of lowest index
IIc [4] R3c (a′ = −a + b+ c,b′ = a−b+ c,c′ = a + b− c) (161); [5] R3c (a′ = a + 2b+ 2c,b′ = 2a + b+ 2c,c′ = 2a + 2b+ c) (161)

Minimal non-isomorphic supergroups
I [2] R 3̄c (167); [4] P 4̄ 3n (218); [4] F 4̄3c (219); [4] I 4̄3d (220)

II [2] R3m (a′ = 1
2 (−a + b+ c),b′ = 1

2(a−b+ c),c′ = 1
2(a + b− c)) (160);

[3] P31c (a′ = 1
3(2a−b− c),b′ = 1

3 (−a + 2b− c),c′ = 1
3 (a + b+ c)) (159)
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P 3̄1m D1
3d 3̄1m Trigonal

No. 162 P 3̄12/m Patterson symmetry P 3̄ 1m

Origin at centre (3̄ 1m)

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2 ; x ≤ (1 + y)/2; y ≤ min(1− x,x)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
2 ,

1
2 ,0

0,0, 1
2

1
2 ,0, 1

2
2
3 ,

1
3 ,

1
2

1
2 ,

1
2 ,

1
2

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 x, x̄,0 (5) 2 x,2x,0 (6) 2 2x,x,0
(7) 1̄ 0,0,0 (8) 3̄+ 0,0,z; 0,0,0 (9) 3̄− 0,0,z; 0,0,0

(10) m x,x,z (11) m x,0,z (12) m 0,y,z
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CONTINUED No. 162 P 3̄1m

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4); (7)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

12 l 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄+ y, x̄,z
(4) ȳ, x̄, z̄ (5) x̄+ y,y, z̄ (6) x,x− y, z̄
(7) x̄, ȳ, z̄ (8) y, x̄ + y, z̄ (9) x− y,x, z̄

(10) y,x,z (11) x− y, ȳ,z (12) x̄, x̄ + y,z

no conditions

Special: no extra conditions

6 k . . m x,0,z 0,x,z x̄, x̄,z 0, x̄, z̄ x̄,0, z̄ x,x, z̄

6 j . . 2 x, x̄, 1
2 x,2x, 1

2 2x̄, x̄, 1
2 x̄,x, 1

2 x̄,2x̄, 1
2 2x,x, 1

2

6 i . . 2 x, x̄,0 x,2x,0 2x̄, x̄,0 x̄,x,0 x̄,2x̄,0 2x,x,0

4 h 3 . . 1
3 ,

2
3 ,z

1
3 ,

2
3 , z̄

2
3 ,

1
3 , z̄

2
3 ,

1
3 ,z

3 g . . 2/m 1
2 ,0, 1

2 0, 1
2 ,

1
2

1
2 ,

1
2 ,

1
2

3 f . . 2/m 1
2 ,0,0 0, 1

2 ,0
1
2 ,

1
2 ,0

2 e 3 . m 0,0,z 0,0, z̄

2 d 3 . 2 1
3 ,

2
3 ,

1
2

2
3 ,

1
3 ,

1
2

2 c 3 . 2 1
3 ,

2
3 ,0

2
3 ,

1
3 ,0

1 b 3̄ . m 0,0, 1
2

1 a 3̄ . m 0,0,0

Symmetry of special projections
Along [001] p6mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = 1

2(a + 2b) b′ = c
Origin at x,0,0

Along [210] p2
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

Maximal non-isomorphic subgroups
I [2] P31m (157) 1; 2; 3; 10; 11; 12

[2] P312 (149) 1; 2; 3; 4; 5; 6
[2] P 3̄11 (P 3̄, 147) 1; 2; 3; 7; 8; 9{
[3] P112/m (C 2/m, 12) 1; 4; 7; 10
[3] P112/m (C 2/m, 12) 1; 5; 7; 11
[3] P112/m (C 2/m, 12) 1; 6; 7; 12

IIa none

IIb [2] P 3̄1c (c′ = 2c) (163); [3] H 3̄ 1m (a′ = 3a,b′ = 3b) (P 3̄m1, 164); [3] R 3̄m (a′ = a−b,b′ = a + 2b,c′ = 3c) (166);
[3] R 3̄m (a′ = 2a + b,b′ = −a + b,c′ = 3c) (166)

Maximal isomorphic subgroups of lowest index
IIc [2] P 3̄1m (c′ = 2c) (162); [4] P 3̄ 1m (a′ = 2a,b′ = 2b) (162)

Minimal non-isomorphic supergroups
I [2] P6/mmm (191); [2] P63/mcm (193)

II [3] H 3̄1m (P 3̄m1, 164)
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P 3̄1c D2
3d 3̄1m Trigonal

No. 163 P 3̄12/c Patterson symmetry P 3̄ 1m

Origin at centre (3̄) at 3̄1c

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 2

3 ; 0 ≤ z ≤ 1
4 ; x ≤ (1 + y)/2; y ≤ min(1− x,(1 + x)/2)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
3 ,

2
3 ,0 0, 1

2 ,0

0,0, 1
4

1
2 ,0, 1

4
2
3 ,

1
3 ,

1
4

1
3 ,

2
3 ,

1
4 0, 1

2 ,
1
4

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 x, x̄, 1

4 (5) 2 x,2x, 1
4 (6) 2 2x,x, 1

4

(7) 1̄ 0,0,0 (8) 3̄+ 0,0,z; 0,0,0 (9) 3̄− 0,0,z; 0,0,0
(10) c x,x,z (11) c x,0,z (12) c 0,y,z
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CONTINUED No. 163 P 3̄ 1c

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4); (7)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

12 i 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄ + y, x̄,z
(4) ȳ, x̄, z̄+ 1

2 (5) x̄ + y,y, z̄+ 1
2 (6) x,x− y, z̄+ 1

2

(7) x̄, ȳ, z̄ (8) y, x̄ + y, z̄ (9) x− y,x, z̄
(10) y,x,z+ 1

2 (11) x− y, ȳ,z+ 1
2 (12) x̄, x̄ + y,z+ 1

2

hh2hl : l = 2n
000l : l = 2n

Special: as above, plus

6 h . . 2 x, x̄, 1
4 x,2x, 1

4 2x̄, x̄, 1
4 x̄,x, 3

4 x̄,2x̄, 3
4 2x,x, 3

4 no extra conditions

6 g 1̄ 1
2 ,0,0 0, 1

2 ,0
1
2 ,

1
2 ,0 0, 1

2 ,
1
2

1
2 ,0, 1

2
1
2 ,

1
2 ,

1
2 hkil : l = 2n

4 f 3 . . 1
3 ,

2
3 ,z

1
3 ,

2
3 , z̄+ 1

2
2
3 ,

1
3 , z̄

2
3 ,

1
3 ,z+ 1

2 hkil : l = 2n
or h− k = 3n + 1
or h− k = 3n + 2

4 e 3 . . 0,0,z 0,0, z̄+ 1
2 0,0, z̄ 0,0,z+ 1

2 hkil : l = 2n

2 d 3 . 2 2
3 ,

1
3 ,

1
4

1
3 ,

2
3 ,

3
4 hkil : l = 2n

or h− k = 3n + 1
or h− k = 3n + 2

2 c 3 . 2 1
3 ,

2
3 ,

1
4

2
3 ,

1
3 ,

3
4 hkil : l = 2n

or h− k = 3n + 1
or h− k = 3n + 2

2 b 3̄ . . 0,0,0 0,0, 1
2 hkil : l = 2n

2 a 3 . 2 0,0, 1
4 0,0, 3

4 hkil : l = 2n

Symmetry of special projections
Along [001] p6mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2gm
a′ = 1

2 (a + 2b) b′ = c
Origin at x,0,0

Along [210] p2
a′ = 1

2 b b′ = 1
2 c

Origin at x, 1
2 x,0

Maximal non-isomorphic subgroups
I [2] P31c (159) 1; 2; 3; 10; 11; 12

[2] P312 (149) 1; 2; 3; 4; 5; 6
[2] P 3̄11 (P 3̄, 147) 1; 2; 3; 7; 8; 9{
[3] P112/c (C 2/c, 15) 1; 4; 7; 10
[3] P112/c (C 2/c, 15) 1; 5; 7; 11
[3] P112/c (C 2/c, 15) 1; 6; 7; 12

IIa none

IIb [3] H 3̄1c (a′ = 3a,b′ = 3b) (P 3̄c1, 165); [3] R 3̄c (a′ = a−b,b′ = a + 2b,c′ = 3c) (167);
[3] R 3̄c (a′ = 2a + b,b′ = −a + b,c′ = 3c) (167)

Maximal isomorphic subgroups of lowest index
IIc [3] P 3̄1c (c′ = 3c) (163); [4] P 3̄ 1c (a′ = 2a,b′ = 2b) (163)

Minimal non-isomorphic supergroups
I [2] P6/mcc (192); [2] P63/mmc (194)

II [3] H 3̄1c (P 3̄c1, 165); [2] P 3̄ 1m (c′ = 1
2 c) (162)
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P 3̄m1 D3
3d 3̄m1 Trigonal

No. 164 P 3̄2/m1 Patterson symmetry P 3̄m1

Origin at centre (3̄m1)

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

3 ; 0 ≤ z ≤ 1; x ≤ (1 + y)/2; y ≤ x/2

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

0,0,1 1
2 ,0,1 2

3 ,
1
3 ,1

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 x,x,0 (5) 2 x,0,0 (6) 2 0,y,0
(7) 1̄ 0,0,0 (8) 3̄+ 0,0,z; 0,0,0 (9) 3̄− 0,0,z; 0,0,0

(10) m x, x̄,z (11) m x,2x,z (12) m 2x,x,z
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CONTINUED No. 164 P 3̄m1

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4); (7)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

12 j 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄+ y, x̄,z
(4) y,x, z̄ (5) x− y, ȳ, z̄ (6) x̄, x̄ + y, z̄
(7) x̄, ȳ, z̄ (8) y, x̄ + y, z̄ (9) x− y,x, z̄

(10) ȳ, x̄,z (11) x̄+ y,y,z (12) x,x− y,z

no conditions

Special: no extra conditions

6 i . m . x, x̄,z x,2x,z 2x̄, x̄,z x̄,x, z̄ 2x,x, z̄ x̄,2x̄, z̄

6 h . 2 . x,0, 1
2 0,x, 1

2 x̄, x̄, 1
2 x̄,0, 1

2 0, x̄, 1
2 x,x, 1

2

6 g . 2 . x,0,0 0,x,0 x̄, x̄,0 x̄,0,0 0, x̄,0 x,x,0

3 f . 2/m . 1
2 ,0, 1

2 0, 1
2 ,

1
2

1
2 ,

1
2 ,

1
2

3 e . 2/m . 1
2 ,0,0 0, 1

2 ,0
1
2 ,

1
2 ,0

2 d 3 m . 1
3 ,

2
3 ,z

2
3 ,

1
3 , z̄

2 c 3 m . 0,0,z 0,0, z̄

1 b 3̄ m . 0,0, 1
2

1 a 3̄ m . 0,0,0

Symmetry of special projections
Along [001] p6mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2
a′ = 1

2(a + 2b) b′ = c
Origin at x,0,0

Along [210] p2mm
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

Maximal non-isomorphic subgroups
I [2] P3m1 (156) 1; 2; 3; 10; 11; 12

[2] P321 (150) 1; 2; 3; 4; 5; 6
[2] P 3̄11 (P 3̄, 147) 1; 2; 3; 7; 8; 9{
[3] P12/m1 (C 2/m, 12) 1; 4; 7; 10
[3] P12/m1 (C 2/m, 12) 1; 5; 7; 11
[3] P12/m1 (C 2/m, 12) 1; 6; 7; 12

IIa none

IIb [2] P 3̄c1 (c′ = 2c) (165); [3] H 3̄m1 (a′ = 3a,b′ = 3b) (P 3̄ 1m, 162)

Maximal isomorphic subgroups of lowest index
IIc [2] P 3̄m1 (c′ = 2c) (164); [4] P 3̄m1 (a′ = 2a,b′ = 2b) (164)

Minimal non-isomorphic supergroups
I [2] P6/mmm (191); [2] P63/mmc (194)

II [3] H 3̄m1 (P 3̄ 1m, 162); [3] R 3̄m (obverse) (166); [3] R 3̄m (reverse) (166)
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P 3̄c1 D4
3d 3̄m1 Trigonal

No. 165 P 3̄2/c1 Patterson symmetry P 3̄m1

Origin at centre (3̄) at 3̄c1

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 2

3 ; 0 ≤ z ≤ 1
4 ; x ≤ (1 + y)/2; y ≤ min(1− x,(1 + x)/2)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
3 ,

2
3 ,0 0, 1

2 ,0

0,0, 1
4

1
2 ,0, 1

4
2
3 ,

1
3 ,

1
4

1
3 ,

2
3 ,

1
4 0, 1

2 ,
1
4

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 x,x, 1

4 (5) 2 x,0, 1
4 (6) 2 0,y, 1

4

(7) 1̄ 0,0,0 (8) 3̄+ 0,0,z; 0,0,0 (9) 3̄− 0,0,z; 0,0,0
(10) c x, x̄,z (11) c x,2x,z (12) c 2x,x,z
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CONTINUED No. 165 P 3̄c1

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4); (7)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

12 g 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄ + y, x̄,z
(4) y,x, z̄ + 1

2 (5) x− y, ȳ, z̄+ 1
2 (6) x̄, x̄ + y, z̄+ 1

2

(7) x̄, ȳ, z̄ (8) y, x̄ + y, z̄ (9) x− y,x, z̄
(10) ȳ, x̄,z+ 1

2 (11) x̄ + y,y,z+ 1
2 (12) x,x− y,z+ 1

2

hh̄0l : l = 2n
000l : l = 2n

Special: as above, plus

6 f . 2 . x,0, 1
4 0,x, 1

4 x̄, x̄, 1
4 x̄,0, 3

4 0, x̄, 3
4 x,x, 3

4 no extra conditions

6 e 1̄ 1
2 ,0,0 0, 1

2 ,0
1
2 ,

1
2 ,0 0, 1

2 ,
1
2

1
2 ,0, 1

2
1
2 ,

1
2 ,

1
2 hkil : l = 2n

4 d 3 . . 1
3 ,

2
3 ,z

2
3 ,

1
3 , z̄+ 1

2
2
3 ,

1
3 , z̄

1
3 ,

2
3 ,z+ 1

2 hkil : l = 2n

4 c 3 . . 0,0,z 0,0, z̄+ 1
2 0,0, z̄ 0,0,z+ 1

2 hkil : l = 2n

2 b 3̄ . . 0,0,0 0,0, 1
2 hkil : l = 2n

2 a 3 2 . 0,0, 1
4 0,0, 3

4 hkil : l = 2n

Symmetry of special projections
Along [001] p6mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2
a′ = 1

2 (a + 2b) b′ = 1
2 c

Origin at x,0,0

Along [210] p2gm
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

Maximal non-isomorphic subgroups
I [2] P3c1 (158) 1; 2; 3; 10; 11; 12

[2] P321 (150) 1; 2; 3; 4; 5; 6
[2] P 3̄11 (P 3̄, 147) 1; 2; 3; 7; 8; 9{
[3] P12/c1 (C 2/c, 15) 1; 4; 7; 10
[3] P12/c1 (C 2/c, 15) 1; 5; 7; 11
[3] P12/c1 (C 2/c, 15) 1; 6; 7; 12

IIa none

IIb [3] H 3̄c1 (a′ = 3a,b′ = 3b) (P 3̄1c, 163)

Maximal isomorphic subgroups of lowest index
IIc [3] P 3̄c1 (c′ = 3c) (165); [4] P 3̄c1 (a′ = 2a,b′ = 2b) (165)

Minimal non-isomorphic supergroups
I [2] P6/mcc (192); [2] P63/mcm (193)

II [3] H 3̄c1 (P 3̄ 1c, 163); [3] R 3̄c (obverse) (167); [3] R 3̄c (reverse) (167); [2] P 3̄m1 (c′ = 1
2 c) (164)
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R 3̄m D5
3d 3̄m Trigonal

No. 166 R 3̄2/m Patterson symmetry R 3̄m

HEXAGONAL AXES

Origin at centre (3̄m)

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 2

3 ; 0 ≤ z ≤ 1
6 ; x ≤ 2y; y ≤ min(1− x,2x)

Vertices 0,0,0 2
3 ,

1
3 ,0

1
3 ,

2
3 ,0

0,0, 1
6

2
3 ,

1
3 ,

1
6

1
3 ,

2
3 ,

1
6
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CONTINUED No. 166 R 3̄m

Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 x,x,0 (5) 2 x,0,0 (6) 2 0,y,0
(7) 1̄ 0,0,0 (8) 3̄+ 0,0,z; 0,0,0 (9) 3̄− 0,0,z; 0,0,0

(10) m x, x̄,z (11) m x,2x,z (12) m 2x,x,z

For ( 2
3 ,

1
3 ,

1
3 )+ set

(1) t( 2
3 ,

1
3 ,

1
3) (2) 3+(0,0, 1

3) 1
3 ,

1
3 ,z (3) 3−(0,0, 1

3) 1
3 ,0,z

(4) 2( 1
2 ,

1
2 ,0) x,x− 1

6 ,
1
6 (5) 2( 1

2 ,0,0) x, 1
6 ,

1
6 (6) 2 1

3 ,y,
1
6

(7) 1̄ 1
3 ,

1
6 ,

1
6 (8) 3̄+ 1

3 ,− 1
3 ,z; 1

3 ,− 1
3 ,

1
6 (9) 3̄− 1

3 ,
2
3 ,z; 1

3 ,
2
3 ,

1
6

(10) g( 1
6 ,− 1

6 ,
1
3 ) x + 1

2 , x̄,z (11) g( 1
6 ,

1
3 ,

1
3 ) x + 1

4 ,2x,z (12) g( 2
3 ,

1
3 ,

1
3 ) 2x,x,z

For ( 1
3 ,

2
3 ,

2
3 )+ set

(1) t( 1
3 ,

2
3 ,

2
3) (2) 3+(0,0, 2

3) 0, 1
3 ,z (3) 3−(0,0, 2

3) 1
3 ,

1
3 ,z

(4) 2( 1
2 ,

1
2 ,0) x,x + 1

6 ,
1
3 (5) 2 x, 1

3 ,
1
3 (6) 2(0, 1

2 ,0) 1
6 ,y,

1
3

(7) 1̄ 1
6 ,

1
3 ,

1
3 (8) 3̄+ 2

3 ,
1
3 ,z; 2

3 ,
1
3 ,

1
3 (9) 3̄− − 1

3 ,
1
3 ,z; − 1

3 ,
1
3 ,

1
3

(10) g(− 1
6 ,

1
6 ,

2
3 ) x + 1

2 , x̄,z (11) g( 1
3 ,

2
3 ,

2
3 ) x,2x,z (12) g( 1

3 ,
1
6 ,

2
3 ) 2x− 1

2 ,x,z

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 2
3 ,

1
3 ,

1
3 ); (2); (4); (7)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 2
3 ,

1
3 ,

1
3 )+ ( 1

3 ,
2
3 ,

2
3)+

Reflection conditions

General:

36 i 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄+ y, x̄,z
(4) y,x, z̄ (5) x− y, ȳ, z̄ (6) x̄, x̄ + y, z̄
(7) x̄, ȳ, z̄ (8) y, x̄ + y, z̄ (9) x− y,x, z̄

(10) ȳ, x̄,z (11) x̄+ y,y,z (12) x,x− y,z

hkil : −h + k + l = 3n
hki0 : −h + k = 3n
hh2hl : l = 3n
hh̄0l : h + l = 3n
000l : l = 3n
hh̄00 : h = 3n

Special: no extra conditions

18 h . m x, x̄,z x,2x,z 2x̄, x̄,z x̄,x, z̄ 2x,x, z̄ x̄,2x̄, z̄

18 g . 2 x,0, 1
2 0,x, 1

2 x̄, x̄, 1
2 x̄,0, 1

2 0, x̄, 1
2 x,x, 1

2

18 f . 2 x,0,0 0,x,0 x̄, x̄,0 x̄,0,0 0, x̄,0 x,x,0

9 e . 2/m 1
2 ,0,0 0, 1

2 ,0
1
2 ,

1
2 ,0

9 d . 2/m 1
2 ,0, 1

2 0, 1
2 ,

1
2

1
2 ,

1
2 ,

1
2

6 c 3 m 0,0,z 0,0, z̄

3 b 3̄ m 0,0, 1
2

3 a 3̄ m 0,0,0

Symmetry of special projections
Along [001] p6mm
a′ = 1

3(2a + b) b′ = 1
3(−a + b)

Origin at 0,0,z

Along [100] p2
a′ = 1

2(a + 2b) b′ = 1
3(−a−2b+ c)

Origin at x,0,0

Along [210] p2mm
a′ = 1

2 b b′ = 1
3 c

Origin at x, 1
2 x,0
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R 3̄m No. 166 CONTINUED

HEXAGONAL AXES

Maximal non-isomorphic subgroups
I [2] R3m (160) (1; 2; 3; 10; 11; 12)+

[2] R32 (155) (1; 2; 3; 4; 5; 6)+
[2] R 3̄1 (R 3̄, 148) (1; 2; 3; 7; 8; 9)+{
[3] R12/m (C 2/m, 12) (1; 4; 7; 10)+
[3] R12/m (C 2/m, 12) (1; 5; 7; 11)+
[3] R12/m (C 2/m, 12) (1; 6; 7; 12)+

IIa
⎧⎨
⎩

[3] P 3̄m1 (164) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12
[3] P 3̄m1 (164) 1; 2; 3; 10; 11; 12; (4; 5; 6; 7; 8; 9)+ ( 2

3 ,
1
3 ,

1
3 )

[3] P 3̄m1 (164) 1; 2; 3; 10; 11; 12; (4; 5; 6; 7; 8; 9)+ ( 1
3 ,

2
3 ,

2
3 )

IIb [2] R 3̄c (a′ = −a,b′ = −b,c′ = 2c) (167)

Maximal isomorphic subgroups of lowest index
IIc [2] R 3̄m (a′ = −a,b′ = −b,c′ = 2c) (166); [4] R 3̄m (a′ = −2a,b′ = −2b) (166)

Minimal non-isomorphic supergroups
I [4] Pm 3̄m (221); [4] Pn 3̄m (224); [4] F m 3̄m (225); [4] F d 3̄m (227); [4] I m 3̄m (229)

II [3] P 3̄1m (a′ = 1
3 (2a + b),b′ = 1

3 (−a + b),c′ = 1
3 c) (162)

RHOMBOHEDRAL AXES

Maximal non-isomorphic subgroups
I [2] R3m (160) 1; 2; 3; 10; 11; 12

[2] R32 (155) 1; 2; 3; 4; 5; 6
[2] R 3̄1 (R 3̄, 148) 1; 2; 3; 7; 8; 9{
[3] R12/m (C 2/m, 12) 1; 4; 7; 10
[3] R12/m (C 2/m, 12) 1; 5; 7; 11
[3] R12/m (C 2/m, 12) 1; 6; 7; 12

IIa none

IIb [2] F 3̄c (a′ = 2a,b′ = 2b,c′ = 2c) (R 3̄c, 167); [3] P 3̄m1 (a′ = a−b,b′ = b− c,c′ = a + b+ c) (164)

Maximal isomorphic subgroups of lowest index
IIc [2] R 3̄m (a′ = b+ c,b′ = a + c,c′ = a + b) (166); [4] R 3̄m (a′ = −a + b+ c,b′ = a−b+ c,c′ = a + b− c) (166)

Minimal non-isomorphic supergroups
I [4] Pm 3̄m (221); [4] Pn 3̄m (224); [4] F m 3̄m (225); [4] F d 3̄m (227); [4] I m 3̄m (229)

II [3] P 3̄1m (a′ = 1
3 (2a−b− c),b′ = 1

3 (−a + 2b− c),c′ = 1
3 (a + b+ c)) (162)
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Trigonal 3̄m D5
3d R 3̄m

Patterson symmetry R 3̄m R 3̄2/m No. 166
RHOMBOHEDRAL AXES
(For drawings see hexagonal axes)

Origin at centre (3̄m)

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
2 ; y ≤ x; z ≤ min(y,1− x)

Vertices 0,0,0 1,0,0 1,1,0 1
2 ,

1
2 ,

1
2

Symmetry operations

(1) 1 (2) 3+ x,x,x (3) 3− x,x,x
(4) 2 x̄,0,x (5) 2 x, x̄,0 (6) 2 0,y, ȳ
(7) 1̄ 0,0,0 (8) 3̄+ x,x,x; 0,0,0 (9) 3̄− x,x,x; 0,0,0

(10) m x,y,x (11) m x,x,z (12) m x,y,y

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4); (7)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

12 i 1 (1) x,y,z (2) z,x,y (3) y,z,x
(4) z̄, ȳ, x̄ (5) ȳ, x̄, z̄ (6) x̄, z̄, ȳ
(7) x̄, ȳ, z̄ (8) z̄, x̄, ȳ (9) ȳ, z̄, x̄

(10) z,y,x (11) y,x,z (12) x,z,y

no conditions

Special: no extra conditions

6 h . m x,x,z z,x,x x,z,x z̄, x̄, x̄ x̄, x̄, z̄ x̄, z̄, x̄

6 g . 2 x, x̄, 1
2

1
2 ,x, x̄ x̄, 1

2 ,x x̄,x, 1
2

1
2 , x̄,x x, 1

2 , x̄

6 f . 2 x, x̄,0 0,x, x̄ x̄,0,x x̄,x,0 0, x̄,x x,0, x̄

3 e . 2/m 0, 1
2 ,

1
2

1
2 ,0, 1

2
1
2 ,

1
2 ,0

3 d . 2/m 1
2 ,0,0 0, 1

2 ,0 0,0, 1
2

2 c 3 m x,x,x x̄, x̄, x̄

1 b 3̄ m 1
2 ,

1
2 ,

1
2

1 a 3̄ m 0,0,0

Symmetry of special projections
Along [111] p6mm
a′ = 1

3(2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [11̄0] p2
a′ = 1

2 (a + b−2c) b′ = c
Origin at x, x̄,0

Along [21̄1̄] p2mm
a′ = 1

2(b− c) b′ = 1
3(a + b+ c)

Origin at 2x, x̄, x̄

(Continued on preceding page)

547



R 3̄c D6
3d 3̄m Trigonal

No. 167 R 3̄2/c Patterson symmetry R 3̄m

HEXAGONAL AXES

Origin at centre (3̄) at 3̄c

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 2

3 ; 0 ≤ z ≤ 1
12 ; x ≤ (1 + y)/2; y ≤ min(1− x,(1 + x)/2)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
3 ,

2
3 ,0 0, 1

2 ,0

0,0, 1
12

1
2 ,0, 1

12
2
3 ,

1
3 ,

1
12

1
3 ,

2
3 ,

1
12 0, 1

2 ,
1
12
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CONTINUED No. 167 R 3̄c

Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 x,x, 1

4 (5) 2 x,0, 1
4 (6) 2 0,y, 1

4

(7) 1̄ 0,0,0 (8) 3̄+ 0,0,z; 0,0,0 (9) 3̄− 0,0,z; 0,0,0
(10) c x, x̄,z (11) c x,2x,z (12) c 2x,x,z

For ( 2
3 ,

1
3 ,

1
3 )+ set

(1) t( 2
3 ,

1
3 ,

1
3) (2) 3+(0,0, 1

3) 1
3 ,

1
3 ,z (3) 3−(0,0, 1

3) 1
3 ,0,z

(4) 2( 1
2 ,

1
2 ,0) x,x− 1

6 ,
5
12 (5) 2( 1

2 ,0,0) x, 1
6 ,

5
12 (6) 2 1

3 ,y,
5

12

(7) 1̄ 1
3 ,

1
6 ,

1
6 (8) 3̄+ 1

3 ,− 1
3 ,z; 1

3 ,− 1
3 ,

1
6 (9) 3̄− 1

3 ,
2
3 ,z; 1

3 ,
2
3 ,

1
6

(10) g( 1
6 ,− 1

6 ,
5
6 ) x + 1

2 , x̄,z (11) g( 1
6 ,

1
3 ,

5
6 ) x + 1

4 ,2x,z (12) g( 2
3 ,

1
3 ,

5
6 ) 2x,x,z

For ( 1
3 ,

2
3 ,

2
3 )+ set

(1) t( 1
3 ,

2
3 ,

2
3) (2) 3+(0,0, 2

3) 0, 1
3 ,z (3) 3−(0,0, 2

3) 1
3 ,

1
3 ,z

(4) 2( 1
2 ,

1
2 ,0) x,x + 1

6 ,
1
12 (5) 2 x, 1

3 ,
1
12 (6) 2(0, 1

2 ,0) 1
6 ,y,

1
12

(7) 1̄ 1
6 ,

1
3 ,

1
3 (8) 3̄+ 2

3 ,
1
3 ,z; 2

3 ,
1
3 ,

1
3 (9) 3̄− − 1

3 ,
1
3 ,z; − 1

3 ,
1
3 ,

1
3

(10) g(− 1
6 ,

1
6 ,

1
6 ) x + 1

2 , x̄,z (11) g( 1
3 ,

2
3 ,

1
6 ) x,2x,z (12) g( 1

3 ,
1
6 ,

1
6 ) 2x− 1

2 ,x,z

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 2
3 ,

1
3 ,

1
3 ); (2); (4); (7)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 2
3 ,

1
3 ,

1
3 )+ ( 1

3 ,
2
3 ,

2
3)+

Reflection conditions

General:

36 f 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄ + y, x̄,z
(4) y,x, z̄ + 1

2 (5) x− y, ȳ, z̄+ 1
2 (6) x̄, x̄ + y, z̄+ 1

2

(7) x̄, ȳ, z̄ (8) y, x̄ + y, z̄ (9) x− y,x, z̄
(10) ȳ, x̄,z+ 1

2 (11) x̄ + y,y,z+ 1
2 (12) x,x− y,z+ 1

2

hkil : −h + k + l = 3n
hki0 : −h + k = 3n
hh2hl : l = 3n
hh̄0l : h + l = 3n, l = 2n
000l : l = 6n
hh̄00 : h = 3n

Special: as above, plus

18 e . 2 x,0, 1
4 0,x, 1

4 x̄, x̄, 1
4 x̄,0, 3

4 0, x̄, 3
4 x,x, 3

4 no extra conditions

18 d 1̄ 1
2 ,0,0 0, 1

2 ,0
1
2 ,

1
2 ,0 0, 1

2 ,
1
2

1
2 ,0, 1

2
1
2 ,

1
2 ,

1
2 hkil : l = 2n

12 c 3 . 0,0,z 0,0, z̄+ 1
2 0,0, z̄ 0,0,z+ 1

2 hkil : l = 2n

6 b 3̄ . 0,0,0 0,0, 1
2 hkil : l = 2n

6 a 3 2 0,0, 1
4 0,0, 3

4 hkil : l = 2n

Symmetry of special projections
Along [001] p6mm
a′ = 1

3(2a + b) b′ = 1
3(−a + b)

Origin at 0,0,z

Along [100] p2
a′ = 1

6(2a + 4b+ c) b′ = 1
6(−a−2b+ c)

Origin at x,0,0

Along [210] p2gm
a′ = 1

2 b b′ = 1
3 c

Origin at x, 1
2 x,0
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R 3̄c No. 167 CONTINUED

HEXAGONAL AXES

Maximal non-isomorphic subgroups
I [2] R3c (161) (1; 2; 3; 10; 11; 12)+

[2] R32 (155) (1; 2; 3; 4; 5; 6)+
[2] R 3̄1 (R 3̄, 148) (1; 2; 3; 7; 8; 9)+{
[3] R12/c (C 2/c, 15) (1; 4; 7; 10)+
[3] R12/c (C 2/c, 15) (1; 5; 7; 11)+
[3] R12/c (C 2/c, 15) (1; 6; 7; 12)+

IIa
⎧⎨
⎩

[3] P 3̄c1 (165) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12
[3] P 3̄c1 (165) 1; 2; 3; 10; 11; 12; (4; 5; 6; 7; 8; 9)+ ( 2

3 ,
1
3 ,

1
3 )

[3] P 3̄c1 (165) 1; 2; 3; 10; 11; 12; (4; 5; 6; 7; 8; 9)+ ( 1
3 ,

2
3 ,

2
3 )

IIb none

Maximal isomorphic subgroups of lowest index
IIc [4] R 3̄c (a′ = −2a,b′ = −2b) (167); [5] R 3̄c (a′ = −a,b′ = −b,c′ = 5c) (167)

Minimal non-isomorphic supergroups
I [4] Pn 3̄n (222); [4] Pm 3̄n (223); [4] F m 3̄c (226); [4] F d 3̄c (228); [4] I a 3̄d (230)

II [2] R 3̄m (a′ = −a,b′ = −b,c′ = 1
2 c) (166); [3] P 3̄ 1c (a′ = 1

3 (2a + b),b′ = 1
3 (−a + b),c′ = 1

3 c) (163)

RHOMBOHEDRAL AXES

Maximal non-isomorphic subgroups
I [2] R3c (161) 1; 2; 3; 10; 11; 12

[2] R32 (155) 1; 2; 3; 4; 5; 6
[2] R 3̄1 (R 3̄, 148) 1; 2; 3; 7; 8; 9{
[3] R12/c (C 2/c, 15) 1; 4; 7; 10
[3] R12/c (C 2/c, 15) 1; 5; 7; 11
[3] R12/c (C 2/c, 15) 1; 6; 7; 12

IIa none

IIb [3] P 3̄c1 (a′ = a−b,b′ = b− c,c′ = a + b+ c) (165)

Maximal isomorphic subgroups of lowest index
IIc [4] R 3̄c (a′ = −a + b+ c,b′ = a−b+ c,c′ = a + b− c) (167); [5] R 3̄c (a′ = a + 2b+ 2c,b′ = 2a + b+ 2c,c′ = 2a + 2b+ c) (167)

Minimal non-isomorphic supergroups
I [4] Pn 3̄n (222); [4] Pm 3̄n (223); [4] F m 3̄c (226); [4] F d 3̄c (228); [4] I a 3̄d (230)

II [2] R 3̄m (a′ = 1
2 (−a + b+ c),b′ = 1

2(a−b+ c),c′ = 1
2(a + b− c)) (166);

[3] P 3̄1c (a′ = 1
3(2a−b− c),b′ = 1

3 (−a + 2b− c),c′ = 1
3 (a + b+ c)) (163)
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Trigonal 3̄m D6
3d R 3̄c

Patterson symmetry R 3̄m R 3̄2/c No. 167
RHOMBOHEDRAL AXES
(For drawings see hexagonal axes)

Origin at centre (3̄) at 3̄c

Asymmetric unit 1
4 ≤ x ≤ 5

4 ; 1
4 ≤ y ≤ 5

4 ; 1
4 ≤ z ≤ 3

4 ; y ≤ x; z ≤ min(y, 3
2 − x)

Vertices 1
4 ,

1
4 ,

1
4

5
4 ,

1
4 ,

1
4

5
4 ,

5
4 ,

1
4

3
4 ,

3
4 ,

3
4

Symmetry operations

(1) 1 (2) 3+ x,x,x (3) 3− x,x,x
(4) 2 x̄+ 1

2 ,
1
4 ,x (5) 2 x, x̄ + 1

2 ,
1
4 (6) 2 1

4 ,y + 1
2 , ȳ

(7) 1̄ 0,0,0 (8) 3̄+ x,x,x; 0,0,0 (9) 3̄− x,x,x; 0,0,0
(10) n( 1

2 ,
1
2 ,

1
2 ) x,y,x (11) n( 1

2 ,
1
2 ,

1
2) x,x,z (12) n( 1

2 ,
1
2 ,

1
2 ) x,y,y

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4); (7)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

12 f 1 (1) x,y,z (2) z,x,y (3) y,z,x
(4) z̄+ 1

2 , ȳ + 1
2 , x̄ + 1

2 (5) ȳ+ 1
2 , x̄ + 1

2 , z̄+ 1
2 (6) x̄ + 1

2 , z̄+ 1
2 , ȳ + 1

2

(7) x̄, ȳ, z̄ (8) z̄, x̄, ȳ (9) ȳ, z̄, x̄
(10) z+ 1

2 ,y + 1
2 ,x + 1

2 (11) y + 1
2 ,x + 1

2 ,z+ 1
2 (12) x + 1

2 ,z+ 1
2 ,y + 1

2

hhl : l = 2n
hhh : h = 2n

Special: as above, plus

6 e . 2 x, x̄ + 1
2 ,

1
4

1
4 ,x, x̄ + 1

2 x̄+ 1
2 ,

1
4 ,x

x̄,x + 1
2 ,

3
4

3
4 , x̄,x + 1

2 x + 1
2 ,

3
4 , x̄

no extra conditions

6 d 1̄ 1
2 ,0,0 0, 1

2 ,0 0,0, 1
2

1
2 ,

1
2 ,0

1
2 ,0, 1

2 0, 1
2 ,

1
2 hkl : h + k + l = 2n

4 c 3 . x,x,x x̄ + 1
2 , x̄ + 1

2 , x̄ + 1
2 x̄, x̄, x̄ x + 1

2 ,x + 1
2 ,x + 1

2 hkl : h + k + l = 2n

2 b 3̄ . 0,0,0 1
2 ,

1
2 ,

1
2 hkl : h + k + l = 2n

2 a 3 2 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

3
4 hkl : h + k + l = 2n

Symmetry of special projections
Along [111] p6mm
a′ = 1

3(2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [11̄0] p2
a′ = 1

2(a + b−2c) b′ = 1
2 c

Origin at x, x̄,0

Along [21̄1̄] p2gm
a′ = 1

2 (b− c) b′ = 1
3 (a + b+ c)

Origin at 2x, x̄, x̄

(Continued on preceding page)
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P6 C1
6 6 Hexagonal

No. 168 P6 Patterson symmetry P6/m

Origin on 6

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1; x ≤ (1 + y)/2; y ≤ min(1− x,x)
Vertices 0,0,0 1

2 ,0,0 2
3 ,

1
3 ,0

1
2 ,

1
2 ,0

0,0,1 1
2 ,0,1 2

3 ,
1
3 ,1

1
2 ,

1
2 ,1

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 0,0,z (5) 6− 0,0,z (6) 6+ 0,0,z
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CONTINUED No. 168 P6

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

6 d 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄ + y, x̄,z
(4) x̄, ȳ,z (5) y, x̄ + y,z (6) x− y,x,z

no conditions

Special: no extra conditions

3 c 2 . . 1
2 ,0,z 0, 1

2 ,z
1
2 ,

1
2 ,z

2 b 3 . . 1
3 ,

2
3 ,z

2
3 ,

1
3 ,z

1 a 6 . . 0,0,z

Symmetry of special projections
Along [001] p6
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = 1

2(a + 2b) b′ = c
Origin at x,0,0

Along [210] p1m1
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

Maximal non-isomorphic subgroups
I [2] P3 (143) 1; 2; 3

[3] P2 (3) 1; 4
IIa none

IIb [2] P63 (c′ = 2c) (173); [3] P64 (c′ = 3c) (172); [3] P62 (c′ = 3c) (171)

Maximal isomorphic subgroups of lowest index
IIc [2] P6 (c′ = 2c) (168); [3] H 6 (a′ = 3a,b′ = 3b) (P6, 168)

Minimal non-isomorphic supergroups
I [2] P6/m (175); [2] P622 (177); [2] P6mm (183); [2] P6cc (184)

II none
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P61 C2
6 6 Hexagonal

No. 169 P61 Patterson symmetry P6/m

Origin on 61

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
6

Vertices 0,0,0 1,0,0 1,1,0 0,1,0

0,0, 1
6 1,0, 1

6 1,1, 1
6 0,1, 1

6

Symmetry operations

(1) 1 (2) 3+(0,0, 1
3 ) 0,0,z (3) 3−(0,0, 2

3 ) 0,0,z
(4) 2(0,0, 1

2) 0,0,z (5) 6−(0,0, 5
6 ) 0,0,z (6) 6+(0,0, 1

6 ) 0,0,z

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

6 a 1 (1) x,y,z (2) ȳ,x− y,z+ 1
3 (3) x̄+ y, x̄,z+ 2

3

(4) x̄, ȳ,z+ 1
2 (5) y, x̄ + y,z+ 5

6 (6) x− y,x,z+ 1
6

000l : l = 6n

Symmetry of special projections
Along [001] p6
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1g1
a′ = 1

2 (a + 2b) b′ = c
Origin at x,0,0

Along [210] p1g1
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

Maximal non-isomorphic subgroups
I [2] P31 (144) 1; 2; 3

[3] P21 (4) 1; 4
IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] H 61 (a′ = 3a,b′ = 3b) (P61, 169); [5] P65 (c′ = 5c) (170); [7] P61 (c′ = 7c) (169)

Minimal non-isomorphic supergroups
I [2] P61 22 (178)

II [2] P62 (c′ = 1
2 c) (171); [3] P63 (c′ = 1

3 c) (173)
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Hexagonal 6 C3
6 P65

Patterson symmetry P6/m P65 No. 170

Origin on 65

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
6

Vertices 0,0,0 1,0,0 1,1,0 0,1,0

0,0, 1
6 1,0, 1

6 1,1, 1
6 0,1, 1

6

Symmetry operations

(1) 1 (2) 3+(0,0, 2
3 ) 0,0,z (3) 3−(0,0, 1

3 ) 0,0,z
(4) 2(0,0, 1

2) 0,0,z (5) 6−(0,0, 1
6 ) 0,0,z (6) 6+(0,0, 5

6 ) 0,0,z

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

6 a 1 (1) x,y,z (2) ȳ,x− y,z+ 2
3 (3) x̄+ y, x̄,z+ 1

3

(4) x̄, ȳ,z+ 1
2 (5) y, x̄ + y,z+ 1

6 (6) x− y,x,z+ 5
6

000l : l = 6n

Symmetry of special projections
Along [001] p6
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1g1
a′ = 1

2 (a + 2b) b′ = c
Origin at x,0,0

Along [210] p1g1
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

Maximal non-isomorphic subgroups
I [2] P32 (145) 1; 2; 3

[3] P21 (4) 1; 4

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] H 65 (a′ = 3a,b′ = 3b) (P65, 170); [5] P61 (c′ = 5c) (169); [7] P65 (c′ = 7c) (170)

Minimal non-isomorphic supergroups
I [2] P65 22 (179)

II [2] P64 (c′ = 1
2 c) (172); [3] P63 (c′ = 1

3 c) (173)
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P62 C4
6 6 Hexagonal

No. 171 P62 Patterson symmetry P6/m

Origin on 2 on 62

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
3 ; y ≤ x

Vertices 0,0,0 1,0,0 1,1,0
0,0, 1

3 1,0, 1
3 1,1, 1

3

Symmetry operations

(1) 1 (2) 3+(0,0, 2
3 ) 0,0,z (3) 3−(0,0, 1

3 ) 0,0,z
(4) 2 0,0,z (5) 6−(0,0, 2

3 ) 0,0,z (6) 6+(0,0, 1
3 ) 0,0,z

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

6 c 1 (1) x,y,z (2) ȳ,x− y,z+ 2
3 (3) x̄ + y, x̄,z+ 1

3

(4) x̄, ȳ,z (5) y, x̄ + y,z+ 2
3 (6) x− y,x,z+ 1

3

000l : l = 3n

Special: as above, plus

3 b 2 . . 1
2 ,

1
2 ,z

1
2 ,0,z+ 2

3 0, 1
2 ,z+ 1

3 hkil : h = 2n + 1
or k = 2n + 1
or l = 3n

3 a 2 . . 0,0,z 0,0,z+ 2
3 0,0,z+ 1

3 hkil : l = 3n

Symmetry of special projections
Along [001] p6
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = 1

2(a + 2b) b′ = c
Origin at x,0,0

Along [210] p1m1
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

Maximal non-isomorphic subgroups
I [2] P32 (145) 1; 2; 3

[3] P2 (3) 1; 4
IIa none
IIb [2] P61 (c′ = 2c) (169)

Maximal isomorphic subgroups of lowest index
IIc [2] P64 (c′ = 2c) (172); [3] H 62 (a′ = 3a,b′ = 3b) (P62, 171); [7] P62 (c′ = 7c) (171)

Minimal non-isomorphic supergroups
I [2] P62 22 (180)

II [3] P6 (c′ = 1
3 c) (168)
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Hexagonal 6 C5
6 P64

Patterson symmetry P6/m P64 No. 172

Origin on 2 on 64

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
3 ; y ≤ x

Vertices 0,0,0 1,0,0 1,1,0
0,0, 1

3 1,0, 1
3 1,1, 1

3

Symmetry operations

(1) 1 (2) 3+(0,0, 1
3 ) 0,0,z (3) 3−(0,0, 2

3 ) 0,0,z
(4) 2 0,0,z (5) 6−(0,0, 1

3 ) 0,0,z (6) 6+(0,0, 2
3 ) 0,0,z

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

6 c 1 (1) x,y,z (2) ȳ,x− y,z+ 1
3 (3) x̄ + y, x̄,z+ 2

3

(4) x̄, ȳ,z (5) y, x̄ + y,z+ 1
3 (6) x− y,x,z+ 2

3

000l : l = 3n

Special: as above, plus

3 b 2 . . 1
2 ,

1
2 ,z

1
2 ,0,z+ 1

3 0, 1
2 ,z+ 2

3 hkil : h = 2n + 1
or k = 2n + 1
or l = 3n

3 a 2 . . 0,0,z 0,0,z+ 1
3 0,0,z+ 2

3 hkil : l = 3n

Symmetry of special projections
Along [001] p6
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = 1

2(a + 2b) b′ = c
Origin at x,0,0

Along [210] p1m1
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

Maximal non-isomorphic subgroups
I [2] P31 (144) 1; 2; 3

[3] P2 (3) 1; 4
IIa none
IIb [2] P65 (c′ = 2c) (170)

Maximal isomorphic subgroups of lowest index
IIc [2] P62 (c′ = 2c) (171); [3] H 64 (a′ = 3a,b′ = 3b) (P64, 172); [7] P64 (c′ = 7c) (172)

Minimal non-isomorphic supergroups
I [2] P64 22 (181)

II [3] P6 (c′ = 1
3 c) (168)
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P63 C6
6 6 Hexagonal

No. 173 P63 Patterson symmetry P6/m

Origin on 3 on 63

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 2

3 ; 0 ≤ z ≤ 1
2 ; x ≤ (1 + y)/2; y ≤ min(1− x,(1 + x)/2)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
3 ,

2
3 ,0 0, 1

2 ,0
0,0, 1

2
1
2 ,0, 1

2
2
3 ,

1
3 ,

1
2

1
3 ,

2
3 ,

1
2 0, 1

2 ,
1
2

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2(0,0, 1

2) 0,0,z (5) 6−(0,0, 1
2 ) 0,0,z (6) 6+(0,0, 1

2 ) 0,0,z
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CONTINUED No. 173 P63

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

6 c 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄ + y, x̄,z
(4) x̄, ȳ,z+ 1

2 (5) y, x̄ + y,z+ 1
2 (6) x− y,x,z+ 1

2

000l : l = 2n

Special: as above, plus

2 b 3 . . 1
3 ,

2
3 ,z

2
3 ,

1
3 ,z+ 1

2 hkil : l = 2n
or h− k = 3n + 1
or h− k = 3n + 2

2 a 3 . . 0,0,z 0,0,z+ 1
2 hkil : l = 2n

Symmetry of special projections
Along [001] p6
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1g1
a′ = 1

2 (a + 2b) b′ = c
Origin at x,0,0

Along [210] p1g1
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

Maximal non-isomorphic subgroups
I [2] P3 (143) 1; 2; 3

[3] P21 (4) 1; 4

IIa none

IIb [3] P65 (c′ = 3c) (170); [3] P61 (c′ = 3c) (169)

Maximal isomorphic subgroups of lowest index
IIc [3] P63 (c′ = 3c) (173); [3] H 63 (a′ = 3a,b′ = 3b) (P63, 173)

Minimal non-isomorphic supergroups
I [2] P63/m (176); [2] P63 22 (182); [2] P63 cm (185); [2] P63 mc (186)
II [2] P6 (c′ = 1

2 c) (168)
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P 6̄ C1
3h 6̄ Hexagonal

No. 174 P 6̄ Patterson symmetry P6/m

Origin at 6̄

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 2

3 ; 0 ≤ z ≤ 1
2 ; x ≤ (1 + y)/2; y ≤ min(1− x,(1 + x)/2)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
3 ,

2
3 ,0 0, 1

2 ,0

0,0, 1
2

1
2 ,0, 1

2
2
3 ,

1
3 ,

1
2

1
3 ,

2
3 ,

1
2 0, 1

2 ,
1
2

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) m x,y,0 (5) 6̄− 0,0,z; 0,0,0 (6) 6̄+ 0,0,z; 0,0,0
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CONTINUED No. 174 P 6̄

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

6 l 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄+ y, x̄,z
(4) x,y, z̄ (5) ȳ,x− y, z̄ (6) x̄+ y, x̄, z̄

no conditions

Special: no extra conditions

3 k m . . x,y, 1
2 ȳ,x− y, 1

2 x̄ + y, x̄, 1
2

3 j m . . x,y,0 ȳ,x− y,0 x̄ + y, x̄,0

2 i 3 . . 2
3 ,

1
3 ,z

2
3 ,

1
3 , z̄

2 h 3 . . 1
3 ,

2
3 ,z

1
3 ,

2
3 , z̄

2 g 3 . . 0,0,z 0,0, z̄

1 f 6̄ . . 2
3 ,

1
3 ,

1
2

1 e 6̄ . . 2
3 ,

1
3 ,0

1 d 6̄ . . 1
3 ,

2
3 ,

1
2

1 c 6̄ . . 1
3 ,

2
3 ,0

1 b 6̄ . . 0,0, 1
2

1 a 6̄ . . 0,0,0

Symmetry of special projections
Along [001] p3
a′ = a b′ = b
Origin at 0,0,z

Along [100] p11m
a′ = 1

2(a + 2b) b′ = c
Origin at x,0,0

Along [210] p11m
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

Maximal non-isomorphic subgroups
I [2] P3 (143) 1; 2; 3

[3] Pm (6) 1; 4

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [2] P 6̄ (c′ = 2c) (174); [3] H 6̄ (a′ = 3a,b′ = 3b) (P 6̄, 174)

Minimal non-isomorphic supergroups
I [2] P6/m (175); [2] P63/m (176); [2] P 6̄m2 (187); [2] P 6̄c2 (188); [2] P 6̄ 2m (189); [2] P 6̄ 2c (190)

II none
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P6/m C1
6h 6/m Hexagonal

No. 175 P6/m Patterson symmetry P6/m

Origin at centre (6/m)

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2 ; x ≤ (1 + y)/2; y ≤ min(1− x,x)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
2 ,

1
2 ,0

0,0, 1
2

1
2 ,0, 1

2
2
3 ,

1
3 ,

1
2

1
2 ,

1
2 ,

1
2

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 0,0,z (5) 6− 0,0,z (6) 6+ 0,0,z
(7) 1̄ 0,0,0 (8) 3̄+ 0,0,z; 0,0,0 (9) 3̄− 0,0,z; 0,0,0

(10) m x,y,0 (11) 6̄− 0,0,z; 0,0,0 (12) 6̄+ 0,0,z; 0,0,0
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CONTINUED No. 175 P6/m

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4); (7)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

12 l 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄+ y, x̄,z
(4) x̄, ȳ,z (5) y, x̄ + y,z (6) x− y,x,z
(7) x̄, ȳ, z̄ (8) y, x̄ + y, z̄ (9) x− y,x, z̄

(10) x,y, z̄ (11) ȳ,x− y, z̄ (12) x̄+ y, x̄, z̄

no conditions

Special: no extra conditions

6 k m . . x,y, 1
2 ȳ,x− y, 1

2 x̄ + y, x̄, 1
2 x̄, ȳ, 1

2 y, x̄ + y, 1
2 x− y,x, 1

2

6 j m . . x,y,0 ȳ,x− y,0 x̄+ y, x̄,0 x̄, ȳ,0 y, x̄ + y,0 x− y,x,0

6 i 2 . . 1
2 ,0,z 0, 1

2 ,z
1
2 ,

1
2 ,z

1
2 ,0, z̄ 0, 1

2 , z̄
1
2 ,

1
2 , z̄

4 h 3 . . 1
3 ,

2
3 ,z

2
3 ,

1
3 ,z

2
3 ,

1
3 , z̄

1
3 ,

2
3 , z̄

3 g 2/m . . 1
2 ,0, 1

2 0, 1
2 ,

1
2

1
2 ,

1
2 ,

1
2

3 f 2/m . . 1
2 ,0,0 0, 1

2 ,0
1
2 ,

1
2 ,0

2 e 6 . . 0,0,z 0,0, z̄

2 d 6̄ . . 1
3 ,

2
3 ,

1
2

2
3 ,

1
3 ,

1
2

2 c 6̄ . . 1
3 ,

2
3 ,0

2
3 ,

1
3 ,0

1 b 6/m . . 0,0, 1
2

1 a 6/m . . 0,0,0

Symmetry of special projections
Along [001] p6
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = 1

2(a + 2b) b′ = c
Origin at x,0,0

Along [210] p2mm
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

Maximal non-isomorphic subgroups
I [2] P 6̄ (174) 1; 2; 3; 10; 11; 12

[2] P6 (168) 1; 2; 3; 4; 5; 6
[2] P 3̄ (147) 1; 2; 3; 7; 8; 9
[3] P2/m (10) 1; 4; 7; 10

IIa none

IIb [2] P63/m (c′ = 2c) (176)

Maximal isomorphic subgroups of lowest index
IIc [2] P6/m (c′ = 2c) (175); [3] H 6/m (a′ = 3a,b′ = 3b) (P6/m, 175)

Minimal non-isomorphic supergroups
I [2] P6/mmm (191); [2] P6/mcc (192)
II none
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P63/m C2
6h 6/m Hexagonal

No. 176 P63/m Patterson symmetry P6/m

Origin at centre (3̄) on 63

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 2

3 ; 0 ≤ z ≤ 1
4 ; x ≤ (1 + y)/2; y ≤ min(1− x,(1 + x)/2)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
3 ,

2
3 ,0 0, 1

2 ,0

0,0, 1
4

1
2 ,0, 1

4
2
3 ,

1
3 ,

1
4

1
3 ,

2
3 ,

1
4 0, 1

2 ,
1
4

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2(0,0, 1

2 ) 0,0,z (5) 6−(0,0, 1
2 ) 0,0,z (6) 6+(0,0, 1

2 ) 0,0,z
(7) 1̄ 0,0,0 (8) 3̄+ 0,0,z; 0,0,0 (9) 3̄− 0,0,z; 0,0,0

(10) m x,y, 1
4 (11) 6̄− 0,0,z; 0,0, 1

4 (12) 6̄+ 0,0,z; 0,0, 1
4
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CONTINUED No. 176 P63/m

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4); (7)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

12 i 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄ + y, x̄,z
(4) x̄, ȳ,z+ 1

2 (5) y, x̄ + y,z+ 1
2 (6) x− y,x,z+ 1

2

(7) x̄, ȳ, z̄ (8) y, x̄ + y, z̄ (9) x− y,x, z̄
(10) x,y, z̄ + 1

2 (11) ȳ,x− y, z̄+ 1
2 (12) x̄ + y, x̄, z̄+ 1

2

000l : l = 2n

Special: as above, plus

6 h m . . x,y, 1
4 ȳ,x− y, 1

4 x̄ + y, x̄, 1
4 x̄, ȳ, 3

4 y, x̄ + y, 3
4 x− y,x, 3

4 no extra conditions

6 g 1̄ 1
2 ,0,0 0, 1

2 ,0
1
2 ,

1
2 ,0

1
2 ,0, 1

2 0, 1
2 ,

1
2

1
2 ,

1
2 ,

1
2 hkil : l = 2n

4 f 3 . . 1
3 ,

2
3 ,z

2
3 ,

1
3 ,z+ 1

2
2
3 ,

1
3 , z̄

1
3 ,

2
3 , z̄+ 1

2 hkil : l = 2n
or h− k = 3n + 1
or h− k = 3n + 2

4 e 3 . . 0,0,z 0,0,z+ 1
2 0,0, z̄ 0,0, z̄+ 1

2 hkil : l = 2n

2 d 6̄ . . 2
3 ,

1
3 ,

1
4

1
3 ,

2
3 ,

3
4 hkil : l = 2n

or h− k = 3n + 1
or h− k = 3n + 2

2 c 6̄ . . 1
3 ,

2
3 ,

1
4

2
3 ,

1
3 ,

3
4 hkil : l = 2n

or h− k = 3n + 1
or h− k = 3n + 2

2 b 3̄ . . 0,0,0 0,0, 1
2 hkil : l = 2n

2 a 6̄ . . 0,0, 1
4 0,0, 3

4 hkil : l = 2n

Symmetry of special projections
Along [001] p6
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2gm
a′ = 1

2(a + 2b) b′ = c
Origin at x,0,0

Along [210] p2gm
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

Maximal non-isomorphic subgroups
I [2] P 6̄ (174) 1; 2; 3; 10; 11; 12

[2] P63 (173) 1; 2; 3; 4; 5; 6
[2] P 3̄ (147) 1; 2; 3; 7; 8; 9
[3] P21/m (11) 1; 4; 7; 10

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P63/m (c′ = 3c) (176); [3] H 63/m (a′ = 3a,b′ = 3b) (P63/m, 176)

Minimal non-isomorphic supergroups
I [2] P63/mcm (193); [2] P63/mmc (194)

II [2] P6/m (c′ = 1
2 c) (175)
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P622 D1
6 622 Hexagonal

No. 177 P622 Patterson symmetry P6/mmm

Origin at 622

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2 ; x ≤ (1 + y)/2; y ≤ min(1− x,x)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
2 ,

1
2 ,0

0,0, 1
2

1
2 ,0, 1

2
2
3 ,

1
3 ,

1
2

1
2 ,

1
2 ,

1
2

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 0,0,z (5) 6− 0,0,z (6) 6+ 0,0,z
(7) 2 x,x,0 (8) 2 x,0,0 (9) 2 0,y,0

(10) 2 x, x̄,0 (11) 2 x,2x,0 (12) 2 2x,x,0

Maximal isomorphic subgroups of lowest index
IIc [2] P622 (c′ = 2c) (177); [3] H 622 (a′ = 3a,b′ = 3b) (P622, 177)

Minimal non-isomorphic supergroups
I [2] P6/mmm (191); [2] P6/mcc (192)

II none
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CONTINUED No. 177 P622

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4); (7)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

12 n 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄+ y, x̄,z
(4) x̄, ȳ,z (5) y, x̄ + y,z (6) x− y,x,z
(7) y,x, z̄ (8) x− y, ȳ, z̄ (9) x̄, x̄ + y, z̄

(10) ȳ, x̄, z̄ (11) x̄+ y,y, z̄ (12) x,x− y, z̄

no conditions

Special: no extra conditions

6 m . . 2 x, x̄, 1
2 x,2x, 1

2 2x̄, x̄, 1
2 x̄,x, 1

2 x̄,2x̄, 1
2 2x,x, 1

2

6 l . . 2 x, x̄,0 x,2x,0 2x̄, x̄,0 x̄,x,0 x̄,2x̄,0 2x,x,0

6 k . 2 . x,0, 1
2 0,x, 1

2 x̄, x̄, 1
2 x̄,0, 1

2 0, x̄, 1
2 x,x, 1

2

6 j . 2 . x,0,0 0,x,0 x̄, x̄,0 x̄,0,0 0, x̄,0 x,x,0

6 i 2 . . 1
2 ,0,z 0, 1

2 ,z
1
2 ,

1
2 ,z 0, 1

2 , z̄
1
2 ,0, z̄ 1

2 ,
1
2 , z̄

4 h 3 . . 1
3 ,

2
3 ,z

2
3 ,

1
3 ,z

2
3 ,

1
3 , z̄

1
3 ,

2
3 , z̄

3 g 2 2 2 1
2 ,0, 1

2 0, 1
2 ,

1
2

1
2 ,

1
2 ,

1
2

3 f 2 2 2 1
2 ,0,0 0, 1

2 ,0
1
2 ,

1
2 ,0

2 e 6 . . 0,0,z 0,0, z̄

2 d 3 . 2 1
3 ,

2
3 ,

1
2

2
3 ,

1
3 ,

1
2

2 c 3 . 2 1
3 ,

2
3 ,0

2
3 ,

1
3 ,0

1 b 6 2 2 0,0, 1
2

1 a 6 2 2 0,0,0

Symmetry of special projections
Along [001] p6mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = 1

2(a + 2b) b′ = c
Origin at x,0,0

Along [210] p2mm
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

Maximal non-isomorphic subgroups
I [2] P611 (P6, 168) 1; 2; 3; 4; 5; 6

[2] P321 (150) 1; 2; 3; 7; 8; 9
[2] P312 (149) 1; 2; 3; 10; 11; 12{
[3] P222 (C 222, 21) 1; 4; 7; 10
[3] P222 (C 222, 21) 1; 4; 8; 11
[3] P222 (C 222, 21) 1; 4; 9; 12

IIa none

IIb [2] P63 22 (c′ = 2c) (182); [3] P64 22 (c′ = 3c) (181); [3] P62 22 (c′ = 3c) (180)

(Continued on preceding page)
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P61 22 D2
6 622 Hexagonal

No. 178 P61 22 Patterson symmetry P6/mmm

Origin on 2[100] at 61 (2,1,1)1

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
12

Vertices 0,0,0 1,0,0 1,1,0 0,1,0

0,0, 1
12 1,0, 1

12 1,1, 1
12 0,1, 1

12

Symmetry operations

(1) 1 (2) 3+(0,0, 1
3 ) 0,0,z (3) 3−(0,0, 2

3 ) 0,0,z
(4) 2(0,0, 1

2 ) 0,0,z (5) 6−(0,0, 5
6 ) 0,0,z (6) 6+(0,0, 1

6 ) 0,0,z
(7) 2 x,x, 1

6 (8) 2 x,0,0 (9) 2 0,y, 1
3

(10) 2 x, x̄, 5
12 (11) 2 x,2x, 1

4 (12) 2 2x,x, 1
12
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CONTINUED No. 178 P61 22

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4); (7)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

12 c 1 (1) x,y,z (2) ȳ,x− y,z+ 1
3 (3) x̄ + y, x̄,z+ 2

3

(4) x̄, ȳ,z+ 1
2 (5) y, x̄ + y,z+ 5

6 (6) x− y,x,z+ 1
6

(7) y,x, z̄ + 1
3 (8) x− y, ȳ, z̄ (9) x̄, x̄ + y, z̄+ 2

3

(10) ȳ, x̄, z̄+ 5
6 (11) x̄ + y,y, z̄+ 1

2 (12) x,x− y, z̄+ 1
6

000l : l = 6n

Special: as above, plus

6 b . . 2 x,2x, 1
4 2x̄, x̄, 7

12 x, x̄, 11
12 x̄,2x̄, 3

4 2x,x, 1
12 x̄,x, 5

12 hh2hl : l = 2n
or l = 3n + 1
or l = 3n + 2

6 a . 2 . x,0,0 0,x, 1
3 x̄, x̄, 2

3 x̄,0, 1
2 0, x̄, 5

6 x,x, 1
6 hh̄0l : l = 2n

or l = 3n + 1
or l = 3n + 2

Symmetry of special projections
Along [001] p6mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2gm
a′ = 1

2(a + 2b) b′ = c
Origin at x,0,0

Along [210] p2gm
a′ = 1

2 b b′ = c
Origin at x, 1

2 x, 1
12

Maximal non-isomorphic subgroups
I [2] P61 11 (P61, 169) 1; 2; 3; 4; 5; 6

[2] P31 21 (152) 1; 2; 3; 7; 8; 9
[2] P31 12 (151) 1; 2; 3; 10; 11; 12{
[3] P21 22 (C 2221, 20) 1; 4; 7; 10
[3] P21 22 (C 2221, 20) 1; 4; 8; 11
[3] P21 22 (C 2221, 20) 1; 4; 9; 12

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] H 61 22 (a′ = 3a,b′ = 3b) (P61 22, 178); [5] P65 22 (c′ = 5c) (179); [7] P61 22 (c′ = 7c) (178)

Minimal non-isomorphic supergroups
I none

II [2] P62 22 (c′ = 1
2 c) (180); [3] P63 22 (c′ = 1

3 c) (182)
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P65 22 D3
6 622 Hexagonal

No. 179 P65 22 Patterson symmetry P6/mmm

Origin on 2[100] at 65 (2,1,1)1

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
12

Vertices 0,0,0 1,0,0 1,1,0 0,1,0

0,0, 1
12 1,0, 1

12 1,1, 1
12 0,1, 1

12

Symmetry operations

(1) 1 (2) 3+(0,0, 2
3 ) 0,0,z (3) 3−(0,0, 1

3 ) 0,0,z
(4) 2(0,0, 1

2 ) 0,0,z (5) 6−(0,0, 1
6 ) 0,0,z (6) 6+(0,0, 5

6 ) 0,0,z
(7) 2 x,x, 1

3 (8) 2 x,0,0 (9) 2 0,y, 1
6

(10) 2 x, x̄, 1
12 (11) 2 x,2x, 1

4 (12) 2 2x,x, 5
12

570
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CONTINUED No. 179 P65 22

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4); (7)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

12 c 1 (1) x,y,z (2) ȳ,x− y,z+ 2
3 (3) x̄ + y, x̄,z+ 1

3

(4) x̄, ȳ,z+ 1
2 (5) y, x̄ + y,z+ 1

6 (6) x− y,x,z+ 5
6

(7) y,x, z̄ + 2
3 (8) x− y, ȳ, z̄ (9) x̄, x̄ + y, z̄+ 1

3

(10) ȳ, x̄, z̄+ 1
6 (11) x̄ + y,y, z̄+ 1

2 (12) x,x− y, z̄+ 5
6

000l : l = 6n

Special: as above, plus

6 b . . 2 x,2x, 3
4 2x̄, x̄, 5

12 x, x̄, 1
12 x̄,2x̄, 1

4 2x,x, 11
12 x̄,x, 7

12 hh2hl : l = 2n
or l = 3n + 1
or l = 3n + 2

6 a . 2 . x,0,0 0,x, 2
3 x̄, x̄, 1

3 x̄,0, 1
2 0, x̄, 1

6 x,x, 5
6 hh̄0l : l = 2n

or l = 3n + 1
or l = 3n + 2

Symmetry of special projections
Along [001] p6mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2gm
a′ = 1

2(a + 2b) b′ = c
Origin at x,0,0

Along [210] p2gm
a′ = 1

2 b b′ = c
Origin at x, 1

2 x, 5
12

Maximal non-isomorphic subgroups
I [2] P65 11 (P65, 170) 1; 2; 3; 4; 5; 6

[2] P32 21 (154) 1; 2; 3; 7; 8; 9
[2] P32 12 (153) 1; 2; 3; 10; 11; 12{
[3] P21 22 (C 2221, 20) 1; 4; 7; 10
[3] P21 22 (C 2221, 20) 1; 4; 8; 11
[3] P21 22 (C 2221, 20) 1; 4; 9; 12

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] H 65 22 (a′ = 3a,b′ = 3b) (P65 22, 179); [5] P61 22 (c′ = 5c) (178); [7] P65 22 (c′ = 7c) (179)

Minimal non-isomorphic supergroups
I none

II [2] P64 22 (c′ = 1
2 c) (181); [3] P63 22 (c′ = 1

3 c) (182)
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P62 22 D4
6 622 Hexagonal

No. 180 P62 22 Patterson symmetry P6/mmm

Origin at 222 at 62 (2,1,1)(1,2,1)

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
6 ; y ≤ x

Vertices 0,0,0 1,0,0 1,1,0
0,0, 1

6 1,0, 1
6 1,1, 1

6

Symmetry operations

(1) 1 (2) 3+(0,0, 2
3 ) 0,0,z (3) 3−(0,0, 1

3 ) 0,0,z
(4) 2 0,0,z (5) 6−(0,0, 2

3 ) 0,0,z (6) 6+(0,0, 1
3 ) 0,0,z

(7) 2 x,x, 1
3 (8) 2 x,0,0 (9) 2 0,y, 1

6

(10) 2 x, x̄, 1
3 (11) 2 x,2x,0 (12) 2 2x,x, 1

6

572
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CONTINUED No. 180 P62 22

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4); (7)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

12 k 1 (1) x,y,z (2) ȳ,x− y,z+ 2
3 (3) x̄ + y, x̄,z+ 1

3

(4) x̄, ȳ,z (5) y, x̄ + y,z+ 2
3 (6) x− y,x,z+ 1

3

(7) y,x, z̄ + 2
3 (8) x− y, ȳ, z̄ (9) x̄, x̄ + y, z̄+ 1

3

(10) ȳ, x̄, z̄+ 2
3 (11) x̄ + y,y, z̄ (12) x,x− y, z̄+ 1

3

000l : l = 3n

Special: as above, plus

6 j . . 2 x,2x, 1
2 2x̄, x̄, 1

6 x, x̄, 5
6 x̄,2x̄, 1

2 2x,x, 1
6 x̄,x, 5

6 no extra conditions

6 i . . 2 x,2x,0 2x̄, x̄, 2
3 x, x̄, 1

3 x̄,2x̄,0 2x,x, 2
3 x̄,x, 1

3 no extra conditions

6 h . 2 . x,0, 1
2 0,x, 1

6 x̄, x̄, 5
6 x̄,0, 1

2 0, x̄, 1
6 x,x, 5

6 no extra conditions

6 g . 2 . x,0,0 0,x, 2
3 x̄, x̄, 1

3 x̄,0,0 0, x̄, 2
3 x,x, 1

3 no extra conditions

6 f 2 . . 1
2 ,0,z 0, 1

2 ,z+ 2
3

1
2 ,

1
2 ,z+ 1

3 0, 1
2 , z̄+ 2

3
1
2 ,0, z̄ 1

2 ,
1
2 , z̄+ 1

3 hkil : h = 2n + 1
or k = 2n + 1
or l = 3n

6 e 2 . . 0,0,z 0,0,z+ 2
3 0,0,z+ 1

3 0,0, z̄+ 2
3 0,0, z̄ 0,0, z̄+ 1

3 hkil : l = 3n

3 d 2 2 2 1
2 ,0, 1

2 0, 1
2 ,

1
6

1
2 ,

1
2 ,

5
6 hkil : h = 2n + 1

or k = 2n + 1
or l = 3n

3 c 2 2 2 1
2 ,0,0 0, 1

2 ,
2
3

1
2 ,

1
2 ,

1
3 hkil : h = 2n + 1

or k = 2n + 1
or l = 3n

3 b 2 2 2 0,0, 1
2 0,0, 1

6 0,0, 5
6 hkil : l = 3n

3 a 2 2 2 0,0,0 0,0, 2
3 0,0, 1

3 hkil : l = 3n

Symmetry of special projections
Along [001] p6mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = 1

2(a + 2b) b′ = c
Origin at x,0,0

Along [210] p2mm
a′ = 1

2 b b′ = c
Origin at x, 1

2 x, 1
6

Maximal non-isomorphic subgroups
I [2] P62 11 (P62, 171) 1; 2; 3; 4; 5; 6

[2] P32 21 (154) 1; 2; 3; 7; 8; 9
[2] P32 12 (153) 1; 2; 3; 10; 11; 12{
[3] P222 (C 222, 21) 1; 4; 7; 10
[3] P222 (C 222, 21) 1; 4; 8; 11
[3] P222 (C 222, 21) 1; 4; 9; 12

IIa none

IIb [2] P61 22 (c′ = 2c) (178)

Maximal isomorphic subgroups of lowest index
IIc [2] P64 22 (c′ = 2c) (181); [3] H 62 22 (a′ = 3a,b′ = 3b) (P62 22, 180); [7] P62 22 (c′ = 7c) (180)

Minimal non-isomorphic supergroups
I none

II [3] P622 (c′ = 1
3 c) (177)
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P64 22 D5
6 622 Hexagonal

No. 181 P64 22 Patterson symmetry P6/mmm

Origin at 222 at 64 (2,1,1)(1,2,1)

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
6 ; y ≤ x

Vertices 0,0,0 1,0,0 1,1,0

0,0, 1
6 1,0, 1

6 1,1, 1
6

Symmetry operations

(1) 1 (2) 3+(0,0, 1
3 ) 0,0,z (3) 3−(0,0, 2

3 ) 0,0,z
(4) 2 0,0,z (5) 6−(0,0, 1

3 ) 0,0,z (6) 6+(0,0, 2
3 ) 0,0,z

(7) 2 x,x, 1
6 (8) 2 x,0,0 (9) 2 0,y, 1

3

(10) 2 x, x̄, 1
6 (11) 2 x,2x,0 (12) 2 2x,x, 1

3

574
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CONTINUED No. 181 P64 22

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4); (7)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

12 k 1 (1) x,y,z (2) ȳ,x− y,z+ 1
3 (3) x̄ + y, x̄,z+ 2

3

(4) x̄, ȳ,z (5) y, x̄ + y,z+ 1
3 (6) x− y,x,z+ 2

3

(7) y,x, z̄ + 1
3 (8) x− y, ȳ, z̄ (9) x̄, x̄ + y, z̄+ 2

3

(10) ȳ, x̄, z̄+ 1
3 (11) x̄ + y,y, z̄ (12) x,x− y, z̄+ 2

3

000l : l = 3n

Special: as above, plus

6 j . . 2 x,2x, 1
2 2x̄, x̄, 5

6 x, x̄, 1
6 x̄,2x̄, 1

2 2x,x, 5
6 x̄,x, 1

6 no extra conditions

6 i . . 2 x,2x,0 2x̄, x̄, 1
3 x, x̄, 2

3 x̄,2x̄,0 2x,x, 1
3 x̄,x, 2

3 no extra conditions

6 h . 2 . x,0, 1
2 0,x, 5

6 x̄, x̄, 1
6 x̄,0, 1

2 0, x̄, 5
6 x,x, 1

6 no extra conditions

6 g . 2 . x,0,0 0,x, 1
3 x̄, x̄, 2

3 x̄,0,0 0, x̄, 1
3 x,x, 2

3 no extra conditions

6 f 2 . . 1
2 ,0,z 0, 1

2 ,z+ 1
3

1
2 ,

1
2 ,z+ 2

3 0, 1
2 , z̄+ 1

3
1
2 ,0, z̄ 1

2 ,
1
2 , z̄+ 2

3 hkil : h = 2n + 1
or k = 2n + 1
or l = 3n

6 e 2 . . 0,0,z 0,0,z+ 1
3 0,0,z+ 2

3 0,0, z̄+ 1
3 0,0, z̄ 0,0, z̄+ 2

3 hkil : l = 3n

3 d 2 2 2 1
2 ,0, 1

2 0, 1
2 ,

5
6

1
2 ,

1
2 ,

1
6 hkil : h = 2n + 1

or k = 2n + 1
or l = 3n

3 c 2 2 2 1
2 ,0,0 0, 1

2 ,
1
3

1
2 ,

1
2 ,

2
3 hkil : h = 2n + 1

or k = 2n + 1
or l = 3n

3 b 2 2 2 0,0, 1
2 0,0, 5

6 0,0, 1
6 hkil : l = 3n

3 a 2 2 2 0,0,0 0,0, 1
3 0,0, 2

3 hkil : l = 3n

Symmetry of special projections
Along [001] p6mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = 1

2(a + 2b) b′ = c
Origin at x,0,0

Along [210] p2mm
a′ = 1

2 b b′ = c
Origin at x, 1

2 x, 1
3

Maximal non-isomorphic subgroups
I [2] P64 11 (P64, 172) 1; 2; 3; 4; 5; 6

[2] P31 21 (152) 1; 2; 3; 7; 8; 9
[2] P31 12 (151) 1; 2; 3; 10; 11; 12{
[3] P222 (C 222, 21) 1; 4; 7; 10
[3] P222 (C 222, 21) 1; 4; 8; 11
[3] P222 (C 222, 21) 1; 4; 9; 12

IIa none

IIb [2] P65 22 (c′ = 2c) (179)

Maximal isomorphic subgroups of lowest index
IIc [2] P62 22 (c′ = 2c) (180); [3] H 64 22 (a′ = 3a,b′ = 3b) (P64 22, 181); [7] P64 22 (c′ = 7c) (181)

Minimal non-isomorphic supergroups
I none

II [3] P622 (c′ = 1
3 c) (177)
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P63 22 D6
6 622 Hexagonal

No. 182 P63 22 Patterson symmetry P6/mmm

Origin at 321 at 63 21

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 2

3 ; 0 ≤ z ≤ 1
4 ; x ≤ (1 + y)/2; y ≤ min(1− x,(1 + x)/2)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
3 ,

2
3 ,0 0, 1

2 ,0
0,0, 1

4
1
2 ,0, 1

4
2
3 ,

1
3 ,

1
4

1
3 ,

2
3 ,

1
4 0, 1

2 ,
1
4

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2(0,0, 1

2 ) 0,0,z (5) 6−(0,0, 1
2 ) 0,0,z (6) 6+(0,0, 1

2 ) 0,0,z
(7) 2 x,x,0 (8) 2 x,0,0 (9) 2 0,y,0

(10) 2 x, x̄, 1
4 (11) 2 x,2x, 1

4 (12) 2 2x,x, 1
4

576
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CONTINUED No. 182 P63 22

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4); (7)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

12 i 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄+ y, x̄,z
(4) x̄, ȳ,z+ 1

2 (5) y, x̄ + y,z+ 1
2 (6) x− y,x,z+ 1

2

(7) y,x, z̄ (8) x− y, ȳ, z̄ (9) x̄, x̄ + y, z̄
(10) ȳ, x̄, z̄+ 1

2 (11) x̄ + y,y, z̄+ 1
2 (12) x,x− y, z̄+ 1

2

000l : l = 2n

Special: as above, plus

6 h . . 2 x,2x, 1
4 2x̄, x̄, 1

4 x, x̄, 1
4 x̄,2x̄, 3

4 2x,x, 3
4 x̄,x, 3

4 hh2hl : l = 2n

6 g . 2 . x,0,0 0,x,0 x̄, x̄,0 x̄,0, 1
2 0, x̄, 1

2 x,x, 1
2 hh̄0l : l = 2n

4 f 3 . . 1
3 ,

2
3 ,z

2
3 ,

1
3 ,z+ 1

2
2
3 ,

1
3 , z̄

1
3 ,

2
3 , z̄+ 1

2 hkil : l = 2n
or h− k = 3n + 1
or h− k = 3n + 2

4 e 3 . . 0,0,z 0,0,z+ 1
2 0,0, z̄ 0,0, z̄+ 1

2 hkil : l = 2n

2 d 3 . 2 1
3 ,

2
3 ,

3
4

2
3 ,

1
3 ,

1
4 hkil : l = 2n

or h− k = 3n + 1
or h− k = 3n + 2

2 c 3 . 2 1
3 ,

2
3 ,

1
4

2
3 ,

1
3 ,

3
4 hkil : l = 2n

or h− k = 3n + 1
or h− k = 3n + 2

2 b 3 . 2 0,0, 1
4 0,0, 3

4 hkil : l = 2n

2 a 3 2 . 0,0,0 0,0, 1
2 hkil : l = 2n

Symmetry of special projections
Along [001] p6mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2gm
a′ = 1

2(a + 2b) b′ = c
Origin at x,0,0

Along [210] p2gm
a′ = 1

2 b b′ = c
Origin at x, 1

2 x, 1
4

Maximal non-isomorphic subgroups
I [2] P63 11 (P63, 173) 1; 2; 3; 4; 5; 6

[2] P321 (150) 1; 2; 3; 7; 8; 9
[2] P312 (149) 1; 2; 3; 10; 11; 12{
[3] P21 22 (C 2221, 20) 1; 4; 7; 10
[3] P21 22 (C 2221, 20) 1; 4; 8; 11
[3] P21 22 (C 2221, 20) 1; 4; 9; 12

IIa none

IIb [3] P65 22 (c′ = 3c) (179); [3] P61 22 (c′ = 3c) (178)

Maximal isomorphic subgroups of lowest index
IIc [3] P63 22 (c′ = 3c) (182); [3] H 63 22 (a′ = 3a,b′ = 3b) (P63 22, 182)

Minimal non-isomorphic supergroups
I [2] P63/mcm (193); [2] P63/mmc (194)

II [2] P622 (c′ = 1
2 c) (177)
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P6mm C1
6v 6mm Hexagonal

No. 183 P6mm Patterson symmetry P6/mmm

Origin on 6mm

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

3 ; 0 ≤ z ≤ 1; x ≤ (1 + y)/2; y ≤ x/2

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

0,0,1 1
2 ,0,1 2

3 ,
1
3 ,1

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 0,0,z (5) 6− 0,0,z (6) 6+ 0,0,z
(7) m x, x̄,z (8) m x,2x,z (9) m 2x,x,z

(10) m x,x,z (11) m x,0,z (12) m 0,y,z

578
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CONTINUED No. 183 P6mm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4); (7)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

12 f 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄+ y, x̄,z
(4) x̄, ȳ,z (5) y, x̄ + y,z (6) x− y,x,z
(7) ȳ, x̄,z (8) x̄+ y,y,z (9) x,x− y,z

(10) y,x,z (11) x− y, ȳ,z (12) x̄, x̄ + y,z

no conditions

Special: no extra conditions

6 e . m . x, x̄,z x,2x,z 2x̄, x̄,z x̄,x,z x̄,2x̄,z 2x,x,z

6 d . . m x,0,z 0,x,z x̄, x̄,z x̄,0,z 0, x̄,z x,x,z

3 c 2 m m 1
2 ,0,z 0, 1

2 ,z
1
2 ,

1
2 ,z

2 b 3 m . 1
3 ,

2
3 ,z

2
3 ,

1
3 ,z

1 a 6 m m 0,0,z

Symmetry of special projections
Along [001] p6mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = 1

2(a + 2b) b′ = c
Origin at x,0,0

Along [210] p1m1
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

Maximal non-isomorphic subgroups
I [2] P611 (P6, 168) 1; 2; 3; 4; 5; 6

[2] P31m (157) 1; 2; 3; 10; 11; 12
[2] P3m1 (156) 1; 2; 3; 7; 8; 9{
[3] P2mm (C mm2, 35) 1; 4; 7; 10
[3] P2mm (C mm2, 35) 1; 4; 8; 11
[3] P2mm (C mm2, 35) 1; 4; 9; 12

IIa none

IIb [2] P63 mc (c′ = 2c) (186); [2] P63 cm (c′ = 2c) (185); [2] P6cc (c′ = 2c) (184)

Maximal isomorphic subgroups of lowest index
IIc [2] P6mm (c′ = 2c) (183); [3] H 6mm (a′ = 3a,b′ = 3b) (P6mm, 183)

Minimal non-isomorphic supergroups
I [2] P6/mmm (191)

II none
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P6cc C2
6v 6mm Hexagonal

No. 184 P6cc Patterson symmetry P6/mmm

Origin on 6cc

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2 ; x ≤ (1 + y)/2; y ≤ min(1− x,x)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
2 ,

1
2 ,0

0,0, 1
2

1
2 ,0, 1

2
2
3 ,

1
3 ,

1
2

1
2 ,

1
2 ,

1
2

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 0,0,z (5) 6− 0,0,z (6) 6+ 0,0,z
(7) c x, x̄,z (8) c x,2x,z (9) c 2x,x,z

(10) c x,x,z (11) c x,0,z (12) c 0,y,z
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CONTINUED No. 184 P6cc

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4); (7)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

12 d 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄ + y, x̄,z
(4) x̄, ȳ,z (5) y, x̄ + y,z (6) x− y,x,z
(7) ȳ, x̄,z+ 1

2 (8) x̄ + y,y,z+ 1
2 (9) x,x− y,z+ 1

2

(10) y,x,z+ 1
2 (11) x− y, ȳ,z+ 1

2 (12) x̄, x̄ + y,z+ 1
2

hh2hl : l = 2n
hh̄0l : l = 2n
000l : l = 2n

Special: as above, plus

6 c 2 . . 1
2 ,0,z 0, 1

2 ,z
1
2 ,

1
2 ,z 0, 1

2 ,z+ 1
2

1
2 ,0,z+ 1

2
1
2 ,

1
2 ,z+ 1

2 hkil : l = 2n

4 b 3 . . 1
3 ,

2
3 ,z

2
3 ,

1
3 ,z

1
3 ,

2
3 ,z+ 1

2
2
3 ,

1
3 ,z+ 1

2 hkil : l = 2n

2 a 6 . . 0,0,z 0,0,z+ 1
2 hkil : l = 2n

Symmetry of special projections
Along [001] p6mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = 1

2(a + 2b) b′ = 1
2 c

Origin at x,0,0

Along [210] p1m1
a′ = 1

2 b b′ = 1
2 c

Origin at x, 1
2 x,0

Maximal non-isomorphic subgroups
I [2] P611 (P6, 168) 1; 2; 3; 4; 5; 6

[2] P31c (159) 1; 2; 3; 10; 11; 12
[2] P3c1 (158) 1; 2; 3; 7; 8; 9{
[3] P2cc (C cc2, 37) 1; 4; 7; 10
[3] P2cc (C cc2, 37) 1; 4; 8; 11
[3] P2cc (C cc2, 37) 1; 4; 9; 12

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P6cc (c′ = 3c) (184); [3] H 6cc (a′ = 3a,b′ = 3b) (P6cc, 184)

Minimal non-isomorphic supergroups
I [2] P6/mcc (192)

II [2] P6mm (c′ = 1
2 c) (183)
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P63 cm C3
6v 6mm Hexagonal

No. 185 P63 cm Patterson symmetry P6/mmm

Origin on 31m on 63 cm

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2 ; x ≤ (1 + y)/2; y ≤ min(1− x,x)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
2 ,

1
2 ,0

0,0, 1
2

1
2 ,0, 1

2
2
3 ,

1
3 ,

1
2

1
2 ,

1
2 ,

1
2

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2(0,0, 1

2 ) 0,0,z (5) 6−(0,0, 1
2 ) 0,0,z (6) 6+(0,0, 1

2 ) 0,0,z
(7) c x, x̄,z (8) c x,2x,z (9) c 2x,x,z

(10) m x,x,z (11) m x,0,z (12) m 0,y,z
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CONTINUED No. 185 P63 cm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4); (7)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

12 d 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄+ y, x̄,z
(4) x̄, ȳ,z+ 1

2 (5) y, x̄ + y,z+ 1
2 (6) x− y,x,z+ 1

2

(7) ȳ, x̄,z+ 1
2 (8) x̄ + y,y,z+ 1

2 (9) x,x− y,z+ 1
2

(10) y,x,z (11) x− y, ȳ,z (12) x̄, x̄ + y,z

hh̄0l : l = 2n
000l : l = 2n

Special: as above, plus

6 c . . m x,0,z 0,x,z x̄, x̄,z x̄,0,z+ 1
2 0, x̄,z+ 1

2 x,x,z+ 1
2 no extra conditions

4 b 3 . . 1
3 ,

2
3 ,z

2
3 ,

1
3 ,z+ 1

2
1
3 ,

2
3 ,z+ 1

2
2
3 ,

1
3 ,z hkil : l = 2n

2 a 3 . m 0,0,z 0,0,z+ 1
2 hkil : l = 2n

Symmetry of special projections
Along [001] p6mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = 1

2 (a + 2b) b′ = 1
2 c

Origin at x,0,0

Along [210] p1g1
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

Maximal non-isomorphic subgroups
I [2] P63 11 (P63, 173) 1; 2; 3; 4; 5; 6

[2] P3c1 (158) 1; 2; 3; 7; 8; 9
[2] P31m (157) 1; 2; 3; 10; 11; 12{
[3] P21 cm (C mc21, 36) 1; 4; 7; 10
[3] P21 cm (C mc21, 36) 1; 4; 8; 11
[3] P21 cm (C mc21, 36) 1; 4; 9; 12

IIa none
IIb [3] H 63 cm (a′ = 3a,b′ = 3b) (P63 mc, 186)

Maximal isomorphic subgroups of lowest index
IIc [3] P63 cm (c′ = 3c) (185); [4] P63 cm (a′ = 2a,b′ = 2b) (185)

Minimal non-isomorphic supergroups
I [2] P63/mcm (193)

II [3] H 63 cm (P63 mc, 186); [2] P6mm (c′ = 1
2 c) (183)
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P63 mc C4
6v 6mm Hexagonal

No. 186 P63 mc Patterson symmetry P6/mmm

Origin on 3m1 on 63 mc

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

3 ; 0 ≤ z ≤ 1; x ≤ (1 + y)/2; y ≤ x/2

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

0,0,1 1
2 ,0,1 2

3 ,
1
3 ,1

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2(0,0, 1

2 ) 0,0,z (5) 6−(0,0, 1
2 ) 0,0,z (6) 6+(0,0, 1

2 ) 0,0,z
(7) m x, x̄,z (8) m x,2x,z (9) m 2x,x,z

(10) c x,x,z (11) c x,0,z (12) c 0,y,z

584

International Tables for Crystallography (2006). Vol. A, Space group 186, pp. 584–585.

Copyright © 2006 International Union of Crystallography



CONTINUED No. 186 P63 mc

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4); (7)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

12 d 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄ + y, x̄,z
(4) x̄, ȳ,z+ 1

2 (5) y, x̄ + y,z+ 1
2 (6) x− y,x,z+ 1

2

(7) ȳ, x̄,z (8) x̄ + y,y,z (9) x,x− y,z
(10) y,x,z+ 1

2 (11) x− y, ȳ,z+ 1
2 (12) x̄, x̄ + y,z+ 1

2

hh2hl : l = 2n
000l : l = 2n

Special: as above, plus

6 c . m . x, x̄,z x,2x,z 2x̄, x̄,z x̄,x,z+ 1
2 x̄,2x̄,z+ 1

2 2x,x,z+ 1
2 no extra conditions

2 b 3 m . 1
3 ,

2
3 ,z

2
3 ,

1
3 ,z+ 1

2 hkil : l = 2n
or h− k = 3n + 1
or h− k = 3n + 2

2 a 3 m . 0,0,z 0,0,z+ 1
2 hkil : l = 2n

Symmetry of special projections
Along [001] p6mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1g1
a′ = 1

2 (a + 2b) b′ = c
Origin at x,0,0

Along [210] p1m1
a′ = 1

2 b b′ = 1
2 c

Origin at x, 1
2 x,0

Maximal non-isomorphic subgroups
I [2] P63 11 (P63, 173) 1; 2; 3; 4; 5; 6

[2] P31c (159) 1; 2; 3; 10; 11; 12
[2] P3m1 (156) 1; 2; 3; 7; 8; 9{
[3] P21 mc (C mc21, 36) 1; 4; 7; 10
[3] P21 mc (C mc21, 36) 1; 4; 8; 11
[3] P21 mc (C mc21, 36) 1; 4; 9; 12

IIa none
IIb [3] H 63 mc (a′ = 3a,b′ = 3b) (P63 cm, 185)

Maximal isomorphic subgroups of lowest index
IIc [3] P63 mc (c′ = 3c) (186); [4] P63 mc (a′ = 2a,b′ = 2b) (186)

Minimal non-isomorphic supergroups
I [2] P63/mmc (194)

II [3] H 63 mc (P63 cm, 185); [2] P6mm (c′ = 1
2 c) (183)
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P 6̄m2 D1
3h 6̄m2 Hexagonal

No. 187 P 6̄m2 Patterson symmetry P6/mmm

Origin at 6̄m2

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 2

3 ; 0 ≤ z ≤ 1
2 ; x ≤ 2y; y ≤ min(1− x,2x)

Vertices 0,0,0 2
3 ,

1
3 ,0

1
3 ,

2
3 ,0

0,0, 1
2

2
3 ,

1
3 ,

1
2

1
3 ,

2
3 ,

1
2

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) m x,y,0 (5) 6̄− 0,0,z; 0,0,0 (6) 6̄+ 0,0,z; 0,0,0
(7) m x, x̄,z (8) m x,2x,z (9) m 2x,x,z

(10) 2 x, x̄,0 (11) 2 x,2x,0 (12) 2 2x,x,0

Maximal non-isomorphic subgroups
I [2] P 6̄11 (P 6̄, 174) 1; 2; 3; 4; 5; 6

[2] P3m1 (156) 1; 2; 3; 7; 8; 9
[2] P312 (149) 1; 2; 3; 10; 11; 12{
[3] Pmm2 (Amm2, 38) 1; 4; 7; 10
[3] Pmm2 (Amm2, 38) 1; 4; 8; 11
[3] Pmm2 (Amm2, 38) 1; 4; 9; 12

IIa none
IIb [2] P 6̄c2 (c′ = 2c) (188); [3] H 6̄m2 (a′ = 3a,b′ = 3b) (P 6̄ 2m, 189)

Maximal isomorphic subgroups of lowest index
IIc [2] P 6̄m2 (c′ = 2c) (187); [4] P 6̄m2 (a′ = 2a,b′ = 2b) (187)

Minimal non-isomorphic supergroups
I [2] P6/mmm (191); [2] P63/mmc (194)

II [3] H 6̄m2 (P 6̄ 2m, 189)
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CONTINUED No. 187 P 6̄m2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4); (7)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

12 o 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄+ y, x̄,z
(4) x,y, z̄ (5) ȳ,x− y, z̄ (6) x̄+ y, x̄, z̄
(7) ȳ, x̄,z (8) x̄+ y,y,z (9) x,x− y,z

(10) ȳ, x̄, z̄ (11) x̄+ y,y, z̄ (12) x,x− y, z̄

no conditions

Special: no extra conditions

6 n . m . x, x̄,z x,2x,z 2x̄, x̄,z x, x̄, z̄ x,2x, z̄ 2x̄, x̄, z̄

6 m m . . x,y, 1
2 ȳ,x− y, 1

2 x̄ + y, x̄, 1
2 ȳ, x̄, 1

2 x̄ + y,y, 1
2 x,x− y, 1

2

6 l m . . x,y,0 ȳ,x− y,0 x̄ + y, x̄,0 ȳ, x̄,0 x̄+ y,y,0 x,x− y,0

3 k m m 2 x, x̄, 1
2 x,2x, 1

2 2x̄, x̄, 1
2

3 j m m 2 x, x̄,0 x,2x,0 2x̄, x̄,0

2 i 3 m . 2
3 ,

1
3 ,z

2
3 ,

1
3 , z̄

2 h 3 m . 1
3 ,

2
3 ,z

1
3 ,

2
3 , z̄

2 g 3 m . 0,0,z 0,0, z̄

1 f 6̄ m 2 2
3 ,

1
3 ,

1
2

1 e 6̄ m 2 2
3 ,

1
3 ,0

1 d 6̄ m 2 1
3 ,

2
3 ,

1
2

1 c 6̄ m 2 1
3 ,

2
3 ,0

1 b 6̄ m 2 0,0, 1
2

1 a 6̄ m 2 0,0,0

Symmetry of special projections
Along [001] p3m1
a′ = a b′ = b
Origin at 0,0,z

Along [100] p11m
a′ = 1

2 (a + 2b) b′ = c
Origin at x,0,0

Along [210] p2mm
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

(Continued on preceding page)
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P 6̄c2 D2
3h 6̄m2 Hexagonal

No. 188 P 6̄c2 Patterson symmetry P6/mmm

Origin at 3c2

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 2

3 ; 0 ≤ z ≤ 1
4 ; x ≤ (1 + y)/2; y ≤ min(1− x,(1 + x)/2)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
3 ,

2
3 ,0 0, 1

2 ,0

0,0, 1
4

1
2 ,0, 1

4
2
3 ,

1
3 ,

1
4

1
3 ,

2
3 ,

1
4 0, 1

2 ,
1
4

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) m x,y, 1

4 (5) 6̄− 0,0,z; 0,0, 1
4 (6) 6̄+ 0,0,z; 0,0, 1

4

(7) c x, x̄,z (8) c x,2x,z (9) c 2x,x,z
(10) 2 x, x̄,0 (11) 2 x,2x,0 (12) 2 2x,x,0
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CONTINUED No. 188 P 6̄c2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4); (7)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

12 l 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄ + y, x̄,z
(4) x,y, z̄ + 1

2 (5) ȳ,x− y, z̄+ 1
2 (6) x̄ + y, x̄, z̄+ 1

2

(7) ȳ, x̄,z+ 1
2 (8) x̄ + y,y,z+ 1

2 (9) x,x− y,z+ 1
2

(10) ȳ, x̄, z̄ (11) x̄ + y,y, z̄ (12) x,x− y, z̄

hh̄0l : l = 2n
000l : l = 2n

Special: as above, plus

6 k m . . x,y, 1
4 ȳ,x− y, 1

4 x̄ + y, x̄, 1
4 ȳ, x̄, 3

4 x̄+ y,y, 3
4 x,x− y, 3

4 no extra conditions

6 j . . 2 x, x̄,0 x,2x,0 2x̄, x̄,0 x, x̄, 1
2 x,2x, 1

2 2x̄, x̄, 1
2 hkil : l = 2n

4 i 3 . . 2
3 ,

1
3 ,z

2
3 ,

1
3 , z̄+ 1

2
2
3 ,

1
3 ,z+ 1

2
2
3 ,

1
3 , z̄ hkil : l = 2n

4 h 3 . . 1
3 ,

2
3 ,z

1
3 ,

2
3 , z̄+ 1

2
1
3 ,

2
3 ,z+ 1

2
1
3 ,

2
3 , z̄ hkil : l = 2n

4 g 3 . . 0,0,z 0,0, z̄+ 1
2 0,0,z+ 1

2 0,0, z̄ hkil : l = 2n

2 f 6̄ . . 2
3 ,

1
3 ,

1
4

2
3 ,

1
3 ,

3
4 hkil : l = 2n

2 e 3 . 2 2
3 ,

1
3 ,0

2
3 ,

1
3 ,

1
2 hkil : l = 2n

2 d 6̄ . . 1
3 ,

2
3 ,

1
4

1
3 ,

2
3 ,

3
4 hkil : l = 2n

2 c 3 . 2 1
3 ,

2
3 ,0

1
3 ,

2
3 ,

1
2 hkil : l = 2n

2 b 6̄ . . 0,0, 1
4 0,0, 3

4 hkil : l = 2n

2 a 3 . 2 0,0,0 0,0, 1
2 hkil : l = 2n

Symmetry of special projections
Along [001] p3m1
a′ = a b′ = b
Origin at 0,0,z

Along [100] p11m
a′ = 1

2 (a + 2b) b′ = 1
2 c

Origin at x,0,0

Along [210] p2gm
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

Maximal non-isomorphic subgroups
I [2] P 6̄11 (P 6̄, 174) 1; 2; 3; 4; 5; 6

[2] P3c1 (158) 1; 2; 3; 7; 8; 9
[2] P312 (149) 1; 2; 3; 10; 11; 12{
[3] Pmc2 (Ama2, 40) 1; 4; 7; 10
[3] Pmc2 (Ama2, 40) 1; 4; 8; 11
[3] Pmc2 (Ama2, 40) 1; 4; 9; 12

IIa none

IIb [3] H 6̄c2 (a′ = 3a,b′ = 3b) (P 6̄2c, 190)

Maximal isomorphic subgroups of lowest index
IIc [3] P 6̄c2 (c′ = 3c) (188); [4] P 6̄c2 (a′ = 2a,b′ = 2b) (188)

Minimal non-isomorphic supergroups
I [2] P6/mcc (192); [2] P63/mcm (193)

II [3] H 6̄c2 (P 6̄ 2c, 190); [2] P 6̄m2 (c′ = 1
2 c) (187)
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P 6̄2m D3
3h 6̄2m Hexagonal

No. 189 P 6̄2m Patterson symmetry P6/mmm

Origin at 6̄2m

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2 ; x ≤ (1 + y)/2; y ≤ min(1− x,x)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
2 ,

1
2 ,0

0,0, 1
2

1
2 ,0, 1

2
2
3 ,

1
3 ,

1
2

1
2 ,

1
2 ,

1
2

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) m x,y,0 (5) 6̄− 0,0,z; 0,0,0 (6) 6̄+ 0,0,z; 0,0,0
(7) 2 x,x,0 (8) 2 x,0,0 (9) 2 0,y,0

(10) m x,x,z (11) m x,0,z (12) m 0,y,z
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CONTINUED No. 189 P 6̄2m

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4); (7)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

12 l 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄ + y, x̄,z
(4) x,y, z̄ (5) ȳ,x− y, z̄ (6) x̄ + y, x̄, z̄
(7) y,x, z̄ (8) x− y, ȳ, z̄ (9) x̄, x̄ + y, z̄

(10) y,x,z (11) x− y, ȳ,z (12) x̄, x̄ + y,z

no conditions

Special: no extra conditions

6 k m . . x,y, 1
2 ȳ,x− y, 1

2 x̄ + y, x̄, 1
2 y,x, 1

2 x− y, ȳ, 1
2 x̄, x̄ + y, 1

2

6 j m . . x,y,0 ȳ,x− y,0 x̄ + y, x̄,0 y,x,0 x− y, ȳ,0 x̄, x̄ + y,0

6 i . . m x,0,z 0,x,z x̄, x̄,z x,0, z̄ 0,x, z̄ x̄, x̄, z̄

4 h 3 . . 1
3 ,

2
3 ,z

1
3 ,

2
3 , z̄

2
3 ,

1
3 , z̄

2
3 ,

1
3 ,z

3 g m 2 m x,0, 1
2 0,x, 1

2 x̄, x̄, 1
2

3 f m 2 m x,0,0 0,x,0 x̄, x̄,0

2 e 3 . m 0,0,z 0,0, z̄

2 d 6̄ . . 1
3 ,

2
3 ,

1
2

2
3 ,

1
3 ,

1
2

2 c 6̄ . . 1
3 ,

2
3 ,0

2
3 ,

1
3 ,0

1 b 6̄ 2 m 0,0, 1
2

1 a 6̄ 2 m 0,0,0

Symmetry of special projections
Along [001] p31m
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = 1

2 (a + 2b) b′ = c
Origin at x,0,0

Along [210] p11m
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

Maximal non-isomorphic subgroups
I [2] P 6̄11 (P 6̄, 174) 1; 2; 3; 4; 5; 6

[2] P31m (157) 1; 2; 3; 10; 11; 12
[2] P321 (150) 1; 2; 3; 7; 8; 9{
[3] Pm2m (Amm2, 38) 1; 4; 7; 10
[3] Pm2m (Amm2, 38) 1; 4; 8; 11
[3] Pm2m (Amm2, 38) 1; 4; 9; 12

IIa none

IIb [2] P 6̄2c (c′ = 2c) (190); [3] H 6̄ 2m (a′ = 3a,b′ = 3b) (P 6̄m2, 187)

Maximal isomorphic subgroups of lowest index
IIc [2] P 6̄2m (c′ = 2c) (189); [4] P 6̄ 2m (a′ = 2a,b′ = 2b) (189)

Minimal non-isomorphic supergroups
I [2] P6/mmm (191); [2] P63/mcm (193)

II [3] H 6̄2m (P 6̄m2, 187)
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P 6̄2c D4
3h 6̄2m Hexagonal

No. 190 P 6̄2c Patterson symmetry P6/mmm

Origin at 32c

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 2

3 ; 0 ≤ z ≤ 1
4 ; x ≤ (1 + y)/2; y ≤ min(1− x,(1 + x)/2)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
3 ,

2
3 ,0 0, 1

2 ,0

0,0, 1
4

1
2 ,0, 1

4
2
3 ,

1
3 ,

1
4

1
3 ,

2
3 ,

1
4 0, 1

2 ,
1
4

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) m x,y, 1

4 (5) 6̄− 0,0,z; 0,0, 1
4 (6) 6̄+ 0,0,z; 0,0, 1

4

(7) 2 x,x,0 (8) 2 x,0,0 (9) 2 0,y,0
(10) c x,x,z (11) c x,0,z (12) c 0,y,z
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CONTINUED No. 190 P 6̄ 2c

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4); (7)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

12 i 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄+ y, x̄,z
(4) x,y, z̄ + 1

2 (5) ȳ,x− y, z̄+ 1
2 (6) x̄+ y, x̄, z̄+ 1

2

(7) y,x, z̄ (8) x− y, ȳ, z̄ (9) x̄, x̄ + y, z̄
(10) y,x,z+ 1

2 (11) x− y, ȳ,z+ 1
2 (12) x̄, x̄ + y,z+ 1

2

hh2hl : l = 2n
000l : l = 2n

Special: as above, plus

6 h m . . x,y, 1
4 ȳ,x− y, 1

4 x̄ + y, x̄, 1
4 y,x, 3

4 x− y, ȳ, 3
4 x̄, x̄+ y, 3

4 no extra conditions

6 g . 2 . x,0,0 0,x,0 x̄, x̄,0 x,0, 1
2 0,x, 1

2 x̄, x̄, 1
2 hkil : l = 2n

4 f 3 . . 1
3 ,

2
3 ,z

1
3 ,

2
3 , z̄+ 1

2
2
3 ,

1
3 , z̄

2
3 ,

1
3 ,z+ 1

2 hkil : l = 2n
or h− k = 3n + 1
or h− k = 3n + 2

4 e 3 . . 0,0,z 0,0, z̄+ 1
2 0,0, z̄ 0,0,z+ 1

2 hkil : l = 2n

2 d 6̄ . . 2
3 ,

1
3 ,

1
4

1
3 ,

2
3 ,

3
4 hkil : l = 2n

or h− k = 3n + 1
or h− k = 3n + 2

2 c 6̄ . . 1
3 ,

2
3 ,

1
4

2
3 ,

1
3 ,

3
4 hkil : l = 2n

or h− k = 3n + 1
or h− k = 3n + 2

2 b 6̄ . . 0,0, 1
4 0,0, 3

4 hkil : l = 2n

2 a 3 2 . 0,0,0 0,0, 1
2 hkil : l = 2n

Symmetry of special projections
Along [001] p31m
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2gm
a′ = 1

2(a + 2b) b′ = c
Origin at x,0,0

Along [210] p11m
a′ = 1

2 b b′ = 1
2 c

Origin at x, 1
2 x,0

Maximal non-isomorphic subgroups
I [2] P 6̄11 (P 6̄, 174) 1; 2; 3; 4; 5; 6

[2] P31c (159) 1; 2; 3; 10; 11; 12
[2] P321 (150) 1; 2; 3; 7; 8; 9{
[3] Pm2c (Ama2, 40) 1; 4; 7; 10
[3] Pm2c (Ama2, 40) 1; 4; 8; 11
[3] Pm2c (Ama2, 40) 1; 4; 9; 12

IIa none
IIb [3] H 6̄2c (a′ = 3a,b′ = 3b) (P 6̄c2, 188)

Maximal isomorphic subgroups of lowest index
IIc [3] P 6̄2c (c′ = 3c) (190); [4] P 6̄ 2c (a′ = 2a,b′ = 2b) (190)

Minimal non-isomorphic supergroups
I [2] P6/mcc (192); [2] P63/mmc (194)

II [3] H 6̄2c (P 6̄c2, 188); [2] P 6̄ 2m (c′ = 1
2 c) (189)
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P6/mmm D1
6h 6/mmm Hexagonal

No. 191 P 6/m 2/m 2/m Patterson symmetry P6/mmm

Origin at centre (6/mmm)

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

3 ; 0 ≤ z ≤ 1
2 ; x ≤ (1 + y)/2; y ≤ x/2

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

0,0, 1
2

1
2 ,0, 1

2
2
3 ,

1
3 ,

1
2

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 0,0,z (5) 6− 0,0,z (6) 6+ 0,0,z
(7) 2 x,x,0 (8) 2 x,0,0 (9) 2 0,y,0

(10) 2 x, x̄,0 (11) 2 x,2x,0 (12) 2 2x,x,0
(13) 1̄ 0,0,0 (14) 3̄+ 0,0,z; 0,0,0 (15) 3̄− 0,0,z; 0,0,0
(16) m x,y,0 (17) 6̄− 0,0,z; 0,0,0 (18) 6̄+ 0,0,z; 0,0,0
(19) m x, x̄,z (20) m x,2x,z (21) m 2x,x,z
(22) m x,x,z (23) m x,0,z (24) m 0,y,z

Maximal non-isomorphic subgroups
I [2] P 6̄2m (189) 1; 2; 3; 7; 8; 9; 16; 17; 18; 22; 23; 24

[2] P 6̄m2 (187) 1; 2; 3; 10; 11; 12; 16; 17; 18; 19; 20; 21
[2] P6mm (183) 1; 2; 3; 4; 5; 6; 19; 20; 21; 22; 23; 24
[2] P622 (177) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12
[2] P6/m11 (P6/m, 175) 1; 2; 3; 4; 5; 6; 13; 14; 15; 16; 17; 18
[2] P 3̄m1 (164) 1; 2; 3; 7; 8; 9; 13; 14; 15; 19; 20; 21
[2] P 3̄1m (162) 1; 2; 3; 10; 11; 12; 13; 14; 15; 22; 23; 24{
[3] Pmmm (C mmm, 65) 1; 4; 7; 10; 13; 16; 19; 22
[3] Pmmm (C mmm, 65) 1; 4; 8; 11; 13; 16; 20; 23
[3] Pmmm (C mmm, 65) 1; 4; 9; 12; 13; 16; 21; 24

IIa none

IIb [2] P63/mmc (c′ = 2c) (194); [2] P63/mcm (c′ = 2c) (193); [2] P6/mcc (c′ = 2c) (192)

Maximal isomorphic subgroups of lowest index
IIc [2] P6/mmm (c′ = 2c) (191); [3] H 6/mmm (a′ = 3a,b′ = 3b) (P6/mmm, 191)

Minimal non-isomorphic supergroups
I none

II none
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CONTINUED No. 191 P6/mmm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4); (7); (13)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

24 r 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄+ y, x̄,z
(4) x̄, ȳ,z (5) y, x̄ + y,z (6) x− y,x,z
(7) y,x, z̄ (8) x− y, ȳ, z̄ (9) x̄, x̄ + y, z̄

(10) ȳ, x̄, z̄ (11) x̄+ y,y, z̄ (12) x,x− y, z̄
(13) x̄, ȳ, z̄ (14) y, x̄ + y, z̄ (15) x− y,x, z̄
(16) x,y, z̄ (17) ȳ,x− y, z̄ (18) x̄+ y, x̄, z̄
(19) ȳ, x̄,z (20) x̄+ y,y,z (21) x,x− y,z
(22) y,x,z (23) x− y, ȳ,z (24) x̄, x̄ + y,z

no conditions

Special: no extra conditions

12 q m . . x,y, 1
2 ȳ,x− y, 1

2 x̄ + y, x̄, 1
2 x̄, ȳ, 1

2 y, x̄ + y, 1
2 x− y,x, 1

2

y,x, 1
2 x− y, ȳ, 1

2 x̄, x̄ + y, 1
2 ȳ, x̄, 1

2 x̄+ y,y, 1
2 x,x− y, 1

2

12 p m . . x,y,0 ȳ,x− y,0 x̄+ y, x̄,0 x̄, ȳ,0 y, x̄ + y,0 x− y,x,0
y,x,0 x− y, ȳ,0 x̄, x̄ + y,0 ȳ, x̄,0 x̄ + y,y,0 x,x− y,0

12 o . m . x,2x,z 2x̄, x̄,z x, x̄,z x̄,2x̄,z 2x,x,z x̄,x,z
2x,x, z̄ x̄,2x̄, z̄ x̄,x, z̄ 2x̄, x̄, z̄ x,2x, z̄ x, x̄, z̄

12 n . . m x,0,z 0,x,z x̄, x̄,z x̄,0,z 0, x̄,z x,x,z
0,x, z̄ x,0, z̄ x̄, x̄, z̄ 0, x̄, z̄ x̄,0, z̄ x,x, z̄

6 m m m 2 x,2x, 1
2 2x̄, x̄, 1

2 x, x̄, 1
2 x̄,2x̄, 1

2 2x,x, 1
2 x̄,x, 1

2

6 l m m 2 x,2x,0 2x̄, x̄,0 x, x̄,0 x̄,2x̄,0 2x,x,0 x̄,x,0

6 k m 2 m x,0, 1
2 0,x, 1

2 x̄, x̄, 1
2 x̄,0, 1

2 0, x̄, 1
2 x,x, 1

2

6 j m 2 m x,0,0 0,x,0 x̄, x̄,0 x̄,0,0 0, x̄,0 x,x,0

6 i 2 m m 1
2 ,0,z 0, 1

2 ,z
1
2 ,

1
2 ,z 0, 1

2 , z̄
1
2 ,0, z̄ 1

2 ,
1
2 , z̄

4 h 3 m . 1
3 ,

2
3 ,z

2
3 ,

1
3 ,z

2
3 ,

1
3 , z̄

1
3 ,

2
3 , z̄

3 g m m m 1
2 ,0, 1

2 0, 1
2 ,

1
2

1
2 ,

1
2 ,

1
2

3 f m m m 1
2 ,0,0 0, 1

2 ,0
1
2 ,

1
2 ,0

2 e 6 m m 0,0,z 0,0, z̄

2 d 6̄ m 2 1
3 ,

2
3 ,

1
2

2
3 ,

1
3 ,

1
2

2 c 6̄ m 2 1
3 ,

2
3 ,0

2
3 ,

1
3 ,0

1 b 6/m m m 0,0, 1
2

1 a 6/m m m 0,0,0

Symmetry of special projections
Along [001] p6mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = 1

2(a + 2b) b′ = c
Origin at x,0,0

Along [210] p2mm
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

(Continued on preceding page)
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P6/mcc D2
6h 6/mmm Hexagonal

No. 192 P 6/m 2/c 2/c Patterson symmetry P6/mmm

Origin at centre (6/m) at 6/mcc

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4 ; x ≤ (1 + y)/2; y ≤ min(1− x,x)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
2 ,

1
2 ,0

0,0, 1
4

1
2 ,0, 1

4
2
3 ,

1
3 ,

1
4

1
2 ,

1
2 ,

1
4

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 0,0,z (5) 6− 0,0,z (6) 6+ 0,0,z
(7) 2 x,x, 1

4 (8) 2 x,0, 1
4 (9) 2 0,y, 1

4

(10) 2 x, x̄, 1
4 (11) 2 x,2x, 1

4 (12) 2 2x,x, 1
4

(13) 1̄ 0,0,0 (14) 3̄+ 0,0,z; 0,0,0 (15) 3̄− 0,0,z; 0,0,0
(16) m x,y,0 (17) 6̄− 0,0,z; 0,0,0 (18) 6̄+ 0,0,z; 0,0,0
(19) c x, x̄,z (20) c x,2x,z (21) c 2x,x,z
(22) c x,x,z (23) c x,0,z (24) c 0,y,z

Maximal non-isomorphic subgroups
I [2] P 6̄2c (190) 1; 2; 3; 7; 8; 9; 16; 17; 18; 22; 23; 24

[2] P 6̄c2 (188) 1; 2; 3; 10; 11; 12; 16; 17; 18; 19; 20; 21
[2] P6cc (184) 1; 2; 3; 4; 5; 6; 19; 20; 21; 22; 23; 24
[2] P622 (177) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12
[2] P6/m11 (P6/m, 175) 1; 2; 3; 4; 5; 6; 13; 14; 15; 16; 17; 18
[2] P 3̄c1 (165) 1; 2; 3; 7; 8; 9; 13; 14; 15; 19; 20; 21
[2] P 3̄1c (163) 1; 2; 3; 10; 11; 12; 13; 14; 15; 22; 23; 24{
[3] Pmcc (C ccm, 66) 1; 4; 7; 10; 13; 16; 19; 22
[3] Pmcc (C ccm, 66) 1; 4; 8; 11; 13; 16; 20; 23
[3] Pmcc (C ccm, 66) 1; 4; 9; 12; 13; 16; 21; 24

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P6/mcc (c′ = 3c) (192); [3] H 6/mcc (a′ = 3a,b′ = 3b) (P6/mcc, 192)

Minimal non-isomorphic supergroups
I none
II [2] P6/mmm (c′ = 1

2 c) (191)
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CONTINUED No. 192 P6/mcc

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4); (7); (13)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

24 m 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄ + y, x̄,z
(4) x̄, ȳ,z (5) y, x̄ + y,z (6) x− y,x,z
(7) y,x, z̄ + 1

2 (8) x− y, ȳ, z̄+ 1
2 (9) x̄, x̄ + y, z̄+ 1

2

(10) ȳ, x̄, z̄+ 1
2 (11) x̄ + y,y, z̄+ 1

2 (12) x,x− y, z̄+ 1
2

(13) x̄, ȳ, z̄ (14) y, x̄ + y, z̄ (15) x− y,x, z̄
(16) x,y, z̄ (17) ȳ,x− y, z̄ (18) x̄ + y, x̄, z̄
(19) ȳ, x̄,z+ 1

2 (20) x̄ + y,y,z+ 1
2 (21) x,x− y,z+ 1

2

(22) y,x,z+ 1
2 (23) x− y, ȳ,z+ 1

2 (24) x̄, x̄ + y,z+ 1
2

hh2hl : l = 2n
hh̄0l : l = 2n
000l : l = 2n

Special: as above, plus

12 l m . . x,y,0 ȳ,x− y,0 x̄+ y, x̄,0 x̄, ȳ,0 y, x̄ + y,0 x− y,x,0
y,x, 1

2 x− y, ȳ, 1
2 x̄, x̄ + y, 1

2 ȳ, x̄, 1
2 x̄ + y,y, 1

2 x,x− y, 1
2

no extra conditions

12 k . . 2 x,2x, 1
4 2x̄, x̄, 1

4 x, x̄, 1
4 x̄,2x̄, 1

4 2x,x, 1
4 x̄,x, 1

4

x̄,2x̄, 3
4 2x,x, 3

4 x̄,x, 3
4 x,2x, 3

4 2x̄, x̄, 3
4 x, x̄, 3

4

hkil : l = 2n

12 j . 2 . x,0, 1
4 0,x, 1

4 x̄, x̄, 1
4 x̄,0, 1

4 0, x̄, 1
4 x,x, 1

4

x̄,0, 3
4 0, x̄, 3

4 x,x, 3
4 x,0, 3

4 0,x, 3
4 x̄, x̄, 3

4

hkil : l = 2n

12 i 2 . . 1
2 ,0,z 0, 1

2 ,z
1
2 ,

1
2 ,z 0, 1

2 , z̄+ 1
2

1
2 ,0, z̄+ 1

2
1
2 ,

1
2 , z̄+ 1

2
1
2 ,0, z̄ 0, 1

2 , z̄
1
2 ,

1
2 , z̄ 0, 1

2 ,z+ 1
2

1
2 ,0,z+ 1

2
1
2 ,

1
2 ,z+ 1

2

hkil : l = 2n

8 h 3 . . 1
3 ,

2
3 ,z

2
3 ,

1
3 ,z

2
3 ,

1
3 , z̄+ 1

2
1
3 ,

2
3 , z̄+ 1

2
2
3 ,

1
3 , z̄

1
3 ,

2
3 , z̄

1
3 ,

2
3 ,z+ 1

2
2
3 ,

1
3 ,z+ 1

2

hkil : l = 2n

6 g 2/m . . 1
2 ,0,0 0, 1

2 ,0
1
2 ,

1
2 ,0 0, 1

2 ,
1
2

1
2 ,0, 1

2
1
2 ,

1
2 ,

1
2 hkil : l = 2n

6 f 2 2 2 1
2 ,0, 1

4 0, 1
2 ,

1
4

1
2 ,

1
2 ,

1
4

1
2 ,0, 3

4 0, 1
2 ,

3
4

1
2 ,

1
2 ,

3
4 hkil : l = 2n

4 e 6 . . 0,0,z 0,0, z̄+ 1
2 0,0, z̄ 0,0,z+ 1

2 hkil : l = 2n

4 d 6̄ . . 1
3 ,

2
3 ,0

2
3 ,

1
3 ,0

2
3 ,

1
3 ,

1
2

1
3 ,

2
3 ,

1
2 hkil : l = 2n

4 c 3 . 2 1
3 ,

2
3 ,

1
4

2
3 ,

1
3 ,

1
4

2
3 ,

1
3 ,

3
4

1
3 ,

2
3 ,

3
4 hkil : l = 2n

2 b 6/m . . 0,0,0 0,0, 1
2 hkil : l = 2n

2 a 6 2 2 0,0, 1
4 0,0, 3

4 hkil : l = 2n

Symmetry of special projections
Along [001] p6mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = 1

2 (a + 2b) b′ = 1
2 c

Origin at x,0,0

Along [210] p2mm
a′ = 1

2 b b′ = 1
2 c

Origin at x, 1
2 x,0

(Continued on preceding page)
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P63/mcm D3
6h 6/mmm Hexagonal

No. 193 P 63/m 2/c 2/m Patterson symmetry P6/mmm

Origin at centre (3̄ 1m) at 3̄c2/m

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4 ; x ≤ (1 + y)/2; y ≤ min(1− x,x)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
2 ,

1
2 ,0

0,0, 1
4

1
2 ,0, 1

4
2
3 ,

1
3 ,

1
4

1
2 ,

1
2 ,

1
4

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2(0,0, 1

2 ) 0,0,z (5) 6−(0,0, 1
2 ) 0,0,z (6) 6+(0,0, 1

2 ) 0,0,z
(7) 2 x,x, 1

4 (8) 2 x,0, 1
4 (9) 2 0,y, 1

4

(10) 2 x, x̄,0 (11) 2 x,2x,0 (12) 2 2x,x,0
(13) 1̄ 0,0,0 (14) 3̄+ 0,0,z; 0,0,0 (15) 3̄− 0,0,z; 0,0,0
(16) m x,y, 1

4 (17) 6̄− 0,0,z; 0,0, 1
4 (18) 6̄+ 0,0,z; 0,0, 1

4

(19) c x, x̄,z (20) c x,2x,z (21) c 2x,x,z
(22) m x,x,z (23) m x,0,z (24) m 0,y,z

Maximal non-isomorphic subgroups
I [2] P 6̄2m (189) 1; 2; 3; 7; 8; 9; 16; 17; 18; 22; 23; 24

[2] P 6̄c2 (188) 1; 2; 3; 10; 11; 12; 16; 17; 18; 19; 20; 21
[2] P63 cm (185) 1; 2; 3; 4; 5; 6; 19; 20; 21; 22; 23; 24
[2] P63 22 (182) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12
[2] P63/m11 (P63/m, 176) 1; 2; 3; 4; 5; 6; 13; 14; 15; 16; 17; 18
[2] P 3̄c1 (165) 1; 2; 3; 7; 8; 9; 13; 14; 15; 19; 20; 21
[2] P 3̄1m (162) 1; 2; 3; 10; 11; 12; 13; 14; 15; 22; 23; 24{
[3] Pmcm (C mcm, 63) 1; 4; 7; 10; 13; 16; 19; 22
[3] Pmcm (C mcm, 63) 1; 4; 8; 11; 13; 16; 20; 23
[3] Pmcm (C mcm, 63) 1; 4; 9; 12; 13; 16; 21; 24

IIa none

IIb [3] H 63/mcm (a′ = 3a,b′ = 3b) (P63/mmc, 194)

Maximal isomorphic subgroups of lowest index
IIc [3] P63/mcm (c′ = 3c) (193); [4] P63/mcm (a′ = 2a,b′ = 2b) (193)

Minimal non-isomorphic supergroups
I none

II [3] H 63/mcm (P63/mmc, 194); [2] P6/mmm (c′ = 1
2 c) (191)
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CONTINUED No. 193 P63/mcm

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4); (7); (13)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

24 l 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄ + y, x̄,z
(4) x̄, ȳ,z+ 1

2 (5) y, x̄ + y,z+ 1
2 (6) x− y,x,z+ 1

2

(7) y,x, z̄ + 1
2 (8) x− y, ȳ, z̄+ 1

2 (9) x̄, x̄ + y, z̄+ 1
2

(10) ȳ, x̄, z̄ (11) x̄ + y,y, z̄ (12) x,x− y, z̄
(13) x̄, ȳ, z̄ (14) y, x̄ + y, z̄ (15) x− y,x, z̄
(16) x,y, z̄ + 1

2 (17) ȳ,x− y, z̄+ 1
2 (18) x̄ + y, x̄, z̄+ 1

2

(19) ȳ, x̄,z+ 1
2 (20) x̄ + y,y,z+ 1

2 (21) x,x− y,z+ 1
2

(22) y,x,z (23) x− y, ȳ,z (24) x̄, x̄ + y,z

hh̄0l : l = 2n
000l : l = 2n

Special: as above, plus

12 k . . m x,0,z 0,x,z x̄, x̄,z x̄,0,z+ 1
2

0, x̄,z+ 1
2 x,x,z+ 1

2 0,x, z̄+ 1
2 x,0, z̄+ 1

2

x̄, x̄, z̄+ 1
2 0, x̄, z̄ x̄,0, z̄ x,x, z̄

no extra conditions

12 j m . . x,y, 1
4 ȳ,x− y, 1

4 x̄ + y, x̄, 1
4 x̄, ȳ, 3

4 y, x̄ + y, 3
4 x− y,x, 3

4

y,x, 1
4 x− y, ȳ, 1

4 x̄, x̄ + y, 1
4 ȳ, x̄, 3

4 x̄+ y,y, 3
4 x,x− y, 3

4

no extra conditions

12 i . . 2 x,2x,0 2x̄, x̄,0 x, x̄,0 x̄,2x̄, 1
2 2x,x, 1

2 x̄,x, 1
2

x̄,2x̄,0 2x,x,0 x̄,x,0 x,2x, 1
2 2x̄, x̄, 1

2 x, x̄, 1
2

hkil : l = 2n

8 h 3 . . 1
3 ,

2
3 ,z

2
3 ,

1
3 ,z+ 1

2
2
3 ,

1
3 , z̄+ 1

2
1
3 ,

2
3 , z̄

2
3 ,

1
3 , z̄

1
3 ,

2
3 , z̄+ 1

2
1
3 ,

2
3 ,z+ 1

2
2
3 ,

1
3 ,z

hkil : l = 2n

6 g m 2 m x,0, 1
4 0,x, 1

4 x̄, x̄, 1
4 x̄,0, 3

4 0, x̄, 3
4 x,x, 3

4 no extra conditions

6 f . . 2/m 1
2 ,0,0 0, 1

2 ,0
1
2 ,

1
2 ,0

1
2 ,0, 1

2 0, 1
2 ,

1
2

1
2 ,

1
2 ,

1
2 hkil : l = 2n

4 e 3 . m 0,0,z 0,0,z+ 1
2 0,0, z̄+ 1

2 0,0, z̄ hkil : l = 2n

4 d 3 . 2 1
3 ,

2
3 ,0

2
3 ,

1
3 ,

1
2

2
3 ,

1
3 ,0

1
3 ,

2
3 ,

1
2 hkil : l = 2n

4 c 6̄ . . 1
3 ,

2
3 ,

1
4

2
3 ,

1
3 ,

3
4

2
3 ,

1
3 ,

1
4

1
3 ,

2
3 ,

3
4 hkil : l = 2n

2 b 3̄ . m 0,0,0 0,0, 1
2 hkil : l = 2n

2 a 6̄ 2 m 0,0, 1
4 0,0, 3

4 hkil : l = 2n

Symmetry of special projections
Along [001] p6mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2mm
a′ = 1

2 (a + 2b) b′ = 1
2 c

Origin at x,0,0

Along [210] p2gm
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

(Continued on preceding page)
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P63/mmc D4
6h 6/mmm Hexagonal

No. 194 P 63/m 2/m 2/c Patterson symmetry P6/mmm

Origin at centre (3̄m1) at 3̄2/mc

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 2

3 ; 0 ≤ z ≤ 1
4 ; x ≤ 2y; y ≤ min(1− x,2x)

Vertices 0,0,0 2
3 ,

1
3 ,0

1
3 ,

2
3 ,0

0,0, 1
4

2
3 ,

1
3 ,

1
4

1
3 ,

2
3 ,

1
4

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2(0,0, 1

2 ) 0,0,z (5) 6−(0,0, 1
2 ) 0,0,z (6) 6+(0,0, 1

2 ) 0,0,z
(7) 2 x,x,0 (8) 2 x,0,0 (9) 2 0,y,0

(10) 2 x, x̄, 1
4 (11) 2 x,2x, 1

4 (12) 2 2x,x, 1
4

(13) 1̄ 0,0,0 (14) 3̄+ 0,0,z; 0,0,0 (15) 3̄− 0,0,z; 0,0,0
(16) m x,y, 1

4 (17) 6̄− 0,0,z; 0,0, 1
4 (18) 6̄+ 0,0,z; 0,0, 1

4

(19) m x, x̄,z (20) m x,2x,z (21) m 2x,x,z
(22) c x,x,z (23) c x,0,z (24) c 0,y,z

Maximal non-isomorphic subgroups
I [2] P 6̄2c (190) 1; 2; 3; 7; 8; 9; 16; 17; 18; 22; 23; 24

[2] P 6̄m2 (187) 1; 2; 3; 10; 11; 12; 16; 17; 18; 19; 20; 21
[2] P63 mc (186) 1; 2; 3; 4; 5; 6; 19; 20; 21; 22; 23; 24
[2] P63 22 (182) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12
[2] P63/m11 (P63/m, 176) 1; 2; 3; 4; 5; 6; 13; 14; 15; 16; 17; 18
[2] P 3̄m1 (164) 1; 2; 3; 7; 8; 9; 13; 14; 15; 19; 20; 21
[2] P 3̄1c (163) 1; 2; 3; 10; 11; 12; 13; 14; 15; 22; 23; 24{
[3] Pmmc (C mcm, 63) 1; 4; 7; 10; 13; 16; 19; 22
[3] Pmmc (C mcm, 63) 1; 4; 8; 11; 13; 16; 20; 23
[3] Pmmc (C mcm, 63) 1; 4; 9; 12; 13; 16; 21; 24

IIa none

IIb [3] H 63/mmc (a′ = 3a,b′ = 3b) (P63/mcm, 193)

Maximal isomorphic subgroups of lowest index
IIc [3] P63/mmc (c′ = 3c) (194); [4] P63/mmc (a′ = 2a,b′ = 2b) (194)

Minimal non-isomorphic supergroups
I none

II [3] H 63/mmc (P63/mcm, 193); [2] P6/mmm (c′ = 1
2 c) (191)
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CONTINUED No. 194 P63/mmc

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (4); (7); (13)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

24 l 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄ + y, x̄,z
(4) x̄, ȳ,z+ 1

2 (5) y, x̄ + y,z+ 1
2 (6) x− y,x,z+ 1

2

(7) y,x, z̄ (8) x− y, ȳ, z̄ (9) x̄, x̄ + y, z̄
(10) ȳ, x̄, z̄+ 1

2 (11) x̄ + y,y, z̄+ 1
2 (12) x,x− y, z̄+ 1

2

(13) x̄, ȳ, z̄ (14) y, x̄ + y, z̄ (15) x− y,x, z̄
(16) x,y, z̄ + 1

2 (17) ȳ,x− y, z̄+ 1
2 (18) x̄ + y, x̄, z̄+ 1

2

(19) ȳ, x̄,z (20) x̄ + y,y,z (21) x,x− y,z
(22) y,x,z+ 1

2 (23) x− y, ȳ,z+ 1
2 (24) x̄, x̄ + y,z+ 1

2

hh2hl : l = 2n
000l : l = 2n

Special: as above, plus

12 k . m . x,2x,z 2x̄, x̄,z x, x̄,z x̄,2x̄,z+ 1
2

2x,x,z+ 1
2 x̄,x,z+ 1

2 2x,x, z̄ x̄,2x̄, z̄
x̄,x, z̄ 2x̄, x̄, z̄+ 1

2 x,2x, z̄+ 1
2 x, x̄, z̄+ 1

2

no extra conditions

12 j m . . x,y, 1
4 ȳ,x− y, 1

4 x̄ + y, x̄, 1
4 x̄, ȳ, 3

4 y, x̄ + y, 3
4 x− y,x, 3

4

y,x, 3
4 x− y, ȳ, 3

4 x̄, x̄ + y, 3
4 ȳ, x̄, 1

4 x̄+ y,y, 1
4 x,x− y, 1

4

no extra conditions

12 i . 2 . x,0,0 0,x,0 x̄, x̄,0 x̄,0, 1
2 0, x̄, 1

2 x,x, 1
2

x̄,0,0 0, x̄,0 x,x,0 x,0, 1
2 0,x, 1

2 x̄, x̄, 1
2

hkil : l = 2n

6 h m m 2 x,2x, 1
4 2x̄, x̄, 1

4 x, x̄, 1
4 x̄,2x̄, 3

4 2x,x, 3
4 x̄,x, 3

4 no extra conditions

6 g . 2/m . 1
2 ,0,0 0, 1

2 ,0
1
2 ,

1
2 ,0

1
2 ,0, 1

2 0, 1
2 ,

1
2

1
2 ,

1
2 ,

1
2 hkil : l = 2n

4 f 3 m . 1
3 ,

2
3 ,z

2
3 ,

1
3 ,z+ 1

2
2
3 ,

1
3 , z̄

1
3 ,

2
3 , z̄+ 1

2 hkil : l = 2n
or h− k = 3n + 1
or h− k = 3n + 2

4 e 3 m . 0,0,z 0,0,z+ 1
2 0,0, z̄ 0,0, z̄+ 1

2 hkil : l = 2n

2 d 6̄ m 2 1
3 ,

2
3 ,

3
4

2
3 ,

1
3 ,

1
4

2 c 6̄ m 2 1
3 ,

2
3 ,

1
4

2
3 ,

1
3 ,

3
4

}
hkil : l = 2n

or h− k = 3n + 1
or h− k = 3n + 2

2 b 6̄ m 2 0,0, 1
4 0,0, 3

4 hkil : l = 2n

2 a 3̄ m . 0,0,0 0,0, 1
2 hkil : l = 2n

Symmetry of special projections
Along [001] p6mm
a′ = a b′ = b
Origin at 0,0,z

Along [100] p2gm
a′ = 1

2(a + 2b) b′ = c
Origin at x,0,0

Along [210] p2mm
a′ = 1

2 b b′ = 1
2 c

Origin at x, 1
2 x,0

(Continued on preceding page)
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P23 T 1
23 Cubic

No. 195 P23 Patterson symmetry Pm 3̄

Origin at 23

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1
2 ; y ≤ 1− x; z ≤ min(x,y)

Vertices 0,0,0 1,0,0 0,1,0 1
2 ,

1
2 ,

1
2

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 3+ x,x,x (6) 3+ x̄,x, x̄ (7) 3+ x, x̄, x̄ (8) 3+ x̄, x̄,x
(9) 3− x,x,x (10) 3− x, x̄, x̄ (11) 3− x̄, x̄,x (12) 3− x̄,x, x̄
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CONTINUED No. 195 P23

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

h,k, l cyclically permutable
General:

12 j 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) z,x,y (6) z, x̄, ȳ (7) z̄, x̄,y (8) z̄,x, ȳ
(9) y,z,x (10) ȳ,z, x̄ (11) y, z̄, x̄ (12) ȳ, z̄,x

no conditions

Special: no extra conditions

6 i 2 . . x, 1
2 ,

1
2 x̄, 1

2 ,
1
2

1
2 ,x,

1
2

1
2 , x̄,

1
2

1
2 ,

1
2 ,x

1
2 ,

1
2 , x̄

6 h 2 . . x, 1
2 ,0 x̄, 1

2 ,0 0,x, 1
2 0, x̄, 1

2
1
2 ,0,x 1

2 ,0, x̄

6 g 2 . . x,0, 1
2 x̄,0, 1

2
1
2 ,x,0

1
2 , x̄,0 0, 1

2 ,x 0, 1
2 , x̄

6 f 2 . . x,0,0 x̄,0,0 0,x,0 0, x̄,0 0,0,x 0,0, x̄

4 e . 3 . x,x,x x̄, x̄,x x̄,x, x̄ x, x̄, x̄

3 d 2 2 2 . . 1
2 ,0,0 0, 1

2 ,0 0,0, 1
2

3 c 2 2 2 . . 0, 1
2 ,

1
2

1
2 ,0, 1

2
1
2 ,

1
2 ,0

1 b 2 3 . 1
2 ,

1
2 ,

1
2

1 a 2 3 . 0,0,0

Symmetry of special projections
Along [001] p2mm
a′ = a b′ = b
Origin at 0,0,z

Along [111] p3
a′ = 1

3 (2a−b− c) b′ = 1
3(−a + 2b− c)

Origin at x,x,x

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [3] P21 (P222, 16) 1; 2; 3; 4⎧⎪⎨

⎪⎩
[4] P13 (R3, 146) 1; 5; 9
[4] P13 (R3, 146) 1; 6; 12
[4] P13 (R3, 146) 1; 7; 10
[4] P13 (R3, 146) 1; 8; 11

IIa none

IIb [2] F 23 (a′ = 2a,b′ = 2b,c′ = 2c) (196); [4] I 21 3 (a′ = 2a,b′ = 2b,c′ = 2c) (199); [4] I 23 (a′ = 2a,b′ = 2b,c′ = 2c) (197)

Maximal isomorphic subgroups of lowest index
IIc [27] P23 (a′ = 3a,b′ = 3b,c′ = 3c) (195)

Minimal non-isomorphic supergroups
I [2] Pm 3̄ (200); [2] Pn 3̄ (201); [2] P432 (207); [2] P42 32 (208); [2] P 4̄ 3m (215); [2] P 4̄ 3n (218)

II [2] I 23 (197); [4] F 23 (196)
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F 23 T 2
23 Cubic

No. 196 F 23 Patterson symmetry F m 3̄

Origin at 23

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; − 1
4 ≤ z ≤ 1

4 ; y ≤ x; max(x− 1
2 ,−y) ≤ z ≤ min( 1

2 − x,y)
Vertices 0,0,0 1

2 ,0,0 1
2 ,

1
2 ,0

1
4 ,

1
4 ,

1
4

1
4 ,

1
4 ,− 1

4
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CONTINUED No. 196 F 23

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 3+ x,x,x (6) 3+ x̄,x, x̄ (7) 3+ x, x̄, x̄ (8) 3+ x̄, x̄,x
(9) 3− x,x,x (10) 3− x, x̄, x̄ (11) 3− x̄, x̄,x (12) 3− x̄,x, x̄

For (0, 1
2 ,

1
2 )+ set

(1) t(0, 1
2 ,

1
2 ) (2) 2(0,0, 1

2 ) 0, 1
4 ,z (3) 2(0, 1

2 ,0) 0,y, 1
4 (4) 2 x, 1

4 ,
1
4

(5) 3+( 1
3 ,

1
3 ,

1
3) x− 1

3 ,x− 1
6 ,x (6) 3+ x̄,x+ 1

2 , x̄ (7) 3+(− 1
3 ,

1
3 ,

1
3) x+ 1

3 , x̄− 1
6 , x̄ (8) 3+ x̄, x̄+ 1

2 ,x
(9) 3−( 1

3 ,
1
3 ,

1
3) x− 1

6 ,x+ 1
6 ,x (10) 3−(− 1

3 ,
1
3 ,

1
3 ) x+ 1

6 , x̄+ 1
6 , x̄ (11) 3− x̄+ 1

2 , x̄+ 1
2 ,x (12) 3− x̄− 1

2 ,x+ 1
2 , x̄

For ( 1
2 ,0, 1

2 )+ set
(1) t( 1

2 ,0, 1
2 ) (2) 2(0,0, 1

2 ) 1
4 ,0,z (3) 2 1

4 ,y,
1
4 (4) 2( 1

2 ,0,0) x,0, 1
4

(5) 3+( 1
3 ,

1
3 ,

1
3) x+ 1

6 ,x− 1
6 ,x (6) 3+( 1

3 ,− 1
3 ,

1
3 ) x̄+ 1

6 ,x+ 1
6 , x̄ (7) 3+ x+ 1

2 , x̄− 1
2 , x̄ (8) 3+ x̄+ 1

2 , x̄+ 1
2 ,x

(9) 3−( 1
3 ,

1
3 ,

1
3) x− 1

6 ,x− 1
3 ,x (10) 3− x+ 1

2 , x̄, x̄ (11) 3− x̄+ 1
2 , x̄,x (12) 3−( 1

3 ,− 1
3 ,

1
3 ) x̄− 1

6 ,x+ 1
3 , x̄

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2 1

4 ,
1
4 ,z (3) 2(0, 1

2 ,0) 1
4 ,y,0 (4) 2( 1

2 ,0,0) x, 1
4 ,0

(5) 3+( 1
3 ,

1
3 ,

1
3) x+ 1

6 ,x+ 1
3 ,x (6) 3+ x̄+ 1

2 ,x, x̄ (7) 3+ x+ 1
2 , x̄, x̄ (8) 3+( 1

3 ,
1
3 ,− 1

3 ) x̄+ 1
6 , x̄+ 1

3 ,x
(9) 3−( 1

3 ,
1
3 ,

1
3) x+ 1

3 ,x+ 1
6 ,x (10) 3− x, x̄+ 1

2 , x̄ (11) 3−( 1
3 ,

1
3 ,− 1

3) x̄+ 1
3 , x̄+ 1

6 ,x (12) 3− x̄,x+ 1
2 , x̄

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); t( 1

2 ,0, 1
2 ); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2)+ ( 1

2 ,0, 1
2 )+ ( 1

2 ,
1
2 ,0)+

Reflection conditions

h,k, l cyclically permutable
General:

48 h 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) z,x,y (6) z, x̄, ȳ (7) z̄, x̄,y (8) z̄,x, ȳ
(9) y,z,x (10) ȳ,z, x̄ (11) y, z̄, x̄ (12) ȳ, z̄,x

hkl : h + k,h + l,k + l = 2n
0kl : k, l = 2n
hhl : h + l = 2n
h00 : h = 2n

Special: no extra conditions

24 g 2 . . x, 1
4 ,

1
4 x̄, 3

4 ,
1
4

1
4 ,x,

1
4

1
4 , x̄,

3
4

1
4 ,

1
4 ,x

3
4 ,

1
4 , x̄

24 f 2 . . x,0,0 x̄,0,0 0,x,0 0, x̄,0 0,0,x 0,0, x̄

16 e . 3 . x,x,x x̄, x̄,x x̄,x, x̄ x, x̄, x̄

4 d 2 3 . 3
4 ,

3
4 ,

3
4

4 c 2 3 . 1
4 ,

1
4 ,

1
4

4 b 2 3 . 1
2 ,

1
2 ,

1
2

4 a 2 3 . 0,0,0

Symmetry of special projections
Along [001] p2mm
a′ = 1

2 a b′ = 1
2 b

Origin at 0,0,z

Along [111] p3
a′ = 1

6 (2a−b− c) b′ = 1
6 (−a + 2b− c)

Origin at x,x,x

Along [110] c1m1
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0
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F 23 No. 196 CONTINUED

Maximal non-isomorphic subgroups
I [3] F 21 (F 222, 22) (1; 2; 3; 4)+⎧⎪⎨

⎪⎩
[4] F 13 (R3, 146) (1; 5; 9)+
[4] F 13 (R3, 146) (1; 6; 12)+
[4] F 13 (R3, 146) (1; 7; 10)+
[4] F 13 (R3, 146) (1; 8; 11)+

IIa
⎧⎪⎨
⎪⎩

[4] P21 3 (198) 1; 5; 9; (2; 7; 12)+ (0, 1
2 ,

1
2 ); (4; 6; 11)+ ( 1

2 ,0, 1
2 ); (3; 8; 10)+ ( 1

2 ,
1
2 ,0)

[4] P21 3 (198) 1; 7; 10; (2; 5; 11)+ (0, 1
2 ,

1
2 ); (4; 8; 12)+ ( 1

2 ,0, 1
2 ); (3; 6; 9)+ ( 1

2 ,
1
2 ,0)

[4] P21 3 (198) 1; 8; 11; (2; 6; 10)+ (0, 1
2 ,

1
2 ); (4; 7; 9)+ ( 1

2 ,0, 1
2 ); (3; 5; 12)+ ( 1

2 ,
1
2 ,0)

[4] P21 3 (198) 1; 6; 12; (2; 8; 9)+ (0, 1
2 ,

1
2 ); (4; 5; 10)+ ( 1

2 ,0, 1
2 ); (3; 7; 11)+ ( 1

2 ,
1
2 ,0)⎧⎪⎨

⎪⎩
[4] P21 3 (198) 1; 5; 9; (3; 8; 10)+ (0, 1

2 ,
1
2 ); (2; 7; 12)+ ( 1

2 ,0, 1
2 ); (4; 6; 11)+ ( 1

2 ,
1
2 ,0)

[4] P21 3 (198) 1; 7; 10; (3; 6; 9)+ (0, 1
2 ,

1
2 ); (2; 5; 11)+ ( 1

2 ,0, 1
2 ); (4; 8; 12)+ ( 1

2 ,
1
2 ,0)

[4] P21 3 (198) 1; 8; 11; (3; 5; 12)+ (0, 1
2 ,

1
2 ); (2; 6; 10)+ ( 1

2 ,0, 1
2 ); (4; 7; 9)+ ( 1

2 ,
1
2 ,0)

[4] P21 3 (198) 1; 6; 12; (3; 7; 11)+ (0, 1
2 ,

1
2 ); (2; 8; 9)+ ( 1

2 ,0, 1
2 ); (4; 5; 10)+ ( 1

2 ,
1
2 ,0)⎧⎪⎨

⎪⎩
[4] P23 (195) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12
[4] P23 (195) 1; 2; 3; 4; (5; 6; 7; 8)+ (0, 1

2 ,
1
2 ); (9; 10; 11; 12)+ ( 1

2 ,
1
2 ,0)

[4] P23 (195) 1; 2; 3; 4; (5; 6; 7; 8)+ ( 1
2 ,0, 1

2 ); (9; 10; 11; 12)+ (0, 1
2 ,

1
2)

[4] P23 (195) 1; 2; 3; 4; (5; 6; 7; 8)+ ( 1
2 ,

1
2 ,0); (9; 10; 11; 12)+ ( 1

2 ,0, 1
2)⎧⎪⎨

⎪⎩
[4] P23 (195) 1; 5; 9; (4; 6; 11)+ (0, 1

2 ,
1
2 ); (3; 8; 10)+ ( 1

2 ,0, 1
2 ); (2; 7; 12)+ ( 1

2 ,
1
2 ,0)

[4] P23 (195) 1; 7; 10; (4; 8; 12)+ (0, 1
2 ,

1
2 ); (3; 6; 9)+ ( 1

2 ,0, 1
2 ); (2; 5; 11)+ ( 1

2 ,
1
2 ,0)

[4] P23 (195) 1; 8; 11; (4; 7; 9)+ (0, 1
2 ,

1
2 ); (3; 5; 12)+ ( 1

2 ,0, 1
2 ); (2; 6; 10)+ ( 1

2 ,
1
2 ,0)

[4] P23 (195) 1; 6; 12; (4; 5; 10)+ (0, 1
2 ,

1
2 ); (3; 7; 11)+ ( 1

2 ,0, 1
2 ); (2; 8; 9)+ ( 1

2 ,
1
2 ,0)

IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] F 23 (a′ = 3a,b′ = 3b,c′ = 3c) (196)

Minimal non-isomorphic supergroups
I [2] F m 3̄ (202); [2] F d 3̄ (203); [2] F 432 (209); [2] F 41 32 (210); [2] F 4̄ 3m (216); [2] F 4̄ 3c (219)
II [2] P23 (a′ = 1

2 c,b′ = 1
2 b,c′ = 1

2 c) (195)

606



I 23 T 3
23 Cubic

No. 197 I 23 Patterson symmetry I m 3̄

Origin at 23

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
2 ; 0 ≤ z ≤ 1

2 ; y ≤ min(x,1− x); z ≤ y

Vertices 0,0,0 1,0,0 1
2 ,

1
2 ,0

1
2 ,

1
2 ,

1
2

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 3+ x,x,x (6) 3+ x̄,x, x̄ (7) 3+ x, x̄, x̄ (8) 3+ x̄, x̄,x
(9) 3− x,x,x (10) 3− x, x̄, x̄ (11) 3− x̄, x̄,x (12) 3− x̄,x, x̄

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2(0,0, 1

2) 1
4 ,

1
4 ,z (3) 2(0, 1

2 ,0) 1
4 ,y,

1
4 (4) 2( 1

2 ,0,0) x, 1
4 ,

1
4

(5) 3+( 1
2 ,

1
2 ,

1
2) x,x,x (6) 3+( 1

6 ,− 1
6 ,

1
6 ) x̄+ 1

3 ,x+ 1
3 , x̄ (7) 3+(− 1

6 ,
1
6 ,

1
6 ) x+ 2

3 , x̄− 1
3 , x̄ (8) 3+( 1

6 ,
1
6 ,− 1

6 ) x̄+ 1
3 , x̄+ 2

3 ,x
(9) 3−( 1

2 ,
1
2 ,

1
2) x,x,x (10) 3−(− 1

6 ,
1
6 ,

1
6 ) x+ 1

3 , x̄+ 1
3 , x̄ (11) 3−( 1

6 ,
1
6 ,− 1

6 ) x̄+ 2
3 , x̄+ 1

3 ,x (12) 3−( 1
6 ,− 1

6 ,
1
6 ) x̄− 1

3 ,x+ 2
3 , x̄
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CONTINUED No. 197 I 23

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

h,k, l cyclically permutable
General:

24 f 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) z,x,y (6) z, x̄, ȳ (7) z̄, x̄,y (8) z̄,x, ȳ
(9) y,z,x (10) ȳ,z, x̄ (11) y, z̄, x̄ (12) ȳ, z̄,x

hkl : h + k + l = 2n
0kl : k + l = 2n
hhl : l = 2n
h00 : h = 2n

Special: no extra conditions

12 e 2 . . x, 1
2 ,0 x̄, 1

2 ,0 0,x, 1
2 0, x̄, 1

2
1
2 ,0,x 1

2 ,0, x̄

12 d 2 . . x,0,0 x̄,0,0 0,x,0 0, x̄,0 0,0,x 0,0, x̄

8 c . 3 . x,x,x x̄, x̄,x x̄,x, x̄ x, x̄, x̄

6 b 2 2 2 . . 0, 1
2 ,

1
2

1
2 ,0, 1

2
1
2 ,

1
2 ,0

2 a 2 3 . 0,0,0

Symmetry of special projections
Along [001] c2mm
a′ = a b′ = b
Origin at 0,0,z

Along [111] p3
a′ = 1

3 (2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [3] I 21 (I 222, 23) (1; 2; 3; 4)+⎧⎪⎨

⎪⎩
[4] I 13 (R3, 146) (1; 5; 9)+
[4] I 13 (R3, 146) (1; 6; 12)+
[4] I 13 (R3, 146) (1; 7; 10)+
[4] I 13 (R3, 146) (1; 8; 11)+

IIa [2] P23 (195) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12

IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] I 23 (a′ = 3a,b′ = 3b,c′ = 3c) (197)

Minimal non-isomorphic supergroups
I [2] I m 3̄ (204); [2] I 432 (211); [2] I 4̄ 3m (217)
II [4] P23 (a′ = 1

2 a,b′ = 1
2 b,c′ = 1

2 c) (195)
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P21 3 T 4
23 Cubic

No. 198 P21 3 Patterson symmetry Pm 3̄

Origin on 3[111] at midpoint of three non-intersecting pairs of parallel 21 axes

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; − 1
2 ≤ z ≤ 1

2 ; max(x− 1
2 ,−y) ≤ z ≤ min(x,y)

Vertices 0,0,0 1
2 ,0,0 1

2 ,
1
2 ,0 0, 1

2 ,0
1
2 ,

1
2 ,

1
2 0, 1

2 ,− 1
2

Symmetry operations

(1) 1 (2) 2(0,0, 1
2) 1

4 ,0,z (3) 2(0, 1
2 ,0) 0,y, 1

4 (4) 2( 1
2 ,0,0) x, 1

4 ,0
(5) 3+ x,x,x (6) 3+ x̄+ 1

2 ,x, x̄ (7) 3+ x+ 1
2 , x̄− 1

2 , x̄ (8) 3+ x̄, x̄+ 1
2 ,x

(9) 3− x,x,x (10) 3−(− 1
3 ,

1
3 ,

1
3 ) x+ 1

6 , x̄+ 1
6 , x̄ (11) 3−( 1

3 ,
1
3 ,− 1

3) x̄+ 1
3 , x̄+ 1

6 ,x (12) 3−( 1
3 ,− 1

3 ,
1
3 ) x̄− 1

6 ,x+ 1
3 , x̄
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CONTINUED No. 198 P21 3

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

h,k, l cyclically permutable
General:

12 b 1 (1) x,y,z (2) x̄ + 1
2 , ȳ,z+ 1

2 (3) x̄,y + 1
2 , z̄+ 1

2 (4) x + 1
2 , ȳ+ 1

2 , z̄
(5) z,x,y (6) z+ 1

2 , x̄ + 1
2 , ȳ (7) z̄+ 1

2 , x̄,y + 1
2 (8) z̄,x + 1

2 , ȳ + 1
2

(9) y,z,x (10) ȳ,z+ 1
2 , x̄ + 1

2 (11) y + 1
2 , z̄+ 1

2 , x̄ (12) ȳ + 1
2 , z̄,x + 1

2

h00 : h = 2n

Special: no extra conditions

4 a . 3 . x,x,x x̄+ 1
2 , x̄,x + 1

2 x̄,x + 1
2 , x̄ + 1

2 x + 1
2 , x̄ + 1

2 , x̄

Symmetry of special projections
Along [001] p2gg
a′ = a b′ = b
Origin at 1

4 ,0,z

Along [111] p3
a′ = 1

3(2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [110] p1g1
a′ = 1

2 (−a + b) b′ = c
Origin at x + 1

4 ,x,0

Maximal non-isomorphic subgroups
I [3] P21 1 (P21 21 21, 19) 1; 2; 3; 4⎧⎪⎨

⎪⎩
[4] P13 (R3, 146) 1; 5; 9
[4] P13 (R3, 146) 1; 6; 12
[4] P13 (R3, 146) 1; 7; 10
[4] P13 (R3, 146) 1; 8; 11

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] P21 3 (a′ = 3a,b′ = 3b,c′ = 3c) (198)

Minimal non-isomorphic supergroups
I [2] Pa 3̄ (205); [2] P43 32 (212); [2] P41 32 (213)

II [2] I 21 3 (199); [4] F 23 (196)
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I 21 3 T 5
23 Cubic

No. 199 I 21 3 Patterson symmetry I m 3̄

Origin on 3[111] at midpoint of three non-intersecting pairs of parallel 2 axes and of three
non-intersecting pairs of parallel 21 axes

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2 ; z ≤ min(x,y)

Vertices 0,0,0 1
2 ,0,0 1

2 ,
1
2 ,0 0, 1

2 ,0
1
2 ,

1
2 ,

1
2

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2(0,0, 1

2) 1
4 ,0,z (3) 2(0, 1

2 ,0) 0,y, 1
4 (4) 2( 1

2 ,0,0) x, 1
4 ,0

(5) 3+ x,x,x (6) 3+ x̄+ 1
2 ,x, x̄ (7) 3+ x+ 1

2 , x̄− 1
2 , x̄ (8) 3+ x̄, x̄+ 1

2 ,x
(9) 3− x,x,x (10) 3−(− 1

3 ,
1
3 ,

1
3 ) x+ 1

6 , x̄+ 1
6 , x̄ (11) 3−( 1

3 ,
1
3 ,− 1

3 ) x̄+ 1
3 , x̄+ 1

6 ,x (12) 3−( 1
3 ,− 1

3 ,
1
3 ) x̄− 1

6 ,x+ 1
3 , x̄

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2 0, 1

4 ,z (3) 2 1
4 ,y,0 (4) 2 x,0, 1

4

(5) 3+( 1
2 ,

1
2 ,

1
2) x,x,x (6) 3+( 1

6 ,− 1
6 ,

1
6 ) x̄− 1

6 ,x+ 1
3 , x̄ (7) 3+(− 1

6 ,
1
6 ,

1
6 ) x+ 1

6 , x̄+ 1
6 , x̄ (8) 3+( 1

6 ,
1
6 ,− 1

6 ) x̄+ 1
3 , x̄+ 1

6 ,x
(9) 3−( 1

2 ,
1
2 ,

1
2) x,x,x (10) 3−( 1

6 ,− 1
6 ,− 1

6 ) x+ 1
6 , x̄+ 1

6 , x̄ (11) 3−(− 1
6 ,− 1

6 ,
1
6 ) x̄+ 1

3 , x̄+ 1
6 ,x (12) 3−(− 1

6 ,
1
6 ,− 1

6 ) x̄− 1
6 ,x+ 1

3 , x̄
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CONTINUED No. 199 I 21 3

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

h,k, l cyclically permutable
General:

24 c 1 (1) x,y,z (2) x̄ + 1
2 , ȳ,z+ 1

2 (3) x̄,y + 1
2 , z̄+ 1

2 (4) x + 1
2 , ȳ+ 1

2 , z̄
(5) z,x,y (6) z+ 1

2 , x̄ + 1
2 , ȳ (7) z̄+ 1

2 , x̄,y + 1
2 (8) z̄,x + 1

2 , ȳ + 1
2

(9) y,z,x (10) ȳ,z+ 1
2 , x̄ + 1

2 (11) y + 1
2 , z̄+ 1

2 , x̄ (12) ȳ + 1
2 , z̄,x + 1

2

hkl : h + k + l = 2n
0kl : k + l = 2n
hhl : l = 2n
h00 : h = 2n

Special: no extra conditions

12 b 2 . . x,0, 1
4 x̄+ 1

2 ,0, 3
4

1
4 ,x,0

3
4 , x̄ + 1

2 ,0 0, 1
4 ,x 0, 3

4 , x̄ + 1
2

8 a . 3 . x,x,x x̄+ 1
2 , x̄,x + 1

2 x̄,x + 1
2 , x̄ + 1

2 x + 1
2 , x̄ + 1

2 , x̄

Symmetry of special projections
Along [001] c2mm
a′ = a b′ = b
Origin at 1

4 ,0,z

Along [111] p3
a′ = 1

3 (2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x + 1
4 ,0

Maximal non-isomorphic subgroups
I [3] I 21 1 (I 21 21 21, 24) (1; 2; 3; 4)+⎧⎪⎨

⎪⎩
[4] I 13 (R3, 146) (1; 5; 9)+
[4] I 13 (R3, 146) (1; 6; 12)+
[4] I 13 (R3, 146) (1; 7; 10)+
[4] I 13 (R3, 146) (1; 8; 11)+

IIa [2] P21 3 (198) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12

IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] I 21 3 (a′ = 3a,b′ = 3b,c′ = 3c) (199)

Minimal non-isomorphic supergroups
I [2] I a 3̄ (206); [2] I 41 32 (214); [2] I 4̄3d (220)

II [4] P23 (a′ = 1
2 a,b′ = 1

2 b,c′ = 1
2 c) (195)
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Pm 3̄ T 1
h m 3̄ Cubic

No. 200 P2/m 3̄ Patterson symmetry Pm 3̄

Origin at centre (m 3̄)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2 ; z ≤ min(x,y)

Vertices 0,0,0 1
2 ,0,0 1

2 ,
1
2 ,0 0, 1

2 ,0
1
2 ,

1
2 ,

1
2

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 3+ x,x,x (6) 3+ x̄,x, x̄ (7) 3+ x, x̄, x̄ (8) 3+ x̄, x̄,x
(9) 3− x,x,x (10) 3− x, x̄, x̄ (11) 3− x̄, x̄,x (12) 3− x̄,x, x̄

(13) 1̄ 0,0,0 (14) m x,y,0 (15) m x,0,z (16) m 0,y,z
(17) 3̄+ x,x,x; 0,0,0 (18) 3̄+ x̄,x, x̄; 0,0,0 (19) 3̄+ x, x̄, x̄; 0,0,0 (20) 3̄+ x̄, x̄,x; 0,0,0
(21) 3̄− x,x,x; 0,0,0 (22) 3̄− x, x̄, x̄; 0,0,0 (23) 3̄− x̄, x̄,x; 0,0,0 (24) 3̄− x̄,x, x̄; 0,0,0

Minimal non-isomorphic supergroups
I [2] Pm 3̄m (221); [2] Pm 3̄n (223)
II [2] I m 3̄ (204); [4] F m 3̄ (202)
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CONTINUED No. 200 Pm 3̄

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (13)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

h,k, l cyclically permutable
General:

24 l 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) z,x,y (6) z, x̄, ȳ (7) z̄, x̄,y (8) z̄,x, ȳ
(9) y,z,x (10) ȳ,z, x̄ (11) y, z̄, x̄ (12) ȳ, z̄,x

(13) x̄, ȳ, z̄ (14) x,y, z̄ (15) x, ȳ,z (16) x̄,y,z
(17) z̄, x̄, ȳ (18) z̄,x,y (19) z,x, ȳ (20) z, x̄,y
(21) ȳ, z̄, x̄ (22) y, z̄,x (23) ȳ,z,x (24) y,z, x̄

no conditions

Special: no extra conditions

12 k m . . 1
2 ,y,z

1
2 , ȳ,z

1
2 ,y, z̄

1
2 , ȳ, z̄ z, 1

2 ,y z, 1
2 , ȳ

z̄, 1
2 ,y z̄, 1

2 , ȳ y,z, 1
2 ȳ,z, 1

2 y, z̄, 1
2 ȳ, z̄, 1

2

12 j m . . 0,y,z 0, ȳ,z 0,y, z̄ 0, ȳ, z̄ z,0,y z,0, ȳ
z̄,0,y z̄,0, ȳ y,z,0 ȳ,z,0 y, z̄,0 ȳ, z̄,0

8 i . 3 . x,x,x x̄, x̄,x x̄,x, x̄ x, x̄, x̄
x̄, x̄, x̄ x,x, x̄ x, x̄,x x̄,x,x

6 h m m 2 . . x, 1
2 ,

1
2 x̄, 1

2 ,
1
2

1
2 ,x,

1
2

1
2 , x̄,

1
2

1
2 ,

1
2 ,x

1
2 ,

1
2 , x̄

6 g m m 2 . . x, 1
2 ,0 x̄, 1

2 ,0 0,x, 1
2 0, x̄, 1

2
1
2 ,0,x 1

2 ,0, x̄

6 f m m 2 . . x,0, 1
2 x̄,0, 1

2
1
2 ,x,0

1
2 , x̄,0 0, 1

2 ,x 0, 1
2 , x̄

6 e m m 2 . . x,0,0 x̄,0,0 0,x,0 0, x̄,0 0,0,x 0,0, x̄

3 d m m m . . 1
2 ,0,0 0, 1

2 ,0 0,0, 1
2

3 c m m m . . 0, 1
2 ,

1
2

1
2 ,0, 1

2
1
2 ,

1
2 ,0

1 b m 3̄ . 1
2 ,

1
2 ,

1
2

1 a m 3̄ . 0,0,0

Symmetry of special projections
Along [001] p2mm
a′ = a b′ = b
Origin at 0,0,z

Along [111] p6
a′ = 1

3 (2a−b− c) b′ = 1
3(−a + 2b− c)

Origin at x,x,x

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P23 (195) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12

[3] Pm1 (Pmmm, 47) 1; 2; 3; 4; 13; 14; 15; 16⎧⎪⎪⎨
⎪⎪⎩

[4] P1 3̄ (R 3̄, 148) 1; 5; 9; 13; 17; 21
[4] P1 3̄ (R 3̄, 148) 1; 6; 12; 13; 18; 24
[4] P1 3̄ (R 3̄, 148) 1; 7; 10; 13; 19; 22
[4] P1 3̄ (R 3̄, 148) 1; 8; 11; 13; 20; 23

IIa none

IIb [2] F m 3̄ (a′ = 2a,b′ = 2b,c′ = 2c) (202); [4] I a 3̄ (a′ = 2a,b′ = 2b,c′ = 2c) (206); [4] I m 3̄ (a′ = 2a,b′ = 2b,c′ = 2c) (204)

Maximal isomorphic subgroups of lowest index
IIc [27] Pm 3̄ (a′ = 3a,b′ = 3b,c′ = 3c) (200)

(Continued on preceding page)
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Pn 3̄ T 2
h m 3̄ Cubic

No. 201 P2/n 3̄ Patterson symmetry Pm 3̄

ORIGIN CHOICE 1

Origin at 23, at − 1
4 ,− 1

4 ,− 1
4 from centre (3̄)

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
2 ; 0 ≤ z ≤ 1

2 ; y ≤ min(x,1− x); z ≤ y

Vertices 0,0,0 1,0,0 1
2 ,

1
2 ,0

1
2 ,

1
2 ,

1
2

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 3+ x,x,x (6) 3+ x̄,x, x̄ (7) 3+ x, x̄, x̄ (8) 3+ x̄, x̄,x
(9) 3− x,x,x (10) 3− x, x̄, x̄ (11) 3− x̄, x̄,x (12) 3− x̄,x, x̄

(13) 1̄ 1
4 ,

1
4 ,

1
4 (14) n( 1

2 ,
1
2 ,0) x,y, 1

4 (15) n( 1
2 ,0, 1

2 ) x, 1
4 ,z (16) n(0, 1

2 ,
1
2 ) 1

4 ,y,z
(17) 3̄+ x,x,x; 1

4 ,
1
4 ,

1
4 (18) 3̄+ x̄−1,x + 1, x̄; − 1

4 ,
1
4 ,

3
4 (19) 3̄+ x, x̄ + 1, x̄; 1

4 ,
3
4 ,− 1

4 (20) 3̄+ x̄+ 1, x̄,x; 3
4 ,− 1

4 ,
1
4

(21) 3̄− x,x,x; 1
4 ,

1
4 ,

1
4 (22) 3̄− x + 1, x̄−1, x̄; 1

4 ,− 1
4 ,

3
4 (23) 3̄− x̄, x̄ + 1,x; − 1

4 ,
3
4 ,

1
4 (24) 3̄− x̄+ 1,x, x̄; 3

4 ,
1
4 ,− 1

4
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CONTINUED No. 201 Pn 3̄

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (13)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

h,k, l cyclically permutable
General:

24 h 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) z,x,y (6) z, x̄, ȳ (7) z̄, x̄,y (8) z̄,x, ȳ
(9) y,z,x (10) ȳ,z, x̄ (11) y, z̄, x̄ (12) ȳ, z̄,x

(13) x̄+ 1
2 , ȳ + 1

2 , z̄+ 1
2 (14) x + 1

2 ,y + 1
2 , z̄+ 1

2 (15) x + 1
2 , ȳ+ 1

2 ,z+ 1
2 (16) x̄+ 1

2 ,y + 1
2 ,z+ 1

2

(17) z̄+ 1
2 , x̄ + 1

2 , ȳ+ 1
2 (18) z̄+ 1

2 ,x + 1
2 ,y + 1

2 (19) z+ 1
2 ,x + 1

2 , ȳ + 1
2 (20) z+ 1

2 , x̄ + 1
2 ,y + 1

2

(21) ȳ+ 1
2 , z̄+ 1

2 , x̄ + 1
2 (22) y + 1

2 , z̄+ 1
2 ,x + 1

2 (23) ȳ + 1
2 ,z+ 1

2 ,x + 1
2 (24) y + 1

2 ,z+ 1
2 , x̄ + 1

2

0kl : k + l = 2n
h00 : h = 2n

Special: as above, plus

12 g 2 . . x, 1
2 ,0 x̄, 1

2 ,0 0,x, 1
2 0, x̄, 1

2
1
2 ,0,x 1

2 ,0, x̄
x̄ + 1

2 ,0, 1
2 x + 1

2 ,0, 1
2

1
2 , x̄+ 1

2 ,0
1
2 ,x + 1

2 ,0 0, 1
2 , x̄ + 1

2 0, 1
2 ,x + 1

2

hkl : h + k + l = 2n

12 f 2 . . x,0,0 x̄,0,0 0,x,0 0, x̄,0 0,0,x 0,0, x̄
x̄ + 1

2 ,
1
2 ,

1
2 x + 1

2 ,
1
2 ,

1
2

1
2 , x̄ + 1

2 ,
1
2

1
2 ,x + 1

2 ,
1
2

1
2 ,

1
2 , x̄ + 1

2
1
2 ,

1
2 ,x + 1

2

hkl : h + k + l = 2n

8 e . 3 . x,x,x x̄, x̄,x
x̄,x, x̄ x, x̄, x̄
x̄ + 1

2 , x̄+ 1
2 , x̄ + 1

2 x + 1
2 ,x + 1

2 , x̄ + 1
2

x + 1
2 , x̄+ 1

2 ,x + 1
2 x̄ + 1

2 ,x + 1
2 ,x + 1

2

no extra conditions

6 d 2 2 2 . . 0, 1
2 ,

1
2

1
2 ,0, 1

2
1
2 ,

1
2 ,0

1
2 ,0,0 0, 1

2 ,0 0,0, 1
2 hkl : h + k + l = 2n

4 c . 3̄ . 3
4 ,

3
4 ,

3
4

1
4 ,

1
4 ,

3
4

1
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

1
4 hkl : h + k,h + l,k + l = 2n

4 b . 3̄ . 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

3
4

1
4 ,

3
4 ,

3
4 hkl : h + k,h + l,k + l = 2n

2 a 2 3 . 0,0,0 1
2 ,

1
2 ,

1
2 hkl : h + k + l = 2n

Symmetry of special projections
Along [001] c2mm
a′ = a b′ = b
Origin at 0,0,z

Along [111] p6
a′ = 1

3 (2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x, 1

4

Maximal non-isomorphic subgroups
I [2] P23 (195) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12

[3] Pn1 (Pnnn, 48) 1; 2; 3; 4; 13; 14; 15; 16⎧⎪⎪⎨
⎪⎪⎩

[4] P1 3̄ (R 3̄, 148) 1; 5; 9; 13; 17; 21
[4] P1 3̄ (R 3̄, 148) 1; 6; 12; 13; 18; 24
[4] P1 3̄ (R 3̄, 148) 1; 7; 10; 13; 19; 22
[4] P1 3̄ (R 3̄, 148) 1; 8; 11; 13; 20; 23

IIa none
IIb [2] F d 3̄ (a′ = 2a,b′ = 2b,c′ = 2c) (203)

Maximal isomorphic subgroups of lowest index
IIc [27] Pn 3̄ (a′ = 3a,b′ = 3b,c′ = 3c) (201)

Minimal non-isomorphic supergroups
I [2] Pn 3̄n (222); [2] Pn 3̄m (224)

II [2] I m 3̄ (204); [4] F m 3̄ (202)
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Pn 3̄ T 2
h m 3̄ Cubic

No. 201 P2/n 3̄ Patterson symmetry Pm 3̄

ORIGIN CHOICE 2

Origin at centre (3̄), at 1
4 ,

1
4 ,

1
4 from 23

Asymmetric unit − 1
4 ≤ x ≤ 3

4 ; − 1
4 ≤ y ≤ 1

4 ; − 1
4 ≤ z ≤ 1

4 ; y ≤ min(x, 1
2 − x); z ≤ y

Vertices − 1
4 ,− 1

4 ,− 1
4

3
4 ,− 1

4 ,− 1
4

1
4 ,

1
4 ,− 1

4
1
4 ,

1
4 ,

1
4

Symmetry operations

(1) 1 (2) 2 1
4 ,

1
4 ,z (3) 2 1

4 ,y,
1
4 (4) 2 x, 1

4 ,
1
4

(5) 3+ x,x,x (6) 3+ x̄,x+ 1
2 , x̄ (7) 3+ x+ 1

2 , x̄, x̄ (8) 3+ x̄+ 1
2 , x̄+ 1

2 ,x
(9) 3− x,x,x (10) 3− x+ 1

2 , x̄, x̄ (11) 3− x̄+ 1
2 , x̄+ 1

2 ,x (12) 3− x̄,x+ 1
2 , x̄

(13) 1̄ 0,0,0 (14) n( 1
2 ,

1
2 ,0) x,y,0 (15) n( 1

2 ,0, 1
2) x,0,z (16) n(0, 1

2 ,
1
2 ) 0,y,z

(17) 3̄+ x,x,x; 0,0,0 (18) 3̄+ x̄−1,x+ 1
2 , x̄; − 1

2 ,0, 1
2 (19) 3̄+ x− 1

2 , x̄+1, x̄; 0, 1
2 ,− 1

2 (20) 3̄+ x̄+ 1
2 , x̄− 1

2 ,x; 1
2 ,− 1

2 ,0
(21) 3̄− x,x,x; 0,0,0 (22) 3̄− x+ 1

2 , x̄−1, x̄; 0,− 1
2 ,

1
2 (23) 3̄− x̄− 1

2 , x̄+ 1
2 ,x; − 1

2 ,
1
2 ,0 (24) 3̄− x̄+1,x− 1

2 , x̄; 1
2 ,0,− 1

2
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CONTINUED No. 201 Pn 3̄

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (13)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

h,k, l cyclically permutable
General:

24 h 1 (1) x,y,z (2) x̄+ 1
2 , ȳ + 1

2 ,z (3) x̄ + 1
2 ,y, z̄+ 1

2 (4) x, ȳ+ 1
2 , z̄+ 1

2

(5) z,x,y (6) z, x̄ + 1
2 , ȳ+ 1

2 (7) z̄+ 1
2 , x̄ + 1

2 ,y (8) z̄+ 1
2 ,x, ȳ + 1

2

(9) y,z,x (10) ȳ+ 1
2 ,z, x̄ + 1

2 (11) y, z̄ + 1
2 , x̄ + 1

2 (12) ȳ+ 1
2 , z̄+ 1

2 ,x
(13) x̄, ȳ, z̄ (14) x + 1

2 ,y + 1
2 , z̄ (15) x + 1

2 , ȳ,z+ 1
2 (16) x̄,y + 1

2 ,z+ 1
2

(17) z̄, x̄, ȳ (18) z̄,x + 1
2 ,y + 1

2 (19) z+ 1
2 ,x + 1

2 , ȳ (20) z+ 1
2 , x̄,y + 1

2

(21) ȳ, z̄, x̄ (22) y + 1
2 , z̄,x + 1

2 (23) ȳ,z+ 1
2 ,x + 1

2 (24) y + 1
2 ,z+ 1

2 , x̄

0kl : k + l = 2n
h00 : h = 2n

Special: as above, plus

12 g 2 . . x, 3
4 ,

1
4 x̄ + 1

2 ,
3
4 ,

1
4

1
4 ,x,

3
4

1
4 , x̄ + 1

2 ,
3
4

3
4 ,

1
4 ,x

3
4 ,

1
4 , x̄ + 1

2

x̄, 1
4 ,

3
4 x + 1

2 ,
1
4 ,

3
4

3
4 , x̄,

1
4

3
4 ,x + 1

2 ,
1
4

1
4 ,

3
4 , x̄

1
4 ,

3
4 ,x + 1

2

hkl : h + k + l = 2n

12 f 2 . . x, 1
4 ,

1
4 x̄ + 1

2 ,
1
4 ,

1
4

1
4 ,x,

1
4

1
4 , x̄ + 1

2 ,
1
4

1
4 ,

1
4 ,x

1
4 ,

1
4 , x̄ + 1

2

x̄, 3
4 ,

3
4 x + 1

2 ,
3
4 ,

3
4

3
4 , x̄,

3
4

3
4 ,x + 1

2 ,
3
4

3
4 ,

3
4 , x̄

3
4 ,

3
4 ,x + 1

2

hkl : h + k + l = 2n

8 e . 3 . x,x,x x̄ + 1
2 , x̄ + 1

2 ,x x̄+ 1
2 ,x, x̄ + 1

2 x, x̄ + 1
2 , x̄ + 1

2

x̄, x̄, x̄ x + 1
2 ,x + 1

2 , x̄ x + 1
2 , x̄,x + 1

2 x̄,x + 1
2 ,x + 1

2

no extra conditions

6 d 2 2 2 . . 1
4 ,

3
4 ,

3
4

3
4 ,

1
4 ,

3
4

3
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

1
4

1
4 ,

3
4 ,

1
4

1
4 ,

1
4 ,

3
4 hkl : h + k + l = 2n

4 c . 3̄ . 1
2 ,

1
2 ,

1
2 0,0, 1

2 0, 1
2 ,0

1
2 ,0,0 hkl : h + k,h + l,k + l = 2n

4 b . 3̄ . 0,0,0 1
2 ,

1
2 ,0

1
2 ,0, 1

2 0, 1
2 ,

1
2 hkl : h + k,h + l,k + l = 2n

2 a 2 3 . 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

3
4 hkl : h + k + l = 2n

Symmetry of special projections
Along [001] c2mm
a′ = a b′ = b
Origin at 1

4 ,
1
4 ,z

Along [111] p6
a′ = 1

3 (2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P23 (195) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12

[3] Pn1 (Pnnn, 48) 1; 2; 3; 4; 13; 14; 15; 16⎧⎪⎪⎨
⎪⎪⎩

[4] P1 3̄ (R 3̄, 148) 1; 5; 9; 13; 17; 21
[4] P1 3̄ (R 3̄, 148) 1; 6; 12; 13; 18; 24
[4] P1 3̄ (R 3̄, 148) 1; 7; 10; 13; 19; 22
[4] P1 3̄ (R 3̄, 148) 1; 8; 11; 13; 20; 23

IIa none

IIb [2] F d 3̄ (a′ = 2a,b′ = 2b,c′ = 2c) (203)

Maximal isomorphic subgroups of lowest index
IIc [27] Pn 3̄ (a′ = 3a,b′ = 3b,c′ = 3c) (201)

Minimal non-isomorphic supergroups
I [2] Pn 3̄n (222); [2] Pn 3̄m (224)

II [2] I m 3̄ (204); [4] F m 3̄ (202)
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Fm3̄ T 3
h m3̄ Cubic

No. 202 F2/m3̄ Patterson symmetry Fm3̄

Origin at centre (m 3̄)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4 ; y ≤ x; z ≤ min( 1

2 − x,y)
Vertices 0,0,0 1

2 ,0,0 1
2 ,

1
2 ,0

1
4 ,

1
4 ,

1
4

Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 3+ x,x,x (6) 3+ x̄,x, x̄ (7) 3+ x, x̄, x̄ (8) 3+ x̄, x̄,x
(9) 3− x,x,x (10) 3− x, x̄, x̄ (11) 3− x̄, x̄,x (12) 3− x̄,x, x̄

(13) 1̄ 0,0,0 (14) m x,y,0 (15) m x,0,z (16) m 0,y,z
(17) 3̄+ x,x,x; 0,0,0 (18) 3̄+ x̄,x, x̄; 0,0,0 (19) 3̄+ x, x̄, x̄; 0,0,0 (20) 3̄+ x̄, x̄,x; 0,0,0
(21) 3̄− x,x,x; 0,0,0 (22) 3̄− x, x̄, x̄; 0,0,0 (23) 3̄− x̄, x̄,x; 0,0,0 (24) 3̄− x̄,x, x̄; 0,0,0
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CONTINUED No. 202 F m 3̄

Symmetry operations (continued)

For (0, 1
2 ,

1
2 )+ set

(1) t(0, 1
2 ,

1
2 ) (2) 2(0,0, 1

2) 0, 1
4 ,z (3) 2(0, 1

2 ,0) 0,y, 1
4 (4) 2 x, 1

4 ,
1
4

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x− 1

3 ,x− 1
6 ,x (6) 3+ x̄,x+ 1

2 , x̄ (7) 3+(− 1
3 ,

1
3 ,

1
3) x+ 1

3 , x̄− 1
6 , x̄ (8) 3+ x̄, x̄+ 1

2 ,x
(9) 3−( 1

3 ,
1
3 ,

1
3 ) x− 1

6 ,x+ 1
6 ,x (10) 3−(− 1

3 ,
1
3 ,

1
3 ) x+ 1

6 , x̄+ 1
6 , x̄ (11) 3− x̄+ 1

2 , x̄+ 1
2 ,x (12) 3− x̄− 1

2 ,x+ 1
2 , x̄

(13) 1̄ 0, 1
4 ,

1
4 (14) b x,y, 1

4 (15) c x, 1
4 ,z (16) n(0, 1

2 ,
1
2 ) 0,y,z

(17) 3̄+ x,x+ 1
2 ,x; 0, 1

2 ,0 (18) 3̄+ x̄−1,x+ 1
2 , x̄; − 1

2 ,0, 1
2 (19) 3̄+ x, x̄+ 1

2 , x̄; 0, 1
2 ,0 (20) 3̄+ x̄+1, x̄+ 1

2 ,x; 1
2 ,0, 1

2

(21) 3̄− x− 1
2 ,x− 1

2 ,x; 0,0, 1
2 (22) 3̄− x+ 1

2 , x̄− 1
2 , x̄; 0,0, 1

2 (23) 3̄− x̄− 1
2 , x̄+ 1

2 ,x; − 1
2 ,

1
2 ,0 (24) 3̄− x̄+ 1

2 ,x+ 1
2 , x̄; 1

2 ,
1
2 ,0

For ( 1
2 ,0, 1

2 )+ set
(1) t( 1

2 ,0, 1
2 ) (2) 2(0,0, 1

2) 1
4 ,0,z (3) 2 1

4 ,y,
1
4 (4) 2( 1

2 ,0,0) x,0, 1
4

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x+ 1

6 ,x− 1
6 ,x (6) 3+( 1

3 ,− 1
3 ,

1
3 ) x̄+ 1

6 ,x+ 1
6 , x̄ (7) 3+ x+ 1

2 , x̄− 1
2 , x̄ (8) 3+ x̄+ 1

2 , x̄+ 1
2 ,x

(9) 3−( 1
3 ,

1
3 ,

1
3 ) x− 1

6 ,x− 1
3 ,x (10) 3− x+ 1

2 , x̄, x̄ (11) 3− x̄+ 1
2 , x̄,x (12) 3−( 1

3 ,− 1
3 ,

1
3 ) x̄− 1

6 ,x+ 1
3 , x̄

(13) 1̄ 1
4 ,0, 1

4 (14) a x,y, 1
4 (15) n( 1

2 ,0, 1
2 ) x,0,z (16) c 1

4 ,y,z
(17) 3̄+ x− 1

2 ,x− 1
2 ,x; 0,0, 1

2 (18) 3̄+ x̄− 1
2 ,x+ 1

2 , x̄; 0,0, 1
2 (19) 3̄+ x+ 1

2 , x̄+ 1
2 , x̄; 1

2 ,
1
2 ,0 (20) 3̄+ x̄+ 1

2 , x̄− 1
2 ,x; 1

2 ,− 1
2 ,0

(21) 3̄− x+ 1
2 ,x,x; 1

2 ,0,0 (22) 3̄− x+ 1
2 , x̄−1, x̄; 0,− 1

2 ,
1
2 (23) 3̄− x̄+ 1

2 , x̄+1,x; 0, 1
2 ,

1
2 (24) 3̄− x̄+ 1

2 ,x, x̄; 1
2 ,0,0

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2 1

4 ,
1
4 ,z (3) 2(0, 1

2 ,0) 1
4 ,y,0 (4) 2( 1

2 ,0,0) x, 1
4 ,0

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x+ 1

6 ,x+ 1
3 ,x (6) 3+ x̄+ 1

2 ,x, x̄ (7) 3+ x+ 1
2 , x̄, x̄ (8) 3+( 1

3 ,
1
3 ,− 1

3 ) x̄+ 1
6 , x̄+ 1

3 ,x
(9) 3−( 1

3 ,
1
3 ,

1
3 ) x+ 1

3 ,x+ 1
6 ,x (10) 3− x, x̄+ 1

2 , x̄ (11) 3−( 1
3 ,

1
3 ,− 1

3) x̄+ 1
3 , x̄+ 1

6 ,x (12) 3− x̄,x+ 1
2 , x̄

(13) 1̄ 1
4 ,

1
4 ,0 (14) n( 1

2 ,
1
2 ,0) x,y,0 (15) a x, 1

4 ,z (16) b 1
4 ,y,z

(17) 3̄+ x+ 1
2 ,x,x; 1

2 ,0,0 (18) 3̄+ x̄− 1
2 ,x+1, x̄; 0, 1

2 ,
1
2 (19) 3̄+ x− 1

2 , x̄+1, x̄; 0, 1
2 ,− 1

2 (20) 3̄+ x̄+ 1
2 , x̄,x; 1

2 ,0,0
(21) 3̄− x,x+ 1

2 ,x; 0, 1
2 ,0 (22) 3̄− x+1, x̄− 1

2 , x̄; 1
2 ,0, 1

2 (23) 3̄− x̄, x̄+ 1
2 ,x; 0, 1

2 ,0 (24) 3̄− x̄+1,x− 1
2 , x̄; 1

2 ,0,− 1
2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); t( 1

2 ,0, 1
2 ); (2); (3); (5); (13)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2)+ ( 1

2 ,0, 1
2 )+ ( 1

2 ,
1
2 ,0)+

Reflection conditions

h,k, l cyclically permutable
General:

96 i 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) z,x,y (6) z, x̄, ȳ (7) z̄, x̄,y (8) z̄,x, ȳ
(9) y,z,x (10) ȳ,z, x̄ (11) y, z̄, x̄ (12) ȳ, z̄,x

(13) x̄, ȳ, z̄ (14) x,y, z̄ (15) x, ȳ,z (16) x̄,y,z
(17) z̄, x̄, ȳ (18) z̄,x,y (19) z,x, ȳ (20) z, x̄,y
(21) ȳ, z̄, x̄ (22) y, z̄,x (23) ȳ,z,x (24) y,z, x̄

hkl : h + k,h + l,k + l = 2n
0kl : k, l = 2n
hhl : h + l = 2n
h00 : h = 2n

Special: as above, plus

48 h m . . 0,y,z 0, ȳ,z 0,y, z̄ 0, ȳ, z̄ z,0,y z,0, ȳ
z̄,0,y z̄,0, ȳ y,z,0 ȳ,z,0 y, z̄,0 ȳ, z̄,0

no extra conditions

48 g 2 . . x, 1
4 ,

1
4 x̄, 3

4 ,
1
4

1
4 ,x,

1
4

1
4 , x̄,

3
4

1
4 ,

1
4 ,x

3
4 ,

1
4 , x̄

x̄, 3
4 ,

3
4 x, 1

4 ,
3
4

3
4 , x̄,

3
4

3
4 ,x,

1
4

3
4 ,

3
4 , x̄

1
4 ,

3
4 ,x

hkl : h = 2n

32 f . 3 . x,x,x x̄, x̄,x x̄,x, x̄ x, x̄, x̄
x̄, x̄, x̄ x,x, x̄ x, x̄,x x̄,x,x

no extra conditions

24 e m m 2 . . x,0,0 x̄,0,0 0,x,0 0, x̄,0 0,0,x 0,0, x̄ no extra conditions

24 d 2/m . . 0, 1
4 ,

1
4 0, 3

4 ,
1
4

1
4 ,0, 1

4
1
4 ,0, 3

4
1
4 ,

1
4 ,0

3
4 ,

1
4 ,0 hkl : h = 2n

8 c 2 3 . 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

3
4 hkl : h = 2n

4 b m 3̄ . 1
2 ,

1
2 ,

1
2 no extra conditions

4 a m 3̄ . 0,0,0 no extra conditions
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F m 3̄ No. 202 CONTINUED

Symmetry of special projections
Along [001] p2mm
a′ = 1

2 a b′ = 1
2 b

Origin at 0,0,z

Along [111] p6
a′ = 1

6 (2a−b− c) b′ = 1
6 (−a + 2b− c)

Origin at x,x,x

Along [110] c2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] F 23 (196) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12)+

[3] F m1 (F mmm, 69) (1; 2; 3; 4; 13; 14; 15; 16)+⎧⎪⎪⎨
⎪⎪⎩

[4] F 1 3̄ (R 3̄, 148) (1; 5; 9; 13; 17; 21)+
[4] F 1 3̄ (R 3̄, 148) (1; 6; 12; 13; 18; 24)+
[4] F 1 3̄ (R 3̄, 148) (1; 7; 10; 13; 19; 22)+
[4] F 1 3̄ (R 3̄, 148) (1; 8; 11; 13; 20; 23)+

IIa
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[4] Pa 3̄ (205) 1; 5; 9; 13; 17; 21; (2; 7; 12; 14; 19; 24)+ (0, 1
2 ,

1
2); (4; 6; 11; 16; 18; 23)+ ( 1

2 ,0, 1
2); (3; 8; 10;

15; 20; 22)+ ( 1
2 ,

1
2 ,0)

[4] Pa 3̄ (205) 1; 7; 10; 13; 19; 22; (2; 5; 11; 14; 17; 23)+ (0, 1
2 ,

1
2 ); (4; 8; 12; 16; 20; 24)+ ( 1

2 ,0, 1
2 ); (3; 6; 9;

15; 18; 21)+ ( 1
2 ,

1
2 ,0)

[4] Pa 3̄ (205) 1; 8; 11; 13; 20; 23; (2; 6; 10; 14; 18; 22)+ (0, 1
2 ,

1
2 ); (4; 7; 9; 16; 19; 21)+ ( 1

2 ,0, 1
2); (3; 5; 12;

15; 17; 24)+ ( 1
2 ,

1
2 ,0)

[4] Pa 3̄ (205) 1; 6; 12; 13; 18; 24; (2; 8; 9; 14; 20; 21)+ (0, 1
2 ,

1
2); (4; 5; 10; 16; 17; 22)+ ( 1

2 ,0, 1
2); (3; 7; 11;

15; 19; 23)+ ( 1
2 ,

1
2 ,0)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[4] Pa 3̄ (205) 1; 5; 9; 13; 17; 21; (3; 8; 10; 15; 20; 22)+ (0, 1
2 ,

1
2); (2; 7; 12; 14; 19; 24)+ ( 1

2 ,0, 1
2); (4; 6; 11;

16; 18; 23)+ ( 1
2 ,

1
2 ,0)

[4] Pa 3̄ (205) 1; 7; 10; 13; 19; 22; (3; 6; 9; 15; 18; 21)+ (0, 1
2 ,

1
2); (2; 5; 11; 14; 17; 23)+ ( 1

2 ,0, 1
2); (4; 8; 12;

16; 20; 24)+ ( 1
2 ,

1
2 ,0)

[4] Pa 3̄ (205) 1; 8; 11; 13; 20; 23; (3; 5; 12; 15; 17; 24)+ (0, 1
2 ,

1
2 ); (2; 6; 10; 14; 18; 22)+ ( 1

2 ,0, 1
2 ); (4; 7; 9;

16; 19; 21)+ ( 1
2 ,

1
2 ,0)

[4] Pa 3̄ (205) 1; 6; 12; 13; 18; 24; (3; 7; 11; 15; 19; 23)+ (0, 1
2 ,

1
2 ); (2; 8; 9; 14; 20; 21)+ ( 1

2 ,0, 1
2); (4; 5; 10;

16; 17; 22)+ ( 1
2 ,

1
2 ,0)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[4] Pn 3̄ (201) 1; 5; 9; 13; 17; 21; (4; 6; 11; 16; 18; 23)+ (0, 1
2 ,

1
2); (3; 8; 10; 15; 20; 22)+ ( 1

2 ,0, 1
2); (2; 7; 12;

14; 19; 24)+ ( 1
2 ,

1
2 ,0)

[4] Pn 3̄ (201) 1; 7; 10; 13; 19; 22; (4; 8; 12; 16; 20; 24)+ (0, 1
2 ,

1
2 ); (3; 6; 9; 15; 18; 21)+ ( 1

2 ,0, 1
2); (2; 5; 11;

14; 17; 23)+ ( 1
2 ,

1
2 ,0)

[4] Pn 3̄ (201) 1; 8; 11; 13; 20; 23; (4; 7; 9; 16; 19; 21)+ (0, 1
2 ,

1
2); (3; 5; 12; 15; 17; 24)+ ( 1

2 ,0, 1
2); (2; 6; 10;

14; 18; 22)+ ( 1
2 ,

1
2 ,0)

[4] Pn 3̄ (201) 1; 6; 12; 13; 18; 24; (4; 5; 10; 16; 17; 22)+ (0, 1
2 ,

1
2 ); (3; 7; 11; 15; 19; 23)+ ( 1

2 ,0, 1
2 ); (2; 8; 9;

14; 20; 21)+ ( 1
2 ,

1
2 ,0)⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

[4] Pm 3̄ (200) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24
[4] Pm 3̄ (200) 1; 2; 3; 4; 13; 14; 15; 16; (5; 6; 7; 8; 17; 18; 19; 20)+ (0, 1

2 ,
1
2 ); (9; 10; 11; 12; 21; 22; 23;

24) + ( 1
2 ,

1
2 ,0)

[4] Pm 3̄ (200) 1; 2; 3; 4; 13; 14; 15; 16; (5; 6; 7; 8; 17; 18; 19; 20)+ ( 1
2 ,0, 1

2 ); (9; 10; 11; 12; 21; 22; 23;
24) + (0, 1

2 ,
1
2 )

[4] Pm 3̄ (200) 1; 2; 3; 4; 13; 14; 15; 16; (5; 6; 7; 8; 17; 18; 19; 20)+ ( 1
2 ,

1
2 ,0); (9; 10; 11; 12; 21; 22; 23;

24) + ( 1
2 ,0, 1

2 )
IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] F m 3̄ (a′ = 3a,b′ = 3b,c′ = 3c) (202)

Minimal non-isomorphic supergroups
I [2] F m 3̄m (225); [2] F m 3̄c (226)

II [2] Pm 3̄ (a′ = 1
2 a,b′ = 1

2 b,c′ = 1
2 c) (200)
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F d 3̄ T 4
h m 3̄ Cubic

No. 203 F 2/d 3̄ Patterson symmetry F m 3̄

ORIGIN CHOICE 1

Origin at 23, at − 1
8 ,− 1

8 ,− 1
8 from centre (3̄)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

4 ; − 1
4 ≤ z ≤ 1

4 ; y ≤ min(x, 1
2 − x); −y ≤ z ≤ y

Vertices 0,0,0 1
2 ,0,0 1

4 ,
1
4 ,

1
4

1
4 ,

1
4 ,− 1

4
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CONTINUED No. 203 F d 3̄

Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 3+ x,x,x (6) 3+ x̄,x, x̄ (7) 3+ x, x̄, x̄ (8) 3+ x̄, x̄,x
(9) 3− x,x,x (10) 3− x, x̄, x̄ (11) 3− x̄, x̄,x (12) 3− x̄,x, x̄

(13) 1̄ 1
8 ,

1
8 ,

1
8 (14) d( 1

4 ,
1
4 ,0) x,y, 1

8 (15) d( 1
4 ,0, 1

4) x, 1
8 ,z (16) d(0, 1

4 ,
1
4 ) 1

8 ,y,z
(17) 3̄+ x,x,x; 1

8 ,
1
8 ,

1
8 (18) 3̄+ x̄− 1

2 ,x+ 1
2 , x̄; − 1

8 ,
1
8 ,

3
8 (19) 3̄+ x, x̄+ 1

2 , x̄; 1
8 ,

3
8 ,− 1

8 (20) 3̄+ x̄+ 1
2 , x̄,x; 3

8 ,− 1
8 ,

1
8

(21) 3̄− x,x,x; 1
8 ,

1
8 ,

1
8 (22) 3̄− x+ 1

2 , x̄− 1
2 , x̄; 1

8 ,− 1
8 ,

3
8 (23) 3̄− x̄, x̄+ 1

2 ,x; − 1
8 ,

3
8 ,

1
8 (24) 3̄− x̄+ 1

2 ,x, x̄; 3
8 ,

1
8 ,− 1

8

For (0, 1
2 ,

1
2 )+ set

(1) t(0, 1
2 ,

1
2 ) (2) 2(0,0, 1

2) 0, 1
4 ,z (3) 2(0, 1

2 ,0) 0,y, 1
4 (4) 2 x, 1

4 ,
1
4

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x− 1

3 ,x− 1
6 ,x (6) 3+ x̄,x+ 1

2 , x̄ (7) 3+(− 1
3 ,

1
3 ,

1
3) x+ 1

3 , x̄− 1
6 , x̄ (8) 3+ x̄, x̄+ 1

2 ,x
(9) 3−( 1

3 ,
1
3 ,

1
3 ) x− 1

6 ,x+ 1
6 ,x (10) 3−(− 1

3 ,
1
3 ,

1
3 ) x+ 1

6 , x̄+ 1
6 , x̄ (11) 3− x̄+ 1

2 , x̄+ 1
2 ,x (12) 3− x̄− 1

2 ,x+ 1
2 , x̄

(13) 1̄ 1
8 ,

3
8 ,

3
8 (14) d( 1

4 ,
3
4 ,0) x,y, 3

8 (15) d( 1
4 ,0, 3

4) x, 3
8 ,z (16) d(0, 3

4 ,
3
4 ) 1

8 ,y,z
(17) 3̄+ x,x+ 1

2 ,x; 1
8 ,

5
8 ,

1
8 (18) 3̄+ x̄− 3

2 ,x+1, x̄; − 5
8 ,

1
8 ,

7
8 (19) 3̄+ x, x̄+1, x̄; 1

8 ,
7
8 ,− 1

8 (20) 3̄+ x̄+ 3
2 , x̄+ 1

2 ,x; 7
8 ,− 1

8 ,
5
8

(21) 3̄− x− 1
2 ,x− 1

2 ,x; 1
8 ,

1
8 ,

5
8 (22) 3̄− x+1, x̄−1, x̄; 1

8 ,− 1
8 ,

7
8 (23) 3̄− x̄− 1

2 , x̄+1,x; − 5
8 ,

7
8 ,

1
8 (24) 3̄− x̄+1,x+ 1

2 , x̄; 7
8 ,

5
8 ,− 1

8

For ( 1
2 ,0, 1

2 )+ set
(1) t( 1

2 ,0, 1
2 ) (2) 2(0,0, 1

2) 1
4 ,0,z (3) 2 1

4 ,y,
1
4 (4) 2( 1

2 ,0,0) x,0, 1
4

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x+ 1

6 ,x− 1
6 ,x (6) 3+( 1

3 ,− 1
3 ,

1
3 ) x̄+ 1

6 ,x+ 1
6 , x̄ (7) 3+ x+ 1

2 , x̄− 1
2 , x̄ (8) 3+ x̄+ 1

2 , x̄+ 1
2 ,x

(9) 3−( 1
3 ,

1
3 ,

1
3 ) x− 1

6 ,x− 1
3 ,x (10) 3− x+ 1

2 , x̄, x̄ (11) 3− x̄+ 1
2 , x̄,x (12) 3−( 1

3 ,− 1
3 ,

1
3 ) x̄− 1

6 ,x+ 1
3 , x̄

(13) 1̄ 3
8 ,

1
8 ,

3
8 (14) d( 3

4 ,
1
4 ,0) x,y, 3

8 (15) d( 3
4 ,0, 3

4) x, 1
8 ,z (16) d(0, 1

4 ,
3
4 ) 3

8 ,y,z
(17) 3̄+ x− 1

2 ,x− 1
2 ,x; 1

8 ,
1
8 ,

5
8 (18) 3̄+ x̄−1,x+1, x̄; − 1

8 ,
1
8 ,

7
8 (19) 3̄+ x+ 1

2 , x̄+1, x̄; 5
8 ,

7
8 ,− 1

8 (20) 3̄+ x̄+1, x̄− 1
2 ,x; 7

8 ,− 5
8 ,

1
8

(21) 3̄− x+ 1
2 ,x,x; 5

8 ,
1
8 ,

1
8 (22) 3̄− x+1, x̄− 3

2 , x̄; 1
8 ,− 5

8 ,
7
8 (23) 3̄− x̄+ 1

2 , x̄+ 3
2 ,x; − 1

8 ,
7
8 ,

5
8 (24) 3̄− x̄+1,x, x̄; 7

8 ,
1
8 ,− 1

8

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2 1

4 ,
1
4 ,z (3) 2(0, 1

2 ,0) 1
4 ,y,0 (4) 2( 1

2 ,0,0) x, 1
4 ,0

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x+ 1

6 ,x+ 1
3 ,x (6) 3+ x̄+ 1

2 ,x, x̄ (7) 3+ x+ 1
2 , x̄, x̄ (8) 3+( 1

3 ,
1
3 ,− 1

3 ) x̄+ 1
6 , x̄+ 1

3 ,x
(9) 3−( 1

3 ,
1
3 ,

1
3 ) x+ 1

3 ,x+ 1
6 ,x (10) 3− x, x̄+ 1

2 , x̄ (11) 3−( 1
3 ,

1
3 ,− 1

3) x̄+ 1
3 , x̄+ 1

6 ,x (12) 3− x̄,x+ 1
2 , x̄

(13) 1̄ 3
8 ,

3
8 ,

1
8 (14) d( 3

4 ,
3
4 ,0) x,y, 1

8 (15) d( 3
4 ,0, 1

4) x, 3
8 ,z (16) d(0, 3

4 ,
1
4 ) 3

8 ,y,z
(17) 3̄+ x+ 1

2 ,x,x; 5
8 ,

1
8 ,

1
8 (18) 3̄+ x̄−1,x+ 3

2 , x̄; − 1
8 ,

5
8 ,

7
8 (19) 3̄+ x− 1

2 , x̄+ 3
2 , x̄; 1

8 ,
7
8 ,− 5

8 (20) 3̄+ x̄+1, x̄,x; 7
8 ,− 1

8 ,
1
8

(21) 3̄− x,x+ 1
2 ,x; 1

8 ,
5
8 ,

1
8 (22) 3̄− x+ 3

2 , x̄−1, x̄; 5
8 ,− 1

8 ,
7
8 (23) 3̄− x̄, x̄+1,x; − 1

8 ,
7
8 ,

1
8 (24) 3̄− x̄+ 3

2 ,x− 1
2 , x̄; 7

8 ,
1
8 ,− 5

8

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); t( 1

2 ,0, 1
2 ); (2); (3); (5); (13)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2)+ ( 1

2 ,0, 1
2 )+ ( 1

2 ,
1
2 ,0)+

Reflection conditions

h,k, l cyclically permutable
General:

96 g 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) z,x,y (6) z, x̄, ȳ (7) z̄, x̄,y (8) z̄,x, ȳ
(9) y,z,x (10) ȳ,z, x̄ (11) y, z̄, x̄ (12) ȳ, z̄,x

(13) x̄+ 1
4 , ȳ + 1

4 , z̄+ 1
4 (14) x + 1

4 ,y + 1
4 , z̄+ 1

4 (15) x + 1
4 , ȳ+ 1

4 ,z+ 1
4 (16) x̄+ 1

4 ,y + 1
4 ,z+ 1

4

(17) z̄+ 1
4 , x̄ + 1

4 , ȳ+ 1
4 (18) z̄+ 1

4 ,x + 1
4 ,y + 1

4 (19) z+ 1
4 ,x + 1

4 , ȳ + 1
4 (20) z+ 1

4 , x̄ + 1
4 ,y + 1

4

(21) ȳ+ 1
4 , z̄+ 1

4 , x̄ + 1
4 (22) y + 1

4 , z̄+ 1
4 ,x + 1

4 (23) ȳ + 1
4 ,z+ 1

4 ,x + 1
4 (24) y + 1

4 ,z+ 1
4 , x̄ + 1

4

hkl : h + k = 2n and
h + l,k + l = 2n

0kl : k + l = 4n and
k, l = 2n

hhl : h + l = 2n
h00 : h = 4n

Special: as above, plus

48 f 2 . . x,0,0 x̄,0,0 0,x,0 0, x̄,0 0,0,x 0,0, x̄
x̄ + 1

4 ,
1
4 ,

1
4 x + 1

4 ,
1
4 ,

1
4

1
4 , x̄ + 1

4 ,
1
4

1
4 ,x + 1

4 ,
1
4

1
4 ,

1
4 , x̄ + 1

4
1
4 ,

1
4 ,x + 1

4

hkl : h = 2n + 1
or h + k + l = 4n

32 e . 3 . x,x,x x̄, x̄,x x̄,x, x̄ x, x̄, x̄
x̄ + 1

4 , x̄ + 1
4 , x̄ + 1

4 x + 1
4 ,x + 1

4 , x̄ + 1
4 x + 1

4 , x̄ + 1
4 ,x + 1

4 x̄ + 1
4 ,x + 1

4 ,x + 1
4

no extra conditions

16 d . 3̄ . 5
8 ,

5
8 ,

5
8

3
8 ,

3
8 ,

5
8

3
8 ,

5
8 ,

3
8

5
8 ,

3
8 ,

3
8

16 c . 3̄ . 1
8 ,

1
8 ,

1
8

7
8 ,

7
8 ,

1
8

7
8 ,

1
8 ,

7
8

1
8 ,

7
8 ,

7
8

}
hkl : h = 2n + 1

or h,k, l = 4n + 2
or h,k, l = 4n

8 b 2 3 . 1
2 ,

1
2 ,

1
2

3
4 ,

3
4 ,

3
4

8 a 2 3 . 0,0,0 1
4 ,

1
4 ,

1
4

}
hkl : h = 2n + 1

or h + k + l = 4n

(Continued on page 623)

625



CONTINUED
(from pages 625 and 627)

No. 203 F d 3̄

ORIGIN CHOICE 1

Symmetry of special projections
Along [001] c2mm
a′ = 1

2 a b′ = 1
2 b

Origin at 0,0,z

Along [111] p6
a′ = 1

6 (2a−b− c) b′ = 1
6 (−a + 2b− c)

Origin at x,x,x

Along [110] c2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x, 1

8

ORIGIN CHOICE 2

Symmetry of special projections

Along [001] c2mm
a′ = 1

2 a b′ = 1
2 b

Origin at 1
8 ,

1
8 ,z

Along [111] p6
a′ = 1

6 (2a−b− c) b′ = 1
6 (−a + 2b− c)

Origin at x,x,x

Along [110] c2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

ORIGIN CHOICES 1 AND 2

Maximal non-isomorphic subgroups
I [2] F 23 (196) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12)+

[3] F d 1 (F d d d, 70) (1; 2; 3; 4; 13; 14; 15; 16)+⎧⎪⎪⎨
⎪⎪⎩

[4] F 1 3̄ (R 3̄, 148) (1; 5; 9; 13; 17; 21)+
[4] F 1 3̄ (R 3̄, 148) (1; 6; 12; 13; 18; 24)+
[4] F 1 3̄ (R 3̄, 148) (1; 7; 10; 13; 19; 22)+
[4] F 1 3̄ (R 3̄, 148) (1; 8; 11; 13; 20; 23)+

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] F d 3̄ (a′ = 3a,b′ = 3b,c′ = 3c) (203)

Minimal non-isomorphic supergroups
I [2] F d 3̄m (227); [2] F d 3̄c (228)

II [2] Pn 3̄ (a′ = 1
2 a,b′ = 1

2 b,c′ = 1
2 c) (201)
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F d 3̄ T 4
h m 3̄ Cubic

No. 203 F 2/d 3̄ Patterson symmetry F m 3̄

ORIGIN CHOICE 2

Origin at centre (3̄), at 1
8 ,

1
8 ,

1
8 from 23

Asymmetric unit − 1
8 ≤ x ≤ 3

8 ; − 1
8 ≤ y ≤ 1

8 ; − 3
8 ≤ z ≤ 1

8 ; y ≤ min(x, 1
4 − x); −y− 1

4 ≤ z ≤ y

Vertices − 1
8 ,− 1

8 ,− 1
8

3
8 ,− 1

8 ,− 1
8

1
8 ,

1
8 ,

1
8

1
8 ,

1
8 ,− 3

8
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CONTINUED No. 203 F d 3̄

Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 2 3
8 ,

3
8 ,z (3) 2 3

8 ,y,
3
8 (4) 2 x, 3

8 ,
3
8

(5) 3+ x,x,x (6) 3+ x̄,x+ 3
4 , x̄ (7) 3+ x+ 3

4 , x̄, x̄ (8) 3+ x̄+ 3
4 , x̄+ 3

4 ,x
(9) 3− x,x,x (10) 3− x+ 3

4 , x̄, x̄ (11) 3− x̄+ 3
4 , x̄+ 3

4 ,x (12) 3− x̄,x+ 3
4 , x̄

(13) 1̄ 0,0,0 (14) d( 1
4 ,

1
4 ,0) x,y,0 (15) d( 1

4 ,0, 1
4) x,0,z (16) d(0, 1

4 ,
1
4) 0,y,z

(17) 3̄+ x,x,x; 0,0,0 (18) 3̄+ x̄− 1
2 ,x+ 1

4 , x̄; − 1
4 ,0, 1

4 (19) 3̄+ x− 1
4 , x̄+ 1

2 , x̄; 0, 1
4 ,− 1

4 (20) 3̄+ x̄+ 1
4 , x̄− 1

4 ,x; 1
4 ,− 1

4 ,0
(21) 3̄− x,x,x; 0,0,0 (22) 3̄− x+ 1

4 , x̄− 1
2 , x̄; 0,− 1

4 ,
1
4 (23) 3̄− x̄− 1

4 , x̄+ 1
4 ,x; − 1

4 ,
1
4 ,0 (24) 3̄− x̄+ 1

2 ,x− 1
4 , x̄; 1

4 ,0,− 1
4

For (0, 1
2 ,

1
2 )+ set

(1) t(0, 1
2 ,

1
2 ) (2) 2(0,0, 1

2) 3
8 ,

1
8 ,z (3) 2(0, 1

2 ,0) 3
8 ,y,

1
8 (4) 2 x, 1

8 ,
1
8

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x− 1

3 ,x− 1
6 ,x (6) 3+ x̄,x+ 1

4 , x̄ (7) 3+ x+ 3
4 , x̄− 1

2 , x̄ (8) 3+( 1
3 ,

1
3 ,− 1

3 ) x̄+ 5
12 , x̄+ 7

12 ,x
(9) 3−( 1

3 ,
1
3 ,

1
3 ) x− 1

6 ,x+ 1
6 ,x (10) 3− x+ 1

4 , x̄+ 1
2 , x̄ (11) 3− x̄+ 1

4 , x̄+ 1
4 ,x (12) 3−( 1

3 ,− 1
3 ,

1
3 ) x̄− 1

6 ,x+ 7
12 , x̄

(13) 1̄ 0, 1
4 ,

1
4 (14) d( 1

4 ,
3
4 ,0) x,y, 1

4 (15) d( 1
4 ,0, 3

4) x, 1
4 ,z (16) d(0, 3

4 ,
3
4) 0,y,z

(17) 3̄+ x,x+ 1
2 ,x; 0, 1

2 ,0 (18) 3̄+ x̄− 3
2 ,x+ 3

4 , x̄; − 3
4 ,0, 3

4 (19) 3̄+ x− 1
4 , x̄+1, x̄; 0, 3

4 ,− 1
4 (20) 3̄+ x̄+ 5

4 , x̄+ 1
4 ,x; 3

4 ,− 1
4 ,

1
2

(21) 3̄− x− 1
2 ,x− 1

2 ,x; 0,0, 1
2 (22) 3̄− x+ 3

4 , x̄−1, x̄; 0,− 1
4 ,

3
4 (23) 3̄− x̄− 3

4 , x̄+ 3
4 ,x; − 3

4 ,
3
4 ,0 (24) 3̄− x̄+1,x+ 1

4 , x̄; 3
4 ,

1
2 ,− 1

4

For ( 1
2 ,0, 1

2 )+ set
(1) t( 1

2 ,0, 1
2 ) (2) 2(0,0, 1

2) 1
8 ,

3
8 ,z (3) 2 1

8 ,y,
1
8 (4) 2( 1

2 ,0,0) x, 3
8 ,

1
8

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x+ 1

6 ,x− 1
6 ,x (6) 3+ x̄+ 1

2 ,x+ 1
4 , x̄ (7) 3+(− 1

3 ,
1
3 ,

1
3 ) x+ 7

12 , x̄− 1
6 , x̄ (8) 3+ x̄+ 1

4 , x̄+ 1
4 ,x

(9) 3−( 1
3 ,

1
3 ,

1
3 ) x− 1

6 ,x− 1
3 ,x (10) 3− x+ 1

4 , x̄, x̄ (11) 3−( 1
3 ,

1
3 ,− 1

3 ) x̄+ 7
12 , x̄+ 5

12 ,x (12) 3− x̄− 1
2 ,x+ 3

4 , x̄
(13) 1̄ 1

4 ,0, 1
4 (14) d( 3

4 ,
1
4 ,0) x,y, 1

4 (15) d( 3
4 ,0, 3

4) x,0,z (16) d(0, 1
4 ,

3
4) 1

4 ,y,z
(17) 3̄+ x− 1

2 ,x− 1
2 ,x; 0,0, 1

2 (18) 3̄+ x̄−1,x+ 3
4 , x̄; − 1

4 ,0, 3
4 (19) 3̄+ x+ 1

4 , x̄+1, x̄; 1
2 ,

3
4 ,− 1

4 (20) 3̄+ x̄+ 3
4 , x̄− 3

4 ,x; 3
4 ,− 3

4 ,0
(21) 3̄− x+ 1

2 ,x,x; 1
2 ,0,0 (22) 3̄− x+ 3

4 , x̄− 3
2 , x̄; 0,− 3

4 ,
3
4 (23) 3̄− x̄+ 1

4 , x̄+ 5
4 ,x; − 1

4 ,
3
4 ,

1
2 (24) 3̄− x̄+1,x− 1

4 , x̄; 3
4 ,0,− 1

4

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2 1

8 ,
1
8 ,z (3) 2(0, 1

2 ,0) 1
8 ,y,

3
8 (4) 2( 1

2 ,0,0) x, 1
8 ,

3
8

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x+ 1

6 ,x+ 1
3 ,x (6) 3+( 1

3 ,− 1
3 ,

1
3 ) x̄+ 1

6 ,x+ 5
12 , x̄ (7) 3+ x+ 1

4 , x̄, x̄ (8) 3+ x̄+ 1
4 , x̄+ 3

4 ,x
(9) 3−( 1

3 ,
1
3 ,

1
3 ) x+ 1

3 ,x+ 1
6 ,x (10) 3−(− 1

3 ,
1
3 ,

1
3 ) x+ 5

12 , x̄+ 1
6 , x̄ (11) 3− x̄+ 3

4 , x̄+ 1
4 ,x (12) 3− x̄,x+ 1

4 , x̄
(13) 1̄ 1

4 ,
1
4 ,0 (14) d( 3

4 ,
3
4 ,0) x,y,0 (15) d( 3

4 ,0, 1
4) x, 1

4 ,z (16) d(0, 3
4 ,

1
4) 1

4 ,y,z
(17) 3̄+ x+ 1

2 ,x,x; 1
2 ,0,0 (18) 3̄+ x̄−1,x+ 5

4 , x̄; − 1
4 ,

1
2 ,

3
4 (19) 3̄+ x− 3

4 , x̄+ 3
2 , x̄; 0, 3

4 ,− 3
4 (20) 3̄+ x̄+ 3

4 , x̄− 1
4 ,x; 3

4 ,− 1
4 ,0

(21) 3̄− x,x+ 1
2 ,x; 0, 1

2 ,0 (22) 3̄− x+ 5
4 , x̄−1, x̄; 1

2 ,− 1
4 ,

3
4 (23) 3̄− x̄− 1

4 , x̄+ 3
4 ,x; − 1

4 ,
3
4 ,0 (24) 3̄− x̄+ 3

2 ,x− 3
4 , x̄; 3

4 ,0,− 3
4

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); t( 1

2 ,0, 1
2 ); (2); (3); (5); (13)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2)+ ( 1

2 ,0, 1
2 )+ ( 1

2 ,
1
2 ,0)+

Reflection conditions

h,k, l cyclically permutable
General:

96 g 1 (1) x,y,z (2) x̄+ 3
4 , ȳ + 3

4 ,z (3) x̄ + 3
4 ,y, z̄+ 3

4 (4) x, ȳ+ 3
4 , z̄+ 3

4

(5) z,x,y (6) z, x̄ + 3
4 , ȳ+ 3

4 (7) z̄+ 3
4 , x̄ + 3

4 ,y (8) z̄+ 3
4 ,x, ȳ + 3

4

(9) y,z,x (10) ȳ+ 3
4 ,z, x̄ + 3

4 (11) y, z̄ + 3
4 , x̄ + 3

4 (12) ȳ+ 3
4 , z̄+ 3

4 ,x
(13) x̄, ȳ, z̄ (14) x + 1

4 ,y + 1
4 , z̄ (15) x + 1

4 , ȳ,z+ 1
4 (16) x̄,y + 1

4 ,z+ 1
4

(17) z̄, x̄, ȳ (18) z̄,x + 1
4 ,y + 1

4 (19) z+ 1
4 ,x + 1

4 , ȳ (20) z+ 1
4 , x̄,y + 1

4

(21) ȳ, z̄, x̄ (22) y + 1
4 , z̄,x + 1

4 (23) ȳ,z+ 1
4 ,x + 1

4 (24) y + 1
4 ,z+ 1

4 , x̄

hkl : h + k,h + l,k + l = 2n
0kl : k + l = 4n, k, l = 2n
hhl : h + l = 2n
h00 : h = 4n

Special: as above, plus

48 f 2 . . x, 1
8 ,

1
8 x̄ + 3

4 ,
5
8 ,

1
8

1
8 ,x,

1
8

1
8 , x̄ + 3

4 ,
5
8

1
8 ,

1
8 ,x

5
8 ,

1
8 , x̄ + 3

4

x̄, 7
8 ,

7
8 x + 1

4 ,
3
8 ,

7
8

7
8 , x̄,

7
8

7
8 ,x + 1

4 ,
3
8

7
8 ,

7
8 , x̄

3
8 ,

7
8 ,x + 1

4

hkl : h = 2n + 1
or h + k + l = 4n

32 e . 3 . x,x,x x̄ + 3
4 , x̄ + 3

4 ,x x̄+ 3
4 ,x, x̄ + 3

4 x, x̄ + 3
4 , x̄ + 3

4

x̄, x̄, x̄ x + 1
4 ,x + 1

4 , x̄ x + 1
4 , x̄,x + 1

4 x̄,x + 1
4 ,x + 1

4

no extra conditions

16 d . 3̄ . 1
2 ,

1
2 ,

1
2

1
4 ,

1
4 ,

1
2

1
4 ,

1
2 ,

1
4

1
2 ,

1
4 ,

1
4

16 c . 3̄ . 0,0,0 3
4 ,

3
4 ,0

3
4 ,0, 3

4 0, 3
4 ,

3
4

}
hkl : h = 2n + 1

or h,k, l = 4n + 2
or h,k, l = 4n

8 b 2 3 . 5
8 ,

5
8 ,

5
8

3
8 ,

3
8 ,

3
8

8 a 2 3 . 1
8 ,

1
8 ,

1
8

7
8 ,

7
8 ,

7
8

}
hkl : h = 2n + 1

or h + k + l = 4n

(Continued on page 623)
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CONTINUED
(from pages 625 and 627)

No. 203 F d 3̄

ORIGIN CHOICE 1

Symmetry of special projections
Along [001] c2mm
a′ = 1

2 a b′ = 1
2 b

Origin at 0,0,z

Along [111] p6
a′ = 1

6 (2a−b− c) b′ = 1
6 (−a + 2b− c)

Origin at x,x,x

Along [110] c2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x, 1

8

ORIGIN CHOICE 2

Symmetry of special projections

Along [001] c2mm
a′ = 1

2 a b′ = 1
2 b

Origin at 1
8 ,

1
8 ,z

Along [111] p6
a′ = 1

6 (2a−b− c) b′ = 1
6 (−a + 2b− c)

Origin at x,x,x

Along [110] c2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

ORIGIN CHOICES 1 AND 2

Maximal non-isomorphic subgroups
I [2] F 23 (196) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12)+

[3] F d 1 (F d d d, 70) (1; 2; 3; 4; 13; 14; 15; 16)+⎧⎪⎪⎨
⎪⎪⎩

[4] F 1 3̄ (R 3̄, 148) (1; 5; 9; 13; 17; 21)+
[4] F 1 3̄ (R 3̄, 148) (1; 6; 12; 13; 18; 24)+
[4] F 1 3̄ (R 3̄, 148) (1; 7; 10; 13; 19; 22)+
[4] F 1 3̄ (R 3̄, 148) (1; 8; 11; 13; 20; 23)+

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] F d 3̄ (a′ = 3a,b′ = 3b,c′ = 3c) (203)

Minimal non-isomorphic supergroups
I [2] F d 3̄m (227); [2] F d 3̄c (228)

II [2] Pn 3̄ (a′ = 1
2 a,b′ = 1

2 b,c′ = 1
2 c) (201)
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I m 3̄ T 5
h m 3̄ Cubic

No. 204 I 2/m 3̄ Patterson symmetry I m 3̄

Origin at centre (m 3̄)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2 ; y ≤ x; z ≤ y

Vertices 0,0,0 1
2 ,0,0 1

2 ,
1
2 ,0

1
2 ,

1
2 ,

1
2

Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 3+ x,x,x (6) 3+ x̄,x, x̄ (7) 3+ x, x̄, x̄ (8) 3+ x̄, x̄,x
(9) 3− x,x,x (10) 3− x, x̄, x̄ (11) 3− x̄, x̄,x (12) 3− x̄,x, x̄

(13) 1̄ 0,0,0 (14) m x,y,0 (15) m x,0,z (16) m 0,y,z
(17) 3̄+ x,x,x; 0,0,0 (18) 3̄+ x̄,x, x̄; 0,0,0 (19) 3̄+ x, x̄, x̄; 0,0,0 (20) 3̄+ x̄, x̄,x; 0,0,0
(21) 3̄− x,x,x; 0,0,0 (22) 3̄− x, x̄, x̄; 0,0,0 (23) 3̄− x̄, x̄,x; 0,0,0 (24) 3̄− x̄,x, x̄; 0,0,0

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) 2(0, 1

2 ,0) 1
4 ,y,

1
4 (4) 2( 1

2 ,0,0) x, 1
4 ,

1
4

(5) 3+( 1
2 ,

1
2 ,

1
2 ) x,x,x (6) 3+( 1

6 ,− 1
6 ,

1
6) x̄+ 1

3 ,x+ 1
3 , x̄ (7) 3+(− 1

6 ,
1
6 ,

1
6 ) x+ 2

3 , x̄− 1
3 , x̄ (8) 3+( 1

6 ,
1
6 ,− 1

6) x̄+ 1
3 , x̄+ 2

3 ,x
(9) 3−( 1

2 ,
1
2 ,

1
2 ) x,x,x (10) 3−(− 1

6 ,
1
6 ,

1
6) x+ 1

3 , x̄+ 1
3 , x̄ (11) 3−( 1

6 ,
1
6 ,− 1

6 ) x̄+ 2
3 , x̄+ 1

3 ,x (12) 3−( 1
6 ,− 1

6 ,
1
6) x̄− 1

3 ,x+ 2
3 , x̄

(13) 1̄ 1
4 ,

1
4 ,

1
4 (14) n( 1

2 ,
1
2 ,0) x,y, 1

4 (15) n( 1
2 ,0, 1

2 ) x, 1
4 ,z (16) n(0, 1

2 ,
1
2) 1

4 ,y,z
(17) 3̄+ x,x,x; 1

4 ,
1
4 ,

1
4 (18) 3̄+ x̄−1,x+1, x̄; − 1

4 ,
1
4 ,

3
4 (19) 3̄+ x, x̄+1, x̄; 1

4 ,
3
4 ,− 1

4 (20) 3̄+ x̄+1, x̄,x; 3
4 ,− 1

4 ,
1
4

(21) 3̄− x,x,x; 1
4 ,

1
4 ,

1
4 (22) 3̄− x+1, x̄−1, x̄; 1

4 ,− 1
4 ,

3
4 (23) 3̄− x̄, x̄+1,x; − 1

4 ,
3
4 ,

1
4 (24) 3̄− x̄+1,x, x̄; 3

4 ,
1
4 ,− 1

4
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CONTINUED No. 204 I m 3̄

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5); (13)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

h,k, l cyclically permutable
General:

48 h 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) z,x,y (6) z, x̄, ȳ (7) z̄, x̄,y (8) z̄,x, ȳ
(9) y,z,x (10) ȳ,z, x̄ (11) y, z̄, x̄ (12) ȳ, z̄,x

(13) x̄, ȳ, z̄ (14) x,y, z̄ (15) x, ȳ,z (16) x̄,y,z
(17) z̄, x̄, ȳ (18) z̄,x,y (19) z,x, ȳ (20) z, x̄,y
(21) ȳ, z̄, x̄ (22) y, z̄,x (23) ȳ,z,x (24) y,z, x̄

hkl : h + k + l = 2n
0kl : k + l = 2n
hhl : l = 2n
h00 : h = 2n

Special: as above, plus

24 g m . . 0,y,z 0, ȳ,z 0,y, z̄ 0, ȳ, z̄ z,0,y z,0, ȳ
z̄,0,y z̄,0, ȳ y,z,0 ȳ,z,0 y, z̄,0 ȳ, z̄,0

no extra conditions

16 f . 3 . x,x,x x̄, x̄,x x̄,x, x̄ x, x̄, x̄
x̄, x̄, x̄ x,x, x̄ x, x̄,x x̄,x,x

no extra conditions

12 e m m 2 . . x,0, 1
2 x̄,0, 1

2
1
2 ,x,0

1
2 , x̄,0 0, 1

2 ,x 0, 1
2 , x̄ no extra conditions

12 d m m 2 . . x,0,0 x̄,0,0 0,x,0 0, x̄,0 0,0,x 0,0, x̄ no extra conditions

8 c . 3̄ . 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

3
4

1
4 ,

3
4 ,

3
4 hkl : k, l = 2n

6 b m m m . . 0, 1
2 ,

1
2

1
2 ,0, 1

2
1
2 ,

1
2 ,0 no extra conditions

2 a m 3̄ . 0,0,0 no extra conditions

Symmetry of special projections
Along [001] c2mm
a′ = a b′ = b
Origin at 0,0,z

Along [111] p6
a′ = 1

3 (2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] I 23 (197) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12)+

[3] I m1 (I mmm, 71) (1; 2; 3; 4; 13; 14; 15; 16)+⎧⎪⎪⎨
⎪⎪⎩

[4] I 1 3̄ (R 3̄, 148) (1; 5; 9; 13; 17; 21)+
[4] I 1 3̄ (R 3̄, 148) (1; 6; 12; 13; 18; 24)+
[4] I 1 3̄ (R 3̄, 148) (1; 7; 10; 13; 19; 22)+
[4] I 1 3̄ (R 3̄, 148) (1; 8; 11; 13; 20; 23)+

IIa [2] Pn 3̄ (201) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; (13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24)+ ( 1
2 ,

1
2 ,

1
2)

[2] Pm 3̄ (200) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24

IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] I m 3̄ (a′ = 3a,b′ = 3b,c′ = 3c) (204)

Minimal non-isomorphic supergroups
I [2] I m 3̄m (229)

II [4] Pm 3̄ (a′ = 1
2 a,b′ = 1

2 b,c′ = 1
2 c) (200)
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Pa 3̄ T 6
h m 3̄ Cubic

No. 205 P21/a 3̄ Patterson symmetry Pm 3̄

Origin at centre (3̄)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2 ; z ≤ min(x,y)

Vertices 0,0,0 1
2 ,0,0 1

2 ,
1
2 ,0 0, 1

2 ,0
1
2 ,

1
2 ,

1
2

Symmetry operations

(1) 1 (2) 2(0,0, 1
2 ) 1

4 ,0,z (3) 2(0, 1
2 ,0) 0,y, 1

4 (4) 2( 1
2 ,0,0) x, 1

4 ,0
(5) 3+ x,x,x (6) 3+ x̄+ 1

2 ,x, x̄ (7) 3+ x+ 1
2 , x̄− 1

2 , x̄ (8) 3+ x̄, x̄+ 1
2 ,x

(9) 3− x,x,x (10) 3−(− 1
3 ,

1
3 ,

1
3 ) x+ 1

6 , x̄+ 1
6 , x̄ (11) 3−( 1

3 ,
1
3 ,− 1

3 ) x̄+ 1
3 , x̄+ 1

6 ,x (12) 3−( 1
3 ,− 1

3 ,
1
3 ) x̄− 1

6 ,x+ 1
3 , x̄

(13) 1̄ 0,0,0 (14) a x,y, 1
4 (15) c x, 1

4 ,z (16) b 1
4 ,y,z

(17) 3̄+ x,x,x; 0,0,0 (18) 3̄+ x̄− 1
2 ,x+1, x̄; 0, 1

2 ,
1
2 (19) 3̄+ x+ 1

2 , x̄+ 1
2 , x̄; 1

2 ,
1
2 ,0 (20) 3̄+ x̄+1, x̄+ 1

2 ,x; 1
2 ,0, 1

2

(21) 3̄− x,x,x; 0,0,0 (22) 3̄− x+ 1
2 , x̄− 1

2 , x̄; 0,0, 1
2 (23) 3̄− x̄, x̄+ 1

2 ,x; 0, 1
2 ,0 (24) 3̄− x̄+ 1

2 ,x, x̄; 1
2 ,0,0
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CONTINUED No. 205 Pa 3̄

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (13)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

h,k, l cyclically permutable
General:

24 d 1 (1) x,y,z (2) x̄+ 1
2 , ȳ,z+ 1

2 (3) x̄,y + 1
2 , z̄+ 1

2 (4) x + 1
2 , ȳ + 1

2 , z̄
(5) z,x,y (6) z+ 1

2 , x̄ + 1
2 , ȳ (7) z̄+ 1

2 , x̄,y + 1
2 (8) z̄,x + 1

2 , ȳ+ 1
2

(9) y,z,x (10) ȳ,z+ 1
2 , x̄ + 1

2 (11) y + 1
2 , z̄+ 1

2 , x̄ (12) ȳ+ 1
2 , z̄,x + 1

2

(13) x̄, ȳ, z̄ (14) x + 1
2 ,y, z̄ + 1

2 (15) x, ȳ + 1
2 ,z+ 1

2 (16) x̄+ 1
2 ,y + 1

2 ,z
(17) z̄, x̄, ȳ (18) z̄+ 1

2 ,x + 1
2 ,y (19) z+ 1

2 ,x, ȳ + 1
2 (20) z, x̄ + 1

2 ,y + 1
2

(21) ȳ, z̄, x̄ (22) y, z̄+ 1
2 ,x + 1

2 (23) ȳ + 1
2 ,z+ 1

2 ,x (24) y + 1
2 ,z, x̄ + 1

2

0kl : k = 2n
h00 : h = 2n

Special: as above, plus

8 c . 3 . x,x,x x̄+ 1
2 , x̄,x + 1

2 x̄,x + 1
2 , x̄ + 1

2 x + 1
2 , x̄ + 1

2 , x̄
x̄, x̄, x̄ x + 1

2 ,x, x̄ + 1
2 x, x̄ + 1

2 ,x + 1
2 x̄+ 1

2 ,x + 1
2 ,x

no extra conditions

4 b . 3̄ . 1
2 ,

1
2 ,

1
2 0, 1

2 ,0
1
2 ,0,0 0,0, 1

2 hkl : h + k,h + l,k + l = 2n

4 a . 3̄ . 0,0,0 1
2 ,0, 1

2 0, 1
2 ,

1
2

1
2 ,

1
2 ,0 hkl : h + k,h + l,k + l = 2n

Symmetry of special projections
Along [001] p2gm
a′ = 1

2 a b′ = b
Origin at 0,0,z

Along [111] p6
a′ = 1

3 (2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [110] p2gg
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P21 3 (198) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12

[3] Pa1 (Pbca, 61) 1; 2; 3; 4; 13; 14; 15; 16⎧⎪⎪⎨
⎪⎪⎩

[4] P1 3̄ (R 3̄, 148) 1; 5; 9; 13; 17; 21
[4] P1 3̄ (R 3̄, 148) 1; 6; 12; 13; 18; 24
[4] P1 3̄ (R 3̄, 148) 1; 7; 10; 13; 19; 22
[4] P1 3̄ (R 3̄, 148) 1; 8; 11; 13; 20; 23

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] Pa 3̄ (a′ = 3a,b′ = 3b,c′ = 3c) (205)

Minimal non-isomorphic supergroups
I none

II [2] I a 3̄ (206); [4] F m 3̄ (202)
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I a 3̄ T 7
h m 3̄ Cubic

No. 206 I 21/a 3̄ Patterson symmetry I m 3̄

Origin at centre (3̄)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4 ; z ≤ min(x, 1

2 − x,y, 1
2 − y)

Vertices 0,0,0 1
2 ,0,0 1

2 ,
1
2 ,0 0, 1

2 ,0
1
4 ,

1
4 ,

1
4

Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 2(0,0, 1
2 ) 1

4 ,0,z (3) 2(0, 1
2 ,0) 0,y, 1

4 (4) 2( 1
2 ,0,0) x, 1

4 ,0
(5) 3+ x,x,x (6) 3+ x̄+ 1

2 ,x, x̄ (7) 3+ x+ 1
2 , x̄− 1

2 , x̄ (8) 3+ x̄, x̄+ 1
2 ,x

(9) 3− x,x,x (10) 3−(− 1
3 ,

1
3 ,

1
3) x+ 1

6 , x̄+ 1
6 , x̄ (11) 3−( 1

3 ,
1
3 ,− 1

3) x̄+ 1
3 , x̄+ 1

6 ,x (12) 3−( 1
3 ,− 1

3 ,
1
3) x̄− 1

6 ,x+ 1
3 , x̄

(13) 1̄ 0,0,0 (14) a x,y, 1
4 (15) c x, 1

4 ,z (16) b 1
4 ,y,z

(17) 3̄+ x,x,x; 0,0,0 (18) 3̄+ x̄− 1
2 ,x+1, x̄; 0, 1

2 ,
1
2 (19) 3̄+ x+ 1

2 , x̄+ 1
2 , x̄; 1

2 ,
1
2 ,0 (20) 3̄+ x̄+1, x̄+ 1

2 ,x; 1
2 ,0, 1

2

(21) 3̄− x,x,x; 0,0,0 (22) 3̄− x+ 1
2 , x̄− 1

2 , x̄; 0,0, 1
2 (23) 3̄− x̄, x̄+ 1

2 ,x; 0, 1
2 ,0 (24) 3̄− x̄+ 1

2 ,x, x̄; 1
2 ,0,0

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2 0, 1

4 ,z (3) 2 1
4 ,y,0 (4) 2 x,0, 1

4

(5) 3+( 1
2 ,

1
2 ,

1
2 ) x,x,x (6) 3+( 1

6 ,− 1
6 ,

1
6) x̄− 1

6 ,x+ 1
3 , x̄ (7) 3+(− 1

6 ,
1
6 ,

1
6) x+ 1

6 , x̄+ 1
6 , x̄ (8) 3+( 1

6 ,
1
6 ,− 1

6) x̄+ 1
3 , x̄+ 1

6 ,x
(9) 3−( 1

2 ,
1
2 ,

1
2 ) x,x,x (10) 3−( 1

6 ,− 1
6 ,− 1

6 ) x+ 1
6 , x̄+ 1

6 , x̄ (11) 3−(− 1
6 ,− 1

6 ,
1
6 ) x̄+ 1

3 , x̄+ 1
6 ,x (12) 3−(− 1

6 ,
1
6 ,− 1

6 ) x̄− 1
6 ,x+ 1

3 , x̄
(13) 1̄ 1

4 ,
1
4 ,

1
4 (14) b x,y,0 (15) a x,0,z (16) c 0,y,z

(17) 3̄+ x,x,x; 1
4 ,

1
4 ,

1
4 (18) 3̄+ x̄− 1

2 ,x, x̄; − 1
4 ,− 1

4 ,
1
4 (19) 3̄+ x− 1

2 , x̄+ 1
2 , x̄; − 1

4 ,
1
4 ,− 1

4 (20) 3̄+ x̄, x̄− 1
2 ,x; 1

4 ,− 1
4 ,− 1

4

(21) 3̄− x,x,x; 1
4 ,

1
4 ,

1
4 (22) 3̄− x+ 1

2 , x̄− 1
2 , x̄; 1

4 ,− 1
4 ,

1
4 (23) 3̄− x̄, x̄+ 1

2 ,x; − 1
4 ,

1
4 ,

1
4 (24) 3̄− x̄+ 1

2 ,x, x̄; 1
4 ,

1
4 ,− 1

4
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CONTINUED No. 206 I a 3̄

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5); (13)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

h,k, l cyclically permutable
General:

48 e 1 (1) x,y,z (2) x̄+ 1
2 , ȳ,z+ 1

2 (3) x̄,y + 1
2 , z̄+ 1

2 (4) x + 1
2 , ȳ + 1

2 , z̄
(5) z,x,y (6) z+ 1

2 , x̄ + 1
2 , ȳ (7) z̄+ 1

2 , x̄,y + 1
2 (8) z̄,x + 1

2 , ȳ+ 1
2

(9) y,z,x (10) ȳ,z+ 1
2 , x̄ + 1

2 (11) y + 1
2 , z̄+ 1

2 , x̄ (12) ȳ+ 1
2 , z̄,x + 1

2

(13) x̄, ȳ, z̄ (14) x + 1
2 ,y, z̄ + 1

2 (15) x, ȳ + 1
2 ,z+ 1

2 (16) x̄+ 1
2 ,y + 1

2 ,z
(17) z̄, x̄, ȳ (18) z̄+ 1

2 ,x + 1
2 ,y (19) z+ 1

2 ,x, ȳ + 1
2 (20) z, x̄ + 1

2 ,y + 1
2

(21) ȳ, z̄, x̄ (22) y, z̄+ 1
2 ,x + 1

2 (23) ȳ + 1
2 ,z+ 1

2 ,x (24) y + 1
2 ,z, x̄ + 1

2

hkl : h + k + l = 2n
0kl : k, l = 2n
hhl : l = 2n
h00 : h = 2n

Special: as above, plus

24 d 2 . . x,0, 1
4 x̄+ 1

2 ,0, 3
4

1
4 ,x,0

3
4 , x̄ + 1

2 ,0 0, 1
4 ,x 0, 3

4 , x̄ + 1
2

x̄,0, 3
4 x + 1

2 ,0, 1
4

3
4 , x̄,0

1
4 ,x + 1

2 ,0 0, 3
4 , x̄ 0, 1

4 ,x + 1
2

no extra conditions

16 c . 3 . x,x,x x̄+ 1
2 , x̄,x + 1

2 x̄,x + 1
2 , x̄ + 1

2 x + 1
2 , x̄ + 1

2 , x̄
x̄, x̄, x̄ x + 1

2 ,x, x̄ + 1
2 x, x̄ + 1

2 ,x + 1
2 x̄+ 1

2 ,x + 1
2 ,x

no extra conditions

8 b . 3̄ . 1
4 ,

1
4 ,

1
4

1
4 ,

3
4 ,

3
4

3
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

3
4 hkl : k, l = 2n

8 a . 3̄ . 0,0,0 1
2 ,0, 1

2 0, 1
2 ,

1
2

1
2 ,

1
2 ,0 hkl : k, l = 2n

Symmetry of special projections
Along [001] p2mm
a′ = 1

2 a b′ = 1
2 b

Origin at 0,0,z

Along [111] p6
a′ = 1

3 (2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [110] p2mg
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] I 21 3 (199) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12)+

[3] I a1 (I bca, 73) (1; 2; 3; 4; 13; 14; 15; 16)+⎧⎪⎪⎨
⎪⎪⎩

[4] I 1 3̄ (R 3̄, 148) (1; 5; 9; 13; 17; 21)+
[4] I 1 3̄ (R 3̄, 148) (1; 6; 12; 13; 18; 24)+
[4] I 1 3̄ (R 3̄, 148) (1; 7; 10; 13; 19; 22)+
[4] I 1 3̄ (R 3̄, 148) (1; 8; 11; 13; 20; 23)+

IIa [2] Pa 3̄ (205) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24
[2] Pa 3̄ (205) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; (13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24)+ ( 1

2 ,
1
2 ,

1
2 )

IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] I a 3̄ (a′ = 3a,b′ = 3b,c′ = 3c) (206)

Minimal non-isomorphic supergroups
I [2] I a 3̄d (230)

II [4] Pm 3̄ (a′ = 1
2 a,b′ = 1

2 b,c′ = 1
2 c) (200)

633



P432 O1
432 Cubic

No. 207 P432 Patterson symmetry Pm 3̄m

Origin at 432

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
2 ; 0 ≤ z ≤ 1

2 ; y ≤ min(x,1− x); z ≤ y

Vertices 0,0,0 1,0,0 1
2 ,

1
2 ,0

1
2 ,

1
2 ,

1
2

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 3+ x,x,x (6) 3+ x̄,x, x̄ (7) 3+ x, x̄, x̄ (8) 3+ x̄, x̄,x
(9) 3− x,x,x (10) 3− x, x̄, x̄ (11) 3− x̄, x̄,x (12) 3− x̄,x, x̄

(13) 2 x,x,0 (14) 2 x, x̄,0 (15) 4− 0,0,z (16) 4+ 0,0,z
(17) 4− x,0,0 (18) 2 0,y,y (19) 2 0,y, ȳ (20) 4+ x,0,0
(21) 4+ 0,y,0 (22) 2 x,0,x (23) 4− 0,y,0 (24) 2 x̄,0,x
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CONTINUED No. 207 P432

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (13)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

h,k, l permutable
General:

24 k 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) z,x,y (6) z, x̄, ȳ (7) z̄, x̄,y (8) z̄,x, ȳ
(9) y,z,x (10) ȳ,z, x̄ (11) y, z̄, x̄ (12) ȳ, z̄,x

(13) y,x, z̄ (14) ȳ, x̄, z̄ (15) y, x̄,z (16) ȳ,x,z
(17) x,z, ȳ (18) x̄,z,y (19) x̄, z̄, ȳ (20) x, z̄,y
(21) z,y, x̄ (22) z, ȳ,x (23) z̄,y,x (24) z̄, ȳ, x̄

no conditions

Special: no extra conditions

12 j . . 2 1
2 ,y,y

1
2 , ȳ,y

1
2 ,y, ȳ

1
2 , ȳ, ȳ y, 1

2 ,y y, 1
2 , ȳ

ȳ, 1
2 ,y ȳ, 1

2 , ȳ y,y, 1
2 ȳ,y, 1

2 y, ȳ, 1
2 ȳ, ȳ, 1

2

12 i . . 2 0,y,y 0, ȳ,y 0,y, ȳ 0, ȳ, ȳ y,0,y y,0, ȳ
ȳ,0,y ȳ,0, ȳ y,y,0 ȳ,y,0 y, ȳ,0 ȳ, ȳ,0

12 h 2 . . x, 1
2 ,0 x̄, 1

2 ,0 0,x, 1
2 0, x̄, 1

2
1
2 ,0,x 1

2 ,0, x̄
1
2 ,x,0

1
2 , x̄,0 x,0, 1

2 x̄,0, 1
2 0, 1

2 , x̄ 0, 1
2 ,x

8 g . 3 . x,x,x x̄, x̄,x x̄,x, x̄ x, x̄, x̄
x,x, x̄ x̄, x̄, x̄ x, x̄,x x̄,x,x

6 f 4 . . x, 1
2 ,

1
2 x̄, 1

2 ,
1
2

1
2 ,x,

1
2

1
2 , x̄,

1
2

1
2 ,

1
2 ,x

1
2 ,

1
2 , x̄

6 e 4 . . x,0,0 x̄,0,0 0,x,0 0, x̄,0 0,0,x 0,0, x̄

3 d 4 2 .2 1
2 ,0,0 0, 1

2 ,0 0,0, 1
2

3 c 4 2 .2 0, 1
2 ,

1
2

1
2 ,0, 1

2
1
2 ,

1
2 ,0

1 b 4 3 2 1
2 ,

1
2 ,

1
2

1 a 4 3 2 0,0,0

Symmetry of special projections
Along [001] p4mm
a′ = a b′ = b
Origin at 0,0,z

Along [111] p3m1
a′ = 1

3 (2a−b− c) b′ = 1
3(−a + 2b− c)

Origin at x,x,x

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P231 (P23, 195) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12{

[3] P412 (P422, 89) 1; 2; 3; 4; 13; 14; 15; 16
[3] P412 (P422, 89) 1; 2; 3; 4; 17; 18; 19; 20
[3] P412 (P422, 89) 1; 2; 3; 4; 21; 22; 23; 24⎧⎪⎨

⎪⎩
[4] P132 (R32, 155) 1; 5; 9; 14; 19; 24
[4] P132 (R32, 155) 1; 6; 12; 13; 18; 24
[4] P132 (R32, 155) 1; 7; 10; 13; 19; 22
[4] P132 (R32, 155) 1; 8; 11; 14; 18; 22

IIa none
IIb [2] F 432 (a′ = 2a,b′ = 2b,c′ = 2c) (209); [4] I 432 (a′ = 2a,b′ = 2b,c′ = 2c) (211)

Maximal isomorphic subgroups of lowest index
IIc [27] P432 (a′ = 3a,b′ = 3b,c′ = 3c) (207)

Minimal non-isomorphic supergroups
I [2] Pm 3̄m (221); [2] Pn 3̄n (222)
II [2] I 432 (211); [4] F 432 (209)
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P42 32 O2
432 Cubic

No. 208 P42 32 Patterson symmetry Pm 3̄m

Origin at 23

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; − 1
4 ≤ z ≤ 1

4 ; max(−x,x− 1
2 ,−y,y− 1

2 ) ≤ z ≤ min(x, 1
2 − x,y, 1

2 − y)
Vertices 0,0,0 1

2 ,0,0 1
2 ,

1
2 ,0 0, 1

2 ,0
1
4 ,

1
4 ,

1
4

1
4 ,

1
4 ,− 1

4

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 3+ x,x,x (6) 3+ x̄,x, x̄ (7) 3+ x, x̄, x̄ (8) 3+ x̄, x̄,x
(9) 3− x,x,x (10) 3− x, x̄, x̄ (11) 3− x̄, x̄,x (12) 3− x̄,x, x̄

(13) 2( 1
2 ,

1
2 ,0) x,x, 1

4 (14) 2 x, x̄ + 1
2 ,

1
4 (15) 4−(0,0, 1

2 ) 1
2 ,0,z (16) 4+(0,0, 1

2 ) 0, 1
2 ,z

(17) 4−( 1
2 ,0,0) x, 1

2 ,0 (18) 2(0, 1
2 ,

1
2 ) 1

4 ,y,y (19) 2 1
4 ,y + 1

2 , ȳ (20) 4+( 1
2 ,0,0) x,0, 1

2

(21) 4+(0, 1
2 ,0) 1

2 ,y,0 (22) 2( 1
2 ,0, 1

2 ) x, 1
4 ,x (23) 4−(0, 1

2 ,0) 0,y, 1
2 (24) 2 x̄+ 1

2 ,
1
4 ,x
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CONTINUED No. 208 P42 32

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (13)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

h,k, l permutable
General:

24 m 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) z,x,y (6) z, x̄, ȳ (7) z̄, x̄,y (8) z̄,x, ȳ
(9) y,z,x (10) ȳ,z, x̄ (11) y, z̄, x̄ (12) ȳ, z̄,x

(13) y + 1
2 ,x + 1

2 , z̄+ 1
2 (14) ȳ+ 1

2 , x̄ + 1
2 , z̄+ 1

2 (15) y + 1
2 , x̄ + 1

2 ,z+ 1
2 (16) ȳ+ 1

2 ,x + 1
2 ,z+ 1

2

(17) x + 1
2 ,z+ 1

2 , ȳ+ 1
2 (18) x̄ + 1

2 ,z+ 1
2 ,y + 1

2 (19) x̄ + 1
2 , z̄+ 1

2 , ȳ + 1
2 (20) x + 1

2 , z̄+ 1
2 ,y + 1

2

(21) z+ 1
2 ,y + 1

2 , x̄ + 1
2 (22) z+ 1

2 , ȳ + 1
2 ,x + 1

2 (23) z̄+ 1
2 ,y + 1

2 ,x + 1
2 (24) z̄+ 1

2 , ȳ + 1
2 , x̄ + 1

2

h00 : h = 2n

Special: as above, plus

12 l . . 2 1
4 ,y,y + 1

2
3
4 , ȳ,y + 1

2
3
4 ,y, ȳ + 1

2
1
4 , ȳ, ȳ + 1

2

y + 1
2 ,

1
4 ,y y + 1

2 ,
3
4 , ȳ ȳ + 1

2 ,
3
4 ,y ȳ+ 1

2 ,
1
4 , ȳ

y,y + 1
2 ,

1
4 ȳ,y + 1

2 ,
3
4 y, ȳ + 1

2 ,
3
4 ȳ, ȳ + 1

2 ,
1
4

no extra conditions

12 k . . 2 1
4 ,y, ȳ + 1

2
3
4 , ȳ, ȳ + 1

2
3
4 ,y,y + 1

2
1
4 , ȳ,y + 1

2

ȳ + 1
2 ,

1
4 ,y ȳ+ 1

2 ,
3
4 , ȳ y + 1

2 ,
3
4 ,y y + 1

2 ,
1
4 , ȳ

y, ȳ + 1
2 ,

1
4 ȳ, ȳ+ 1

2 ,
3
4 y,y + 1

2 ,
3
4 ȳ,y + 1

2 ,
1
4

no extra conditions

12 j 2 . . x, 1
2 ,0 x̄, 1

2 ,0 0,x, 1
2 0, x̄, 1

2
1
2 ,0,x 1

2 ,0, x̄
0,x + 1

2 ,
1
2 0, x̄+ 1

2 ,
1
2 x + 1

2 ,
1
2 ,0 x̄ + 1

2 ,
1
2 ,0

1
2 ,0, x̄ + 1

2
1
2 ,0,x + 1

2

hkl : h = 2n
hhl : l = 2n

12 i 2 . . x,0, 1
2 x̄,0, 1

2
1
2 ,x,0

1
2 , x̄,0 0, 1

2 ,x 0, 1
2 , x̄

1
2 ,x + 1

2 ,0
1
2 , x̄ + 1

2 ,0 x + 1
2 ,0, 1

2 x̄ + 1
2 ,0, 1

2 0, 1
2 , x̄ + 1

2 0, 1
2 ,x + 1

2

hkl : h = 2n
hhl : l = 2n

12 h 2 . . x,0,0 x̄,0,0 0,x,0 0, x̄,0 0,0,x 0,0, x̄
1
2 ,x + 1

2 ,
1
2

1
2 , x̄ + 1

2 ,
1
2 x + 1

2 ,
1
2 ,

1
2 x̄+ 1

2 ,
1
2 ,

1
2

1
2 ,

1
2 , x̄ + 1

2
1
2 ,

1
2 ,x + 1

2

hkl : h + k + l = 2n

8 g . 3 . x,x,x x̄, x̄,x
x̄,x, x̄ x, x̄, x̄
x + 1

2 ,x + 1
2 , x̄ + 1

2 x̄ + 1
2 , x̄ + 1

2 , x̄ + 1
2

x + 1
2 , x̄+ 1

2 ,x + 1
2 x̄ + 1

2 ,x + 1
2 ,x + 1

2

0kl : k + l = 2n

6 f 2 . 22 1
4 ,

1
2 ,0

3
4 ,

1
2 ,0 0, 1

4 ,
1
2 0, 3

4 ,
1
2

1
2 ,0, 1

4
1
2 ,0, 3

4

6 e 2 . 22 1
4 ,0, 1

2
3
4 ,0, 1

2
1
2 ,

1
4 ,0

1
2 ,

3
4 ,0 0, 1

2 ,
1
4 0, 1

2 ,
3
4

}
hkl : h + k + l = 2n

or h = 2n + 1,k = 4n and
l = 4n + 2

6 d 2 2 2 . . 0, 1
2 ,

1
2

1
2 ,0, 1

2
1
2 ,

1
2 ,0 0, 1

2 ,0
1
2 ,0,0 0,0, 1

2 hkl : h + k + l = 2n

4 c . 3 2 3
4 ,

3
4 ,

3
4

1
4 ,

1
4 ,

3
4

1
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

1
4 hkl : h + k,h + l,k + l = 2n

4 b . 3 2 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

3
4

1
4 ,

3
4 ,

3
4 hkl : h + k,h + l,k + l = 2n

2 a 2 3 . 0,0,0 1
2 ,

1
2 ,

1
2 hkl : h + k + l = 2n

Symmetry of special projections
Along [001] p4mm
a′ = a b′ = b
Origin at 0, 1

2 ,z

Along [111] p3m1
a′ = 1

3 (2a−b− c) b′ = 1
3(−a + 2b− c)

Origin at x,x,x

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x, 1

4
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P42 32 No. 208 CONTINUED

Maximal non-isomorphic subgroups
I [2] P231 (P23, 195) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12{

[3] P42 12 (P42 22, 93) 1; 2; 3; 4; 13; 14; 15; 16
[3] P42 12 (P42 22, 93) 1; 2; 3; 4; 17; 18; 19; 20
[3] P42 12 (P42 22, 93) 1; 2; 3; 4; 21; 22; 23; 24⎧⎪⎨

⎪⎩
[4] P132 (R32, 155) 1; 5; 9; 14; 19; 24
[4] P132 (R32, 155) 1; 6; 12; 13; 18; 24
[4] P132 (R32, 155) 1; 7; 10; 13; 19; 22
[4] P132 (R32, 155) 1; 8; 11; 14; 18; 22

IIa none

IIb [2] F 41 32 (a′ = 2a,b′ = 2b,c′ = 2c) (210); [4] I 41 32 (a′ = 2a,b′ = 2b,c′ = 2c) (214)

Maximal isomorphic subgroups of lowest index
IIc [27] P42 32 (a′ = 3a,b′ = 3b,c′ = 3c) (208)

Minimal non-isomorphic supergroups
I [2] Pm 3̄n (223); [2] Pn 3̄m (224)

II [2] I 432 (211); [4] F 432 (209)
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F432 O3
432 Cubic

No. 209 F432 Patterson symmetry Fm3̄m

Origin at 432

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

4 ; − 1
4 ≤ z ≤ 1

4 ; y ≤ min(x, 1
2 − x); −y ≤ z ≤ y

Vertices 0,0,0 1
2 ,0,0 1

4 ,
1
4 ,

1
4

1
4 ,

1
4 ,− 1

4

Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 3+ x,x,x (6) 3+ x̄,x, x̄ (7) 3+ x, x̄, x̄ (8) 3+ x̄, x̄,x
(9) 3− x,x,x (10) 3− x, x̄, x̄ (11) 3− x̄, x̄,x (12) 3− x̄,x, x̄

(13) 2 x,x,0 (14) 2 x, x̄,0 (15) 4− 0,0,z (16) 4+ 0,0,z
(17) 4− x,0,0 (18) 2 0,y,y (19) 2 0,y,ȳ (20) 4+ x,0,0
(21) 4+ 0,y,0 (22) 2 x,0,x (23) 4− 0,y,0 (24) 2 x̄,0,x
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CONTINUED No. 209 F 432

Symmetry operations (continued)

For (0, 1
2 ,

1
2 )+ set

(1) t(0, 1
2 ,

1
2 ) (2) 2(0,0, 1

2) 0, 1
4 ,z (3) 2(0, 1

2 ,0) 0,y, 1
4 (4) 2 x, 1

4 ,
1
4

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x− 1

3 ,x− 1
6 ,x (6) 3+ x̄,x+ 1

2 , x̄ (7) 3+(− 1
3 ,

1
3 ,

1
3) x+ 1

3 , x̄− 1
6 , x̄ (8) 3+ x̄, x̄+ 1

2 ,x
(9) 3−( 1

3 ,
1
3 ,

1
3 ) x− 1

6 ,x+ 1
6 ,x (10) 3−(− 1

3 ,
1
3 ,

1
3 ) x+ 1

6 , x̄+ 1
6 , x̄ (11) 3− x̄+ 1

2 , x̄+ 1
2 ,x (12) 3− x̄− 1

2 ,x+ 1
2 , x̄

(13) 2( 1
4 ,

1
4 ,0) x,x+ 1

4 ,
1
4 (14) 2(− 1

4 ,
1
4 ,0) x, x̄+ 1

4 ,
1
4 (15) 4−(0,0, 1

2) 1
4 ,

1
4 ,z (16) 4+(0,0, 1

2 ) − 1
4 ,

1
4 ,z

(17) 4− x, 1
2 ,0 (18) 2(0, 1

2 ,
1
2 ) 0,y,y (19) 2 0,y+ 1

2 ,ȳ (20) 4+ x,0, 1
2

(21) 4+(0, 1
2 ,0) 1

4 ,y,
1
4 (22) 2( 1

4 ,0, 1
4 ) x− 1

4 ,
1
4 ,x (23) 4−(0, 1

2 ,0) − 1
4 ,y,

1
4 (24) 2(− 1

4 ,0, 1
4) x̄+ 1

4 ,
1
4 ,x

For ( 1
2 ,0, 1

2 )+ set
(1) t( 1

2 ,0, 1
2 ) (2) 2(0,0, 1

2) 1
4 ,0,z (3) 2 1

4 ,y,
1
4 (4) 2( 1

2 ,0,0) x,0, 1
4

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x+ 1

6 ,x− 1
6 ,x (6) 3+( 1

3 ,− 1
3 ,

1
3 ) x̄+ 1

6 ,x+ 1
6 , x̄ (7) 3+ x+ 1

2 , x̄− 1
2 , x̄ (8) 3+ x̄+ 1

2 , x̄+ 1
2 ,x

(9) 3−( 1
3 ,

1
3 ,

1
3 ) x− 1

6 ,x− 1
3 ,x (10) 3− x+ 1

2 , x̄, x̄ (11) 3− x̄+ 1
2 , x̄,x (12) 3−( 1

3 ,− 1
3 ,

1
3 ) x̄− 1

6 ,x+ 1
3 , x̄

(13) 2( 1
4 ,

1
4 ,0) x,x− 1

4 ,
1
4 (14) 2( 1

4 ,− 1
4 ,0) x, x̄+ 1

4 ,
1
4 (15) 4−(0,0, 1

2) 1
4 ,− 1

4 ,z (16) 4+(0,0, 1
2 ) 1

4 ,
1
4 ,z

(17) 4−( 1
2 ,0,0) x, 1

4 ,
1
4 (18) 2(0, 1

4 ,
1
4 ) 1

4 ,y− 1
4 ,y (19) 2(0,− 1

4 ,
1
4 ) 1

4 ,y+ 1
4 ,ȳ (20) 4+( 1

2 ,0,0) x,− 1
4 ,

1
4

(21) 4+ 1
2 ,y,0 (22) 2( 1

2 ,0, 1
2 ) x,0,x (23) 4− 0,y, 1

2 (24) 2 x̄+ 1
2 ,0,x

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2 1

4 ,
1
4 ,z (3) 2(0, 1

2 ,0) 1
4 ,y,0 (4) 2( 1

2 ,0,0) x, 1
4 ,0

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x+ 1

6 ,x+ 1
3 ,x (6) 3+ x̄+ 1

2 ,x, x̄ (7) 3+ x+ 1
2 , x̄, x̄ (8) 3+( 1

3 ,
1
3 ,− 1

3 ) x̄+ 1
6 , x̄+ 1

3 ,x
(9) 3−( 1

3 ,
1
3 ,

1
3 ) x+ 1

3 ,x+ 1
6 ,x (10) 3− x, x̄+ 1

2 , x̄ (11) 3−( 1
3 ,

1
3 ,− 1

3) x̄+ 1
3 , x̄+ 1

6 ,x (12) 3− x̄,x+ 1
2 , x̄

(13) 2( 1
2 ,

1
2 ,0) x,x,0 (14) 2 x, x̄+ 1

2 ,0 (15) 4− 1
2 ,0,z (16) 4+ 0, 1

2 ,z
(17) 4−( 1

2 ,0,0) x, 1
4 ,− 1

4 (18) 2(0, 1
4 ,

1
4 ) 1

4 ,y+ 1
4 ,y (19) 2(0, 1

4 ,− 1
4 ) 1

4 ,y+ 1
4 ,ȳ (20) 4+( 1

2 ,0,0) x, 1
4 ,

1
4

(21) 4+(0, 1
2 ,0) 1

4 ,y,− 1
4 (22) 2( 1

4 ,0, 1
4 ) x+ 1

4 ,
1
4 ,x (23) 4−(0, 1

2 ,0) 1
4 ,y,

1
4 (24) 2( 1

4 ,0,− 1
4) x̄+ 1

4 ,
1
4 ,x

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); t( 1

2 ,0, 1
2 ); (2); (3); (5); (13)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2)+ ( 1

2 ,0, 1
2 )+ ( 1

2 ,
1
2 ,0)+

Reflection conditions

h,k, l permutable
General:

96 j 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) z,x,y (6) z, x̄, ȳ (7) z̄, x̄,y (8) z̄,x, ȳ
(9) y,z,x (10) ȳ,z, x̄ (11) y, z̄, x̄ (12) ȳ, z̄,x

(13) y,x, z̄ (14) ȳ, x̄, z̄ (15) y, x̄,z (16) ȳ,x,z
(17) x,z, ȳ (18) x̄,z,y (19) x̄, z̄, ȳ (20) x, z̄,y
(21) z,y, x̄ (22) z, ȳ,x (23) z̄,y,x (24) z̄, ȳ, x̄

hkl : h + k,h + l,k + l = 2n
0kl : k, l = 2n
hhl : h + l = 2n
h00 : h = 2n

Special: as above, plus

48 i 2 . . x, 1
4 ,

1
4 x̄, 3

4 ,
1
4

1
4 ,x,

1
4

1
4 , x̄,

3
4

1
4 ,

1
4 ,x

3
4 ,

1
4 , x̄

1
4 ,x,

3
4

3
4 , x̄,

3
4 x, 1

4 ,
3
4 x̄, 1

4 ,
1
4

1
4 ,

1
4 , x̄

1
4 ,

3
4 ,x

hkl : h = 2n

48 h . . 2 1
2 ,y,y

1
2 , ȳ,y

1
2 ,y, ȳ

1
2 , ȳ, ȳ y, 1

2 ,y y, 1
2 , ȳ

ȳ, 1
2 ,y ȳ, 1

2 , ȳ y,y, 1
2 ȳ,y, 1

2 y, ȳ, 1
2 ȳ, ȳ, 1

2

no extra conditions

48 g . . 2 0,y,y 0, ȳ,y 0,y, ȳ 0, ȳ, ȳ y,0,y y,0, ȳ
ȳ,0,y ȳ,0, ȳ y,y,0 ȳ,y,0 y, ȳ,0 ȳ, ȳ,0

no extra conditions

32 f . 3 . x,x,x x̄, x̄,x x̄,x, x̄ x, x̄, x̄
x,x, x̄ x̄, x̄, x̄ x, x̄,x x̄,x,x

no extra conditions

24 e 4 . . x,0,0 x̄,0,0 0,x,0 0, x̄,0 0,0,x 0,0, x̄ no extra conditions

24 d 2 . 22 0, 1
4 ,

1
4 0, 3

4 ,
1
4

1
4 ,0, 1

4
1
4 ,0, 3

4
1
4 ,

1
4 ,0

3
4 ,

1
4 ,0 hkl : h = 2n

8 c 2 3 . 1
4 ,

1
4 ,

1
4

1
4 ,

1
4 ,

3
4 hkl : h = 2n

4 b 4 3 2 1
2 ,

1
2 ,

1
2 no extra conditions

4 a 4 3 2 0,0,0 no extra conditions

(Continued on page 639)
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CONTINUED
(from page 641)

No. 209 F 432

Symmetry of special projections
Along [001] p4mm
a′ = 1

2 a b′ = 1
2 b

Origin at 0,0,z

Along [111] p3m1
a′ = 1

6 (2a−b− c) b′ = 1
6 (−a + 2b− c)

Origin at x,x,x

Along [110] c2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] F 231 (F 23, 196) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12)+{

[3] F 412 (I 422, 97) (1; 2; 3; 4; 13; 14; 15; 16)+
[3] F 412 (I 422, 97) (1; 2; 3; 4; 17; 18; 19; 20)+
[3] F 412 (I 422, 97) (1; 2; 3; 4; 21; 22; 23; 24)+⎧⎪⎨

⎪⎩
[4] F 132 (R32, 155) (1; 5; 9; 14; 19; 24)+
[4] F 132 (R32, 155) (1; 6; 12; 13; 18; 24)+
[4] F 132 (R32, 155) (1; 7; 10; 13; 19; 22)+
[4] F 132 (R32, 155) (1; 8; 11; 14; 18; 22)+

IIa ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

[4] P42 32 (208) 1; 5; 9; 14; 19; 24; (4; 6; 11; 16; 18; 23)+ (0, 1
2 ,

1
2 ); (3; 8; 10; 15; 20; 22)+ ( 1

2 ,0, 1
2 ); (2; 7; 12;

13; 17; 21)+ ( 1
2 ,

1
2 ,0)

[4] P42 32 (208) 1; 6; 12; 13; 18; 24; (4; 5; 10; 15; 19; 23)+ (0, 1
2 ,

1
2); (3; 7; 11; 16; 17; 22)+ ( 1

2 ,0, 1
2 ); (2; 8; 9;

14; 20; 21)+ ( 1
2 ,

1
2 ,0)

[4] P42 32 (208) 1; 7; 10; 13; 19; 22; (4; 8; 12; 15; 18; 21)+ (0, 1
2 ,

1
2); (3; 6; 9; 16; 20; 24)+ ( 1

2 ,0, 1
2 ); (2; 5; 11;

14; 17; 23)+ ( 1
2 ,

1
2 ,0)

[4] P42 32 (208) 1; 8; 11; 14; 18; 22; (4; 7; 9; 16; 19; 21)+ (0, 1
2 ,

1
2 ); (3; 5; 12; 15; 17; 24)+ ( 1

2 ,0, 1
2 ); (2; 6; 10;

13; 20; 23)+ ( 1
2 ,

1
2 ,0)⎧⎪⎨

⎪⎩
[4] P432 (207) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24
[4] P432 (207) 1; 2; 3; 4; 13; 14; 15; 16; (9; 10; 11; 12; 17; 18; 19; 20)+(0, 1

2 ,
1
2); (5; 6; 7; 8; 21; 22; 23; 24)+( 1

2 ,0, 1
2)

[4] P432 (207) 1; 2; 3; 4; 17; 18; 19; 20; (9; 10; 11; 12; 21; 22; 23; 24)+( 1
2 ,0, 1

2); (5; 6; 7; 8; 13; 14; 15; 16)+( 1
2 ,

1
2 ,0)

[4] P432 (207) 1; 2; 3; 4; 21; 22; 23; 24; (5; 6; 7; 8; 17; 18; 19; 20)+(0, 1
2 ,

1
2 ); (9; 10; 11; 12; 13; 14; 15; 16)+( 1

2 ,
1
2 ,0)

IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] F 432 (a′ = 3a,b′ = 3b,c′ = 3c) (209)

Minimal non-isomorphic supergroups
I [2] F m 3̄m (225); [2] F m 3̄c (226)

II [2] P432 (a′ = 1
2 a,b′ = 1

2 b,c′ = 1
2 c) (207)
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F4132 O4
432 Cubic

No. 210 F4132 Patterson symmetry Fm3̄m

Origin at 23

Asymmetric unit 0 ≤ x ≤ 1
2 ; − 1

8 ≤ y ≤ 1
8 ; − 1

8 ≤ z ≤ 1
8 ; y ≤ min(x, 1

2 − x); −y ≤ z ≤ min(x, 1
2 − x)

Vertices 0,0,0 1
8 ,

1
8 ,

1
8

1
8 ,

1
8 ,− 1

8
1
8 ,− 1

8 ,
1
8

1
2 ,0,0 3

8 ,
1
8 ,

1
8

3
8 ,

1
8 ,− 1

8
3
8 ,− 1

8 ,
1
8

Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 2(0,0, 1
2 ) 0, 1

4 ,z (3) 2(0, 1
2 ,0) 1

4 ,y,0 (4) 2( 1
2 ,0,0) x,0, 1

4

(5) 3+ x,x,x (6) 3+( 1
3 ,− 1

3 ,
1
3 ) x̄+ 1

6 ,x+ 1
6 , x̄ (7) 3+(− 1

3 ,
1
3 ,

1
3 ) x+ 1

3 , x̄− 1
6 , x̄ (8) 3+( 1

3 ,
1
3 ,− 1

3) x̄+ 1
6 , x̄+ 1

3 ,x
(9) 3− x,x,x (10) 3− x, x̄+ 1

2 , x̄ (11) 3− x̄+ 1
2 , x̄,x (12) 3− x̄− 1

2 ,x+ 1
2 , x̄

(13) 2( 1
2 ,

1
2 ,0) x,x− 1

4 ,
3
8 (14) 2 x, x̄+ 1

4 ,
1
8 (15) 4−(0,0, 3

4 ) 1
2 ,

1
4 ,z (16) 4+(0,0, 1

4) 0, 3
4 ,z

(17) 4−( 3
4 ,0,0) x, 1

2 ,
1
4 (18) 2(0, 1

2 ,
1
2 ) 3

8 ,y+ 1
4 ,y (19) 2 1

8 ,y+ 1
4 ,ȳ (20) 4+( 1

4 ,0,0) x,0, 3
4

(21) 4+(0, 1
4 ,0) 3

4 ,y,0 (22) 2( 1
2 ,0, 1

2 ) x− 1
4 ,

3
8 ,x (23) 4−(0, 3

4 ,0) 1
4 ,y,

1
2 (24) 2 x̄+ 1

4 ,
1
8 ,x
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CONTINUED No. 210 F 41 32
Symmetry operations (continued)

For (0, 1
2 ,

1
2 )+ set

(1) t(0, 1
2 ,

1
2 ) (2) 2 0,0,z (3) 2 1

4 ,y,
1
4 (4) 2( 1

2 ,0,0) x, 1
4 ,0

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x− 1

3 ,x− 1
6 ,x (6) 3+ x̄+ 1

2 ,x, x̄ (7) 3+ x, x̄, x̄ (8) 3+ x̄+ 1
2 , x̄+ 1

2 ,x
(9) 3−( 1

3 ,
1
3 ,

1
3 ) x− 1

6 ,x+ 1
6 ,x (10) 3− x+ 1

2 , x̄, x̄ (11) 3−( 1
3 ,

1
3 ,− 1

3) x̄+ 1
3 , x̄+ 1

6 ,x (12) 3− x̄,x, x̄
(13) 2( 3

4 ,
3
4 ,0) x,x, 1

8 (14) 2(− 1
4 ,

1
4 ,0) x, x̄+ 1

2 ,
3
8 (15) 4−(0,0, 1

4) 1
4 ,0,z (16) 4+(0,0, 3

4 ) 1
4 ,

1
2 ,z

(17) 4−( 3
4 ,0,0) x, 1

2 ,− 1
4 (18) 2(0, 1

2 ,
1
2 ) 3

8 ,y− 1
4 ,y (19) 2 1

8 ,y+ 3
4 ,ȳ (20) 4+( 1

4 ,0,0) x,0, 1
4

(21) 4+(0, 3
4 ,0) 1

2 ,y,− 1
4 (22) 2( 1

4 ,0, 1
4 ) x, 1

8 ,x (23) 4−(0, 1
4 ,0) 0,y, 3

4 (24) 2(− 1
4 ,0, 1

4) x̄+ 1
2 ,

3
8 ,x

For ( 1
2 ,0, 1

2 )+ set
(1) t( 1

2 ,0, 1
2 ) (2) 2 1

4 ,
1
4 ,z (3) 2(0, 1

2 ,0) 0,y, 1
4 (4) 2 x,0,0

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x+ 1

6 ,x− 1
6 ,x (6) 3+ x̄,x, x̄ (7) 3+ x+ 1

2 , x̄, x̄ (8) 3+ x̄, x̄+ 1
2 ,x

(9) 3−( 1
3 ,

1
3 ,

1
3 ) x− 1

6 ,x− 1
3 ,x (10) 3−(− 1

3 ,
1
3 ,

1
3 ) x+ 1

6 , x̄+ 1
6 , x̄ (11) 3− x̄, x̄,x (12) 3− x̄,x+ 1

2 , x̄
(13) 2( 1

4 ,
1
4 ,0) x,x, 1

8 (14) 2( 1
4 ,− 1

4 ,0) x, x̄+ 1
2 ,

3
8 (15) 4−(0,0, 1

4) 3
4 ,0,z (16) 4+(0,0, 3

4 ) − 1
4 ,

1
2 ,z

(17) 4−( 1
4 ,0,0) x, 1

4 ,0 (18) 2(0, 3
4 ,

3
4 ) 1

8 ,y,y (19) 2(0,− 1
4 ,

1
4 ) 3

8 ,y+ 1
2 ,ȳ (20) 4+( 3

4 ,0,0) x, 1
4 ,

1
2

(21) 4+(0, 1
4 ,0) 1

4 ,y,0 (22) 2( 1
2 ,0, 1

2 ) x+ 1
4 ,

3
8 ,x (23) 4−(0, 3

4 ,0) − 1
4 ,y,

1
2 (24) 2 x̄+ 3

4 ,
1
8 ,x

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2(0,0, 1

2) 1
4 ,0,z (3) 2 0,y,0 (4) 2 x, 1

4 ,
1
4

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x+ 1

6 ,x+ 1
3 ,x (6) 3+ x̄,x+ 1

2 , x̄ (7) 3+ x+ 1
2 , x̄− 1

2 , x̄ (8) 3+ x̄, x̄,x
(9) 3−( 1

3 ,
1
3 ,

1
3 ) x+ 1

3 ,x+ 1
6 ,x (10) 3− x, x̄, x̄ (11) 3− x̄+ 1

2 , x̄+ 1
2 ,x (12) 3−( 1

3 ,− 1
3 ,

1
3 ) x̄− 1

6 ,x+ 1
3 , x̄

(13) 2( 1
2 ,

1
2 ,0) x,x+ 1

4 ,
3
8 (14) 2 x, x̄+ 3

4 ,
1
8 (15) 4−(0,0, 3

4) 1
2 ,− 1

4 ,z (16) 4+(0,0, 1
4 ) 0, 1

4 ,z
(17) 4−( 1

4 ,0,0) x, 3
4 ,0 (18) 2(0, 1

4 ,
1
4 ) 1

8 ,y,y (19) 2(0, 1
4 ,− 1

4 ) 3
8 ,y+ 1

2 ,ȳ (20) 4+( 3
4 ,0,0) x,− 1

4 ,
1
2

(21) 4+(0, 3
4 ,0) 1

2 ,y,
1
4 (22) 2( 3

4 ,0, 3
4 ) x, 1

8 ,x (23) 4−(0, 1
4 ,0) 0,y, 1

4 (24) 2( 1
4 ,0,− 1

4) x̄+ 1
2 ,

3
8 ,x

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); t( 1

2 ,0, 1
2 ); (2); (3); (5); (13)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2)+ ( 1

2 ,0, 1
2 )+ ( 1

2 ,
1
2 ,0)+

Reflection conditions

h,k, l permutable
General:

96 h 1 (1) x,y,z (2) x̄, ȳ + 1
2 ,z+ 1

2 (3) x̄ + 1
2 ,y + 1

2 , z̄ (4) x + 1
2 , ȳ, z̄+ 1

2

(5) z,x,y (6) z+ 1
2 , x̄, ȳ+ 1

2 (7) z̄, x̄ + 1
2 ,y + 1

2 (8) z̄+ 1
2 ,x + 1

2 , ȳ
(9) y,z,x (10) ȳ+ 1

2 ,z+ 1
2 , x̄ (11) y + 1

2 , z̄, x̄ + 1
2 (12) ȳ, z̄+ 1

2 ,x + 1
2

(13) y + 3
4 ,x + 1

4 , z̄+ 3
4 (14) ȳ+ 1

4 , x̄ + 1
4 , z̄+ 1

4 (15) y + 1
4 , x̄ + 3

4 ,z+ 3
4 (16) ȳ+ 3

4 ,x + 3
4 ,z+ 1

4

(17) x + 3
4 ,z+ 1

4 , ȳ+ 3
4 (18) x̄ + 3

4 ,z+ 3
4 ,y + 1

4 (19) x̄ + 1
4 , z̄+ 1

4 , ȳ + 1
4 (20) x + 1

4 , z̄+ 3
4 ,y + 3

4

(21) z+ 3
4 ,y + 1

4 , x̄ + 3
4 (22) z+ 1

4 , ȳ + 3
4 ,x + 3

4 (23) z̄+ 3
4 ,y + 3

4 ,x + 1
4 (24) z̄+ 1

4 , ȳ + 1
4 , x̄ + 1

4

hkl : h + k = 2n and
h + l,k + l = 2n

0kl : k, l = 2n
hhl : h + l = 2n
h00 : h = 4n

Special: as above, plus

48 g . . 2 1
8 ,y, ȳ + 1

4
7
8 , ȳ+ 1

2 , ȳ + 3
4

3
8 ,y + 1

2 ,y + 3
4

5
8 , ȳ,y + 1

4

ȳ+ 1
4 ,

1
8 ,y ȳ+ 3

4 ,
7
8 , ȳ + 1

2 y + 3
4 ,

3
8 ,y + 1

2 y + 1
4 ,

5
8 , ȳ

y, ȳ + 1
4 ,

1
8 ȳ+ 1

2 , ȳ + 3
4 ,

7
8 y + 1

2 ,y + 3
4 ,

3
8 ȳ,y + 1

4 ,
5
8

no extra conditions

48 f 2 . . x,0,0 x̄, 1
2 ,

1
2 0,x,0 1

2 , x̄,
1
2 0,0,x 1

2 ,
1
2 , x̄

3
4 ,x + 1

4 ,
3
4

1
4 , x̄ + 1

4 ,
1
4 x + 3

4 ,
1
4 ,

3
4 x̄ + 3

4 ,
3
4 ,

1
4

3
4 ,

1
4 , x̄ + 3

4
1
4 ,

3
4 ,x + 3

4

hkl : h = 2n + 1
or h + k + l = 4n

32 e . 3 . x,x,x x̄, x̄+ 1
2 ,x + 1

2 x̄ + 1
2 ,x + 1

2 , x̄ x + 1
2 , x̄, x̄ + 1

2

x + 3
4 ,x + 1

4 , x̄ + 3
4 x̄ + 1

4 , x̄ + 1
4 , x̄ + 1

4 x + 1
4 , x̄ + 3

4 ,x + 3
4 x̄ + 3

4 ,x + 3
4 ,x + 1

4

0kl : k + l = 4n

16 d . 3 2 5
8 ,

5
8 ,

5
8

3
8 ,

7
8 ,

1
8

7
8 ,

1
8 ,

3
8

1
8 ,

3
8 ,

7
8

16 c . 3 2 1
8 ,

1
8 ,

1
8

7
8 ,

3
8 ,

5
8

3
8 ,

5
8 ,

7
8

5
8 ,

7
8 ,

3
8

}
hkl : h = 2n + 1

or h,k, l = 4n + 2
or h,k, l = 4n

8 b 2 3 . 1
2 ,

1
2 ,

1
2

1
4 ,

3
4 ,

1
4

8 a 2 3 . 0,0,0 3
4 ,

1
4 ,

3
4

}
hkl : h = 2n + 1

or h + k + l = 4n

Symmetry of special projections
Along [001] p4mm
a′ = 1

2 a b′ = 1
2 b

Origin at 1
4 ,0,z

Along [111] p3m1
a′ = 1

6 (2a−b− c) b′ = 1
6 (−a + 2b− c)

Origin at x,x,x

Along [110] c2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x, 1

8
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F 41 32 No. 210 CONTINUED

Maximal non-isomorphic subgroups
I [2] F 231 (F 23, 196) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12)+{

[3] F 41 12 (I 41 22, 98) (1; 2; 3; 4; 13; 14; 15; 16)+
[3] F 41 12 (I 41 22, 98) (1; 2; 3; 4; 17; 18; 19; 20)+
[3] F 41 12 (I 41 22, 98) (1; 2; 3; 4; 21; 22; 23; 24)+⎧⎪⎨

⎪⎩
[4] F 132 (R32, 155) (1; 5; 9; 14; 19; 24)+
[4] F 132 (R32, 155) (1; 6; 12; 13; 18; 24)+
[4] F 132 (R32, 155) (1; 7; 10; 13; 19; 22)+
[4] F 132 (R32, 155) (1; 8; 11; 14; 18; 22)+

IIa ⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

[4] P41 32 (213) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24
[4] P41 32 (213) 1; 2; 3; 4; 13; 14; 15; 16; (9; 10; 11; 12; 17; 18; 19; 20)+ (0, 1

2 ,
1
2 ); (5; 6; 7; 8; 21; 22; 23;

24) + ( 1
2 ,0, 1

2 )
[4] P41 32 (213) 1; 2; 3; 4; 17; 18; 19; 20; (9; 10; 11; 12; 21; 22; 23; 24)+ ( 1

2 ,0, 1
2 ); (5; 6; 7; 8; 13; 14; 15;

16) + ( 1
2 ,

1
2 ,0)

[4] P41 32 (213) 1; 2; 3; 4; 21; 22; 23; 24; (5; 6; 7; 8; 17; 18; 19; 20)+ (0, 1
2 ,

1
2); (9; 10; 11; 12; 13; 14; 15;

16) + ( 1
2 ,

1
2 ,0)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

[4] P43 32 (212) 1; 5; 9; 14; 19; 24; (4; 6; 11; 16; 18; 23)+ (0, 1
2 ,

1
2 ); (3; 8; 10; 15; 20; 22)+ ( 1

2 ,0, 1
2 ); (2; 7; 12;

13; 17; 21)+ ( 1
2 ,

1
2 ,0)

[4] P43 32 (212) 1; 6; 12; 13; 18; 24; (4; 5; 10; 15; 19; 23)+ (0, 1
2 ,

1
2); (3; 7; 11; 16; 17; 22)+ ( 1

2 ,0, 1
2); (2; 8; 9;

14; 20; 21)+ ( 1
2 ,

1
2 ,0)

[4] P43 32 (212) 1; 7; 10; 13; 19; 22; (4; 8; 12; 15; 18; 21)+ (0, 1
2 ,

1
2); (3; 6; 9; 16; 20; 24)+ ( 1

2 ,0, 1
2 ); (2; 5; 11;

14; 17; 23)+ ( 1
2 ,

1
2 ,0)

[4] P43 32 (212) 1; 8; 11; 14; 18; 22; (4; 7; 9; 16; 19; 21)+ (0, 1
2 ,

1
2 ); (3; 5; 12; 15; 17; 24)+ ( 1

2 ,0, 1
2 ); (2; 6; 10;

13; 20; 23)+ ( 1
2 ,

1
2 ,0)

IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] F 41 32 (a′ = 3a,b′ = 3b,c′ = 3c) (210)

Minimal non-isomorphic supergroups
I [2] F d 3̄m (227); [2] F d 3̄c (228)

II [2] P42 32 (a′ = 1
2 a,b′ = 1

2 b,c′ = 1
2 c) (208)
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I 432 O5
432 Cubic

No. 211 I 432 Patterson symmetry I m 3̄m

Origin at 432

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4 ; z ≤ min(x, 1

2 − x,y, 1
2 − y)

Vertices 0,0,0 1
2 ,0,0 1

2 ,
1
2 ,0 0, 1

2 ,0
1
4 ,

1
4 ,

1
4
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CONTINUED No. 211 I 432

Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 3+ x,x,x (6) 3+ x̄,x, x̄ (7) 3+ x, x̄, x̄ (8) 3+ x̄, x̄,x
(9) 3− x,x,x (10) 3− x, x̄, x̄ (11) 3− x̄, x̄,x (12) 3− x̄,x, x̄

(13) 2 x,x,0 (14) 2 x, x̄,0 (15) 4− 0,0,z (16) 4+ 0,0,z
(17) 4− x,0,0 (18) 2 0,y,y (19) 2 0,y,ȳ (20) 4+ x,0,0
(21) 4+ 0,y,0 (22) 2 x,0,x (23) 4− 0,y,0 (24) 2 x̄,0,x

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) 2(0, 1

2 ,0) 1
4 ,y,

1
4 (4) 2( 1

2 ,0,0) x, 1
4 ,

1
4

(5) 3+( 1
2 ,

1
2 ,

1
2 ) x,x,x (6) 3+( 1

6 ,− 1
6 ,

1
6) x̄+ 1

3 ,x+ 1
3 , x̄ (7) 3+(− 1

6 ,
1
6 ,

1
6 ) x+ 2

3 , x̄− 1
3 , x̄ (8) 3+( 1

6 ,
1
6 ,− 1

6) x̄+ 1
3 , x̄+ 2

3 ,x
(9) 3−( 1

2 ,
1
2 ,

1
2 ) x,x,x (10) 3−(− 1

6 ,
1
6 ,

1
6) x+ 1

3 , x̄+ 1
3 , x̄ (11) 3−( 1

6 ,
1
6 ,− 1

6 ) x̄+ 2
3 , x̄+ 1

3 ,x (12) 3−( 1
6 ,− 1

6 ,
1
6) x̄− 1

3 ,x+ 2
3 , x̄

(13) 2( 1
2 ,

1
2 ,0) x,x, 1

4 (14) 2 x, x̄+ 1
2 ,

1
4 (15) 4−(0,0, 1

2 ) 1
2 ,0,z (16) 4+(0,0, 1

2 ) 0, 1
2 ,z

(17) 4−( 1
2 ,0,0) x, 1

2 ,0 (18) 2(0, 1
2 ,

1
2) 1

4 ,y,y (19) 2 1
4 ,y+ 1

2 ,ȳ (20) 4+( 1
2 ,0,0) x,0, 1

2

(21) 4+(0, 1
2 ,0) 1

2 ,y,0 (22) 2( 1
2 ,0, 1

2) x, 1
4 ,x (23) 4−(0, 1

2 ,0) 0,y, 1
2 (24) 2 x̄+ 1

2 ,
1
4 ,x

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5); (13)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

h,k, l permutable
General:

48 j 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) z,x,y (6) z, x̄, ȳ (7) z̄, x̄,y (8) z̄,x, ȳ
(9) y,z,x (10) ȳ,z, x̄ (11) y, z̄, x̄ (12) ȳ, z̄,x

(13) y,x, z̄ (14) ȳ, x̄, z̄ (15) y, x̄,z (16) ȳ,x,z
(17) x,z, ȳ (18) x̄,z,y (19) x̄, z̄, ȳ (20) x, z̄,y
(21) z,y, x̄ (22) z, ȳ,x (23) z̄,y,x (24) z̄, ȳ, x̄

hkl : h + k + l = 2n
0kl : k + l = 2n
hhl : l = 2n
h00 : h = 2n

Special: as above, plus

24 i . . 2 1
4 ,y, ȳ + 1

2
3
4 , ȳ, ȳ + 1

2
3
4 ,y,y + 1

2
1
4 , ȳ,y + 1

2

ȳ+ 1
2 ,

1
4 ,y ȳ + 1

2 ,
3
4 , ȳ y + 1

2 ,
3
4 ,y y + 1

2 ,
1
4 , ȳ

y, ȳ + 1
2 ,

1
4 ȳ, ȳ + 1

2 ,
3
4 y,y + 1

2 ,
3
4 ȳ,y + 1

2 ,
1
4

no extra conditions

24 h . . 2 0,y,y 0, ȳ,y 0,y, ȳ 0, ȳ, ȳ y,0,y y,0, ȳ
ȳ,0,y ȳ,0, ȳ y,y,0 ȳ,y,0 y, ȳ,0 ȳ, ȳ,0

no extra conditions

24 g 2 . . x, 1
2 ,0 x̄, 1

2 ,0 0,x, 1
2 0, x̄, 1

2
1
2 ,0,x 1

2 ,0, x̄
1
2 ,x,0

1
2 , x̄,0 x,0, 1

2 x̄,0, 1
2 0, 1

2 , x̄ 0, 1
2 ,x

no extra conditions

16 f . 3 . x,x,x x̄, x̄,x x̄,x, x̄ x, x̄, x̄
x,x, x̄ x̄, x̄, x̄ x, x̄,x x̄,x,x

no extra conditions

12 e 4 . . x,0,0 x̄,0,0 0,x,0 0, x̄,0 0,0,x 0,0, x̄ no extra conditions

12 d 2 . 22 1
4 ,

1
2 ,0

3
4 ,

1
2 ,0 0, 1

4 ,
1
2 0, 3

4 ,
1
2

1
2 ,0, 1

4
1
2 ,0, 3

4 no extra conditions

8 c . 3 2 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

3
4

1
4 ,

3
4 ,

3
4 hkl : k, l = 2n

6 b 4 2 .2 0, 1
2 ,

1
2

1
2 ,0, 1

2
1
2 ,

1
2 ,0 no extra conditions

2 a 4 3 2 0,0,0 no extra conditions

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [111] p3m1
a′ = 1

3 (2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [110] p2mm
a′ = 1

2(−a + b) b′ = 1
2 c

Origin at x,x,0

(Continued on page 645)
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CONTINUED
(from page 647)

No. 211 I 432

Maximal non-isomorphic subgroups
I [2] I 231 (I 23, 197) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12)+{

[3] I 412 (I 422, 97) (1; 2; 3; 4; 13; 14; 15; 16)+
[3] I 412 (I 422, 97) (1; 2; 3; 4; 17; 18; 19; 20)+
[3] I 412 (I 422, 97) (1; 2; 3; 4; 21; 22; 23; 24)+⎧⎪⎨

⎪⎩
[4] I 132 (R32, 155) (1; 5; 9; 14; 19; 24)+
[4] I 132 (R32, 155) (1; 6; 12; 13; 18; 24)+
[4] I 132 (R32, 155) (1; 7; 10; 13; 19; 22)+
[4] I 132 (R32, 155) (1; 8; 11; 14; 18; 22)+

IIa [2] P42 32 (208) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; (13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24)+ ( 1
2 ,

1
2 ,

1
2 )

[2] P432 (207) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24

IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] I 432 (a′ = 3a,b′ = 3b,c′ = 3c) (211)

Minimal non-isomorphic supergroups
I [2] I m 3̄m (229)

II [4] P432 (a′ = 1
2 a,b′ = 1

2 b,c′ = 1
2 c) (207)
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P43 32 O6
432 Cubic

No. 212 P43 32 Patterson symmetry Pm 3̄m

Origin on 3[111] at midpoint of three non-intersecting pairs of parallel screw axes 43 and 21

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 3

4 ; − 1
2 ≤ z ≤ 1

4 ; max(−y,x− 1
2 ) ≤ z ≤ min(−y + 1

2 ,2x− y,2y− x,y−2x + 1
2)

Vertices 0,0,0 3
8 ,

1
8 ,− 1

8
1
2 ,

1
2 ,0

1
4 ,

3
4 ,− 1

4 0, 1
2 ,− 1

2
1
4 ,

1
4 ,

1
4

Symmetry operations

(1) 1 (2) 2(0,0, 1
2 ) 1

4 ,0,z (3) 2(0, 1
2 ,0) 0,y, 1

4 (4) 2( 1
2 ,0,0) x, 1

4 ,0
(5) 3+ x,x,x (6) 3+ x̄+ 1

2 ,x, x̄ (7) 3+ x+ 1
2 , x̄− 1

2 , x̄ (8) 3+ x̄, x̄+ 1
2 ,x

(9) 3− x,x,x (10) 3−(− 1
3 ,

1
3 ,

1
3 ) x+ 1

6 , x̄+ 1
6 , x̄ (11) 3−( 1

3 ,
1
3 ,− 1

3 ) x̄+ 1
3 , x̄+ 1

6 ,x (12) 3−( 1
3 ,− 1

3 ,
1
3) x̄− 1

6 ,x+ 1
3 , x̄

(13) 2( 1
2 ,

1
2 ,0) x,x+ 1

4 ,
3
8 (14) 2 x, x̄+ 1

4 ,
1
8 (15) 4−(0,0, 1

4 ) 3
4 ,0,z (16) 4+(0,0, 3

4) 1
4 ,

1
2 ,z

(17) 4−( 1
4 ,0,0) x, 3

4 ,0 (18) 2(0, 1
2 ,

1
2 ) 3

8 ,y− 1
4 ,y (19) 2 1

8 ,y+ 1
4 ,ȳ (20) 4+( 3

4 ,0,0) x, 1
4 ,

1
2

(21) 4+(0, 3
4 ,0) 1

2 ,y,
1
4 (22) 2( 1

2 ,0, 1
2 ) x+ 1

4 ,
3
8 ,x (23) 4−(0, 1

4 ,0) 0,y, 3
4 (24) 2 x̄+ 1

4 ,
1
8 ,x
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CONTINUED No. 212 P43 32

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (13)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

h,k, l permutable
General:

24 e 1 (1) x,y,z (2) x̄ + 1
2 , ȳ,z+ 1

2 (3) x̄,y + 1
2 , z̄+ 1

2 (4) x + 1
2 , ȳ+ 1

2 , z̄
(5) z,x,y (6) z+ 1

2 , x̄ + 1
2 , ȳ (7) z̄+ 1

2 , x̄,y + 1
2 (8) z̄,x + 1

2 , ȳ + 1
2

(9) y,z,x (10) ȳ,z+ 1
2 , x̄+ 1

2 (11) y + 1
2 , z̄+ 1

2 , x̄ (12) ȳ+ 1
2 , z̄,x + 1

2

(13) y + 1
4 ,x + 3

4 , z̄+ 3
4 (14) ȳ+ 1

4 , x̄ + 1
4 , z̄+ 1

4 (15) y + 3
4 , x̄ + 3

4 ,z+ 1
4 (16) ȳ+ 3

4 ,x + 1
4 ,z+ 3

4

(17) x + 1
4 ,z+ 3

4 , ȳ+ 3
4 (18) x̄ + 3

4 ,z+ 1
4 ,y + 3

4 (19) x̄ + 1
4 , z̄+ 1

4 , ȳ + 1
4 (20) x + 3

4 , z̄+ 3
4 ,y + 1

4

(21) z+ 1
4 ,y + 3

4 , x̄ + 3
4 (22) z+ 3

4 , ȳ + 3
4 ,x + 1

4 (23) z̄+ 3
4 ,y + 1

4 ,x + 3
4 (24) z̄+ 1

4 , ȳ + 1
4 , x̄ + 1

4

h00 : h = 4n

Special: as above, plus

12 d . . 2 1
8 ,y, ȳ + 1

4
3
8 , ȳ, ȳ+ 3

4
7
8 ,y + 1

2 ,y + 1
4

5
8 , ȳ + 1

2 ,y + 3
4

ȳ+ 1
4 ,

1
8 ,y ȳ+ 3

4 ,
3
8 , ȳ y + 1

4 ,
7
8 ,y + 1

2 y + 3
4 ,

5
8 , ȳ + 1

2

y, ȳ + 1
4 ,

1
8 ȳ, ȳ+ 3

4 ,
3
8 y + 1

2 ,y + 1
4 ,

7
8 ȳ + 1

2 ,y + 3
4 ,

5
8

no extra conditions

8 c . 3 . x,x,x x̄ + 1
2 , x̄,x + 1

2 x̄,x + 1
2 , x̄+ 1

2 x + 1
2 , x̄ + 1

2 , x̄
x + 1

4 ,x + 3
4 , x̄ + 3

4 x̄ + 1
4 , x̄ + 1

4 , x̄ + 1
4 x + 3

4 , x̄ + 3
4 ,x + 1

4 x̄ + 3
4 ,x + 1

4 ,x + 3
4

0kl : k = 2n + 1
or l = 2n + 1
or k + l = 4n

4 b . 3 2 5
8 ,

5
8 ,

5
8

7
8 ,

3
8 ,

1
8

3
8 ,

1
8 ,

7
8

1
8 ,

7
8 ,

3
8

4 a . 3 2 1
8 ,

1
8 ,

1
8

3
8 ,

7
8 ,

5
8

7
8 ,

5
8 ,

3
8

5
8 ,

3
8 ,

7
8

}
hkl : h,k = 2n + 1

or h = 2n + 1, k = 4n and
l = 4n + 2

or h,k, l = 4n + 2
or h,k, l = 4n

Symmetry of special projections
Along [001] p4gm
a′ = a b′ = b
Origin at 1

4 ,
1
2 ,z

Along [111] p3m1
a′ = 1

3 (2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [110] p2gm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x + 1

4 ,
3
8

Maximal non-isomorphic subgroups
I [2] P21 31 (P21 3, 198) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12{

[3] P43 12 (P43 21 2, 96) 1; 2; 3; 4; 13; 14; 15; 16
[3] P43 12 (P43 21 2, 96) 1; 2; 3; 4; 17; 18; 19; 20
[3] P43 12 (P43 21 2, 96) 1; 2; 3; 4; 21; 22; 23; 24⎧⎪⎨

⎪⎩
[4] P132 (R32, 155) 1; 5; 9; 14; 19; 24
[4] P132 (R32, 155) 1; 6; 12; 13; 18; 24
[4] P132 (R32, 155) 1; 7; 10; 13; 19; 22
[4] P132 (R32, 155) 1; 8; 11; 14; 18; 22

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] P41 32 (a′ = 3a,b′ = 3b,c′ = 3c) (213); [125] P43 32 (a′ = 5a,b′ = 5b,c′ = 5c) (212)

Minimal non-isomorphic supergroups
I none
II [2] I 41 32 (214); [4] F 41 32 (210)
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P41 32 O7
432 Cubic

No. 213 P41 32 Patterson symmetry Pm 3̄m

Origin on 3[111] at midpoint of three non-intersecting pairs of parallel screw axes 41 and 21

Asymmetric unit − 1
4 ≤ x ≤ 1

2 ; 0≤ y≤ 3
4 ; 0≤ z ≤ 1

2 ; x ≤ y ≤ x+ 1
2 ; (y−x)/2≤ z ≤min(y,(−4x−2y+3)/2,(3−2x−2y)/4)

Vertices 0,0,0 1
2 ,

1
2 ,0

1
4 ,

3
4 ,

1
4 − 1

4 ,
1
4 ,

1
4 0, 1

2 ,
1
2

3
8 ,

3
8 ,

3
8

Symmetry operations

(1) 1 (2) 2(0,0, 1
2 ) 1

4 ,0,z (3) 2(0, 1
2 ,0) 0,y, 1

4 (4) 2( 1
2 ,0,0) x, 1

4 ,0
(5) 3+ x,x,x (6) 3+ x̄+ 1

2 ,x, x̄ (7) 3+ x+ 1
2 , x̄− 1

2 , x̄ (8) 3+ x̄, x̄+ 1
2 ,x

(9) 3− x,x,x (10) 3−(− 1
3 ,

1
3 ,

1
3 ) x+ 1

6 , x̄+ 1
6 , x̄ (11) 3−( 1

3 ,
1
3 ,− 1

3 ) x̄+ 1
3 , x̄+ 1

6 ,x (12) 3−( 1
3 ,− 1

3 ,
1
3) x̄− 1

6 ,x+ 1
3 , x̄

(13) 2( 1
2 ,

1
2 ,0) x,x− 1

4 ,
1
8 (14) 2 x, x̄+ 3

4 ,
3
8 (15) 4−(0,0, 3

4 ) 1
4 ,0,z (16) 4+(0,0, 1

4) − 1
4 ,

1
2 ,z

(17) 4−( 3
4 ,0,0) x, 1

4 ,0 (18) 2(0, 1
2 ,

1
2 ) 1

8 ,y+ 1
4 ,y (19) 2 3

8 ,y+ 3
4 ,ȳ (20) 4+( 1

4 ,0,0) x,− 1
4 ,

1
2

(21) 4+(0, 1
4 ,0) 1

2 ,y,− 1
4 (22) 2( 1

2 ,0, 1
2 ) x− 1

4 ,
1
8 ,x (23) 4−(0, 3

4 ,0) 0,y, 1
4 (24) 2 x̄+ 3

4 ,
3
8 ,x

650

International Tables for Crystallography (2006). Vol. A, Space group 213, pp. 650–651.

Copyright © 2006 International Union of Crystallography



CONTINUED No. 213 P41 32

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (13)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

h,k, l permutable
General:

24 e 1 (1) x,y,z (2) x̄ + 1
2 , ȳ,z+ 1

2 (3) x̄,y + 1
2 , z̄+ 1

2 (4) x + 1
2 , ȳ+ 1

2 , z̄
(5) z,x,y (6) z+ 1

2 , x̄ + 1
2 , ȳ (7) z̄+ 1

2 , x̄,y + 1
2 (8) z̄,x + 1

2 , ȳ + 1
2

(9) y,z,x (10) ȳ,z+ 1
2 , x̄+ 1

2 (11) y + 1
2 , z̄+ 1

2 , x̄ (12) ȳ+ 1
2 , z̄,x + 1

2

(13) y + 3
4 ,x + 1

4 , z̄+ 1
4 (14) ȳ+ 3

4 , x̄ + 3
4 , z̄+ 3

4 (15) y + 1
4 , x̄ + 1

4 ,z+ 3
4 (16) ȳ+ 1

4 ,x + 3
4 ,z+ 1

4

(17) x + 3
4 ,z+ 1

4 , ȳ+ 1
4 (18) x̄ + 1

4 ,z+ 3
4 ,y + 1

4 (19) x̄ + 3
4 , z̄+ 3

4 , ȳ + 3
4 (20) x + 1

4 , z̄+ 1
4 ,y + 3

4

(21) z+ 3
4 ,y + 1

4 , x̄ + 1
4 (22) z+ 1

4 , ȳ + 1
4 ,x + 3

4 (23) z̄+ 1
4 ,y + 3

4 ,x + 1
4 (24) z̄+ 3

4 , ȳ + 3
4 , x̄ + 3

4

h00 : h = 4n

Special: as above, plus

12 d . . 2 1
8 ,y,y + 1

4
3
8 , ȳ,y + 3

4
7
8 ,y + 1

2 , ȳ + 1
4

5
8 , ȳ + 1

2 , ȳ + 3
4

y + 1
4 ,

1
8 ,y y + 3

4 ,
3
8 , ȳ ȳ+ 1

4 ,
7
8 ,y + 1

2 ȳ + 3
4 ,

5
8 , ȳ + 1

2

y,y + 1
4 ,

1
8 ȳ,y + 3

4 ,
3
8 y + 1

2 , ȳ + 1
4 ,

7
8 ȳ + 1

2 , ȳ + 3
4 ,

5
8

no extra conditions

8 c . 3 . x,x,x x̄ + 1
2 , x̄,x + 1

2 x̄,x + 1
2 , x̄+ 1

2 x + 1
2 , x̄ + 1

2 , x̄
x + 3

4 ,x + 1
4 , x̄ + 1

4 x̄ + 3
4 , x̄ + 3

4 , x̄ + 3
4 x + 1

4 , x̄ + 1
4 ,x + 3

4 x̄ + 1
4 ,x + 3

4 ,x + 1
4

0kl : k = 2n + 1
or l = 2n + 1
or k + l = 4n

4 b . 3 2 7
8 ,

7
8 ,

7
8

5
8 ,

1
8 ,

3
8

1
8 ,

3
8 ,

5
8

3
8 ,

5
8 ,

1
8

4 a . 3 2 3
8 ,

3
8 ,

3
8

1
8 ,

5
8 ,

7
8

5
8 ,

7
8 ,

1
8

7
8 ,

1
8 ,

5
8

}
hkl : h,k = 2n + 1

or h = 2n + 1, k = 4n and
l = 4n + 2

or h,k, l = 4n + 2
or h,k, l = 4n

Symmetry of special projections
Along [001] p4gm
a′ = a b′ = b
Origin at 1

4 ,0,z

Along [111] p3m1
a′ = 1

3 (2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [110] p2gm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x + 1

4 ,
1
8

Maximal non-isomorphic subgroups
I [2] P21 31 (P21 3, 198) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12{

[3] P41 12 (P41 21 2, 92) 1; 2; 3; 4; 13; 14; 15; 16
[3] P41 12 (P41 21 2, 92) 1; 2; 3; 4; 17; 18; 19; 20
[3] P41 12 (P41 21 2, 92) 1; 2; 3; 4; 21; 22; 23; 24⎧⎪⎨

⎪⎩
[4] P132 (R32, 155) 1; 5; 9; 14; 19; 24
[4] P132 (R32, 155) 1; 6; 12; 13; 18; 24
[4] P132 (R32, 155) 1; 7; 10; 13; 19; 22
[4] P132 (R32, 155) 1; 8; 11; 14; 18; 22

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] P43 32 (a′ = 3a,b′ = 3b,c′ = 3c) (212); [125] P41 32 (a′ = 5a,b′ = 5b,c′ = 5c) (213)

Minimal non-isomorphic supergroups
I none
II [2] I 41 32 (214); [4] F 41 32 (210)
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I 41 32 O8
432 Cubic

No. 214 I 41 32 Patterson symmetry I m 3̄m

Origin on 3[111] at midpoint of three non-intersecting pairs of parallel screw axes 41 and 43 and of three
non-intersecting pairs of parallel 2 axes

Asymmetric unit − 3
8 ≤ x ≤ 1

8 ; − 1
8 ≤ y ≤ 1

8 ; − 1
8 ≤ z ≤ 3

8 ; max(x,y,y− x− 1
8) ≤ z ≤ y + 1

4

Vertices 1
8 ,

1
8 ,

1
8

1
8 ,

1
8 ,

3
8

1
8 ,− 1

8 ,
1
8 − 1

8 ,
1
8 ,

1
8 − 1

8 ,− 1
8 ,− 1

8 − 3
8 ,

1
8 ,

3
8 − 3

8 ,− 1
8 ,

1
8
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CONTINUED No. 214 I 41 32
Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 2(0,0, 1
2 ) 1

4 ,0,z (3) 2(0, 1
2 ,0) 0,y, 1

4 (4) 2( 1
2 ,0,0) x, 1

4 ,0
(5) 3+ x,x,x (6) 3+ x̄+ 1

2 ,x, x̄ (7) 3+ x+ 1
2 , x̄− 1

2 , x̄ (8) 3+ x̄, x̄+ 1
2 ,x

(9) 3− x,x,x (10) 3−(− 1
3 ,

1
3 ,

1
3 ) x+ 1

6 , x̄+ 1
6 , x̄ (11) 3−( 1

3 ,
1
3 ,− 1

3) x̄+ 1
3 , x̄+ 1

6 ,x (12) 3−( 1
3 ,− 1

3 ,
1
3) x̄− 1

6 ,x+ 1
3 , x̄

(13) 2( 1
2 ,

1
2 ,0) x,x− 1

4 ,
1
8 (14) 2 x, x̄+ 3

4 ,
3
8 (15) 4−(0,0, 3

4) 1
4 ,0,z (16) 4+(0,0, 1

4) − 1
4 ,

1
2 ,z

(17) 4−( 3
4 ,0,0) x, 1

4 ,0 (18) 2(0, 1
2 ,

1
2 ) 1

8 ,y+ 1
4 ,y (19) 2 3

8 ,y+ 3
4 ,ȳ (20) 4+( 1

4 ,0,0) x,− 1
4 ,

1
2

(21) 4+(0, 1
4 ,0) 1

2 ,y,− 1
4 (22) 2( 1

2 ,0, 1
2 ) x− 1

4 ,
1
8 ,x (23) 4−(0, 3

4 ,0) 0,y, 1
4 (24) 2 x̄+ 3

4 ,
3
8 ,x

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2 0, 1

4 ,z (3) 2 1
4 ,y,0 (4) 2 x,0, 1

4

(5) 3+( 1
2 ,

1
2 ,

1
2 ) x,x,x (6) 3+( 1

6 ,− 1
6 ,

1
6 ) x̄− 1

6 ,x+ 1
3 , x̄ (7) 3+(− 1

6 ,
1
6 ,

1
6) x+ 1

6 , x̄+ 1
6 , x̄ (8) 3+( 1

6 ,
1
6 ,− 1

6) x̄+ 1
3 , x̄+ 1

6 ,x
(9) 3−( 1

2 ,
1
2 ,

1
2 ) x,x,x (10) 3−( 1

6 ,− 1
6 ,− 1

6 ) x+ 1
6 , x̄+ 1

6 , x̄ (11) 3−(− 1
6 ,− 1

6 ,
1
6 ) x̄+ 1

3 , x̄+ 1
6 ,x (12) 3−(− 1

6 ,
1
6 ,− 1

6 ) x̄− 1
6 ,x+ 1

3 , x̄
(13) 2( 1

2 ,
1
2 ,0) x,x+ 1

4 ,
3
8 (14) 2 x, x̄+ 1

4 ,
1
8 (15) 4−(0,0, 1

4) 3
4 ,0,z (16) 4+(0,0, 3

4) 1
4 ,

1
2 ,z

(17) 4−( 1
4 ,0,0) x, 3

4 ,0 (18) 2(0, 1
2 ,

1
2 ) 3

8 ,y− 1
4 ,y (19) 2 1

8 ,y+ 1
4 ,ȳ (20) 4+( 3

4 ,0,0) x, 1
4 ,

1
2

(21) 4+(0, 3
4 ,0) 1

2 ,y,
1
4 (22) 2( 1

2 ,0, 1
2 ) x+ 1

4 ,
3
8 ,x (23) 4−(0, 1

4 ,0) 0,y, 3
4 (24) 2 x̄+ 1

4 ,
1
8 ,x

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5); (13)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

h,k, l permutable
General:

48 i 1 (1) x,y,z (2) x̄ + 1
2 , ȳ,z+ 1

2 (3) x̄,y + 1
2 , z̄+ 1

2 (4) x + 1
2 , ȳ+ 1

2 , z̄
(5) z,x,y (6) z+ 1

2 , x̄ + 1
2 , ȳ (7) z̄+ 1

2 , x̄,y + 1
2 (8) z̄,x + 1

2 , ȳ + 1
2

(9) y,z,x (10) ȳ,z+ 1
2 , x̄+ 1

2 (11) y + 1
2 , z̄+ 1

2 , x̄ (12) ȳ+ 1
2 , z̄,x + 1

2

(13) y + 3
4 ,x + 1

4 , z̄+ 1
4 (14) ȳ+ 3

4 , x̄ + 3
4 , z̄+ 3

4 (15) y + 1
4 , x̄ + 1

4 ,z+ 3
4 (16) ȳ+ 1

4 ,x + 3
4 ,z+ 1

4

(17) x + 3
4 ,z+ 1

4 , ȳ+ 1
4 (18) x̄ + 1

4 ,z+ 3
4 ,y + 1

4 (19) x̄ + 3
4 , z̄+ 3

4 , ȳ + 3
4 (20) x + 1

4 , z̄+ 1
4 ,y + 3

4

(21) z+ 3
4 ,y + 1

4 , x̄ + 1
4 (22) z+ 1

4 , ȳ + 1
4 ,x + 3

4 (23) z̄+ 1
4 ,y + 3

4 ,x + 1
4 (24) z̄+ 3

4 , ȳ + 3
4 , x̄ + 3

4

hkl : h + k + l = 2n
0kl : k + l = 2n
hhl : l = 2n
h00 : h = 4n

Special: as above, plus

24 h . . 2 1
8 ,y, ȳ + 1

4
3
8 , ȳ, ȳ + 3

4
7
8 ,y + 1

2 ,y + 1
4

5
8 , ȳ + 1

2 ,y + 3
4

ȳ+ 1
4 ,

1
8 ,y ȳ + 3

4 ,
3
8 , ȳ y + 1

4 ,
7
8 ,y + 1

2 y + 3
4 ,

5
8 , ȳ+ 1

2

y, ȳ + 1
4 ,

1
8 ȳ, ȳ + 3

4 ,
3
8 y + 1

2 ,y + 1
4 ,

7
8 ȳ+ 1

2 ,y + 3
4 ,

5
8

no extra conditions

24 g . . 2 1
8 ,y,y + 1

4
3
8 , ȳ,y + 3

4
7
8 ,y + 1

2 , ȳ + 1
4

5
8 , ȳ + 1

2 , ȳ+ 3
4

y + 1
4 ,

1
8 ,y y + 3

4 ,
3
8 , ȳ ȳ+ 1

4 ,
7
8 ,y + 1

2 ȳ+ 3
4 ,

5
8 , ȳ+ 1

2

y,y + 1
4 ,

1
8 ȳ,y + 3

4 ,
3
8 y + 1

2 , ȳ + 1
4 ,

7
8 ȳ+ 1

2 , ȳ+ 3
4 ,

5
8

no extra conditions

24 f 2 . . x,0, 1
4 x̄ + 1

2 ,0, 3
4

1
4 ,x,0

3
4 , x̄ + 1

2 ,0 0, 1
4 ,x 0, 3

4 , x̄ + 1
2

3
4 ,x + 1

4 ,0
3
4 , x̄ + 3

4 ,
1
2 x + 3

4 ,
1
2 ,

1
4 x̄ + 1

4 ,0, 1
4 0, 1

4 , x̄ + 1
4

1
2 ,

1
4 ,x + 3

4

hkl : h = 2n + 1
or h = 4n

hhl : h = 2n + 1
or h + k + l = 4n

16 e . 3 . x,x,x x̄ + 1
2 , x̄,x + 1

2 x̄,x + 1
2 , x̄ + 1

2 x + 1
2 , x̄ + 1

2 , x̄
x + 3

4 ,x + 1
4 , x̄ + 1

4 x̄ + 3
4 , x̄ + 3

4 , x̄ + 3
4 x + 1

4 , x̄ + 1
4 ,x + 3

4 x̄+ 1
4 ,x + 3

4 ,x + 1
4

0kl : k = 2n + 1
or k + l = 4n

12 d 2 . 22 5
8 ,0, 1

4
7
8 ,0, 3

4
1
4 ,

5
8 ,0

3
4 ,

7
8 ,0 0, 1

4 ,
5
8 0, 3

4 ,
7
8

12 c 2 . 22 1
8 ,0, 1

4
3
8 ,0, 3

4
1
4 ,

1
8 ,0

3
4 ,

3
8 ,0 0, 1

4 ,
1
8 0, 3

4 ,
3
8

}
hkl : h,k = 2n, h + k + l = 4n

or h,k = 2n + 1, l = 4n + 2
or h = 8n, k = 8n + 4 and

h + k + l = 4n + 2
or h,k = 8n + 1, l = 4n
or h = 8n + 1 and

k = 8n−1, l = 4n
or h,k = 8n + 3, l = 4n
or h = 8n + 3 and

k = 8n−3, l = 4n

8 b . 3 2 7
8 ,

7
8 ,

7
8

5
8 ,

1
8 ,

3
8

1
8 ,

3
8 ,

5
8

3
8 ,

5
8 ,

1
8

8 a . 3 2 1
8 ,

1
8 ,

1
8

3
8 ,

7
8 ,

5
8

7
8 ,

5
8 ,

3
8

5
8 ,

3
8 ,

7
8

}
hkl : h = 2n + 1

or h,k, l = 4n + 2
or h,k, l = 4n
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I 41 32 No. 214 CONTINUED

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 1
4 ,0,z

Along [111] p3m1
a′ = 1

3 (2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [110] p2mm
a′ = 1

2(−a + b) b′ = 1
2 c

Origin at x,x + 1
4 ,

1
8

Maximal non-isomorphic subgroups
I [2] I 21 31 (I 21 3, 199) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12)+{

[3] I 41 12 (I 41 22, 98) (1; 2; 3; 4; 13; 14; 15; 16)+
[3] I 41 12 (I 41 22, 98) (1; 2; 3; 4; 17; 18; 19; 20)+
[3] I 41 12 (I 41 22, 98) (1; 2; 3; 4; 21; 22; 23; 24)+⎧⎪⎨

⎪⎩
[4] I 132 (R32, 155) (1; 5; 9; 14; 19; 24)+
[4] I 132 (R32, 155) (1; 6; 12; 13; 18; 24)+
[4] I 132 (R32, 155) (1; 7; 10; 13; 19; 22)+
[4] I 132 (R32, 155) (1; 8; 11; 14; 18; 22)+

IIa [2] P41 32 (213) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24
[2] P43 32 (212) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; (13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24)+ ( 1

2 ,
1
2 ,

1
2 )

IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] I 41 32 (a′ = 3a,b′ = 3b,c′ = 3c) (214)

Minimal non-isomorphic supergroups
I [2] I a 3̄d (230)

II [4] P42 32 (a′ = 1
2 a,b′ = 1

2 b,c′ = 1
2 c) (208)
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P 4̄3m T 1
d 4̄3m Cubic

No. 215 P 4̄3m Patterson symmetry Pm 3̄m

Origin at 4̄3m

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
2 ; 0 ≤ z ≤ 1

2 ; y ≤ min(x,1− x); z ≤ y

Vertices 0,0,0 1,0,0 1
2 ,

1
2 ,0

1
2 ,

1
2 ,

1
2

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 3+ x,x,x (6) 3+ x̄,x, x̄ (7) 3+ x, x̄, x̄ (8) 3+ x̄, x̄,x
(9) 3− x,x,x (10) 3− x, x̄, x̄ (11) 3− x̄, x̄,x (12) 3− x̄,x, x̄

(13) m x,x,z (14) m x, x̄,z (15) 4̄+ 0,0,z; 0,0,0 (16) 4̄− 0,0,z; 0,0,0
(17) m x,y,y (18) 4̄+ x,0,0; 0,0,0 (19) 4̄− x,0,0; 0,0,0 (20) m x,y, ȳ
(21) m x,y,x (22) 4̄− 0,y,0; 0,0,0 (23) m x̄,y,x (24) 4̄+ 0,y,0; 0,0,0
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CONTINUED No. 215 P 4̄3m

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (13)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

h,k, l permutable
General:

24 j 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) z,x,y (6) z, x̄, ȳ (7) z̄, x̄,y (8) z̄,x, ȳ
(9) y,z,x (10) ȳ,z, x̄ (11) y, z̄, x̄ (12) ȳ, z̄,x

(13) y,x,z (14) ȳ, x̄,z (15) y, x̄, z̄ (16) ȳ,x, z̄
(17) x,z,y (18) x̄,z, ȳ (19) x̄, z̄,y (20) x, z̄, ȳ
(21) z,y,x (22) z, ȳ, x̄ (23) z̄,y, x̄ (24) z̄, ȳ,x

no conditions

Special: no extra conditions

12 i . . m x,x,z x̄, x̄,z x̄,x, z̄ x, x̄, z̄ z,x,x z, x̄, x̄
z̄, x̄,x z̄,x, x̄ x,z,x x̄,z, x̄ x, z̄, x̄ x̄, z̄,x

12 h 2 . . x, 1
2 ,0 x̄, 1

2 ,0 0,x, 1
2 0, x̄, 1

2
1
2 ,0,x 1

2 ,0, x̄
1
2 ,x,0

1
2 , x̄,0 x,0, 1

2 x̄,0, 1
2 0, 1

2 ,x 0, 1
2 , x̄

6 g 2 . mm x, 1
2 ,

1
2 x̄, 1

2 ,
1
2

1
2 ,x,

1
2

1
2 , x̄,

1
2

1
2 ,

1
2 ,x

1
2 ,

1
2 , x̄

6 f 2 . mm x,0,0 x̄,0,0 0,x,0 0, x̄,0 0,0,x 0,0, x̄

4 e . 3 m x,x,x x̄, x̄,x x̄,x, x̄ x, x̄, x̄

3 d 4̄ 2 .m 1
2 ,0,0 0, 1

2 ,0 0,0, 1
2

3 c 4̄ 2 .m 0, 1
2 ,

1
2

1
2 ,0, 1

2
1
2 ,

1
2 ,0

1 b 4̄ 3 m 1
2 ,

1
2 ,

1
2

1 a 4̄ 3 m 0,0,0

Symmetry of special projections
Along [001] p4mm
a′ = a b′ = b
Origin at 0,0,z

Along [111] p31m
a′ = 1

3 (2a−b− c) b′ = 1
3(−a + 2b− c)

Origin at x,x,x

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P231 (P23, 195) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12⎧⎨

⎩
[3] P 4̄1m (P 4̄ 2m, 111) 1; 2; 3; 4; 13; 14; 15; 16
[3] P 4̄1m (P 4̄ 2m, 111) 1; 2; 3; 4; 17; 18; 19; 20
[3] P 4̄1m (P 4̄ 2m, 111) 1; 2; 3; 4; 21; 22; 23; 24⎧⎪⎨

⎪⎩
[4] P13m (R3m, 160) 1; 5; 9; 13; 17; 21
[4] P13m (R3m, 160) 1; 6; 12; 14; 20; 21
[4] P13m (R3m, 160) 1; 7; 10; 14; 17; 23
[4] P13m (R3m, 160) 1; 8; 11; 13; 20; 23

IIa none

IIb [2] F 4̄3c (a′ = 2a,b′ = 2b,c′ = 2c) (219); [2] F 4̄ 3m (a′ = 2a,b′ = 2b,c′ = 2c) (216); [4] I 4̄3m (a′ = 2a,b′ = 2b,c′ = 2c) (217)

Maximal isomorphic subgroups of lowest index
IIc [27] P 4̄ 3m (a′ = 3a,b′ = 3b,c′ = 3c) (215)

Minimal non-isomorphic supergroups
I [2] Pm 3̄m (221); [2] Pn 3̄m (224)

II [2] I 4̄ 3m (217); [4] F 4̄ 3m (216)
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F 4̄3m T 2
d 4̄3m Cubic

No. 216 F 4̄ 3m Patterson symmetry F m 3̄m

Origin at 4̄3m

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

4 ; − 1
4 ≤ z ≤ 1

4 ; y ≤ min(x, 1
2 − x); −y ≤ z ≤ y

Vertices 0,0,0 1
2 ,0,0 1

4 ,
1
4 ,

1
4

1
4 ,

1
4 ,− 1

4
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CONTINUED No. 216 F 4̄3m
Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 3+ x,x,x (6) 3+ x̄,x, x̄ (7) 3+ x, x̄, x̄ (8) 3+ x̄, x̄,x
(9) 3− x,x,x (10) 3− x, x̄, x̄ (11) 3− x̄, x̄,x (12) 3− x̄,x, x̄

(13) m x,x,z (14) m x, x̄,z (15) 4̄+ 0,0,z; 0,0,0 (16) 4̄− 0,0,z; 0,0,0
(17) m x,y,y (18) 4̄+ x,0,0; 0,0,0 (19) 4̄− x,0,0; 0,0,0 (20) m x,y,ȳ
(21) m x,y,x (22) 4̄− 0,y,0; 0,0,0 (23) m x̄,y,x (24) 4̄+ 0,y,0; 0,0,0

For (0, 1
2 ,

1
2 )+ set

(1) t(0, 1
2 ,

1
2 ) (2) 2(0,0, 1

2) 0, 1
4 ,z (3) 2(0, 1

2 ,0) 0,y, 1
4 (4) 2 x, 1

4 ,
1
4

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x− 1

3 ,x− 1
6 ,x (6) 3+ x̄,x+ 1

2 , x̄ (7) 3+(− 1
3 ,

1
3 ,

1
3) x+ 1

3 , x̄− 1
6 , x̄ (8) 3+ x̄, x̄+ 1

2 ,x
(9) 3−( 1

3 ,
1
3 ,

1
3 ) x− 1

6 ,x+ 1
6 ,x (10) 3−(− 1

3 ,
1
3 ,

1
3 ) x+ 1

6 , x̄+ 1
6 , x̄ (11) 3− x̄+ 1

2 , x̄+ 1
2 ,x (12) 3− x̄− 1

2 ,x+ 1
2 , x̄

(13) g( 1
4 ,

1
4 ,

1
2 ) x− 1

4 ,x,z (14) g(− 1
4 ,

1
4 ,

1
2) x+ 1

4 , x̄,z (15) 4̄+ 1
4 ,

1
4 ,z; 1

4 ,
1
4 ,

1
4 (16) 4̄− − 1

4 ,
1
4 ,z; − 1

4 ,
1
4 ,

1
4

(17) g(0, 1
2 ,

1
2 ) x,y,y (18) 4̄+ x, 1

2 ,0; 0, 1
2 ,0 (19) 4̄− x,0, 1

2 ; 0,0, 1
2 (20) m x,y+ 1

2 ,ȳ
(21) g( 1

4 ,
1
2 ,

1
4 ) x− 1

4 ,y,x (22) 4̄− 1
4 ,y,

1
4 ; 1

4 ,
1
4 ,

1
4 (23) g(− 1

4 ,
1
2 ,

1
4 ) x̄+ 1

4 ,y,x (24) 4̄+ − 1
4 ,y,

1
4 ; − 1

4 ,
1
4 ,

1
4

For ( 1
2 ,0, 1

2 )+ set
(1) t( 1

2 ,0, 1
2 ) (2) 2(0,0, 1

2) 1
4 ,0,z (3) 2 1

4 ,y,
1
4 (4) 2( 1

2 ,0,0) x,0, 1
4

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x+ 1

6 ,x− 1
6 ,x (6) 3+( 1

3 ,− 1
3 ,

1
3 ) x̄+ 1

6 ,x+ 1
6 , x̄ (7) 3+ x+ 1

2 , x̄− 1
2 , x̄ (8) 3+ x̄+ 1

2 , x̄+ 1
2 ,x

(9) 3−( 1
3 ,

1
3 ,

1
3 ) x− 1

6 ,x− 1
3 ,x (10) 3− x+ 1

2 , x̄, x̄ (11) 3− x̄+ 1
2 , x̄,x (12) 3−( 1

3 ,− 1
3 ,

1
3 ) x̄− 1

6 ,x+ 1
3 , x̄

(13) g( 1
4 ,

1
4 ,

1
2 ) x+ 1

4 ,x,z (14) g( 1
4 ,− 1

4 ,
1
2) x+ 1

4 , x̄,z (15) 4̄+ 1
4 ,− 1

4 ,z; 1
4 ,− 1

4 ,
1
4 (16) 4̄− 1

4 ,
1
4 ,z; 1

4 ,
1
4 ,

1
4

(17) g( 1
2 ,

1
4 ,

1
4 ) x,y− 1

4 ,y (18) 4̄+ x, 1
4 ,

1
4 ; 1

4 ,
1
4 ,

1
4 (19) 4̄− x,− 1

4 ,
1
4 ; 1

4 ,− 1
4 ,

1
4 (20) g( 1

2 ,− 1
4 ,

1
4) x,y+ 1

4 ,ȳ
(21) g( 1

2 ,0, 1
2 ) x,y,x (22) 4̄− 1

2 ,y,0; 1
2 ,0,0 (23) m x̄+ 1

2 ,y,x (24) 4̄+ 0,y, 1
2 ; 0,0, 1

2

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2 1

4 ,
1
4 ,z (3) 2(0, 1

2 ,0) 1
4 ,y,0 (4) 2( 1

2 ,0,0) x, 1
4 ,0

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x+ 1

6 ,x+ 1
3 ,x (6) 3+ x̄+ 1

2 ,x, x̄ (7) 3+ x+ 1
2 , x̄, x̄ (8) 3+( 1

3 ,
1
3 ,− 1

3 ) x̄+ 1
6 , x̄+ 1

3 ,x
(9) 3−( 1

3 ,
1
3 ,

1
3 ) x+ 1

3 ,x+ 1
6 ,x (10) 3− x, x̄+ 1

2 , x̄ (11) 3−( 1
3 ,

1
3 ,− 1

3) x̄+ 1
3 , x̄+ 1

6 ,x (12) 3− x̄,x+ 1
2 , x̄

(13) g( 1
2 ,

1
2 ,0) x,x,z (14) m x+ 1

2 , x̄,z (15) 4̄+ 1
2 ,0,z; 1

2 ,0,0 (16) 4̄− 0, 1
2 ,z; 0, 1

2 ,0
(17) g( 1

2 ,
1
4 ,

1
4 ) x,y+ 1

4 ,y (18) 4̄+ x, 1
4 ,− 1

4 ; 1
4 ,

1
4 ,− 1

4 (19) 4̄− x, 1
4 ,

1
4 ; 1

4 ,
1
4 ,

1
4 (20) g( 1

2 ,
1
4 ,− 1

4) x,y+ 1
4 ,ȳ

(21) g( 1
4 ,

1
2 ,

1
4 ) x+ 1

4 ,y,x (22) 4̄− 1
4 ,y,− 1

4 ; 1
4 ,

1
4 ,− 1

4 (23) g( 1
4 ,

1
2 ,− 1

4 ) x̄+ 1
4 ,y,x (24) 4̄+ 1

4 ,y,
1
4 ; 1

4 ,
1
4 ,

1
4

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); t( 1

2 ,0, 1
2 ); (2); (3); (5); (13)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2)+ ( 1

2 ,0, 1
2 )+ ( 1

2 ,
1
2 ,0)+

Reflection conditions

h,k, l permutable
General:

96 i 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) z,x,y (6) z, x̄, ȳ (7) z̄, x̄,y (8) z̄,x, ȳ
(9) y,z,x (10) ȳ,z, x̄ (11) y, z̄, x̄ (12) ȳ, z̄,x

(13) y,x,z (14) ȳ, x̄,z (15) y, x̄, z̄ (16) ȳ,x, z̄
(17) x,z,y (18) x̄,z, ȳ (19) x̄, z̄,y (20) x, z̄, ȳ
(21) z,y,x (22) z, ȳ, x̄ (23) z̄,y, x̄ (24) z̄, ȳ,x

hkl : h + k,h + l,k + l = 2n
0kl : k, l = 2n
hhl : h + l = 2n
h00 : h = 2n

Special: no extra conditions

48 h . . m x,x,z x̄, x̄,z x̄,x, z̄ x, x̄, z̄ z,x,x z, x̄, x̄
z̄, x̄,x z̄,x, x̄ x,z,x x̄,z, x̄ x, z̄, x̄ x̄, z̄,x

24 g 2 . mm x, 1
4 ,

1
4 x̄, 3

4 ,
1
4

1
4 ,x,

1
4

1
4 , x̄,

3
4

1
4 ,

1
4 ,x

3
4 ,

1
4 , x̄

24 f 2 . mm x,0,0 x̄,0,0 0,x,0 0, x̄,0 0,0,x 0,0, x̄

16 e . 3 m x,x,x x̄, x̄,x x̄,x, x̄ x, x̄, x̄

4 d 4̄ 3 m 3
4 ,

3
4 ,

3
4

4 c 4̄ 3 m 1
4 ,

1
4 ,

1
4

4 b 4̄ 3 m 1
2 ,

1
2 ,

1
2

4 a 4̄ 3 m 0,0,0
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F 4̄3m No. 216 CONTINUED

Symmetry of special projections
Along [001] p4mm
a′ = 1

2 a b′ = 1
2 b

Origin at 0,0,z

Along [111] p31m
a′ = 1

6 (2a−b− c) b′ = 1
6 (−a + 2b− c)

Origin at x,x,x

Along [110] c1m1
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] F 231 (F 23, 196) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12)+⎧⎨

⎩
[3] F 4̄1m (I 4̄m2, 119) (1; 2; 3; 4; 13; 14; 15; 16)+
[3] F 4̄1m (I 4̄m2, 119) (1; 2; 3; 4; 17; 18; 19; 20)+
[3] F 4̄1m (I 4̄m2, 119) (1; 2; 3; 4; 21; 22; 23; 24)+⎧⎪⎨

⎪⎩
[4] F 13m (R3m, 160) (1; 5; 9; 13; 17; 21)+
[4] F 13m (R3m, 160) (1; 6; 12; 14; 20; 21)+
[4] F 13m (R3m, 160) (1; 7; 10; 14; 17; 23)+
[4] F 13m (R3m, 160) (1; 8; 11; 13; 20; 23)+

IIa
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

[4] P 4̄3m (215) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24
[4] P 4̄3m (215) 1; 2; 3; 4; 13; 14; 15; 16; (9; 10; 11; 12; 17; 18; 19; 20)+ (0, 1

2 ,
1
2 ); (5; 6; 7; 8; 21; 22; 23;

24) + ( 1
2 ,0, 1

2)
[4] P 4̄3m (215) 1; 2; 3; 4; 17; 18; 19; 20; (9; 10; 11; 12; 21; 22; 23; 24)+ ( 1

2 ,0, 1
2 ); (5; 6; 7; 8; 13; 14; 15;

16) + ( 1
2 ,

1
2 ,0)

[4] P 4̄3m (215) 1; 2; 3; 4; 21; 22; 23; 24; (5; 6; 7; 8; 17; 18; 19; 20)+ (0, 1
2 ,

1
2 ); (9; 10; 11; 12; 13; 14; 15;

16) + ( 1
2 ,

1
2 ,0)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[4] P 4̄3m (215) 1; 5; 9; 13; 17; 21; (4; 6; 11; 15; 20; 22)+ (0, 1
2 ,

1
2 ); (3; 8; 10; 16; 18; 23)+ ( 1

2 ,0, 1
2 ); (2; 7; 12;

14; 19; 24) + ( 1
2 ,

1
2 ,0)

[4] P 4̄3m (215) 1; 6; 12; 14; 20; 21; (4; 5; 10; 16; 17; 22)+ (0, 1
2 ,

1
2); (3; 7; 11; 15; 19; 23)+ ( 1

2 ,0, 1
2 ); (2; 8; 9;

13; 18; 24) + ( 1
2 ,

1
2 ,0)

[4] P 4̄3m (215) 1; 7; 10; 14; 17; 23; (4; 8; 12; 16; 20; 24)+ (0, 1
2 ,

1
2); (3; 6; 9; 15; 18; 21)+ ( 1

2 ,0, 1
2 ); (2; 5; 11;

13; 19; 22) + ( 1
2 ,

1
2 ,0)

[4] P 4̄3m (215) 1; 8; 11; 13; 20; 23; (4; 7; 9; 15; 17; 24)+ (0, 1
2 ,

1
2 ); (3; 5; 12; 16; 19; 21)+ ( 1

2 ,0, 1
2 ); (2; 6; 10;

14; 18; 22) + ( 1
2 ,

1
2 ,0)

IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] F 4̄ 3m (a′ = 3a,b′ = 3b,c′ = 3c) (216)

Minimal non-isomorphic supergroups
I [2] F m 3̄m (225); [2] F d 3̄m (227)

II [2] P 4̄3m (a′ = 1
2 a,b′ = 1

2 b,c′ = 1
2 c) (215)
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I 4̄3m T 3
d 4̄3m Cubic

No. 217 I 4̄3m Patterson symmetry I m 3̄m

Origin at 4̄3m

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2 ; y ≤ x; z ≤ y

Vertices 0,0,0 1
2 ,0,0 1

2 ,
1
2 ,0

1
2 ,

1
2 ,

1
2
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CONTINUED No. 217 I 4̄3m

Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 3+ x,x,x (6) 3+ x̄,x, x̄ (7) 3+ x, x̄, x̄ (8) 3+ x̄, x̄,x
(9) 3− x,x,x (10) 3− x, x̄, x̄ (11) 3− x̄, x̄,x (12) 3− x̄,x, x̄

(13) m x,x,z (14) m x, x̄,z (15) 4̄+ 0,0,z; 0,0,0 (16) 4̄− 0,0,z; 0,0,0
(17) m x,y,y (18) 4̄+ x,0,0; 0,0,0 (19) 4̄− x,0,0; 0,0,0 (20) m x,y,ȳ
(21) m x,y,x (22) 4̄− 0,y,0; 0,0,0 (23) m x̄,y,x (24) 4̄+ 0,y,0; 0,0,0

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) 2(0, 1

2 ,0) 1
4 ,y,

1
4 (4) 2( 1

2 ,0,0) x, 1
4 ,

1
4

(5) 3+( 1
2 ,

1
2 ,

1
2 ) x,x,x (6) 3+( 1

6 ,− 1
6 ,

1
6) x̄+ 1

3 ,x+ 1
3 , x̄ (7) 3+(− 1

6 ,
1
6 ,

1
6 ) x+ 2

3 , x̄− 1
3 , x̄ (8) 3+( 1

6 ,
1
6 ,− 1

6) x̄+ 1
3 , x̄+ 2

3 ,x
(9) 3−( 1

2 ,
1
2 ,

1
2 ) x,x,x (10) 3−(− 1

6 ,
1
6 ,

1
6) x+ 1

3 , x̄+ 1
3 , x̄ (11) 3−( 1

6 ,
1
6 ,− 1

6 ) x̄+ 2
3 , x̄+ 1

3 ,x (12) 3−( 1
6 ,− 1

6 ,
1
6) x̄− 1

3 ,x+ 2
3 , x̄

(13) n( 1
2 ,

1
2 ,

1
2 ) x,x,z (14) c x+ 1

2 , x̄,z (15) 4̄+ 1
2 ,0,z; 1

2 ,0, 1
4 (16) 4̄− 0, 1

2 ,z; 0, 1
2 ,

1
4

(17) n( 1
2 ,

1
2 ,

1
2 ) x,y,y (18) 4̄+ x, 1

2 ,0; 1
4 ,

1
2 ,0 (19) 4̄− x,0, 1

2 ; 1
4 ,0, 1

2 (20) a x,y+ 1
2 ,ȳ

(21) n( 1
2 ,

1
2 ,

1
2 ) x,y,x (22) 4̄− 1

2 ,y,0; 1
2 ,

1
4 ,0 (23) b x̄+ 1

2 ,y,x (24) 4̄+ 0,y, 1
2 ; 0, 1

4 ,
1
2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5); (13)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

h,k, l permutable
General:

48 h 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) z,x,y (6) z, x̄, ȳ (7) z̄, x̄,y (8) z̄,x, ȳ
(9) y,z,x (10) ȳ,z, x̄ (11) y, z̄, x̄ (12) ȳ, z̄,x

(13) y,x,z (14) ȳ, x̄,z (15) y, x̄, z̄ (16) ȳ,x, z̄
(17) x,z,y (18) x̄,z, ȳ (19) x̄, z̄,y (20) x, z̄, ȳ
(21) z,y,x (22) z, ȳ, x̄ (23) z̄,y, x̄ (24) z̄, ȳ,x

hkl : h + k + l = 2n
0kl : k + l = 2n
hhl : l = 2n
h00 : h = 2n

Special: no extra conditions

24 g . . m x,x,z x̄, x̄,z x̄,x, z̄ x, x̄, z̄ z,x,x z, x̄, x̄
z̄, x̄,x z̄,x, x̄ x,z,x x̄,z, x̄ x, z̄, x̄ x̄, z̄,x

24 f 2 . . x, 1
2 ,0 x̄, 1

2 ,0 0,x, 1
2 0, x̄, 1

2
1
2 ,0,x 1

2 ,0, x̄
1
2 ,x,0

1
2 , x̄,0 x,0, 1

2 x̄,0, 1
2 0, 1

2 ,x 0, 1
2 , x̄

12 e 2 . mm x,0,0 x̄,0,0 0,x,0 0, x̄,0 0,0,x 0,0, x̄

12 d 4̄ . . 1
4 ,

1
2 ,0

3
4 ,

1
2 ,0 0, 1

4 ,
1
2 0, 3

4 ,
1
2

1
2 ,0, 1

4
1
2 ,0, 3

4

8 c . 3 m x,x,x x̄, x̄,x x̄,x, x̄ x, x̄, x̄

6 b 4̄ 2 .m 0, 1
2 ,

1
2

1
2 ,0, 1

2
1
2 ,

1
2 ,0

2 a 4̄ 3 m 0,0,0

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [111] p31m
a′ = 1

3 (2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [110] p1m1
a′ = 1

2(−a + b) b′ = 1
2 c

Origin at x,x,0

(Continued on page 661)
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CONTINUED
(from page 663)

No. 217 I 4̄3m

Maximal non-isomorphic subgroups
I [2] I 231 (I 23, 197) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12)+⎧⎨

⎩
[3] I 4̄ 1m (I 4̄2m, 121) (1; 2; 3; 4; 13; 14; 15; 16)+
[3] I 4̄ 1m (I 4̄2m, 121) (1; 2; 3; 4; 17; 18; 19; 20)+
[3] I 4̄ 1m (I 4̄2m, 121) (1; 2; 3; 4; 21; 22; 23; 24)+⎧⎪⎨

⎪⎩
[4] I 13m (R3m, 160) (1; 5; 9; 13; 17; 21)+
[4] I 13m (R3m, 160) (1; 6; 12; 14; 20; 21)+
[4] I 13m (R3m, 160) (1; 7; 10; 14; 17; 23)+
[4] I 13m (R3m, 160) (1; 8; 11; 13; 20; 23)+

IIa [2] P 4̄3n (218) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; (13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24)+ ( 1
2 ,

1
2 ,

1
2 )

[2] P 4̄3m (215) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24

IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] I 4̄ 3m (a′ = 3a,b′ = 3b,c′ = 3c) (217)

Minimal non-isomorphic supergroups
I [2] I m 3̄m (229)
II [4] P 4̄3m (a′ = 1

2 a,b′ = 1
2 b,c′ = 1

2 c) (215)
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P 4̄3n T 4
d 4̄3m Cubic

No. 218 P 4̄3n Patterson symmetry Pm 3̄m

Origin at 23

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2 ; z ≤ min(x,y)

Vertices 0,0,0 1
2 ,0,0 1

2 ,
1
2 ,0 0, 1

2 ,0
1
2 ,

1
2 ,

1
2

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 3+ x,x,x (6) 3+ x̄,x, x̄ (7) 3+ x, x̄, x̄ (8) 3+ x̄, x̄,x
(9) 3− x,x,x (10) 3− x, x̄, x̄ (11) 3− x̄, x̄,x (12) 3− x̄,x, x̄

(13) n( 1
2 ,

1
2 ,

1
2 ) x,x,z (14) c x + 1

2 , x̄,z (15) 4̄+ 1
2 ,0,z; 1

2 ,0, 1
4 (16) 4̄− 0, 1

2 ,z; 0, 1
2 ,

1
4

(17) n( 1
2 ,

1
2 ,

1
2 ) x,y,y (18) 4̄+ x, 1

2 ,0; 1
4 ,

1
2 ,0 (19) 4̄− x,0, 1

2 ; 1
4 ,0, 1

2 (20) a x,y + 1
2 , ȳ

(21) n( 1
2 ,

1
2 ,

1
2 ) x,y,x (22) 4̄− 1

2 ,y,0; 1
2 ,

1
4 ,0 (23) b x̄ + 1

2 ,y,x (24) 4̄+ 0,y, 1
2 ; 0, 1

4 ,
1
2
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CONTINUED No. 218 P 4̄3n

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (13)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

h,k, l permutable
General:

24 i 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) z,x,y (6) z, x̄, ȳ (7) z̄, x̄,y (8) z̄,x, ȳ
(9) y,z,x (10) ȳ,z, x̄ (11) y, z̄, x̄ (12) ȳ, z̄,x

(13) y + 1
2 ,x + 1

2 ,z+ 1
2 (14) ȳ+ 1

2 , x̄ + 1
2 ,z+ 1

2 (15) y + 1
2 , x̄ + 1

2 , z̄+ 1
2 (16) ȳ+ 1

2 ,x + 1
2 , z̄+ 1

2

(17) x + 1
2 ,z+ 1

2 ,y + 1
2 (18) x̄ + 1

2 ,z+ 1
2 , ȳ + 1

2 (19) x̄ + 1
2 , z̄+ 1

2 ,y + 1
2 (20) x + 1

2 , z̄+ 1
2 , ȳ+ 1

2

(21) z+ 1
2 ,y + 1

2 ,x + 1
2 (22) z+ 1

2 , ȳ + 1
2 , x̄ + 1

2 (23) z̄+ 1
2 ,y + 1

2 , x̄ + 1
2 (24) z̄+ 1

2 , ȳ + 1
2 ,x + 1

2

hhl : l = 2n
h00 : h = 2n

Special: as above, plus

12 h 2 . . x,0, 1
2 x̄,0, 1

2
1
2 ,x,0

1
2 , x̄,0 0, 1

2 ,x 0, 1
2 , x̄

1
2 ,x + 1

2 ,0
1
2 , x̄ + 1

2 ,0 x + 1
2 ,0, 1

2 x̄ + 1
2 ,0, 1

2 0, 1
2 ,x + 1

2 0, 1
2 , x̄ + 1

2

hkl : h = 2n

12 g 2 . . x, 1
2 ,0 x̄, 1

2 ,0 0,x, 1
2 0, x̄, 1

2
1
2 ,0,x 1

2 ,0, x̄
0,x + 1

2 ,
1
2 0, x̄+ 1

2 ,
1
2 x + 1

2 ,
1
2 ,0 x̄ + 1

2 ,
1
2 ,0

1
2 ,0,x + 1

2
1
2 ,0, x̄+ 1

2

hkl : h = 2n

12 f 2 . . x,0,0 x̄,0,0 0,x,0 0, x̄,0 0,0,x 0,0, x̄
1
2 ,x + 1

2 ,
1
2

1
2 , x̄ + 1

2 ,
1
2 x + 1

2 ,
1
2 ,

1
2 x̄+ 1

2 ,
1
2 ,

1
2

1
2 ,

1
2 ,x + 1

2
1
2 ,

1
2 , x̄ + 1

2

hkl : h + k + l = 2n

8 e . 3 . x,x,x x̄, x̄,x x̄,x, x̄ x, x̄, x̄
x + 1

2 ,x + 1
2 ,x + 1

2 x̄ + 1
2 , x̄ + 1

2 ,x + 1
2 x + 1

2 , x̄ + 1
2 , x̄ + 1

2 x̄+ 1
2 ,x + 1

2 , x̄ + 1
2

hkl : h + k + l = 2n

6 d 4̄ . . 1
4 ,0, 1

2
3
4 ,0, 1

2
1
2 ,

1
4 ,0

1
2 ,

3
4 ,0 0, 1

2 ,
1
4 0, 1

2 ,
3
4

6 c 4̄ . . 1
4 ,

1
2 ,0

3
4 ,

1
2 ,0 0, 1

4 ,
1
2 0, 3

4 ,
1
2

1
2 ,0, 1

4
1
2 ,0, 3

4

}
hkl : h + k + l = 2n

or h = 2n + 1, k = 4n and
l = 4n + 2

6 b 2 2 2 . . 0, 1
2 ,

1
2

1
2 ,0, 1

2
1
2 ,

1
2 ,0 0, 1

2 ,0
1
2 ,0,0 0,0, 1

2 hkl : h + k + l = 2n

2 a 2 3 . 0,0,0 1
2 ,

1
2 ,

1
2 hkl : h + k + l = 2n

Symmetry of special projections
Along [001] p4mm
a′ = a b′ = b
Origin at 1

2 ,0,z

Along [111] p31m
a′ = 1

3(2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P231 (P23, 195) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12⎧⎨

⎩
[3] P 4̄1n (P 4̄ 2c, 112) 1; 2; 3; 4; 13; 14; 15; 16
[3] P 4̄1n (P 4̄ 2c, 112) 1; 2; 3; 4; 17; 18; 19; 20
[3] P 4̄1n (P 4̄ 2c, 112) 1; 2; 3; 4; 21; 22; 23; 24⎧⎪⎨

⎪⎩
[4] P13n (R3c, 161) 1; 5; 9; 13; 17; 21
[4] P13n (R3c, 161) 1; 6; 12; 14; 20; 21
[4] P13n (R3c, 161) 1; 7; 10; 14; 17; 23
[4] P13n (R3c, 161) 1; 8; 11; 13; 20; 23

IIa none
IIb [4] I 4̄ 3d (a′ = 2a,b′ = 2b,c′ = 2c) (220)

Maximal isomorphic subgroups of lowest index
IIc [27] P 4̄ 3n (a′ = 3a,b′ = 3b,c′ = 3c) (218)

Minimal non-isomorphic supergroups
I [2] Pn 3̄n (222); [2] Pm 3̄n (223)

II [2] I 4̄ 3m (217); [4] F 4̄ 3c (219)
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F 4̄3c T 5
d 4̄3m Cubic

No. 219 F 4̄ 3c Patterson symmetry F m 3̄m

Origin at 23

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

4 ; − 1
4 ≤ z ≤ 1

4 ; y ≤ min(x, 1
2 − x); −y ≤ z ≤ y

Vertices 0,0,0 1
2 ,0,0 1

4 ,
1
4 ,

1
4

1
4 ,

1
4 ,− 1

4
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CONTINUED No. 219 F 4̄ 3c
Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 3+ x,x,x (6) 3+ x̄,x, x̄ (7) 3+ x, x̄, x̄ (8) 3+ x̄, x̄,x
(9) 3− x,x,x (10) 3− x, x̄, x̄ (11) 3− x̄, x̄,x (12) 3− x̄,x, x̄

(13) n( 1
2 ,

1
2 ,

1
2 ) x,x,z (14) c x+ 1

2 , x̄,z (15) 4̄+ 1
2 ,0,z; 1

2 ,0, 1
4 (16) 4̄− 0, 1

2 ,z; 0, 1
2 ,

1
4

(17) n( 1
2 ,

1
2 ,

1
2 ) x,y,y (18) 4̄+ x, 1

2 ,0; 1
4 ,

1
2 ,0 (19) 4̄− x,0, 1

2 ; 1
4 ,0, 1

2 (20) a x,y+ 1
2 ,ȳ

(21) n( 1
2 ,

1
2 ,

1
2 ) x,y,x (22) 4̄− 1

2 ,y,0; 1
2 ,

1
4 ,0 (23) b x̄+ 1

2 ,y,x (24) 4̄+ 0,y, 1
2 ; 0, 1

4 ,
1
2

For (0, 1
2 ,

1
2 )+ set

(1) t(0, 1
2 ,

1
2 ) (2) 2(0,0, 1

2) 0, 1
4 ,z (3) 2(0, 1

2 ,0) 0,y, 1
4 (4) 2 x, 1

4 ,
1
4

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x− 1

3 ,x− 1
6 ,x (6) 3+ x̄,x+ 1

2 , x̄ (7) 3+(− 1
3 ,

1
3 ,

1
3) x+ 1

3 , x̄− 1
6 , x̄ (8) 3+ x̄, x̄+ 1

2 ,x
(9) 3−( 1

3 ,
1
3 ,

1
3 ) x− 1

6 ,x+ 1
6 ,x (10) 3−(− 1

3 ,
1
3 ,

1
3 ) x+ 1

6 , x̄+ 1
6 , x̄ (11) 3− x̄+ 1

2 , x̄+ 1
2 ,x (12) 3− x̄− 1

2 ,x+ 1
2 , x̄

(13) g( 1
4 ,

1
4 ,0) x+ 1

4 ,x,z (14) g( 1
4 ,− 1

4 ,0) x+ 1
4 , x̄,z (15) 4̄+ 1

4 ,− 1
4 ,z; 1

4 ,− 1
4 ,0 (16) 4̄− 1

4 ,
1
4 ,z; 1

4 ,
1
4 ,0

(17) a x,y,y (18) 4̄+ x,0,0; 1
4 ,0,0 (19) 4̄− x,0,0; 1

4 ,0,0 (20) a x,y,ȳ
(21) g( 1

4 ,0, 1
4 ) x+ 1

4 ,y,x (22) 4̄− 1
4 ,y,− 1

4 ; 1
4 ,0,− 1

4 (23) g( 1
4 ,0,− 1

4 ) x̄+ 1
4 ,y,x (24) 4̄+ 1

4 ,y,
1
4 ; 1

4 ,0, 1
4

For ( 1
2 ,0, 1

2 )+ set
(1) t( 1

2 ,0, 1
2 ) (2) 2(0,0, 1

2) 1
4 ,0,z (3) 2 1

4 ,y,
1
4 (4) 2( 1

2 ,0,0) x,0, 1
4

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x+ 1

6 ,x− 1
6 ,x (6) 3+( 1

3 ,− 1
3 ,

1
3 ) x̄+ 1

6 ,x+ 1
6 , x̄ (7) 3+ x+ 1

2 , x̄− 1
2 , x̄ (8) 3+ x̄+ 1

2 , x̄+ 1
2 ,x

(9) 3−( 1
3 ,

1
3 ,

1
3 ) x− 1

6 ,x− 1
3 ,x (10) 3− x+ 1

2 , x̄, x̄ (11) 3− x̄+ 1
2 , x̄,x (12) 3−( 1

3 ,− 1
3 ,

1
3 ) x̄− 1

6 ,x+ 1
3 , x̄

(13) g( 1
4 ,

1
4 ,0) x− 1

4 ,x,z (14) g(− 1
4 ,

1
4 ,0) x+ 1

4 , x̄,z (15) 4̄+ 1
4 ,

1
4 ,z; 1

4 ,
1
4 ,0 (16) 4̄− − 1

4 ,
1
4 ,z; − 1

4 ,
1
4 ,0

(17) g(0, 1
4 ,

1
4 ) x,y+ 1

4 ,y (18) 4̄+ x, 1
4 ,− 1

4 ; 0, 1
4 ,− 1

4 (19) 4̄− x, 1
4 ,

1
4 ; 0, 1

4 ,
1
4 (20) g(0, 1

4 ,− 1
4) x,y+ 1

4 ,ȳ
(21) b x,y,x (22) 4̄− 0,y,0; 0, 1

4 ,0 (23) b x̄,y,x (24) 4̄+ 0,y,0; 0, 1
4 ,0

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2 1

4 ,
1
4 ,z (3) 2(0, 1

2 ,0) 1
4 ,y,0 (4) 2( 1

2 ,0,0) x, 1
4 ,0

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x+ 1

6 ,x+ 1
3 ,x (6) 3+ x̄+ 1

2 ,x, x̄ (7) 3+ x+ 1
2 , x̄, x̄ (8) 3+( 1

3 ,
1
3 ,− 1

3 ) x̄+ 1
6 , x̄+ 1

3 ,x
(9) 3−( 1

3 ,
1
3 ,

1
3 ) x+ 1

3 ,x+ 1
6 ,x (10) 3− x, x̄+ 1

2 , x̄ (11) 3−( 1
3 ,

1
3 ,− 1

3) x̄+ 1
3 , x̄+ 1

6 ,x (12) 3− x̄,x+ 1
2 , x̄

(13) c x,x,z (14) c x, x̄,z (15) 4̄+ 0,0,z; 0,0, 1
4 (16) 4̄− 0,0,z; 0,0, 1

4

(17) g(0, 1
4 ,

1
4 ) x,y− 1

4 ,y (18) 4̄+ x, 1
4 ,

1
4 ; 0, 1

4 ,
1
4 (19) 4̄− x,− 1

4 ,
1
4 ; 0,− 1

4 ,
1
4 (20) g(0,− 1

4 ,
1
4) x,y+ 1

4 ,ȳ
(21) g( 1

4 ,0, 1
4 ) x− 1

4 ,y,x (22) 4̄− 1
4 ,y,

1
4 ; 1

4 ,0, 1
4 (23) g(− 1

4 ,0, 1
4 ) x̄+ 1

4 ,y,x (24) 4̄+ − 1
4 ,y,

1
4 ; − 1

4 ,0, 1
4

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); t( 1

2 ,0, 1
2 ); (2); (3); (5); (13)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2)+ ( 1

2 ,0, 1
2 )+ ( 1

2 ,
1
2 ,0)+

Reflection conditions

h,k, l permutable
General:

96 h 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) z,x,y (6) z, x̄, ȳ (7) z̄, x̄,y (8) z̄,x, ȳ
(9) y,z,x (10) ȳ,z, x̄ (11) y, z̄, x̄ (12) ȳ, z̄,x

(13) y + 1
2 ,x + 1

2 ,z+ 1
2 (14) ȳ+ 1

2 , x̄ + 1
2 ,z+ 1

2 (15) y + 1
2 , x̄ + 1

2 , z̄+ 1
2 (16) ȳ+ 1

2 ,x + 1
2 , z̄+ 1

2

(17) x + 1
2 ,z+ 1

2 ,y + 1
2 (18) x̄ + 1

2 ,z+ 1
2 , ȳ + 1

2 (19) x̄ + 1
2 , z̄+ 1

2 ,y + 1
2 (20) x + 1

2 , z̄+ 1
2 , ȳ+ 1

2

(21) z+ 1
2 ,y + 1

2 ,x + 1
2 (22) z+ 1

2 , ȳ + 1
2 , x̄ + 1

2 (23) z̄+ 1
2 ,y + 1

2 , x̄ + 1
2 (24) z̄+ 1

2 , ȳ + 1
2 ,x + 1

2

hkl : h + k = 2n and
h + l,k + l = 2n

0kl : k, l = 2n
hhl : h, l = 2n
h00 : h = 2n

Special: as above, plus

48 g 2 . . x, 1
4 ,

1
4 x̄, 3

4 ,
1
4

1
4 ,x,

1
4

1
4 , x̄,

3
4

1
4 ,

1
4 ,x

3
4 ,

1
4 , x̄

3
4 ,x + 1

2 ,
3
4

1
4 , x̄ + 1

2 ,
3
4 x + 1

2 ,
3
4 ,

3
4 x̄ + 1

2 ,
3
4 ,

1
4

3
4 ,

3
4 ,x + 1

2
3
4 ,

1
4 , x̄ + 1

2

hkl : h = 2n

48 f 2 . . x,0,0 x̄,0,0 0,x,0 0, x̄,0 0,0,x 0,0, x̄
1
2 ,x + 1

2 ,
1
2

1
2 , x̄ + 1

2 ,
1
2 x + 1

2 ,
1
2 ,

1
2 x̄ + 1

2 ,
1
2 ,

1
2

1
2 ,

1
2 ,x + 1

2
1
2 ,

1
2 , x̄ + 1

2

hkl : h = 2n

32 e . 3 . x,x,x x̄, x̄,x x̄,x, x̄ x, x̄, x̄
x + 1

2 ,x + 1
2 ,x + 1

2 x̄ + 1
2 , x̄ + 1

2 ,x + 1
2 x + 1

2 , x̄ + 1
2 , x̄ + 1

2 x̄ + 1
2 ,x + 1

2 , x̄ + 1
2

hkl : h = 2n

24 d 4̄ . . 1
4 ,0,0 3

4 ,0,0 0, 1
4 ,0 0, 3

4 ,0 0,0, 1
4 0,0, 3

4 hkl : h = 2n

24 c 4̄ . . 0, 1
4 ,

1
4 0, 3

4 ,
1
4

1
4 ,0, 1

4
1
4 ,0, 3

4
1
4 ,

1
4 ,0

3
4 ,

1
4 ,0 hkl : h = 2n

8 b 2 3 . 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

3
4 hkl : h = 2n

8 a 2 3 . 0,0,0 1
2 ,

1
2 ,

1
2 hkl : h = 2n
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F 4̄3c No. 219 CONTINUED

Symmetry of special projections
Along [001] p4mm
a′ = 1

2 a b′ = 1
2 b

Origin at 0,0,z

Along [111] p31m
a′ = 1

6 (2a−b− c) b′ = 1
6 (−a + 2b− c)

Origin at x,x,x

Along [110] p1m1
a′ = 1

4 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] F 231 (F 23, 196) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12)+⎧⎨

⎩
[3] F 4̄1n (I 4̄c2, 120) (1; 2; 3; 4; 13; 14; 15; 16)+
[3] F 4̄1n (I 4̄c2, 120) (1; 2; 3; 4; 17; 18; 19; 20)+
[3] F 4̄1n (I 4̄c2, 120) (1; 2; 3; 4; 21; 22; 23; 24)+⎧⎪⎨

⎪⎩
[4] F 13n (R3c, 161) (1; 5; 9; 13; 17; 21)+
[4] F 13n (R3c, 161) (1; 6; 12; 14; 20; 21)+
[4] F 13n (R3c, 161) (1; 7; 10; 14; 17; 23)+
[4] F 13n (R3c, 161) (1; 8; 11; 13; 20; 23)+

IIa
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

[4] P 4̄3n (218) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24
[4] P 4̄3n (218) 1; 2; 3; 4; 13; 14; 15; 16; (9; 10; 11; 12; 17; 18; 19; 20) + (0, 1

2 ,
1
2 ); (5; 6; 7; 8; 21; 22; 23;

24) + ( 1
2 ,0, 1

2 )
[4] P 4̄3n (218) 1; 2; 3; 4; 17; 18; 19; 20; (9; 10; 11; 12; 21; 22; 23; 24) + ( 1

2 ,0, 1
2 ); (5; 6; 7; 8; 13; 14; 15;

16) + ( 1
2 ,

1
2 ,0)

[4] P 4̄3n (218) 1; 2; 3; 4; 21; 22; 23; 24; (5; 6; 7; 8; 17; 18; 19; 20)+ (0, 1
2 ,

1
2 ); (9; 10; 11; 12; 13; 14; 15;

16) + ( 1
2 ,

1
2 ,0)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[4] P 4̄3n (218) 1; 5; 9; 13; 17; 21; (4; 6; 11; 15; 20; 22)+ (0, 1
2 ,

1
2); (3; 8; 10; 16; 18; 23)+ ( 1

2 ,0, 1
2 ); (2; 7; 12;

14; 19; 24) + ( 1
2 ,

1
2 ,0)

[4] P 4̄3n (218) 1; 6; 12; 14; 20; 21; (4; 5; 10; 16; 17; 22)+ (0, 1
2 ,

1
2 ); (3; 7; 11; 15; 19; 23)+ ( 1

2 ,0, 1
2 ); (2; 8; 9;

13; 18; 24) + ( 1
2 ,

1
2 ,0)

[4] P 4̄3n (218) 1; 7; 10; 14; 17; 23; (4; 8; 12; 16; 20; 24)+ (0, 1
2 ,

1
2 ); (3; 6; 9; 15; 18; 21)+ ( 1

2 ,0, 1
2 ); (2; 5; 11;

13; 19; 22) + ( 1
2 ,

1
2 ,0)

[4] P 4̄3n (218) 1; 8; 11; 13; 20; 23; (4; 7; 9; 15; 17; 24)+ (0, 1
2 ,

1
2); (3; 5; 12; 16; 19; 21)+ ( 1

2 ,0, 1
2 ); (2; 6; 10;

14; 18; 22) + ( 1
2 ,

1
2 ,0)

IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] F 4̄ 3c (a′ = 3a,b′ = 3b,c′ = 3c) (219)

Minimal non-isomorphic supergroups
I [2] F m 3̄c (226); [2] F d 3̄c (228)

II [2] P 4̄3m (a′ = 1
2 a,b′ = 1

2 b,c′ = 1
2 c) (215)
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I 4̄3d T 6
d 4̄3m Cubic

No. 220 I 4̄3d Patterson symmetry I m 3̄m

Origin on 3[111] at midpoint of three non-intersecting pairs of parallel 4̄ axes and of three
non-intersecting pairs of parallel 21 axes

Asymmetric unit 1
4 ≤ x ≤ 1

2 ; 1
4 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2 ; z ≤ min(x,y)

Vertices 1
4 ,

1
4 ,0

1
2 ,

1
4 ,0

1
2 ,

1
2 ,0

1
4 ,

1
2 ,0

1
4 ,

1
4 ,

1
4

1
2 ,

1
4 ,

1
4

1
2 ,

1
2 ,

1
2

1
4 ,

1
2 ,

1
4
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CONTINUED No. 220 I 4̄ 3d

Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 2(0,0, 1
2 ) 1

4 ,0,z (3) 2(0, 1
2 ,0) 0,y, 1

4 (4) 2( 1
2 ,0,0) x, 1

4 ,0
(5) 3+ x,x,x (6) 3+ x̄+ 1

2 ,x, x̄ (7) 3+ x+ 1
2 , x̄− 1

2 , x̄ (8) 3+ x̄, x̄+ 1
2 ,x

(9) 3− x,x,x (10) 3−(− 1
3 ,

1
3 ,

1
3) x+ 1

6 , x̄+ 1
6 , x̄ (11) 3−( 1

3 ,
1
3 ,− 1

3) x̄+ 1
3 , x̄+ 1

6 ,x (12) 3−( 1
3 ,− 1

3 ,
1
3) x̄− 1

6 ,x+ 1
3 , x̄

(13) d( 1
4 ,

1
4 ,

1
4 ) x,x,z (14) d(− 1

4 ,
1
4 ,

3
4) x+ 1

2 , x̄,z (15) 4̄+ 1
2 ,− 1

4 ,z; 1
2 ,− 1

4 ,
3
8 (16) 4̄− 0, 3

4 ,z; 0, 3
4 ,

1
8

(17) d( 1
4 ,

1
4 ,

1
4 ) x,y,y (18) 4̄+ x, 1

2 ,− 1
4 ; 3

8 ,
1
2 ,− 1

4 (19) 4̄− x,0, 3
4 ; 1

8 ,0, 3
4 (20) d( 3

4 ,− 1
4 ,

1
4) x,y+ 1

2 ,ȳ
(21) d( 1

4 ,
1
4 ,

1
4 ) x,y,x (22) 4̄− 3

4 ,y,0; 3
4 ,

1
8 ,0 (23) d( 1

4 ,
3
4 ,− 1

4) x̄+ 1
2 ,y,x (24) 4̄+ − 1

4 ,y,
1
2 ; − 1

4 ,
3
8 ,

1
2

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2 0, 1

4 ,z (3) 2 1
4 ,y,0 (4) 2 x,0, 1

4

(5) 3+( 1
2 ,

1
2 ,

1
2 ) x,x,x (6) 3+( 1

6 ,− 1
6 ,

1
6) x̄− 1

6 ,x+ 1
3 , x̄ (7) 3+(− 1

6 ,
1
6 ,

1
6) x+ 1

6 , x̄+ 1
6 , x̄ (8) 3+( 1

6 ,
1
6 ,− 1

6) x̄+ 1
3 , x̄+ 1

6 ,x
(9) 3−( 1

2 ,
1
2 ,

1
2 ) x,x,x (10) 3−( 1

6 ,− 1
6 ,− 1

6 ) x+ 1
6 , x̄+ 1

6 , x̄ (11) 3−(− 1
6 ,− 1

6 ,
1
6 ) x̄+ 1

3 , x̄+ 1
6 ,x (12) 3−(− 1

6 ,
1
6 ,− 1

6 ) x̄− 1
6 ,x+ 1

3 , x̄
(13) d( 3

4 ,
3
4 ,

3
4 ) x,x,z (14) d( 1

4 ,− 1
4 ,

1
4) x+ 1

2 , x̄,z (15) 4̄+ 1
2 ,

1
4 ,z; 1

2 ,
1
4 ,

1
8 (16) 4̄− 0, 1

4 ,z; 0, 1
4 ,

3
8

(17) d( 3
4 ,

3
4 ,

3
4 ) x,y,y (18) 4̄+ x, 1

2 ,
1
4 ; 1

8 ,
1
2 ,

1
4 (19) 4̄− x,0, 1

4 ; 3
8 ,0, 1

4 (20) d( 1
4 ,

1
4 ,− 1

4) x,y+ 1
2 ,ȳ

(21) d( 3
4 ,

3
4 ,

3
4 ) x,y,x (22) 4̄− 1

4 ,y,0; 1
4 ,

3
8 ,0 (23) d(− 1

4 ,
1
4 ,

1
4) x̄+ 1

2 ,y,x (24) 4̄+ 1
4 ,y,

1
2 ; 1

4 ,
1
8 ,

1
2

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5); (13)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

h,k, l permutable
General:

48 e 1 (1) x,y,z (2) x̄ + 1
2 , ȳ,z+ 1

2 (3) x̄,y + 1
2 , z̄+ 1

2 (4) x + 1
2 , ȳ+ 1

2 , z̄
(5) z,x,y (6) z+ 1

2 , x̄ + 1
2 , ȳ (7) z̄+ 1

2 , x̄,y + 1
2 (8) z̄,x + 1

2 , ȳ + 1
2

(9) y,z,x (10) ȳ,z+ 1
2 , x̄+ 1

2 (11) y + 1
2 , z̄+ 1

2 , x̄ (12) ȳ+ 1
2 , z̄,x + 1

2

(13) y + 1
4 ,x + 1

4 ,z+ 1
4 (14) ȳ+ 1

4 , x̄ + 3
4 ,z+ 3

4 (15) y + 3
4 , x̄ + 1

4 , z̄+ 3
4 (16) ȳ+ 3

4 ,x + 3
4 , z̄+ 1

4

(17) x + 1
4 ,z+ 1

4 ,y + 1
4 (18) x̄ + 3

4 ,z+ 3
4 , ȳ + 1

4 (19) x̄ + 1
4 , z̄+ 3

4 ,y + 3
4 (20) x + 3

4 , z̄+ 1
4 , ȳ+ 3

4

(21) z+ 1
4 ,y + 1

4 ,x + 1
4 (22) z+ 3

4 , ȳ + 1
4 , x̄ + 3

4 (23) z̄+ 3
4 ,y + 3

4 , x̄ + 1
4 (24) z̄+ 1

4 , ȳ + 3
4 ,x + 3

4

hkl : h + k + l = 2n
0kl : k + l = 2n
hhl : 2h + l = 4n
h00 : h = 4n

Special: as above, plus

24 d 2 . . x,0, 1
4 x̄+ 1

2 ,0, 3
4

1
4 ,x,0

3
4 , x̄ + 1

2 ,0 0, 1
4 ,x 0, 3

4 , x̄ + 1
2

1
4 ,x + 1

4 ,
1
2

1
4 , x̄ + 3

4 ,0 x + 1
4 ,

1
2 ,

1
4 x̄+ 3

4 ,0, 1
4

1
2 ,

1
4 ,x + 1

4 0, 1
4 , x̄ + 3

4

hkl : h = 2n + 1
or h = 4n

16 c . 3 . x,x,x x̄ + 1
2 , x̄,x + 1

2 x̄,x + 1
2 , x̄ + 1

2 x + 1
2 , x̄ + 1

2 , x̄
x + 1

4 ,x + 1
4 ,x + 1

4 x̄ + 1
4 , x̄ + 3

4 ,x + 3
4 x + 3

4 , x̄ + 1
4 , x̄ + 3

4 x̄ + 3
4 ,x + 3

4 , x̄ + 1
4

hkl : h = 2n + 1
or h + k + l = 4n

12 b 4̄ . . 7
8 ,0, 1

4
5
8 ,0, 3

4
1
4 ,

7
8 ,0

3
4 ,

5
8 ,0 0, 1

4 ,
7
8 0, 3

4 ,
5
8

12 a 4̄ . . 3
8 ,0, 1

4
1
8 ,0, 3

4
1
4 ,

3
8 ,0

3
4 ,

1
8 ,0 0, 1

4 ,
3
8 0, 3

4 ,
1
8

}
hkl : h,k = 2n, h + k + l = 4n

or h,k = 2n + 1, l = 4n + 2
or h = 8n, k = 8n + 4 and

h + k + l = 4n + 2
or h = 8n + 1 and

k = 8n + 3, l = 4n
or h = 8n + 1 and

k = 8n + 5, l = 4n
or h = 8n + 7 and

k = 8n + 3, l = 4n
or h = 8n + 7 and

k = 8n + 5, l = 4n

Symmetry of special projections
Along [001] p4gm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0, 1
4 ,z

Along [111] p31m
a′ = 1

3 (2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [110] c1m1
a′ = 1

2(−a + b) b′ = 1
2 c

Origin at x,x + 1
4 ,0

(Continued on page 669)
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CONTINUED
(from page 671)

No. 220 I 4̄ 3d

Maximal non-isomorphic subgroups
I [2] I 21 31 (I 21 3, 199) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12)+⎧⎨

⎩
[3] I 4̄ 1d (I 4̄2d, 122) (1; 2; 3; 4; 13; 14; 15; 16)+
[3] I 4̄ 1d (I 4̄2d, 122) (1; 2; 3; 4; 17; 18; 19; 20)+
[3] I 4̄ 1d (I 4̄2d, 122) (1; 2; 3; 4; 21; 22; 23; 24)+⎧⎪⎨

⎪⎩
[4] I 13d (R3c, 161) (1; 5; 9; 13; 17; 21)+
[4] I 13d (R3c, 161) (1; 6; 12; 14; 20; 21)+
[4] I 13d (R3c, 161) (1; 7; 10; 14; 17; 23)+
[4] I 13d (R3c, 161) (1; 8; 11; 13; 20; 23)+

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] I 4̄ 3d (a′ = 3a,b′ = 3b,c′ = 3c) (220)

Minimal non-isomorphic supergroups
I [2] I a 3̄d (230)

II [4] P 4̄3n (a′ = 1
2 a,b′ = 1

2 b,c′ = 1
2 c) (218)
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Pm 3̄m O1
h m 3̄m Cubic

No. 221 P 4/m 3̄ 2/m Patterson symmetry Pm 3̄m

Origin at centre (m 3̄m)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2 ; y ≤ x; z ≤ y

Vertices 0,0,0 1
2 ,0,0 1

2 ,
1
2 ,0

1
2 ,

1
2 ,

1
2

Symmetry operations
(given on page 674)
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CONTINUED No. 221 Pm 3̄m
Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (13); (25)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

h,k, l permutable
General:

48 n 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) z,x,y (6) z, x̄, ȳ (7) z̄, x̄,y (8) z̄,x, ȳ
(9) y,z,x (10) ȳ,z, x̄ (11) y, z̄, x̄ (12) ȳ, z̄,x

(13) y,x, z̄ (14) ȳ, x̄, z̄ (15) y, x̄,z (16) ȳ,x,z
(17) x,z, ȳ (18) x̄,z,y (19) x̄, z̄, ȳ (20) x, z̄,y
(21) z,y, x̄ (22) z, ȳ,x (23) z̄,y,x (24) z̄, ȳ, x̄
(25) x̄, ȳ, z̄ (26) x,y, z̄ (27) x, ȳ,z (28) x̄,y,z
(29) z̄, x̄, ȳ (30) z̄,x,y (31) z,x, ȳ (32) z, x̄,y
(33) ȳ, z̄, x̄ (34) y, z̄,x (35) ȳ,z,x (36) y,z, x̄
(37) ȳ, x̄,z (38) y,x,z (39) ȳ,x, z̄ (40) y, x̄, z̄
(41) x̄, z̄,y (42) x, z̄, ȳ (43) x,z,y (44) x̄,z, ȳ
(45) z̄, ȳ,x (46) z̄,y, x̄ (47) z, ȳ, x̄ (48) z,y,x

no conditions

Special: no extra conditions

24 m . . m x,x,z x̄, x̄,z x̄,x, z̄ x, x̄, z̄ z,x,x z, x̄, x̄
z̄, x̄,x z̄,x, x̄ x,z,x x̄,z, x̄ x, z̄, x̄ x̄, z̄,x
x,x, z̄ x̄, x̄, z̄ x, x̄,z x̄,x,z x,z, x̄ x̄,z,x
x̄, z̄, x̄ x, z̄,x z,x, x̄ z, x̄,x z̄,x,x z̄, x̄, x̄

24 l m . . 1
2 ,y,z

1
2 , ȳ,z

1
2 ,y, z̄

1
2 , ȳ, z̄ z, 1

2 ,y z, 1
2 , ȳ

z̄, 1
2 ,y z̄, 1

2 , ȳ y,z, 1
2 ȳ,z, 1

2 y, z̄, 1
2 ȳ, z̄, 1

2

y, 1
2 , z̄ ȳ, 1

2 , z̄ y, 1
2 ,z ȳ, 1

2 ,z
1
2 ,z, ȳ

1
2 ,z,y

1
2 , z̄, ȳ

1
2 , z̄,y z,y, 1

2 z, ȳ, 1
2 z̄,y, 1

2 z̄, ȳ, 1
2

24 k m . . 0,y,z 0, ȳ,z 0,y, z̄ 0, ȳ, z̄ z,0,y z,0, ȳ
z̄,0,y z̄,0, ȳ y,z,0 ȳ,z,0 y, z̄,0 ȳ, z̄,0
y,0, z̄ ȳ,0, z̄ y,0,z ȳ,0,z 0,z, ȳ 0,z,y
0, z̄, ȳ 0, z̄,y z,y,0 z, ȳ,0 z̄,y,0 z̄, ȳ,0

12 j m . m2 1
2 ,y,y

1
2 , ȳ,y

1
2 ,y, ȳ

1
2 , ȳ, ȳ y, 1

2 ,y y, 1
2 , ȳ

ȳ, 1
2 ,y ȳ, 1

2 , ȳ y,y, 1
2 ȳ,y, 1

2 y, ȳ, 1
2 ȳ, ȳ, 1

2

12 i m . m2 0,y,y 0, ȳ,y 0,y, ȳ 0, ȳ, ȳ y,0,y y,0, ȳ
ȳ,0,y ȳ,0, ȳ y,y,0 ȳ,y,0 y, ȳ,0 ȳ, ȳ,0

12 h m m 2 . . x, 1
2 ,0 x̄, 1

2 ,0 0,x, 1
2 0, x̄, 1

2
1
2 ,0,x 1

2 ,0, x̄
1
2 ,x,0

1
2 , x̄,0 x,0, 1

2 x̄,0, 1
2 0, 1

2 , x̄ 0, 1
2 ,x

8 g . 3 m x,x,x x̄, x̄,x x̄,x, x̄ x, x̄, x̄
x,x, x̄ x̄, x̄, x̄ x, x̄,x x̄,x,x

6 f 4 m .m x, 1
2 ,

1
2 x̄, 1

2 ,
1
2

1
2 ,x,

1
2

1
2 , x̄,

1
2

1
2 ,

1
2 ,x

1
2 ,

1
2 , x̄

6 e 4 m .m x,0,0 x̄,0,0 0,x,0 0, x̄,0 0,0,x 0,0, x̄

3 d 4/m m .m 1
2 ,0,0 0, 1

2 ,0 0,0, 1
2

3 c 4/m m .m 0, 1
2 ,

1
2

1
2 ,0, 1

2
1
2 ,

1
2 ,0

1 b m 3̄ m 1
2 ,

1
2 ,

1
2

1 a m 3̄ m 0,0,0

Symmetry of special projections
Along [001] p4mm
a′ = a b′ = b
Origin at 0,0,z

Along [111] p6mm
a′ = 1

3 (2a−b− c) b′ = 1
3(−a + 2b− c)

Origin at x,x,x

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0
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Pm 3̄m No. 221 CONTINUED

Maximal non-isomorphic subgroups
I [2] P 4̄3m (215) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 37; 38; 39; 40; 41; 42; 43; 44; 45; 46; 47; 48

[2] P432 (207) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24
[2] Pm 3̄ 1 (Pm 3̄, 200) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 25; 26; 27; 28; 29; 30; 31; 32; 33; 34; 35; 36{
[3] P4/m12/m (P4/mmm, 123) 1; 2; 3; 4; 13; 14; 15; 16; 25; 26; 27; 28; 37; 38; 39; 40
[3] P4/m12/m (P4/mmm, 123) 1; 2; 3; 4; 17; 18; 19; 20; 25; 26; 27; 28; 41; 42; 43; 44
[3] P4/m12/m (P4/mmm, 123) 1; 2; 3; 4; 21; 22; 23; 24; 25; 26; 27; 28; 45; 46; 47; 48⎧⎪⎪⎨

⎪⎪⎩
[4] P1 3̄2/m (R 3̄m, 166) 1; 5; 9; 14; 19; 24; 25; 29; 33; 38; 43; 48
[4] P1 3̄2/m (R 3̄m, 166) 1; 6; 12; 13; 18; 24; 25; 30; 36; 37; 42; 48
[4] P1 3̄2/m (R 3̄m, 166) 1; 7; 10; 13; 19; 22; 25; 31; 34; 37; 43; 46
[4] P1 3̄2/m (R 3̄m, 166) 1; 8; 11; 14; 18; 22; 25; 32; 35; 38; 42; 46

IIa none
IIb [2] F m 3̄c (a′ = 2a,b′ = 2b,c′ = 2c) (226); [2] F m 3̄m (a′ = 2a,b′ = 2b,c′ = 2c) (225); [4] I m 3̄m (a′ = 2a,b′ = 2b,c′ = 2c) (229)

Maximal isomorphic subgroups of lowest index
IIc [27] Pm 3̄m (a′ = 3a,b′ = 3b,c′ = 3c) (221)

Minimal non-isomorphic supergroups
I none

II [2] I m 3̄m (229); [4] F m 3̄m (225)

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 3+ x,x,x (6) 3+ x̄,x, x̄ (7) 3+ x, x̄, x̄ (8) 3+ x̄, x̄,x
(9) 3− x,x,x (10) 3− x, x̄, x̄ (11) 3− x̄, x̄,x (12) 3− x̄,x, x̄

(13) 2 x,x,0 (14) 2 x, x̄,0 (15) 4− 0,0,z (16) 4+ 0,0,z
(17) 4− x,0,0 (18) 2 0,y,y (19) 2 0,y, ȳ (20) 4+ x,0,0
(21) 4+ 0,y,0 (22) 2 x,0,x (23) 4− 0,y,0 (24) 2 x̄,0,x
(25) 1̄ 0,0,0 (26) m x,y,0 (27) m x,0,z (28) m 0,y,z
(29) 3̄+ x,x,x; 0,0,0 (30) 3̄+ x̄,x, x̄; 0,0,0 (31) 3̄+ x, x̄, x̄; 0,0,0 (32) 3̄+ x̄, x̄,x; 0,0,0
(33) 3̄− x,x,x; 0,0,0 (34) 3̄− x, x̄, x̄; 0,0,0 (35) 3̄− x̄, x̄,x; 0,0,0 (36) 3̄− x̄,x, x̄; 0,0,0
(37) m x, x̄,z (38) m x,x,z (39) 4̄− 0,0,z; 0,0,0 (40) 4̄+ 0,0,z; 0,0,0
(41) 4̄− x,0,0; 0,0,0 (42) m x,y, ȳ (43) m x,y,y (44) 4̄+ x,0,0; 0,0,0
(45) 4̄+ 0,y,0; 0,0,0 (46) m x̄,y,x (47) 4̄− 0,y,0; 0,0,0 (48) m x,y,x
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Pn 3̄n O2
h m 3̄m Cubic

No. 222 P 4/n 3̄ 2/n Patterson symmetry Pm 3̄m

ORIGIN CHOICE 1

Origin at 432, at − 1
4 ,− 1

4 ,− 1
4 from centre (3̄)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2 ; y ≤ x; z ≤ y

Vertices 0,0,0 1
2 ,0,0 1

2 ,
1
2 ,0

1
2 ,

1
2 ,

1
2
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CONTINUED No. 222 Pn 3̄n
Symmetry operations

(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 3+ x,x,x (6) 3+ x̄,x, x̄ (7) 3+ x, x̄, x̄ (8) 3+ x̄, x̄,x
(9) 3− x,x,x (10) 3− x, x̄, x̄ (11) 3− x̄, x̄,x (12) 3− x̄,x, x̄

(13) 2 x,x,0 (14) 2 x, x̄,0 (15) 4− 0,0,z (16) 4+ 0,0,z
(17) 4− x,0,0 (18) 2 0,y,y (19) 2 0,y,ȳ (20) 4+ x,0,0
(21) 4+ 0,y,0 (22) 2 x,0,x (23) 4− 0,y,0 (24) 2 x̄,0,x
(25) 1̄ 1

4 ,
1
4 ,

1
4 (26) n( 1

2 ,
1
2 ,0) x,y, 1

4 (27) n( 1
2 ,0, 1

2 ) x, 1
4 ,z (28) n(0, 1

2 ,
1
2) 1

4 ,y,z
(29) 3̄+ x,x,x; 1

4 ,
1
4 ,

1
4 (30) 3̄+ x̄−1,x+1, x̄; − 1

4 ,
1
4 ,

3
4 (31) 3̄+ x, x̄+1, x̄; 1

4 ,
3
4 ,− 1

4 (32) 3̄+ x̄+1, x̄,x; 3
4 ,− 1

4 ,
1
4

(33) 3̄− x,x,x; 1
4 ,

1
4 ,

1
4 (34) 3̄− x+1, x̄−1, x̄; 1

4 ,− 1
4 ,

3
4 (35) 3̄− x̄, x̄+1,x; − 1

4 ,
3
4 ,

1
4 (36) 3̄− x̄+1,x, x̄; 3

4 ,
1
4 ,− 1

4

(37) c x+ 1
2 , x̄,z (38) n( 1

2 ,
1
2 ,

1
2 ) x,x,z (39) 4̄− 0, 1

2 ,z; 0, 1
2 ,

1
4 (40) 4̄+ 1

2 ,0,z; 1
2 ,0, 1

4

(41) 4̄− x,0, 1
2 ; 1

4 ,0, 1
2 (42) a x,y+ 1

2 ,ȳ (43) n( 1
2 ,

1
2 ,

1
2 ) x,y,y (44) 4̄+ x, 1

2 ,0; 1
4 ,

1
2 ,0

(45) 4̄+ 0,y, 1
2 ; 0, 1

4 ,
1
2 (46) b x̄+ 1

2 ,y,x (47) 4̄− 1
2 ,y,0; 1

2 ,
1
4 ,0 (48) n( 1

2 ,
1
2 ,

1
2 ) x,y,x

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (13); (25)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

h,k, l permutable
General:

48 i 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) z,x,y (6) z, x̄, ȳ (7) z̄, x̄,y (8) z̄,x, ȳ
(9) y,z,x (10) ȳ,z, x̄ (11) y, z̄, x̄ (12) ȳ, z̄,x

(13) y,x, z̄ (14) ȳ, x̄, z̄ (15) y, x̄,z (16) ȳ,x,z
(17) x,z, ȳ (18) x̄,z,y (19) x̄, z̄, ȳ (20) x, z̄,y
(21) z,y, x̄ (22) z, ȳ,x (23) z̄,y,x (24) z̄, ȳ, x̄
(25) x̄+ 1

2 , ȳ + 1
2 , z̄+ 1

2 (26) x + 1
2 ,y + 1

2 , z̄+ 1
2 (27) x + 1

2 , ȳ+ 1
2 ,z+ 1

2 (28) x̄+ 1
2 ,y + 1

2 ,z+ 1
2

(29) z̄+ 1
2 , x̄ + 1

2 , ȳ+ 1
2 (30) z̄+ 1

2 ,x + 1
2 ,y + 1

2 (31) z+ 1
2 ,x + 1

2 , ȳ + 1
2 (32) z+ 1

2 , x̄ + 1
2 ,y + 1

2

(33) ȳ+ 1
2 , z̄+ 1

2 , x̄ + 1
2 (34) y + 1

2 , z̄+ 1
2 ,x + 1

2 (35) ȳ + 1
2 ,z+ 1

2 ,x + 1
2 (36) y + 1

2 ,z+ 1
2 , x̄ + 1

2

(37) ȳ+ 1
2 , x̄ + 1

2 ,z+ 1
2 (38) y + 1

2 ,x + 1
2 ,z+ 1

2 (39) ȳ + 1
2 ,x + 1

2 , z̄+ 1
2 (40) y + 1

2 , x̄+ 1
2 , z̄+ 1

2

(41) x̄+ 1
2 , z̄+ 1

2 ,y + 1
2 (42) x + 1

2 , z̄+ 1
2 , ȳ + 1

2 (43) x + 1
2 ,z+ 1

2 ,y + 1
2 (44) x̄+ 1

2 ,z+ 1
2 , ȳ+ 1

2

(45) z̄+ 1
2 , ȳ + 1

2 ,x + 1
2 (46) z̄+ 1

2 ,y + 1
2 , x̄ + 1

2 (47) z+ 1
2 , ȳ+ 1

2 , x̄ + 1
2 (48) z+ 1

2 ,y + 1
2 ,x + 1

2

0kl : k + l = 2n
hhl : l = 2n
h00 : h = 2n

Special: as above, plus

24 h . . 2 0,y,y 0, ȳ,y 0,y, ȳ 0, ȳ, ȳ
y,0,y y,0, ȳ ȳ,0,y ȳ,0, ȳ
y,y,0 ȳ,y,0 y, ȳ,0 ȳ, ȳ,0
1
2 , ȳ+ 1

2 , ȳ + 1
2

1
2 ,y + 1

2 , ȳ+ 1
2

1
2 , ȳ + 1

2 ,y + 1
2

1
2 ,y + 1

2 ,y + 1
2

ȳ+ 1
2 ,

1
2 , ȳ + 1

2 ȳ+ 1
2 ,

1
2 ,y + 1

2 y + 1
2 ,

1
2 , ȳ + 1

2 y + 1
2 ,

1
2 ,y + 1

2

ȳ+ 1
2 , ȳ + 1

2 ,
1
2 y + 1

2 , ȳ+ 1
2 ,

1
2 ȳ + 1

2 ,y + 1
2 ,

1
2 y + 1

2 ,y + 1
2 ,

1
2

hkl : h + k + l = 2n

24 g 2 . . x,0, 1
2 x̄,0, 1

2
1
2 ,x,0

1
2 , x̄,0 0, 1

2 ,x 0, 1
2 , x̄

0,x, 1
2 0, x̄, 1

2 x, 1
2 ,0 x̄, 1

2 ,0
1
2 ,0, x̄ 1

2 ,0,x
x̄ + 1

2 ,
1
2 ,0 x + 1

2 ,
1
2 ,0 0, x̄+ 1

2 ,
1
2 0,x + 1

2 ,
1
2

1
2 ,0, x̄ + 1

2
1
2 ,0,x + 1

2
1
2 , x̄ + 1

2 ,0
1
2 ,x + 1

2 ,0 x̄+ 1
2 ,0, 1

2 x + 1
2 ,0, 1

2 0, 1
2 ,x + 1

2 0, 1
2 , x̄ + 1

2

hkl : h + k + l = 2n

16 f . 3 . x,x,x x̄, x̄,x x̄,x, x̄ x, x̄, x̄
x,x, x̄ x̄, x̄, x̄ x, x̄,x x̄,x,x
x̄ + 1

2 , x̄ + 1
2 , x̄ + 1

2 x + 1
2 ,x + 1

2 , x̄ + 1
2 x + 1

2 , x̄ + 1
2 ,x + 1

2 x̄+ 1
2 ,x + 1

2 ,x + 1
2

x̄ + 1
2 , x̄ + 1

2 ,x + 1
2 x + 1

2 ,x + 1
2 ,x + 1

2 x̄+ 1
2 ,x + 1

2 , x̄ + 1
2 x + 1

2 , x̄ + 1
2 , x̄+ 1

2

hkl : h + k + l = 2n

12 e 4 . . x,0,0 x̄,0,0 0,x,0 0, x̄,0 0,0,x 0,0, x̄
x̄ + 1

2 ,
1
2 ,

1
2 x + 1

2 ,
1
2 ,

1
2

1
2 , x̄ + 1

2 ,
1
2

1
2 ,x + 1

2 ,
1
2

1
2 ,

1
2 , x̄ + 1

2
1
2 ,

1
2 ,x + 1

2

hkl : h + k + l = 2n

12 d 4̄ . . 1
4 ,0, 1

2
3
4 ,0, 1

2
1
2 ,

1
4 ,0

1
2 ,

3
4 ,0 0, 1

2 ,
1
4 0, 1

2 ,
3
4

0, 1
4 ,

1
2 0, 3

4 ,
1
2

1
4 ,

1
2 ,0

3
4 ,

1
2 ,0

1
2 ,0, 3

4
1
2 ,0, 1

4

hkl : h + k + l = 2n

8 c . 3̄ . 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

3
4

1
4 ,

3
4 ,

3
4

1
4 ,

1
4 ,

3
4

3
4 ,

3
4 ,

3
4

1
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

1
4 hkl : h,k, l = 2n

6 b 4 2 .2 0, 1
2 ,

1
2

1
2 ,0, 1

2
1
2 ,

1
2 ,0

1
2 ,0,0 0, 1

2 ,0 0,0, 1
2 hkl : h + k + l = 2n

2 a 4 3 2 0,0,0 1
2 ,

1
2 ,

1
2 hkl : h + k + l = 2n

(Continued on page 675)
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CONTINUED
(from pages 677 and 679)

No. 222 Pn 3̄n

ORIGIN CHOICE 1

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [111] p6mm
a′ = 1

3 (2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [110] p2mm
a′ = 1

2(−a + b) b′ = 1
2 c

Origin at x,x,0

ORIGIN CHOICE 2

Symmetry of special projections

Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 1
4 ,

1
4 ,z

Along [111] p6mm
a′ = 1

3 (2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [110] p2mm
a′ = 1

2(−a + b) b′ = 1
2 c

Origin at x,x,0

ORIGIN CHOICES 1 AND 2

Maximal non-isomorphic subgroups
I [2] P 4̄3n (218) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 37; 38; 39; 40; 41; 42; 43; 44; 45; 46; 47; 48

[2] P432 (207) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24
[2] Pn 3̄1 (Pn 3̄, 201) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 25; 26; 27; 28; 29; 30; 31; 32; 33; 34; 35; 36{
[3] P4/n12/n (P4/nnc, 126) 1; 2; 3; 4; 13; 14; 15; 16; 25; 26; 27; 28; 37; 38; 39; 40
[3] P4/n12/n (P4/nnc, 126) 1; 2; 3; 4; 17; 18; 19; 20; 25; 26; 27; 28; 41; 42; 43; 44
[3] P4/n12/n (P4/nnc, 126) 1; 2; 3; 4; 21; 22; 23; 24; 25; 26; 27; 28; 45; 46; 47; 48⎧⎪⎪⎨

⎪⎪⎩
[4] P1 3̄2/n (R 3̄c, 167) 1; 5; 9; 14; 19; 24; 25; 29; 33; 38; 43; 48
[4] P1 3̄2/n (R 3̄c, 167) 1; 6; 12; 13; 18; 24; 25; 30; 36; 37; 42; 48
[4] P1 3̄2/n (R 3̄c, 167) 1; 7; 10; 13; 19; 22; 25; 31; 34; 37; 43; 46
[4] P1 3̄2/n (R 3̄c, 167) 1; 8; 11; 14; 18; 22; 25; 32; 35; 38; 42; 46

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] Pn 3̄n (a′ = 3a,b′ = 3b,c′ = 3c) (222)

Minimal non-isomorphic supergroups
I none

II [2] I m 3̄m (229); [4] F m 3̄c (226)
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Pn 3̄n O2
h m 3̄m Cubic

No. 222 P 4/n 3̄ 2/n Patterson symmetry Pm 3̄m

ORIGIN CHOICE 2

Origin at centre (3̄), at 1
4 ,

1
4 ,

1
4 from 432

Asymmetric unit 1
4 ≤ x ≤ 3

4 ; 1
4 ≤ y ≤ 3

4 ; 1
4 ≤ z ≤ 3

4 ; y ≤ x; z ≤ y

Vertices 1
4 ,

1
4 ,

1
4

3
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

1
4

3
4 ,

3
4 ,

3
4
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CONTINUED No. 222 Pn 3̄n
Symmetry operations

(1) 1 (2) 2 1
4 ,

1
4 ,z (3) 2 1

4 ,y,
1
4 (4) 2 x, 1

4 ,
1
4

(5) 3+ x,x,x (6) 3+ x̄,x+ 1
2 , x̄ (7) 3+ x+ 1

2 , x̄, x̄ (8) 3+ x̄+ 1
2 , x̄+ 1

2 ,x
(9) 3− x,x,x (10) 3− x+ 1

2 , x̄, x̄ (11) 3− x̄+ 1
2 , x̄+ 1

2 ,x (12) 3− x̄,x+ 1
2 , x̄

(13) 2 x,x, 1
4 (14) 2 x, x̄+ 1

2 ,
1
4 (15) 4− 1

4 ,
1
4 ,z (16) 4+ 1

4 ,
1
4 ,z

(17) 4− x, 1
4 ,

1
4 (18) 2 1

4 ,y,y (19) 2 1
4 ,y+ 1

2 ,ȳ (20) 4+ x, 1
4 ,

1
4

(21) 4+ 1
4 ,y,

1
4 (22) 2 x, 1

4 ,x (23) 4− 1
4 ,y,

1
4 (24) 2 x̄+ 1

2 ,
1
4 ,x

(25) 1̄ 0,0,0 (26) n( 1
2 ,

1
2 ,0) x,y,0 (27) n( 1

2 ,0, 1
2) x,0,z (28) n(0, 1

2 ,
1
2 ) 0,y,z

(29) 3̄+ x,x,x; 0,0,0 (30) 3̄+ x̄−1,x+ 1
2 , x̄; − 1

2 ,0, 1
2 (31) 3̄+ x− 1

2 , x̄+1, x̄; 0, 1
2 ,− 1

2 (32) 3̄+ x̄+ 1
2 , x̄− 1

2 ,x; 1
2 ,− 1

2 ,0
(33) 3̄− x,x,x; 0,0,0 (34) 3̄− x+ 1

2 , x̄−1, x̄; 0,− 1
2 ,

1
2 (35) 3̄− x̄− 1

2 , x̄+ 1
2 ,x; − 1

2 ,
1
2 ,0 (36) 3̄− x̄+1,x− 1

2 , x̄; 1
2 ,0,− 1

2

(37) c x, x̄,z (38) n( 1
2 ,

1
2 ,

1
2 ) x,x,z (39) 4̄− − 1

4 ,
1
4 ,z; − 1

4 ,
1
4 ,0 (40) 4̄+ 1

4 ,− 1
4 ,z; 1

4 ,− 1
4 ,0

(41) 4̄− x,− 1
4 ,

1
4 ; 0,− 1

4 ,
1
4 (42) a x,y,ȳ (43) n( 1

2 ,
1
2 ,

1
2 ) x,y,y (44) 4̄+ x, 1

4 ,− 1
4 ; 0, 1

4 ,− 1
4

(45) 4̄+ − 1
4 ,y,

1
4 ; − 1

4 ,0, 1
4 (46) b x̄,y,x (47) 4̄− 1

4 ,y,− 1
4 ; 1

4 ,0,− 1
4 (48) n( 1

2 ,
1
2 ,

1
2 ) x,y,x

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (13); (25)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

h,k, l permutable
General:

48 i 1 (1) x,y,z (2) x̄+ 1
2 , ȳ + 1

2 ,z (3) x̄+ 1
2 ,y, z̄+ 1

2 (4) x, ȳ + 1
2 , z̄+ 1

2

(5) z,x,y (6) z, x̄ + 1
2 , ȳ+ 1

2 (7) z̄+ 1
2 , x̄ + 1

2 ,y (8) z̄+ 1
2 ,x, ȳ + 1

2

(9) y,z,x (10) ȳ+ 1
2 ,z, x̄ + 1

2 (11) y, z̄+ 1
2 , x̄+ 1

2 (12) ȳ + 1
2 , z̄+ 1

2 ,x
(13) y,x, z̄ + 1

2 (14) ȳ+ 1
2 , x̄ + 1

2 , z̄+ 1
2 (15) y, x̄ + 1

2 ,z (16) ȳ + 1
2 ,x,z

(17) x,z, ȳ + 1
2 (18) x̄+ 1

2 ,z,y (19) x̄+ 1
2 , z̄+ 1

2 , ȳ+ 1
2 (20) x, z̄ + 1

2 ,y
(21) z,y, x̄ + 1

2 (22) z, ȳ + 1
2 ,x (23) z̄+ 1

2 ,y,x (24) z̄+ 1
2 , ȳ + 1

2 , x̄ + 1
2

(25) x̄, ȳ, z̄ (26) x + 1
2 ,y + 1

2 , z̄ (27) x + 1
2 , ȳ,z+ 1

2 (28) x̄,y + 1
2 ,z+ 1

2

(29) z̄, x̄, ȳ (30) z̄,x + 1
2 ,y + 1

2 (31) z+ 1
2 ,x + 1

2 , ȳ (32) z+ 1
2 , x̄,y + 1

2

(33) ȳ, z̄, x̄ (34) y + 1
2 , z̄,x + 1

2 (35) ȳ,z+ 1
2 ,x + 1

2 (36) y + 1
2 ,z+ 1

2 , x̄
(37) ȳ, x̄,z+ 1

2 (38) y + 1
2 ,x + 1

2 ,z+ 1
2 (39) ȳ,x + 1

2 , z̄ (40) y + 1
2 , x̄, z̄

(41) x̄, z̄,y + 1
2 (42) x + 1

2 , z̄, ȳ (43) x + 1
2 ,z+ 1

2 ,y + 1
2 (44) x̄,z+ 1

2 , ȳ
(45) z̄, ȳ,x + 1

2 (46) z̄,y + 1
2 , x̄ (47) z+ 1

2 , ȳ, x̄ (48) z+ 1
2 ,y + 1

2 ,x + 1
2

0kl : k + l = 2n
hhl : l = 2n
h00 : h = 2n

Special: as above, plus

24 h . . 2 1
4 ,y,y

1
4 , ȳ + 1

2 ,y
1
4 ,y, ȳ + 1

2
1
4 , ȳ+ 1

2 , ȳ + 1
2

y, 1
4 ,y y, 1

4 , ȳ + 1
2 ȳ+ 1

2 ,
1
4 ,y ȳ + 1

2 ,
1
4 , ȳ + 1

2

y,y, 1
4 ȳ + 1

2 ,y,
1
4 y, ȳ + 1

2 ,
1
4 ȳ + 1

2 , ȳ + 1
2 ,

1
4

3
4 , ȳ, ȳ

3
4 ,y + 1

2 , ȳ
3
4 , ȳ,y + 1

2
3
4 ,y + 1

2 ,y + 1
2

ȳ, 3
4 , ȳ ȳ, 3

4 ,y + 1
2 y + 1

2 ,
3
4 , ȳ y + 1

2 ,
3
4 ,y + 1

2

ȳ, ȳ, 3
4 y + 1

2 , ȳ,
3
4 ȳ,y + 1

2 ,
3
4 y + 1

2 ,y + 1
2 ,

3
4

hkl : h + k + l = 2n

24 g 2 . . x, 3
4 ,

1
4 x̄ + 1

2 ,
3
4 ,

1
4

1
4 ,x,

3
4

1
4 , x̄ + 1

2 ,
3
4

3
4 ,

1
4 ,x

3
4 ,

1
4 , x̄ + 1

2
3
4 ,x,

1
4

3
4 , x̄ + 1

2 ,
1
4 x, 1

4 ,
3
4 x̄ + 1

2 ,
1
4 ,

3
4

1
4 ,

3
4 , x̄ + 1

2
1
4 ,

3
4 ,x

x̄, 1
4 ,

3
4 x + 1

2 ,
1
4 ,

3
4

3
4 , x̄,

1
4

3
4 ,x + 1

2 ,
1
4

1
4 ,

3
4 , x̄

1
4 ,

3
4 ,x + 1

2
1
4 , x̄,

3
4

1
4 ,x + 1

2 ,
3
4 x̄, 3

4 ,
1
4 x + 1

2 ,
3
4 ,

1
4

3
4 ,

1
4 ,x + 1

2
3
4 ,

1
4 , x̄

hkl : h + k + l = 2n

16 f . 3 . x,x,x x̄ + 1
2 , x̄ + 1

2 ,x x̄ + 1
2 ,x, x̄ + 1

2 x, x̄ + 1
2 , x̄+ 1

2

x,x, x̄ + 1
2 x̄ + 1

2 , x̄ + 1
2 , x̄ + 1

2 x, x̄ + 1
2 ,x x̄ + 1

2 ,x,x
x̄, x̄, x̄ x + 1

2 ,x + 1
2 , x̄ x + 1

2 , x̄,x + 1
2 x̄,x + 1

2 ,x + 1
2

x̄, x̄,x + 1
2 x + 1

2 ,x + 1
2 ,x + 1

2 x̄,x + 1
2 , x̄ x + 1

2 , x̄, x̄

hkl : h + k + l = 2n

12 e 4 . . x, 1
4 ,

1
4 x̄ + 1

2 ,
1
4 ,

1
4

1
4 ,x,

1
4

1
4 , x̄ + 1

2 ,
1
4

1
4 ,

1
4 ,x

1
4 ,

1
4 , x̄ + 1

2

x̄, 3
4 ,

3
4 x + 1

2 ,
3
4 ,

3
4

3
4 , x̄,

3
4

3
4 ,x + 1

2 ,
3
4

3
4 ,

3
4 , x̄

3
4 ,

3
4 ,x + 1

2

hkl : h + k + l = 2n

12 d 4̄ . . 0, 3
4 ,

1
4

1
2 ,

3
4 ,

1
4

1
4 ,0, 3

4
1
4 ,

1
2 ,

3
4

3
4 ,

1
4 ,0

3
4 ,

1
4 ,

1
2

3
4 ,0, 1

4
3
4 ,

1
2 ,

1
4 0, 1

4 ,
3
4

1
2 ,

1
4 ,

3
4

1
4 ,

3
4 ,

1
2

1
4 ,

3
4 ,0

hkl : h + k + l = 2n

8 c . 3̄ . 0,0,0 1
2 ,

1
2 ,0

1
2 ,0, 1

2 0, 1
2 ,

1
2 0,0, 1

2
1
2 ,

1
2 ,

1
2 0, 1

2 ,0
1
2 ,0,0 hkl : h,k, l = 2n

6 b 4 2 .2 3
4 ,

1
4 ,

1
4

1
4 ,

3
4 ,

1
4

1
4 ,

1
4 ,

3
4

1
4 ,

3
4 ,

3
4

3
4 ,

1
4 ,

3
4

3
4 ,

3
4 ,

1
4 hkl : h + k + l = 2n

2 a 4 3 2 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

3
4 hkl : h + k + l = 2n

(Continued on page 675)
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CONTINUED
(from pages 677 and 679)

No. 222 Pn 3̄n

ORIGIN CHOICE 1

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [111] p6mm
a′ = 1

3 (2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [110] p2mm
a′ = 1

2(−a + b) b′ = 1
2 c

Origin at x,x,0

ORIGIN CHOICE 2

Symmetry of special projections

Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 1
4 ,

1
4 ,z

Along [111] p6mm
a′ = 1

3 (2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [110] p2mm
a′ = 1

2(−a + b) b′ = 1
2 c

Origin at x,x,0

ORIGIN CHOICES 1 AND 2

Maximal non-isomorphic subgroups
I [2] P 4̄3n (218) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 37; 38; 39; 40; 41; 42; 43; 44; 45; 46; 47; 48

[2] P432 (207) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24
[2] Pn 3̄1 (Pn 3̄, 201) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 25; 26; 27; 28; 29; 30; 31; 32; 33; 34; 35; 36{
[3] P4/n12/n (P4/nnc, 126) 1; 2; 3; 4; 13; 14; 15; 16; 25; 26; 27; 28; 37; 38; 39; 40
[3] P4/n12/n (P4/nnc, 126) 1; 2; 3; 4; 17; 18; 19; 20; 25; 26; 27; 28; 41; 42; 43; 44
[3] P4/n12/n (P4/nnc, 126) 1; 2; 3; 4; 21; 22; 23; 24; 25; 26; 27; 28; 45; 46; 47; 48⎧⎪⎪⎨

⎪⎪⎩
[4] P1 3̄2/n (R 3̄c, 167) 1; 5; 9; 14; 19; 24; 25; 29; 33; 38; 43; 48
[4] P1 3̄2/n (R 3̄c, 167) 1; 6; 12; 13; 18; 24; 25; 30; 36; 37; 42; 48
[4] P1 3̄2/n (R 3̄c, 167) 1; 7; 10; 13; 19; 22; 25; 31; 34; 37; 43; 46
[4] P1 3̄2/n (R 3̄c, 167) 1; 8; 11; 14; 18; 22; 25; 32; 35; 38; 42; 46

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] Pn 3̄n (a′ = 3a,b′ = 3b,c′ = 3c) (222)

Minimal non-isomorphic supergroups
I none

II [2] I m 3̄m (229); [4] F m 3̄c (226)
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Pm 3̄n O3
h m 3̄m Cubic

No. 223 P 42/m 3̄ 2/n Patterson symmetry Pm 3̄m

Origin at centre (m 3̄)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4 ; z ≤ min(x, 1

2 − x,y, 1
2 − y)

Vertices 0,0,0 1
2 ,0,0 1

2 ,
1
2 ,0 0, 1

2 ,0
1
4 ,

1
4 ,

1
4

Symmetry operations
(given on page 682)
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CONTINUED No. 223 Pm 3̄n
Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (13); (25)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

h,k, l permutable
General:

48 l 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) z,x,y (6) z, x̄, ȳ (7) z̄, x̄,y (8) z̄,x, ȳ
(9) y,z,x (10) ȳ,z, x̄ (11) y, z̄, x̄ (12) ȳ, z̄,x

(13) y + 1
2 ,x + 1

2 , z̄+ 1
2 (14) ȳ+ 1

2 , x̄ + 1
2 , z̄+ 1

2 (15) y + 1
2 , x̄ + 1

2 ,z+ 1
2 (16) ȳ+ 1

2 ,x + 1
2 ,z+ 1

2

(17) x + 1
2 ,z+ 1

2 , ȳ+ 1
2 (18) x̄ + 1

2 ,z+ 1
2 ,y + 1

2 (19) x̄ + 1
2 , z̄+ 1

2 , ȳ + 1
2 (20) x + 1

2 , z̄+ 1
2 ,y + 1

2

(21) z+ 1
2 ,y + 1

2 , x̄ + 1
2 (22) z+ 1

2 , ȳ + 1
2 ,x + 1

2 (23) z̄+ 1
2 ,y + 1

2 ,x + 1
2 (24) z̄+ 1

2 , ȳ + 1
2 , x̄ + 1

2

(25) x̄, ȳ, z̄ (26) x,y, z̄ (27) x, ȳ,z (28) x̄,y,z
(29) z̄, x̄, ȳ (30) z̄,x,y (31) z,x, ȳ (32) z, x̄,y
(33) ȳ, z̄, x̄ (34) y, z̄,x (35) ȳ,z,x (36) y,z, x̄
(37) ȳ+ 1

2 , x̄ + 1
2 ,z+ 1

2 (38) y + 1
2 ,x + 1

2 ,z+ 1
2 (39) ȳ + 1

2 ,x + 1
2 , z̄+ 1

2 (40) y + 1
2 , x̄+ 1

2 , z̄+ 1
2

(41) x̄+ 1
2 , z̄+ 1

2 ,y + 1
2 (42) x + 1

2 , z̄+ 1
2 , ȳ + 1

2 (43) x + 1
2 ,z+ 1

2 ,y + 1
2 (44) x̄+ 1

2 ,z+ 1
2 , ȳ+ 1

2

(45) z̄+ 1
2 , ȳ + 1

2 ,x + 1
2 (46) z̄+ 1

2 ,y + 1
2 , x̄ + 1

2 (47) z+ 1
2 , ȳ+ 1

2 , x̄ + 1
2 (48) z+ 1

2 ,y + 1
2 ,x + 1

2

hhl : l = 2n
h00 : h = 2n

Special: as above, plus

24 k m . . 0,y,z 0, ȳ,z 0,y, z̄ 0, ȳ, z̄
z,0,y z,0, ȳ z̄,0,y z̄,0, ȳ
y,z,0 ȳ,z,0 y, z̄,0 ȳ, z̄,0
y + 1

2 ,
1
2 , z̄+ 1

2 ȳ + 1
2 ,

1
2 , z̄+ 1

2 y + 1
2 ,

1
2 ,z+ 1

2 ȳ + 1
2 ,

1
2 ,z+ 1

2
1
2 ,z+ 1

2 , ȳ+ 1
2

1
2 ,z+ 1

2 ,y + 1
2

1
2 , z̄+ 1

2 , ȳ+ 1
2

1
2 , z̄+ 1

2 ,y + 1
2

z+ 1
2 ,y + 1

2 ,
1
2 z+ 1

2 , ȳ + 1
2 ,

1
2 z̄+ 1

2 ,y + 1
2 ,

1
2 z̄+ 1

2 , ȳ + 1
2 ,

1
2

no extra conditions

24 j . . 2 1
4 ,y,y + 1

2
3
4 , ȳ,y + 1

2
3
4 ,y, ȳ + 1

2
1
4 , ȳ, ȳ + 1

2

y + 1
2 ,

1
4 ,y y + 1

2 ,
3
4 , ȳ ȳ+ 1

2 ,
3
4 ,y ȳ + 1

2 ,
1
4 , ȳ

y,y + 1
2 ,

1
4 ȳ,y + 1

2 ,
3
4 y, ȳ + 1

2 ,
3
4 ȳ, ȳ + 1

2 ,
1
4

3
4 , ȳ, ȳ + 1

2
1
4 ,y, ȳ + 1

2
1
4 , ȳ,y + 1

2
3
4 ,y,y + 1

2

ȳ + 1
2 ,

3
4 , ȳ ȳ+ 1

2 ,
1
4 ,y y + 1

2 ,
1
4 , ȳ y + 1

2 ,
3
4 ,y

ȳ, ȳ + 1
2 ,

3
4 y, ȳ + 1

2 ,
1
4 ȳ,y + 1

2 ,
1
4 y,y + 1

2 ,
3
4

hkl : h = 2n

16 i . 3 . x,x,x x̄, x̄,x
x̄,x, x̄ x, x̄, x̄
x + 1

2 ,x + 1
2 , x̄ + 1

2 x̄ + 1
2 , x̄ + 1

2 , x̄ + 1
2

x + 1
2 , x̄ + 1

2 ,x + 1
2 x̄ + 1

2 ,x + 1
2 ,x + 1

2

x̄, x̄, x̄ x,x, x̄
x, x̄,x x̄,x,x
x̄ + 1

2 , x̄ + 1
2 ,x + 1

2 x + 1
2 ,x + 1

2 ,x + 1
2

x̄ + 1
2 ,x + 1

2 , x̄ + 1
2 x + 1

2 , x̄ + 1
2 , x̄ + 1

2

hkl : h + k + l = 2n

12 h m m 2 . . x, 1
2 ,0 x̄, 1

2 ,0 0,x, 1
2 0, x̄, 1

2
1
2 ,0,x 1

2 ,0, x̄ 0,x + 1
2 ,

1
2 0, x̄+ 1

2 ,
1
2

x + 1
2 ,

1
2 ,0 x̄+ 1

2 ,
1
2 ,0

1
2 ,0, x̄ + 1

2
1
2 ,0,x + 1

2

hkl : h = 2n

12 g m m 2 . . x,0, 1
2 x̄,0, 1

2
1
2 ,x,0

1
2 , x̄,0

0, 1
2 ,x 0, 1

2 , x̄
1
2 ,x + 1

2 ,0
1
2 , x̄ + 1

2 ,0
x + 1

2 ,0, 1
2 x̄+ 1

2 ,0, 1
2 0, 1

2 , x̄ + 1
2 0, 1

2 ,x + 1
2

hkl : h = 2n

12 f m m 2 . . x,0,0 x̄,0,0 0,x,0 0, x̄,0
0,0,x 0,0, x̄ 1

2 ,x + 1
2 ,

1
2

1
2 , x̄ + 1

2 ,
1
2

x + 1
2 ,

1
2 ,

1
2 x̄+ 1

2 ,
1
2 ,

1
2

1
2 ,

1
2 , x̄ + 1

2
1
2 ,

1
2 ,x + 1

2

hkl : h + k + l = 2n

8 e . 3 2 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

3
4

1
4 ,

3
4 ,

3
4

3
4 ,

3
4 ,

3
4

1
4 ,

1
4 ,

3
4

1
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

1
4

hkl : h,k, l = 2n

6 d 4̄ m .2 1
4 ,

1
2 ,0

3
4 ,

1
2 ,0 0, 1

4 ,
1
2 0, 3

4 ,
1
2

1
2 ,0, 1

4
1
2 ,0, 3

4

6 c 4̄ m .2 1
4 ,0, 1

2
3
4 ,0, 1

2
1
2 ,

1
4 ,0

1
2 ,

3
4 ,0 0, 1

2 ,
1
4 0, 1

2 ,
3
4

}
hkl : h + k + l = 2n

or h = 2n + 1, k = 4n and
l = 4n + 2

6 b m m m . . 0, 1
2 ,

1
2

1
2 ,0, 1

2
1
2 ,

1
2 ,0 0, 1

2 ,0
1
2 ,0,0 0,0, 1

2 hkl : h + k + l = 2n

2 a m 3̄ . 0,0,0 1
2 ,

1
2 ,

1
2 hkl : h + k + l = 2n
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Pm 3̄n No. 223 CONTINUED

Symmetry of special projections
Along [001] p4mm
a′ = a b′ = b
Origin at 0, 1

2 ,z

Along [111] p6mm
a′ = 1

3(2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [110] p2mm
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P 4̄3n (218) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 37; 38; 39; 40; 41; 42; 43; 44; 45; 46; 47; 48

[2] P42 32 (208) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24
[2] Pm 3̄ 1 (Pm 3̄, 200) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 25; 26; 27; 28; 29; 30; 31; 32; 33; 34; 35; 36{
[3] P42/m12/n (P42/mmc, 131) 1; 2; 3; 4; 13; 14; 15; 16; 25; 26; 27; 28; 37; 38; 39; 40
[3] P42/m12/n (P42/mmc, 131) 1; 2; 3; 4; 17; 18; 19; 20; 25; 26; 27; 28; 41; 42; 43; 44
[3] P42/m12/n (P42/mmc, 131) 1; 2; 3; 4; 21; 22; 23; 24; 25; 26; 27; 28; 45; 46; 47; 48⎧⎪⎪⎨

⎪⎪⎩
[4] P1 3̄2/n (R 3̄c, 167) 1; 5; 9; 14; 19; 24; 25; 29; 33; 38; 43; 48
[4] P1 3̄2/n (R 3̄c, 167) 1; 6; 12; 13; 18; 24; 25; 30; 36; 37; 42; 48
[4] P1 3̄2/n (R 3̄c, 167) 1; 7; 10; 13; 19; 22; 25; 31; 34; 37; 43; 46
[4] P1 3̄2/n (R 3̄c, 167) 1; 8; 11; 14; 18; 22; 25; 32; 35; 38; 42; 46

IIa none

IIb [4] I a 3̄d (a′ = 2a,b′ = 2b,c′ = 2c) (230)

Maximal isomorphic subgroups of lowest index
IIc [27] Pm 3̄n (a′ = 3a,b′ = 3b,c′ = 3c) (223)

Minimal non-isomorphic supergroups
I none

II [2] I m 3̄m (229); [4] F m 3̄c (226)

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 3+ x,x,x (6) 3+ x̄,x, x̄ (7) 3+ x, x̄, x̄ (8) 3+ x̄, x̄,x
(9) 3− x,x,x (10) 3− x, x̄, x̄ (11) 3− x̄, x̄,x (12) 3− x̄,x, x̄

(13) 2( 1
2 ,

1
2 ,0) x,x, 1

4 (14) 2 x, x̄ + 1
2 ,

1
4 (15) 4−(0,0, 1

2 ) 1
2 ,0,z (16) 4+(0,0, 1

2) 0, 1
2 ,z

(17) 4−( 1
2 ,0,0) x, 1

2 ,0 (18) 2(0, 1
2 ,

1
2 ) 1

4 ,y,y (19) 2 1
4 ,y + 1

2 , ȳ (20) 4+( 1
2 ,0,0) x,0, 1

2

(21) 4+(0, 1
2 ,0) 1

2 ,y,0 (22) 2( 1
2 ,0, 1

2 ) x, 1
4 ,x (23) 4−(0, 1

2 ,0) 0,y, 1
2 (24) 2 x̄+ 1

2 ,
1
4 ,x

(25) 1̄ 0,0,0 (26) m x,y,0 (27) m x,0,z (28) m 0,y,z
(29) 3̄+ x,x,x; 0,0,0 (30) 3̄+ x̄,x, x̄; 0,0,0 (31) 3̄+ x, x̄, x̄; 0,0,0 (32) 3̄+ x̄, x̄,x; 0,0,0
(33) 3̄− x,x,x; 0,0,0 (34) 3̄− x, x̄, x̄; 0,0,0 (35) 3̄− x̄, x̄,x; 0,0,0 (36) 3̄− x̄,x, x̄; 0,0,0
(37) c x + 1

2 , x̄,z (38) n( 1
2 ,

1
2 ,

1
2) x,x,z (39) 4̄− 0, 1

2 ,z; 0, 1
2 ,

1
4 (40) 4̄+ 1

2 ,0,z; 1
2 ,0, 1

4

(41) 4̄− x,0, 1
2 ; 1

4 ,0, 1
2 (42) a x,y + 1

2 , ȳ (43) n( 1
2 ,

1
2 ,

1
2 ) x,y,y (44) 4̄+ x, 1

2 ,0; 1
4 ,

1
2 ,0

(45) 4̄+ 0,y, 1
2 ; 0, 1

4 ,
1
2 (46) b x̄ + 1

2 ,y,x (47) 4̄− 1
2 ,y,0; 1

2 ,
1
4 ,0 (48) n( 1

2 ,
1
2 ,

1
2 ) x,y,x
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Pn 3̄m O4
h m 3̄m Cubic

No. 224 P 42/n 3̄ 2/m Patterson symmetry Pm 3̄m

ORIGIN CHOICE 1

Origin at 4̄3m, at − 1
4 ,− 1

4 ,− 1
4 from centre (3̄m)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; − 1
4 ≤ z ≤ 1

4 ; y ≤ x; max(x− 1
2 ,−y) ≤ z ≤ min( 1

2 − x,y)
Vertices 0,0,0 1

2 ,0,0 1
2 ,

1
2 ,0

1
4 ,

1
4 ,

1
4

1
4 ,

1
4 ,− 1

4

Symmetry operations
(given on page 683)
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CONTINUED No. 224 Pn 3̄m
Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (13); (25)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

h,k, l permutable
General:

48 l 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) z,x,y (6) z, x̄, ȳ (7) z̄, x̄,y (8) z̄,x, ȳ
(9) y,z,x (10) ȳ,z, x̄ (11) y, z̄, x̄ (12) ȳ, z̄,x

(13) y + 1
2 ,x + 1

2 , z̄+ 1
2 (14) ȳ+ 1

2 , x̄ + 1
2 , z̄+ 1

2 (15) y + 1
2 , x̄ + 1

2 ,z+ 1
2 (16) ȳ+ 1

2 ,x + 1
2 ,z+ 1

2

(17) x + 1
2 ,z+ 1

2 , ȳ+ 1
2 (18) x̄ + 1

2 ,z+ 1
2 ,y + 1

2 (19) x̄ + 1
2 , z̄+ 1

2 , ȳ + 1
2 (20) x + 1

2 , z̄+ 1
2 ,y + 1

2

(21) z+ 1
2 ,y + 1

2 , x̄ + 1
2 (22) z+ 1

2 , ȳ + 1
2 ,x + 1

2 (23) z̄+ 1
2 ,y + 1

2 ,x + 1
2 (24) z̄+ 1

2 , ȳ + 1
2 , x̄ + 1

2

(25) x̄+ 1
2 , ȳ + 1

2 , z̄+ 1
2 (26) x + 1

2 ,y + 1
2 , z̄+ 1

2 (27) x + 1
2 , ȳ+ 1

2 ,z+ 1
2 (28) x̄+ 1

2 ,y + 1
2 ,z+ 1

2

(29) z̄+ 1
2 , x̄ + 1

2 , ȳ+ 1
2 (30) z̄+ 1

2 ,x + 1
2 ,y + 1

2 (31) z+ 1
2 ,x + 1

2 , ȳ + 1
2 (32) z+ 1

2 , x̄ + 1
2 ,y + 1

2

(33) ȳ+ 1
2 , z̄+ 1

2 , x̄ + 1
2 (34) y + 1

2 , z̄+ 1
2 ,x + 1

2 (35) ȳ + 1
2 ,z+ 1

2 ,x + 1
2 (36) y + 1

2 ,z+ 1
2 , x̄ + 1

2

(37) ȳ, x̄,z (38) y,x,z (39) ȳ,x, z̄ (40) y, x̄, z̄
(41) x̄, z̄,y (42) x, z̄, ȳ (43) x,z,y (44) x̄,z, ȳ
(45) z̄, ȳ,x (46) z̄,y, x̄ (47) z, ȳ, x̄ (48) z,y,x

0kl : k + l = 2n
h00 : h = 2n

Special: as above, plus

24 k . . m x,x,z x̄, x̄,z x̄,x, z̄ x, x̄, z̄
z,x,x z, x̄, x̄ z̄, x̄,x z̄,x, x̄
x,z,x x̄,z, x̄ x, z̄, x̄ x̄, z̄,x
x + 1

2 ,x + 1
2 , z̄+ 1

2 x̄ + 1
2 , x̄ + 1

2 , z̄+ 1
2 x + 1

2 , x̄ + 1
2 ,z+ 1

2 x̄ + 1
2 ,x + 1

2 ,z+ 1
2

x + 1
2 ,z+ 1

2 , x̄ + 1
2 x̄ + 1

2 ,z+ 1
2 ,x + 1

2 x̄ + 1
2 , z̄+ 1

2 , x̄ + 1
2 x + 1

2 , z̄+ 1
2 ,x + 1

2

z+ 1
2 ,x + 1

2 , x̄ + 1
2 z+ 1

2 , x̄ + 1
2 ,x + 1

2 z̄+ 1
2 ,x + 1

2 ,x + 1
2 z̄+ 1

2 , x̄+ 1
2 , x̄ + 1

2

no extra conditions

24 j . . 2 1
4 ,y,y + 1

2
3
4 , ȳ,y + 1

2
3
4 ,y, ȳ + 1

2
1
4 , ȳ, ȳ + 1

2 y + 1
2 ,

1
4 ,y y + 1

2 ,
3
4 , ȳ

ȳ+ 1
2 ,

3
4 ,y ȳ + 1

2 ,
1
4 , ȳ y,y + 1

2 ,
1
4 ȳ,y + 1

2 ,
3
4 y, ȳ + 1

2 ,
3
4 ȳ, ȳ + 1

2 ,
1
4

1
4 , ȳ+ 1

2 , ȳ
3
4 ,y + 1

2 , ȳ
3
4 , ȳ + 1

2 ,y
1
4 ,y + 1

2 ,y ȳ, 1
4 , ȳ + 1

2 ȳ, 3
4 ,y + 1

2

y, 3
4 , ȳ + 1

2 y, 1
4 ,y + 1

2 ȳ+ 1
2 , ȳ,

1
4 y + 1

2 , ȳ,
3
4 ȳ+ 1

2 ,y,
3
4 y + 1

2 ,y,
1
4

no extra conditions

24 i . . 2 1
4 ,y, ȳ + 1

2
3
4 , ȳ, ȳ + 1

2
3
4 ,y,y + 1

2
1
4 , ȳ,y + 1

2 ȳ+ 1
2 ,

1
4 ,y ȳ + 1

2 ,
3
4 , ȳ

y + 1
2 ,

3
4 ,y y + 1

2 ,
1
4 , ȳ y, ȳ + 1

2 ,
1
4 ȳ, ȳ + 1

2 ,
3
4 y,y + 1

2 ,
3
4 ȳ,y + 1

2 ,
1
4

1
4 , ȳ+ 1

2 ,y
3
4 ,y + 1

2 ,y
3
4 , ȳ + 1

2 , ȳ
1
4 ,y + 1

2 , ȳ y, 1
4 , ȳ+ 1

2 y, 3
4 ,y + 1

2

ȳ, 3
4 , ȳ+ 1

2 ȳ, 1
4 ,y + 1

2 ȳ+ 1
2 ,y,

1
4 y + 1

2 ,y,
3
4 ȳ+ 1

2 , ȳ,
3
4 y + 1

2 , ȳ,
1
4

no extra conditions

24 h 2 . . x,0, 1
2 x̄,0, 1

2
1
2 ,x,0

1
2 , x̄,0 0, 1

2 ,x 0, 1
2 , x̄

1
2 ,x + 1

2 ,0
1
2 , x̄ + 1

2 ,0 x + 1
2 ,0, 1

2 x̄ + 1
2 ,0, 1

2 0, 1
2 , x̄ + 1

2 0, 1
2 ,x + 1

2

x̄ + 1
2 ,

1
2 ,0 x + 1

2 ,
1
2 ,0 0, x̄+ 1

2 ,
1
2 0,x + 1

2 ,
1
2

1
2 ,0, x̄ + 1

2
1
2 ,0,x + 1

2

0, x̄, 1
2 0,x, 1

2 x̄, 1
2 ,0 x, 1

2 ,0
1
2 ,0,x 1

2 ,0, x̄

hkl : h + k + l = 2n

12 g 2 . mm x,0,0 x̄,0,0 0,x,0 0, x̄,0 0,0,x 0,0, x̄
1
2 ,x + 1

2 ,
1
2

1
2 , x̄ + 1

2 ,
1
2 x + 1

2 ,
1
2 ,

1
2 x̄ + 1

2 ,
1
2 ,

1
2

1
2 ,

1
2 , x̄+ 1

2
1
2 ,

1
2 ,x + 1

2

hkl : h + k + l = 2n

12 f 2 . 22 1
4 ,0, 1

2
3
4 ,0, 1

2
1
2 ,

1
4 ,0

1
2 ,

3
4 ,0 0, 1

2 ,
1
4 0, 1

2 ,
3
4

1
4 ,

1
2 ,0

3
4 ,

1
2 ,0 0, 1

4 ,
1
2 0, 3

4 ,
1
2

1
2 ,0, 1

4
1
2 ,0, 3

4

hkl : h + k + l = 2n

8 e . 3 m x,x,x x̄, x̄,x x̄,x, x̄ x, x̄, x̄
x + 1

2 ,x + 1
2 , x̄ + 1

2 x̄+ 1
2 , x̄ + 1

2 , x̄ + 1
2 x + 1

2 , x̄ + 1
2 ,x + 1

2 x̄ + 1
2 ,x + 1

2 ,x + 1
2

no extra conditions

6 d 4̄ 2 .m 0, 1
2 ,

1
2

1
2 ,0, 1

2
1
2 ,

1
2 ,0 0, 1

2 ,0
1
2 ,0,0 0,0, 1

2 hkl : h + k + l = 2n

4 c . 3̄ m 3
4 ,

3
4 ,

3
4

1
4 ,

1
4 ,

3
4

1
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

1
4 hkl : h + k,h + l,k + l = 2n

4 b . 3̄ m 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

3
4

1
4 ,

3
4 ,

3
4 hkl : h + k,h + l,k + l = 2n

2 a 4̄ 3 m 0,0,0 1
2 ,

1
2 ,

1
2 hkl : h + k + l = 2n

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [111] p6mm
a′ = 1

3 (2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [110] p2mm
a′ = 1

2(−a + b) b′ = c
Origin at x,x, 1

4

(Continued on page 683)
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CONTINUED
(from pages 685 and 687)

No. 224 Pn 3̄m

ORIGIN CHOICES 1 AND 2

Maximal non-isomorphic subgroups
I [2] P 4̄3m (215) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 37; 38; 39; 40; 41; 42; 43; 44; 45; 46; 47; 48

[2] P42 32 (208) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24
[2] Pn 3̄1 (Pn 3̄, 201) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 25; 26; 27; 28; 29; 30; 31; 32; 33; 34; 35; 36{
[3] P42/n12/m (P42/nnm, 134) 1; 2; 3; 4; 13; 14; 15; 16; 25; 26; 27; 28; 37; 38; 39; 40
[3] P42/n12/m (P42/nnm, 134) 1; 2; 3; 4; 17; 18; 19; 20; 25; 26; 27; 28; 41; 42; 43; 44
[3] P42/n12/m (P42/nnm, 134) 1; 2; 3; 4; 21; 22; 23; 24; 25; 26; 27; 28; 45; 46; 47; 48⎧⎪⎪⎨

⎪⎪⎩
[4] P1 3̄2/m (R 3̄m, 166) 1; 5; 9; 14; 19; 24; 25; 29; 33; 38; 43; 48
[4] P1 3̄2/m (R 3̄m, 166) 1; 6; 12; 13; 18; 24; 25; 30; 36; 37; 42; 48
[4] P1 3̄2/m (R 3̄m, 166) 1; 7; 10; 13; 19; 22; 25; 31; 34; 37; 43; 46
[4] P1 3̄2/m (R 3̄m, 166) 1; 8; 11; 14; 18; 22; 25; 32; 35; 38; 42; 46

IIa none
IIb [2] F d 3̄c (a′ = 2a,b′ = 2b,c′ = 2c) (228); [2] F d 3̄m (a′ = 2a,b′ = 2b,c′ = 2c) (227)

Maximal isomorphic subgroups of lowest index
IIc [27] Pn 3̄m (a′ = 3a,b′ = 3b,c′ = 3c) (224)

Minimal non-isomorphic supergroups
I none

II [2] I m 3̄m (229); [4] F m 3̄m (225)

ORIGIN CHOICE 1

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 3+ x,x,x (6) 3+ x̄,x, x̄ (7) 3+ x, x̄, x̄ (8) 3+ x̄, x̄,x
(9) 3− x,x,x (10) 3− x, x̄, x̄ (11) 3− x̄, x̄,x (12) 3− x̄,x, x̄

(13) 2( 1
2 ,

1
2 ,0) x,x, 1

4 (14) 2 x, x̄+ 1
2 ,

1
4 (15) 4−(0,0, 1

2 ) 1
2 ,0,z (16) 4+(0,0, 1

2) 0, 1
2 ,z

(17) 4−( 1
2 ,0,0) x, 1

2 ,0 (18) 2(0, 1
2 ,

1
2) 1

4 ,y,y (19) 2 1
4 ,y+ 1

2 ,ȳ (20) 4+( 1
2 ,0,0) x,0, 1

2

(21) 4+(0, 1
2 ,0) 1

2 ,y,0 (22) 2( 1
2 ,0, 1

2) x, 1
4 ,x (23) 4−(0, 1

2 ,0) 0,y, 1
2 (24) 2 x̄+ 1

2 ,
1
4 ,x

(25) 1̄ 1
4 ,

1
4 ,

1
4 (26) n( 1

2 ,
1
2 ,0) x,y, 1

4 (27) n( 1
2 ,0, 1

2 ) x, 1
4 ,z (28) n(0, 1

2 ,
1
2 ) 1

4 ,y,z
(29) 3̄+ x,x,x; 1

4 ,
1
4 ,

1
4 (30) 3̄+ x̄−1,x+1, x̄; − 1

4 ,
1
4 ,

3
4 (31) 3̄+ x, x̄+1, x̄; 1

4 ,
3
4 ,− 1

4 (32) 3̄+ x̄+1, x̄,x; 3
4 ,− 1

4 ,
1
4

(33) 3̄− x,x,x; 1
4 ,

1
4 ,

1
4 (34) 3̄− x+1, x̄−1, x̄; 1

4 ,− 1
4 ,

3
4 (35) 3̄− x̄, x̄+1,x; − 1

4 ,
3
4 ,

1
4 (36) 3̄− x̄+1,x, x̄; 3

4 ,
1
4 ,− 1

4

(37) m x, x̄,z (38) m x,x,z (39) 4̄− 0,0,z; 0,0,0 (40) 4̄+ 0,0,z; 0,0,0
(41) 4̄− x,0,0; 0,0,0 (42) m x,y,ȳ (43) m x,y,y (44) 4̄+ x,0,0; 0,0,0

(45) 4̄+ 0,y,0; 0,0,0 (46) m x̄,y,x (47) 4̄− 0,y,0; 0,0,0 (48) m x,y,x

ORIGIN CHOICE 2

Symmetry operations

(1) 1 (2) 2 1
4 ,

1
4 ,z (3) 2 1

4 ,y,
1
4 (4) 2 x, 1

4 ,
1
4

(5) 3+ x,x,x (6) 3+ x̄,x+ 1
2 , x̄ (7) 3+ x+ 1

2 , x̄, x̄ (8) 3+ x̄+ 1
2 , x̄+ 1

2 ,x
(9) 3− x,x,x (10) 3− x+ 1

2 , x̄, x̄ (11) 3− x̄+ 1
2 , x̄+ 1

2 ,x (12) 3− x̄,x+ 1
2 , x̄

(13) 2( 1
2 ,

1
2 ,0) x,x,0 (14) 2 x, x̄,0 (15) 4−(0,0, 1

2 ) 1
4 ,− 1

4 ,z (16) 4+(0,0, 1
2 ) − 1

4 ,
1
4 ,z

(17) 4−( 1
2 ,0,0) x, 1

4 ,− 1
4 (18) 2(0, 1

2 ,
1
2 ) 0,y,y (19) 2 0,y,ȳ (20) 4+( 1

2 ,0,0) x,− 1
4 ,

1
4

(21) 4+(0, 1
2 ,0) 1

4 ,y,− 1
4 (22) 2( 1

2 ,0, 1
2 ) x,0,x (23) 4−(0, 1

2 ,0) − 1
4 ,y,

1
4 (24) 2 x̄,0,x

(25) 1̄ 0,0,0 (26) n( 1
2 ,

1
2 ,0) x,y,0 (27) n( 1

2 ,0, 1
2) x,0,z (28) n(0, 1

2 ,
1
2 ) 0,y,z

(29) 3̄+ x,x,x; 0,0,0 (30) 3̄+ x̄−1,x+ 1
2 , x̄; − 1

2 ,0, 1
2 (31) 3̄+ x− 1

2 , x̄+1, x̄; 0, 1
2 ,− 1

2 (32) 3̄+ x̄+ 1
2 , x̄− 1

2 ,x; 1
2 ,− 1

2 ,0
(33) 3̄− x,x,x; 0,0,0 (34) 3̄− x+ 1

2 , x̄−1, x̄; 0,− 1
2 ,

1
2 (35) 3̄− x̄− 1

2 , x̄+ 1
2 ,x; − 1

2 ,
1
2 ,0 (36) 3̄− x̄+1,x− 1

2 , x̄; 1
2 ,0,− 1

2

(37) m x+ 1
2 , x̄,z (38) m x,x,z (39) 4̄− 1

4 ,
1
4 ,z; 1

4 ,
1
4 ,

1
4 (40) 4̄+ 1

4 ,
1
4 ,z; 1

4 ,
1
4 ,

1
4

(41) 4̄− x, 1
4 ,

1
4 ; 1

4 ,
1
4 ,

1
4 (42) m x,y+ 1

2 ,ȳ (43) m x,y,y (44) 4̄+ x, 1
4 ,

1
4 ; 1

4 ,
1
4 ,

1
4

(45) 4̄+ 1
4 ,y,

1
4 ; 1

4 ,
1
4 ,

1
4 (46) m x̄+ 1

2 ,y,x (47) 4̄− 1
4 ,y,

1
4 ; 1

4 ,
1
4 ,

1
4 (48) m x,y,x
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Pn 3̄m O4
h m 3̄m Cubic

No. 224 P 42/n 3̄ 2/m Patterson symmetry Pm 3̄m

ORIGIN CHOICE 2

Origin at centre (3̄m), at 1
4 ,

1
4 ,

1
4 from 4̄3m

Asymmetric unit 1
4 ≤ x ≤ 3

4 ; 1
4 ≤ y ≤ 3

4 ; 0 ≤ z ≤ 1
2 ; y ≤ x; max(x− 1

2 ,
1
2 − y) ≤ z ≤ min(y,1− x)

Vertices 1
4 ,

1
4 ,

1
4

3
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

1
4

1
2 ,

1
2 ,

1
2

1
2 ,

1
2 ,0

Symmetry operations
(given on page 683)
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CONTINUED No. 224 Pn 3̄m
Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3); (5); (13); (25)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

h,k, l permutable
General:

48 l 1 (1) x,y,z (2) x̄+ 1
2 , ȳ + 1

2 ,z (3) x̄ + 1
2 ,y, z̄+ 1

2 (4) x, ȳ+ 1
2 , z̄+ 1

2

(5) z,x,y (6) z, x̄ + 1
2 , ȳ + 1

2 (7) z̄+ 1
2 , x̄ + 1

2 ,y (8) z̄+ 1
2 ,x, ȳ + 1

2

(9) y,z,x (10) ȳ+ 1
2 ,z, x̄ + 1

2 (11) y, z̄+ 1
2 , x̄ + 1

2 (12) ȳ+ 1
2 , z̄+ 1

2 ,x
(13) y + 1

2 ,x + 1
2 , z̄ (14) ȳ, x̄, z̄ (15) y + 1

2 , x̄,z+ 1
2 (16) ȳ,x + 1

2 ,z+ 1
2

(17) x + 1
2 ,z+ 1

2 , ȳ (18) x̄,z+ 1
2 ,y + 1

2 (19) x̄, z̄, ȳ (20) x + 1
2 , z̄,y + 1

2

(21) z+ 1
2 ,y + 1

2 , x̄ (22) z+ 1
2 , ȳ,x + 1

2 (23) z̄,y + 1
2 ,x + 1

2 (24) z̄, ȳ, x̄
(25) x̄, ȳ, z̄ (26) x + 1

2 ,y + 1
2 , z̄ (27) x + 1

2 , ȳ,z+ 1
2 (28) x̄,y + 1

2 ,z+ 1
2

(29) z̄, x̄, ȳ (30) z̄,x + 1
2 ,y + 1

2 (31) z+ 1
2 ,x + 1

2 , ȳ (32) z+ 1
2 , x̄,y + 1

2

(33) ȳ, z̄, x̄ (34) y + 1
2 , z̄,x + 1

2 (35) ȳ,z+ 1
2 ,x + 1

2 (36) y + 1
2 ,z+ 1

2 , x̄
(37) ȳ+ 1

2 , x̄ + 1
2 ,z (38) y,x,z (39) ȳ + 1

2 ,x, z̄ + 1
2 (40) y, x̄ + 1

2 , z̄+ 1
2

(41) x̄ + 1
2 , z̄+ 1

2 ,y (42) x, z̄+ 1
2 , ȳ + 1

2 (43) x,z,y (44) x̄+ 1
2 ,z, ȳ + 1

2

(45) z̄+ 1
2 , ȳ+ 1

2 ,x (46) z̄+ 1
2 ,y, x̄ + 1

2 (47) z, ȳ + 1
2 , x̄ + 1

2 (48) z,y,x

0kl : k + l = 2n
h00 : h = 2n

Special: as above, plus

24 k . . m x,x,z x̄ + 1
2 , x̄ + 1

2 ,z x̄ + 1
2 ,x, z̄+ 1

2 x, x̄ + 1
2 , z̄ + 1

2

z,x,x z, x̄ + 1
2 , x̄ + 1

2 z̄+ 1
2 , x̄ + 1

2 ,x z̄+ 1
2 ,x, x̄ + 1

2

x,z,x x̄ + 1
2 ,z, x̄ + 1

2 x, z̄ + 1
2 , x̄ + 1

2 x̄+ 1
2 , z̄+ 1

2 ,x
x + 1

2 ,x + 1
2 , z̄ x̄, x̄, z̄ x + 1

2 , x̄,z+ 1
2 x̄,x + 1

2 ,z+ 1
2

x + 1
2 ,z+ 1

2 , x̄ x̄,z+ 1
2 ,x + 1

2 x̄, z̄, x̄ x + 1
2 , z̄,x + 1

2

z+ 1
2 ,x + 1

2 , x̄ z+ 1
2 , x̄,x + 1

2 z̄,x + 1
2 ,x + 1

2 z̄, x̄, x̄

no extra conditions

24 j . . 2 1
2 ,y, ȳ 0, ȳ+ 1

2 , ȳ 0,y,y + 1
2

1
2 , ȳ+ 1

2 ,y + 1
2

ȳ, 1
2 ,y ȳ,0, ȳ + 1

2 y + 1
2 ,0,y y + 1

2 ,
1
2 , ȳ + 1

2

y, ȳ, 1
2 ȳ + 1

2 , ȳ,0 y,y + 1
2 ,0 ȳ + 1

2 ,y + 1
2 ,

1
2

1
2 , ȳ,y 0,y + 1

2 ,y 0, ȳ, ȳ+ 1
2

1
2 ,y + 1

2 , ȳ + 1
2

y, 1
2 , ȳ y,0,y + 1

2 ȳ + 1
2 ,0, ȳ ȳ + 1

2 ,
1
2 ,y + 1

2

ȳ,y, 1
2 y + 1

2 ,y,0 ȳ, ȳ + 1
2 ,0 y + 1

2 , ȳ + 1
2 ,

1
2

no extra conditions

24 i . . 2 1
2 ,y,y + 1

2 0, ȳ+ 1
2 ,y + 1

2 0,y, ȳ 1
2 , ȳ + 1

2 , ȳ
y + 1

2 ,
1
2 ,y y + 1

2 ,0, ȳ+ 1
2 ȳ,0,y ȳ, 1

2 , ȳ + 1
2

y,y + 1
2 ,

1
2 ȳ+ 1

2 ,y + 1
2 ,0 y, ȳ,0 ȳ + 1

2 , ȳ,
1
2

1
2 , ȳ, ȳ + 1

2 0,y + 1
2 , ȳ + 1

2 0, ȳ,y 1
2 ,y + 1

2 ,y
ȳ + 1

2 ,
1
2 , ȳ ȳ+ 1

2 ,0,y + 1
2 y,0, ȳ y, 1

2 ,y + 1
2

ȳ, ȳ + 1
2 ,

1
2 y + 1

2 , ȳ+ 1
2 ,0 ȳ,y,0 y + 1

2 ,y,
1
2

no extra conditions

24 h 2 . . x, 1
4 ,

3
4 x̄+ 1

2 ,
1
4 ,

3
4

3
4 ,x,

1
4

3
4 , x̄+ 1

2 ,
1
4

1
4 ,

3
4 ,x

1
4 ,

3
4 , x̄+ 1

2
3
4 ,x + 1

2 ,
1
4

3
4 , x̄,

1
4 x + 1

2 ,
1
4 ,

3
4 x̄, 1

4 ,
3
4

1
4 ,

3
4 , x̄

1
4 ,

3
4 ,x + 1

2

x̄, 3
4 ,

1
4 x + 1

2 ,
3
4 ,

1
4

1
4 , x̄,

3
4

1
4 ,x + 1

2 ,
3
4

3
4 ,

1
4 , x̄

3
4 ,

1
4 ,x + 1

2
1
4 , x̄ + 1

2 ,
3
4

1
4 ,x,

3
4 x̄+ 1

2 ,
3
4 ,

1
4 x, 3

4 ,
1
4

3
4 ,

1
4 ,x

3
4 ,

1
4 , x̄+ 1

2

hkl : h + k + l = 2n

12 g 2 . mm x, 1
4 ,

1
4 x̄+ 1

2 ,
1
4 ,

1
4

1
4 ,x,

1
4

1
4 , x̄+ 1

2 ,
1
4

1
4 ,

1
4 ,x

1
4 ,

1
4 , x̄+ 1

2
3
4 ,x + 1

2 ,
3
4

3
4 , x̄,

3
4 x + 1

2 ,
3
4 ,

3
4 x̄, 3

4 ,
3
4

3
4 ,

3
4 , x̄

3
4 ,

3
4 ,x + 1

2

hkl : h + k + l = 2n

12 f 2 . 22 1
2 ,

1
4 ,

3
4 0, 1

4 ,
3
4

3
4 ,

1
2 ,

1
4

3
4 ,0, 1

4
1
4 ,

3
4 ,

1
2

1
4 ,

3
4 ,0

1
2 ,

3
4 ,

1
4 0, 3

4 ,
1
4

1
4 ,

1
2 ,

3
4

1
4 ,0, 3

4
3
4 ,

1
4 ,

1
2

3
4 ,

1
4 ,0

hkl : h + k + l = 2n

8 e . 3 m x,x,x x̄+ 1
2 , x̄ + 1

2 ,x x̄ + 1
2 ,x, x̄ + 1

2 x, x̄ + 1
2 , x̄ + 1

2

x + 1
2 ,x + 1

2 , x̄ x̄, x̄, x̄ x + 1
2 , x̄,x + 1

2 x̄,x + 1
2 ,x + 1

2

no extra conditions

6 d 4̄ 2 .m 1
4 ,

3
4 ,

3
4

3
4 ,

1
4 ,

3
4

3
4 ,

3
4 ,

1
4

1
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

1
4

1
4 ,

1
4 ,

3
4 hkl : h + k + l = 2n

4 c . 3̄ m 1
2 ,

1
2 ,

1
2 0,0, 1

2 0, 1
2 ,0

1
2 ,0,0 hkl : h + k,h + l,k + l = 2n

4 b . 3̄ m 0,0,0 1
2 ,

1
2 ,0

1
2 ,0, 1

2 0, 1
2 ,

1
2 hkl : h + k,h + l,k + l = 2n

2 a 4̄ 3 m 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

3
4 hkl : h + k + l = 2n

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 1
4 ,

1
4 ,z

Along [111] p6mm
a′ = 1

3 (2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [110] p2mm
a′ = 1

2(−a + b) b′ = c
Origin at x,x,0

(Continued on page 683)
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CONTINUED
(from pages 685 and 687)

No. 224 Pn 3̄m

ORIGIN CHOICES 1 AND 2

Maximal non-isomorphic subgroups
I [2] P 4̄3m (215) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 37; 38; 39; 40; 41; 42; 43; 44; 45; 46; 47; 48

[2] P42 32 (208) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24
[2] Pn 3̄1 (Pn 3̄, 201) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 25; 26; 27; 28; 29; 30; 31; 32; 33; 34; 35; 36{
[3] P42/n12/m (P42/nnm, 134) 1; 2; 3; 4; 13; 14; 15; 16; 25; 26; 27; 28; 37; 38; 39; 40
[3] P42/n12/m (P42/nnm, 134) 1; 2; 3; 4; 17; 18; 19; 20; 25; 26; 27; 28; 41; 42; 43; 44
[3] P42/n12/m (P42/nnm, 134) 1; 2; 3; 4; 21; 22; 23; 24; 25; 26; 27; 28; 45; 46; 47; 48⎧⎪⎪⎨

⎪⎪⎩
[4] P1 3̄2/m (R 3̄m, 166) 1; 5; 9; 14; 19; 24; 25; 29; 33; 38; 43; 48
[4] P1 3̄2/m (R 3̄m, 166) 1; 6; 12; 13; 18; 24; 25; 30; 36; 37; 42; 48
[4] P1 3̄2/m (R 3̄m, 166) 1; 7; 10; 13; 19; 22; 25; 31; 34; 37; 43; 46
[4] P1 3̄2/m (R 3̄m, 166) 1; 8; 11; 14; 18; 22; 25; 32; 35; 38; 42; 46

IIa none
IIb [2] F d 3̄c (a′ = 2a,b′ = 2b,c′ = 2c) (228); [2] F d 3̄m (a′ = 2a,b′ = 2b,c′ = 2c) (227)

Maximal isomorphic subgroups of lowest index
IIc [27] Pn 3̄m (a′ = 3a,b′ = 3b,c′ = 3c) (224)

Minimal non-isomorphic supergroups
I none

II [2] I m 3̄m (229); [4] F m 3̄m (225)

ORIGIN CHOICE 1

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 3+ x,x,x (6) 3+ x̄,x, x̄ (7) 3+ x, x̄, x̄ (8) 3+ x̄, x̄,x
(9) 3− x,x,x (10) 3− x, x̄, x̄ (11) 3− x̄, x̄,x (12) 3− x̄,x, x̄

(13) 2( 1
2 ,

1
2 ,0) x,x, 1

4 (14) 2 x, x̄+ 1
2 ,

1
4 (15) 4−(0,0, 1

2 ) 1
2 ,0,z (16) 4+(0,0, 1

2) 0, 1
2 ,z

(17) 4−( 1
2 ,0,0) x, 1

2 ,0 (18) 2(0, 1
2 ,

1
2) 1

4 ,y,y (19) 2 1
4 ,y+ 1

2 ,ȳ (20) 4+( 1
2 ,0,0) x,0, 1

2

(21) 4+(0, 1
2 ,0) 1

2 ,y,0 (22) 2( 1
2 ,0, 1

2) x, 1
4 ,x (23) 4−(0, 1

2 ,0) 0,y, 1
2 (24) 2 x̄+ 1

2 ,
1
4 ,x

(25) 1̄ 1
4 ,

1
4 ,

1
4 (26) n( 1

2 ,
1
2 ,0) x,y, 1

4 (27) n( 1
2 ,0, 1

2 ) x, 1
4 ,z (28) n(0, 1

2 ,
1
2 ) 1

4 ,y,z
(29) 3̄+ x,x,x; 1

4 ,
1
4 ,

1
4 (30) 3̄+ x̄−1,x+1, x̄; − 1

4 ,
1
4 ,

3
4 (31) 3̄+ x, x̄+1, x̄; 1

4 ,
3
4 ,− 1

4 (32) 3̄+ x̄+1, x̄,x; 3
4 ,− 1

4 ,
1
4

(33) 3̄− x,x,x; 1
4 ,

1
4 ,

1
4 (34) 3̄− x+1, x̄−1, x̄; 1

4 ,− 1
4 ,

3
4 (35) 3̄− x̄, x̄+1,x; − 1

4 ,
3
4 ,

1
4 (36) 3̄− x̄+1,x, x̄; 3

4 ,
1
4 ,− 1

4

(37) m x, x̄,z (38) m x,x,z (39) 4̄− 0,0,z; 0,0,0 (40) 4̄+ 0,0,z; 0,0,0
(41) 4̄− x,0,0; 0,0,0 (42) m x,y,ȳ (43) m x,y,y (44) 4̄+ x,0,0; 0,0,0

(45) 4̄+ 0,y,0; 0,0,0 (46) m x̄,y,x (47) 4̄− 0,y,0; 0,0,0 (48) m x,y,x

ORIGIN CHOICE 2

Symmetry operations

(1) 1 (2) 2 1
4 ,

1
4 ,z (3) 2 1

4 ,y,
1
4 (4) 2 x, 1

4 ,
1
4

(5) 3+ x,x,x (6) 3+ x̄,x+ 1
2 , x̄ (7) 3+ x+ 1

2 , x̄, x̄ (8) 3+ x̄+ 1
2 , x̄+ 1

2 ,x
(9) 3− x,x,x (10) 3− x+ 1

2 , x̄, x̄ (11) 3− x̄+ 1
2 , x̄+ 1

2 ,x (12) 3− x̄,x+ 1
2 , x̄

(13) 2( 1
2 ,

1
2 ,0) x,x,0 (14) 2 x, x̄,0 (15) 4−(0,0, 1

2 ) 1
4 ,− 1

4 ,z (16) 4+(0,0, 1
2 ) − 1

4 ,
1
4 ,z

(17) 4−( 1
2 ,0,0) x, 1

4 ,− 1
4 (18) 2(0, 1

2 ,
1
2 ) 0,y,y (19) 2 0,y,ȳ (20) 4+( 1

2 ,0,0) x,− 1
4 ,

1
4

(21) 4+(0, 1
2 ,0) 1

4 ,y,− 1
4 (22) 2( 1

2 ,0, 1
2 ) x,0,x (23) 4−(0, 1

2 ,0) − 1
4 ,y,

1
4 (24) 2 x̄,0,x

(25) 1̄ 0,0,0 (26) n( 1
2 ,

1
2 ,0) x,y,0 (27) n( 1

2 ,0, 1
2) x,0,z (28) n(0, 1

2 ,
1
2 ) 0,y,z

(29) 3̄+ x,x,x; 0,0,0 (30) 3̄+ x̄−1,x+ 1
2 , x̄; − 1

2 ,0, 1
2 (31) 3̄+ x− 1

2 , x̄+1, x̄; 0, 1
2 ,− 1

2 (32) 3̄+ x̄+ 1
2 , x̄− 1

2 ,x; 1
2 ,− 1

2 ,0
(33) 3̄− x,x,x; 0,0,0 (34) 3̄− x+ 1

2 , x̄−1, x̄; 0,− 1
2 ,

1
2 (35) 3̄− x̄− 1

2 , x̄+ 1
2 ,x; − 1

2 ,
1
2 ,0 (36) 3̄− x̄+1,x− 1

2 , x̄; 1
2 ,0,− 1

2

(37) m x+ 1
2 , x̄,z (38) m x,x,z (39) 4̄− 1

4 ,
1
4 ,z; 1

4 ,
1
4 ,

1
4 (40) 4̄+ 1

4 ,
1
4 ,z; 1

4 ,
1
4 ,

1
4

(41) 4̄− x, 1
4 ,

1
4 ; 1

4 ,
1
4 ,

1
4 (42) m x,y+ 1

2 ,ȳ (43) m x,y,y (44) 4̄+ x, 1
4 ,

1
4 ; 1

4 ,
1
4 ,

1
4

(45) 4̄+ 1
4 ,y,

1
4 ; 1

4 ,
1
4 ,

1
4 (46) m x̄+ 1

2 ,y,x (47) 4̄− 1
4 ,y,

1
4 ; 1

4 ,
1
4 ,

1
4 (48) m x,y,x
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F m 3̄m O5
h m 3̄m Cubic

No. 225 F 4/m 3̄ 2/m Patterson symmetry F m 3̄m

Origin at centre (m 3̄m)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

4 ; 0 ≤ z ≤ 1
4 ; y ≤ min(x, 1

2 − x); z ≤ y

Vertices 0,0,0 1
2 ,0,0 1

4 ,
1
4 ,0

1
4 ,

1
4 ,

1
4

Symmetry operations
(given on page 691)
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CONTINUED No. 225 F m 3̄m

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); t( 1

2 ,0, 1
2 ); (2); (3); (5); (13); (25)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2)+ ( 1

2 ,0, 1
2 )+ ( 1

2 ,
1
2 ,0)+

Reflection conditions

h,k, l permutable
General:

192 l 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) z,x,y (6) z, x̄, ȳ (7) z̄, x̄,y (8) z̄,x, ȳ
(9) y,z,x (10) ȳ,z, x̄ (11) y, z̄, x̄ (12) ȳ, z̄,x

(13) y,x, z̄ (14) ȳ, x̄, z̄ (15) y, x̄,z (16) ȳ,x,z
(17) x,z, ȳ (18) x̄,z,y (19) x̄, z̄, ȳ (20) x, z̄,y
(21) z,y, x̄ (22) z, ȳ,x (23) z̄,y,x (24) z̄, ȳ, x̄
(25) x̄, ȳ, z̄ (26) x,y, z̄ (27) x, ȳ,z (28) x̄,y,z
(29) z̄, x̄, ȳ (30) z̄,x,y (31) z,x, ȳ (32) z, x̄,y
(33) ȳ, z̄, x̄ (34) y, z̄,x (35) ȳ,z,x (36) y,z, x̄
(37) ȳ, x̄,z (38) y,x,z (39) ȳ,x, z̄ (40) y, x̄, z̄
(41) x̄, z̄,y (42) x, z̄, ȳ (43) x,z,y (44) x̄,z, ȳ
(45) z̄, ȳ,x (46) z̄,y, x̄ (47) z, ȳ, x̄ (48) z,y,x

hkl : h + k,h + l,k + l = 2n
0kl : k, l = 2n
hhl : h + l = 2n
h00 : h = 2n

Special: as above, plus

96 k . . m x,x,z x̄, x̄, z x̄,x, z̄ x, x̄, z̄ z,x,x z, x̄, x̄
z̄, x̄,x z̄,x, x̄ x,z,x x̄,z, x̄ x, z̄, x̄ x̄, z̄,x
x,x, z̄ x̄, x̄, z̄ x, x̄,z x̄,x,z x,z, x̄ x̄,z,x
x̄, z̄, x̄ x, z̄,x z,x, x̄ z, x̄,x z̄,x,x z̄, x̄, x̄

no extra conditions

96 j m . . 0,y,z 0, ȳ,z 0,y, z̄ 0, ȳ, z̄ z,0,y z,0, ȳ
z̄,0,y z̄,0, ȳ y,z,0 ȳ,z,0 y, z̄,0 ȳ, z̄,0
y,0, z̄ ȳ,0, z̄ y,0,z ȳ,0,z 0,z, ȳ 0,z,y
0, z̄, ȳ 0, z̄,y z,y,0 z, ȳ,0 z̄,y,0 z̄, ȳ,0

no extra conditions

48 i m . m2 1
2 ,y,y

1
2 , ȳ,y

1
2 ,y, ȳ

1
2 , ȳ, ȳ y, 1

2 ,y y, 1
2 , ȳ

ȳ, 1
2 ,y ȳ, 1

2 , ȳ y,y, 1
2 ȳ,y, 1

2 y, ȳ, 1
2 ȳ, ȳ, 1

2

no extra conditions

48 h m . m2 0,y,y 0, ȳ,y 0,y, ȳ 0, ȳ, ȳ y,0,y y,0, ȳ
ȳ,0,y ȳ,0, ȳ y,y,0 ȳ,y,0 y, ȳ,0 ȳ, ȳ,0

no extra conditions

48 g 2 . mm x, 1
4 ,

1
4 x̄, 3

4 ,
1
4

1
4 ,x,

1
4

1
4 , x̄,

3
4

1
4 ,

1
4 ,x

3
4 ,

1
4 , x̄

1
4 ,x,

3
4

3
4 , x̄,

3
4 x, 1

4 ,
3
4 x̄, 1

4 ,
1
4

1
4 ,

1
4 , x̄

1
4 ,

3
4 ,x

hkl : h = 2n

32 f . 3 m x,x,x x̄, x̄,x x̄,x, x̄ x, x̄, x̄
x,x, x̄ x̄, x̄, x̄ x, x̄,x x̄,x,x

no extra conditions

24 e 4 m .m x,0,0 x̄,0,0 0,x,0 0, x̄,0 0,0,x 0,0, x̄ no extra conditions

24 d m . mm 0, 1
4 ,

1
4 0, 3

4 ,
1
4

1
4 ,0, 1

4
1
4 ,0, 3

4
1
4 ,

1
4 ,0

3
4 ,

1
4 ,0 hkl : h = 2n

8 c 4̄ 3 m 1
4 ,

1
4 ,

1
4

1
4 ,

1
4 ,

3
4 hkl : h = 2n

4 b m 3̄ m 1
2 ,

1
2 ,

1
2 no extra conditions

4 a m 3̄ m 0,0,0 no extra conditions

Symmetry of special projections
Along [001] p4mm
a′ = 1

2 a b′ = 1
2 b

Origin at 0,0,z

Along [111] p6mm
a′ = 1

6 (2a−b− c) b′ = 1
6 (−a + 2b− c)

Origin at x,x,x

Along [110] c2mm
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0
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F m 3̄m No. 225 CONTINUED

Maximal non-isomorphic subgroups
I [2] F 4̄3m (216) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 37; 38; 39; 40; 41; 42; 43; 44; 45; 46; 47; 48)+

[2] F 432 (209) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24)+
[2] F m 3̄ 1 (F m 3̄, 202) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 25; 26; 27; 28; 29; 30; 31; 32; 33; 34; 35; 36)+{
[3] F 4/m12/m (I 4/mmm, 139) (1; 2; 3; 4; 13; 14; 15; 16; 25; 26; 27; 28; 37; 38; 39; 40)+
[3] F 4/m12/m (I 4/mmm, 139) (1; 2; 3; 4; 17; 18; 19; 20; 25; 26; 27; 28; 41; 42; 43; 44)+
[3] F 4/m12/m (I 4/mmm, 139) (1; 2; 3; 4; 21; 22; 23; 24; 25; 26; 27; 28; 45; 46; 47; 48)+⎧⎪⎪⎨

⎪⎪⎩
[4] F 1 3̄2/m (R 3̄m, 166) (1; 5; 9; 14; 19; 24; 25; 29; 33; 38; 43; 48)+
[4] F 1 3̄2/m (R 3̄m, 166) (1; 6; 12; 13; 18; 24; 25; 30; 36; 37; 42; 48)+
[4] F 1 3̄2/m (R 3̄m, 166) (1; 7; 10; 13; 19; 22; 25; 31; 34; 37; 43; 46)+
[4] F 1 3̄2/m (R 3̄m, 166) (1; 8; 11; 14; 18; 22; 25; 32; 35; 38; 42; 46)+

IIa
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[4] Pn 3̄m (224) 1; 5; 9; 14; 19; 24; 25; 29; 33; 38; 43; 48; (4; 6; 11; 16; 18; 23; 28; 30; 35; 40; 42;
47)+ (0, 1

2 ,
1
2 ); (3; 8; 10; 15; 20; 22; 27; 32; 34; 39; 44; 46)+ ( 1

2 ,0, 1
2); (2; 7; 12; 13; 17;

21; 26; 31; 36; 37; 41; 45)+ ( 1
2 ,

1
2 ,0)

[4] Pn 3̄m (224) 1; 6; 12; 13; 18; 24; 25; 30; 36; 37; 42; 48; (4; 5; 10; 15; 19; 23; 28; 29; 34; 39; 43;
47)+ (0, 1

2 ,
1
2 ); (3; 7; 11; 16; 17; 22; 27; 31; 35; 40; 41; 46)+ ( 1

2 ,0, 1
2 ); (2; 8; 9; 14; 20;

21; 26; 32; 33; 38; 44; 45)+ ( 1
2 ,

1
2 ,0)

[4] Pn 3̄m (224) 1; 7; 10; 13; 19; 22; 25; 31; 34; 37; 43; 46; (4; 8; 12; 15; 18; 21; 28; 32; 36; 39; 42;
45)+ (0, 1

2 ,
1
2 ); (3; 6; 9; 16; 20; 24; 27; 30; 33; 40; 44; 48)+ ( 1

2 ,0, 1
2); (2; 5; 11; 14; 17;

23; 26; 29; 35; 38; 41; 47)+ ( 1
2 ,

1
2 ,0)

[4] Pn 3̄m (224) 1; 8; 11; 14; 18; 22; 25; 32; 35; 38; 42; 46; (4; 7; 9; 16; 19; 21; 28; 31; 33; 40; 43;
45)+ (0, 1

2 ,
1
2 ); (3; 5; 12; 15; 17; 24; 27; 29; 36; 39; 41; 48)+ ( 1

2 ,0, 1
2); (2; 6; 10; 13; 20;

23; 26; 30; 34; 37; 44; 47)+ ( 1
2 ,

1
2 ,0)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[4] Pm 3̄m (221) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24; 25; 26;
27; 28; 29; 30; 31; 32; 33; 34; 35; 36; 37; 38; 39; 40; 41; 42; 43; 44; 45; 46; 47; 48

[4] Pm 3̄m (221) 1; 2; 3; 4; 13; 14; 15; 16; 25; 26; 27; 28; 37; 38; 39; 40; (9; 10; 11; 12; 17; 18; 19;
20; 33; 34; 35; 36; 41; 42; 43; 44)+ (0, 1

2 ,
1
2 ); (5; 6; 7; 8; 21; 22; 23; 24; 29; 30; 31; 32;

45; 46; 47; 48) + ( 1
2 ,0, 1

2 )
[4] Pm 3̄m (221) 1; 2; 3; 4; 17; 18; 19; 20; 25; 26; 27; 28; 41; 42; 43; 44; (9; 10; 11; 12; 21; 22; 23;

24; 33; 34; 35; 36; 45; 46; 47; 48)+ ( 1
2 ,0, 1

2 ); (5; 6; 7; 8; 13; 14; 15; 16; 29; 30; 31; 32;
37; 38; 39; 40) + ( 1

2 ,
1
2 ,0)

[4] Pm 3̄m (221) 1; 2; 3; 4; 21; 22; 23; 24; 25; 26; 27; 28; 45; 46; 47; 48; (5; 6; 7; 8; 17; 18; 19; 20;
29; 30; 31; 32; 41; 42; 43; 44)+ (0, 1

2 ,
1
2 ); (9; 10; 11; 12; 13; 14; 15; 16; 33; 34; 35; 36;

37; 38; 39; 40) + ( 1
2 ,

1
2 ,0)

IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] F m 3̄m (a′ = 3a,b′ = 3b,c′ = 3c) (225)

Minimal non-isomorphic supergroups
I none

II [2] Pm 3̄m (a′ = 1
2 a,b′ = 1

2 b,c′ = 1
2 c) (221)
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CONTINUED
(from page 688)

No. 225 F m 3̄m

Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 3+ x,x,x (6) 3+ x̄,x, x̄ (7) 3+ x, x̄, x̄ (8) 3+ x̄, x̄,x
(9) 3− x,x,x (10) 3− x, x̄, x̄ (11) 3− x̄, x̄,x (12) 3− x̄,x, x̄

(13) 2 x,x,0 (14) 2 x, x̄,0 (15) 4− 0,0,z (16) 4+ 0,0,z
(17) 4− x,0,0 (18) 2 0,y,y (19) 2 0,y,ȳ (20) 4+ x,0,0
(21) 4+ 0,y,0 (22) 2 x,0,x (23) 4− 0,y,0 (24) 2 x̄,0,x
(25) 1̄ 0,0,0 (26) m x,y,0 (27) m x,0,z (28) m 0,y,z
(29) 3̄+ x,x,x; 0,0,0 (30) 3̄+ x̄,x, x̄; 0,0,0 (31) 3̄+ x, x̄, x̄; 0,0,0 (32) 3̄+ x̄, x̄,x; 0,0,0
(33) 3̄− x,x,x; 0,0,0 (34) 3̄− x, x̄, x̄; 0,0,0 (35) 3̄− x̄, x̄,x; 0,0,0 (36) 3̄− x̄,x, x̄; 0,0,0
(37) m x, x̄,z (38) m x,x,z (39) 4̄− 0,0,z; 0,0,0 (40) 4̄+ 0,0,z; 0,0,0
(41) 4̄− x,0,0; 0,0,0 (42) m x,y,ȳ (43) m x,y,y (44) 4̄+ x,0,0; 0,0,0
(45) 4̄+ 0,y,0; 0,0,0 (46) m x̄,y,x (47) 4̄− 0,y,0; 0,0,0 (48) m x,y,x

For (0, 1
2 ,

1
2 )+ set

(1) t(0, 1
2 ,

1
2 ) (2) 2(0,0, 1

2) 0, 1
4 ,z (3) 2(0, 1

2 ,0) 0,y, 1
4 (4) 2 x, 1

4 ,
1
4

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x− 1

3 ,x− 1
6 ,x (6) 3+ x̄,x+ 1

2 , x̄ (7) 3+(− 1
3 ,

1
3 ,

1
3) x+ 1

3 , x̄− 1
6 , x̄ (8) 3+ x̄, x̄+ 1

2 ,x
(9) 3−( 1

3 ,
1
3 ,

1
3 ) x− 1

6 ,x+ 1
6 ,x (10) 3−(− 1

3 ,
1
3 ,

1
3 ) x+ 1

6 , x̄+ 1
6 , x̄ (11) 3− x̄+ 1

2 , x̄+ 1
2 ,x (12) 3− x̄− 1

2 ,x+ 1
2 , x̄

(13) 2( 1
4 ,

1
4 ,0) x,x+ 1

4 ,
1
4 (14) 2(− 1

4 ,
1
4 ,0) x, x̄+ 1

4 ,
1
4 (15) 4−(0,0, 1

2) 1
4 ,

1
4 ,z (16) 4+(0,0, 1

2 ) − 1
4 ,

1
4 ,z

(17) 4− x, 1
2 ,0 (18) 2(0, 1

2 ,
1
2 ) 0,y,y (19) 2 0,y+ 1

2 ,ȳ (20) 4+ x,0, 1
2

(21) 4+(0, 1
2 ,0) 1

4 ,y,
1
4 (22) 2( 1

4 ,0, 1
4 ) x− 1

4 ,
1
4 ,x (23) 4−(0, 1

2 ,0) − 1
4 ,y,

1
4 (24) 2(− 1

4 ,0, 1
4) x̄+ 1

4 ,
1
4 ,x

(25) 1̄ 0, 1
4 ,

1
4 (26) b x,y, 1

4 (27) c x, 1
4 ,z (28) n(0, 1

2 ,
1
2 ) 0,y,z

(29) 3̄+ x,x+ 1
2 ,x; 0, 1

2 ,0 (30) 3̄+ x̄−1,x+ 1
2 , x̄; − 1

2 ,0, 1
2 (31) 3̄+ x, x̄+ 1

2 , x̄; 0, 1
2 ,0 (32) 3̄+ x̄+1, x̄+ 1

2 ,x; 1
2 ,0, 1

2

(33) 3̄− x− 1
2 ,x− 1

2 ,x; 0,0, 1
2 (34) 3̄− x+ 1

2 , x̄− 1
2 , x̄; 0,0, 1

2 (35) 3̄− x̄− 1
2 , x̄+ 1

2 ,x; − 1
2 ,

1
2 ,0 (36) 3̄− x̄+ 1

2 ,x+ 1
2 , x̄; 1

2 ,
1
2 ,0

(37) g(− 1
4 ,

1
4 ,

1
2) x+ 1

4 , x̄,z (38) g( 1
4 ,

1
4 ,

1
2 ) x− 1

4 ,x,z (39) 4̄− − 1
4 ,

1
4 ,z; − 1

4 ,
1
4 ,

1
4 (40) 4̄+ 1

4 ,
1
4 ,z; 1

4 ,
1
4 ,

1
4

(41) 4̄− x,0, 1
2 ; 0,0, 1

2 (42) m x,y+ 1
2 ,ȳ (43) g(0, 1

2 ,
1
2 ) x,y,y (44) 4̄+ x, 1

2 ,0; 0, 1
2 ,0

(45) 4̄+ − 1
4 ,y,

1
4 ; − 1

4 ,
1
4 ,

1
4 (46) g(− 1

4 ,
1
2 ,

1
4) x̄+ 1

4 ,y,x (47) 4̄− 1
4 ,y,

1
4 ; 1

4 ,
1
4 ,

1
4 (48) g( 1

4 ,
1
2 ,

1
4 ) x− 1

4 ,y,x

For ( 1
2 ,0, 1

2 )+ set
(1) t( 1

2 ,0, 1
2 ) (2) 2(0,0, 1

2) 1
4 ,0,z (3) 2 1

4 ,y,
1
4 (4) 2( 1

2 ,0,0) x,0, 1
4

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x+ 1

6 ,x− 1
6 ,x (6) 3+( 1

3 ,− 1
3 ,

1
3 ) x̄+ 1

6 ,x+ 1
6 , x̄ (7) 3+ x+ 1

2 , x̄− 1
2 , x̄ (8) 3+ x̄+ 1

2 , x̄+ 1
2 ,x

(9) 3−( 1
3 ,

1
3 ,

1
3 ) x− 1

6 ,x− 1
3 ,x (10) 3− x+ 1

2 , x̄, x̄ (11) 3− x̄+ 1
2 , x̄,x (12) 3−( 1

3 ,− 1
3 ,

1
3 ) x̄− 1

6 ,x+ 1
3 , x̄

(13) 2( 1
4 ,

1
4 ,0) x,x− 1

4 ,
1
4 (14) 2( 1

4 ,− 1
4 ,0) x, x̄+ 1

4 ,
1
4 (15) 4−(0,0, 1

2) 1
4 ,− 1

4 ,z (16) 4+(0,0, 1
2 ) 1

4 ,
1
4 ,z

(17) 4−( 1
2 ,0,0) x, 1

4 ,
1
4 (18) 2(0, 1

4 ,
1
4 ) 1

4 ,y− 1
4 ,y (19) 2(0,− 1

4 ,
1
4 ) 1

4 ,y+ 1
4 ,ȳ (20) 4+( 1

2 ,0,0) x,− 1
4 ,

1
4

(21) 4+ 1
2 ,y,0 (22) 2( 1

2 ,0, 1
2 ) x,0,x (23) 4− 0,y, 1

2 (24) 2 x̄+ 1
2 ,0,x

(25) 1̄ 1
4 ,0, 1

4 (26) a x,y, 1
4 (27) n( 1

2 ,0, 1
2 ) x,0,z (28) c 1

4 ,y,z
(29) 3̄+ x− 1

2 ,x− 1
2 ,x; 0,0, 1

2 (30) 3̄+ x̄− 1
2 ,x+ 1

2 , x̄; 0,0, 1
2 (31) 3̄+ x+ 1

2 , x̄+ 1
2 , x̄; 1

2 ,
1
2 ,0 (32) 3̄+ x̄+ 1

2 , x̄− 1
2 ,x; 1

2 ,− 1
2 ,0

(33) 3̄− x+ 1
2 ,x,x; 1

2 ,0,0 (34) 3̄− x+ 1
2 , x̄−1, x̄; 0,− 1

2 ,
1
2 (35) 3̄− x̄+ 1

2 , x̄+1,x; 0, 1
2 ,

1
2 (36) 3̄− x̄+ 1

2 ,x, x̄; 1
2 ,0,0

(37) g( 1
4 ,− 1

4 ,
1
2) x+ 1

4 , x̄,z (38) g( 1
4 ,

1
4 ,

1
2 ) x+ 1

4 ,x,z (39) 4̄− 1
4 ,

1
4 ,z; 1

4 ,
1
4 ,

1
4 (40) 4̄+ 1

4 ,− 1
4 ,z; 1

4 ,− 1
4 ,

1
4

(41) 4̄− x,− 1
4 ,

1
4 ; 1

4 ,− 1
4 ,

1
4 (42) g( 1

2 ,− 1
4 ,

1
4) x,y+ 1

4 ,ȳ (43) g( 1
2 ,

1
4 ,

1
4) x,y− 1

4 ,y (44) 4̄+ x, 1
4 ,

1
4 ; 1

4 ,
1
4 ,

1
4

(45) 4̄+ 0,y, 1
2 ; 0,0, 1

2 (46) m x̄+ 1
2 ,y,x (47) 4̄− 1

2 ,y,0; 1
2 ,0,0 (48) g( 1

2 ,0, 1
2 ) x,y,x

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2 1

4 ,
1
4 ,z (3) 2(0, 1

2 ,0) 1
4 ,y,0 (4) 2( 1

2 ,0,0) x, 1
4 ,0

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x+ 1

6 ,x+ 1
3 ,x (6) 3+ x̄+ 1

2 ,x, x̄ (7) 3+ x+ 1
2 , x̄, x̄ (8) 3+( 1

3 ,
1
3 ,− 1

3 ) x̄+ 1
6 , x̄+ 1

3 ,x
(9) 3−( 1

3 ,
1
3 ,

1
3 ) x+ 1

3 ,x+ 1
6 ,x (10) 3− x, x̄+ 1

2 , x̄ (11) 3−( 1
3 ,

1
3 ,− 1

3) x̄+ 1
3 , x̄+ 1

6 ,x (12) 3− x̄,x+ 1
2 , x̄

(13) 2( 1
2 ,

1
2 ,0) x,x,0 (14) 2 x, x̄+ 1

2 ,0 (15) 4− 1
2 ,0,z (16) 4+ 0, 1

2 ,z
(17) 4−( 1

2 ,0,0) x, 1
4 ,− 1

4 (18) 2(0, 1
4 ,

1
4 ) 1

4 ,y+ 1
4 ,y (19) 2(0, 1

4 ,− 1
4 ) 1

4 ,y+ 1
4 ,ȳ (20) 4+( 1

2 ,0,0) x, 1
4 ,

1
4

(21) 4+(0, 1
2 ,0) 1

4 ,y,− 1
4 (22) 2( 1

4 ,0, 1
4 ) x+ 1

4 ,
1
4 ,x (23) 4−(0, 1

2 ,0) 1
4 ,y,

1
4 (24) 2( 1

4 ,0,− 1
4) x̄+ 1

4 ,
1
4 ,x

(25) 1̄ 1
4 ,

1
4 ,0 (26) n( 1

2 ,
1
2 ,0) x,y,0 (27) a x, 1

4 ,z (28) b 1
4 ,y,z

(29) 3̄+ x+ 1
2 ,x,x; 1

2 ,0,0 (30) 3̄+ x̄− 1
2 ,x+1, x̄; 0, 1

2 ,
1
2 (31) 3̄+ x− 1

2 , x̄+1, x̄; 0, 1
2 ,− 1

2 (32) 3̄+ x̄+ 1
2 , x̄,x; 1

2 ,0,0
(33) 3̄− x,x+ 1

2 ,x; 0, 1
2 ,0 (34) 3̄− x+1, x̄− 1

2 , x̄; 1
2 ,0, 1

2 (35) 3̄− x̄, x̄+ 1
2 ,x; 0, 1

2 ,0 (36) 3̄− x̄+1,x− 1
2 , x̄; 1

2 ,0,− 1
2

(37) m x+ 1
2 , x̄,z (38) g( 1

2 ,
1
2 ,0) x,x,z (39) 4̄− 0, 1

2 ,z; 0, 1
2 ,0 (40) 4̄+ 1

2 ,0,z; 1
2 ,0,0

(41) 4̄− x, 1
4 ,

1
4 ; 1

4 ,
1
4 ,

1
4 (42) g( 1

2 ,
1
4 ,− 1

4) x,y+ 1
4 ,ȳ (43) g( 1

2 ,
1
4 ,

1
4) x,y+ 1

4 ,y (44) 4̄+ x, 1
4 ,− 1

4 ; 1
4 ,

1
4 ,− 1

4

(45) 4̄+ 1
4 ,y,

1
4 ; 1

4 ,
1
4 ,

1
4 (46) g( 1

4 ,
1
2 ,− 1

4) x̄+ 1
4 ,y,x (47) 4̄− 1

4 ,y,− 1
4 ; 1

4 ,
1
4 ,− 1

4 (48) g( 1
4 ,

1
2 ,

1
4 ) x+ 1

4 ,y,x
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CONTINUED No. 226 F m 3̄c

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

4 ; 0 ≤ z ≤ 1
4 ; y ≤ min(x, 1

2 − x); z ≤ y

Vertices 0,0,0 1
2 ,0,0 1

4 ,
1
4 ,0

1
4 ,

1
4 ,

1
4

Symmetry operations
(given on page 695)

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); t( 1

2 ,0, 1
2 ); (2); (3); (5); (13); (25)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2)+ ( 1

2 ,0, 1
2 )+ ( 1

2 ,
1
2 ,0)+

Reflection conditions

h,k, l permutable
General:

192 j 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) z,x,y (6) z, x̄, ȳ (7) z̄, x̄,y (8) z̄,x, ȳ
(9) y,z,x (10) ȳ,z, x̄ (11) y, z̄, x̄ (12) ȳ, z̄,x

(13) y + 1
2 ,x + 1

2 , z̄+ 1
2 (14) ȳ+ 1

2 , x̄ + 1
2 , z̄+ 1

2 (15) y + 1
2 , x̄ + 1

2 ,z+ 1
2 (16) ȳ+ 1

2 ,x + 1
2 ,z+ 1

2

(17) x + 1
2 ,z+ 1

2 , ȳ+ 1
2 (18) x̄ + 1

2 ,z+ 1
2 ,y + 1

2 (19) x̄ + 1
2 , z̄+ 1

2 , ȳ + 1
2 (20) x + 1

2 , z̄+ 1
2 ,y + 1

2

(21) z+ 1
2 ,y + 1

2 , x̄ + 1
2 (22) z+ 1

2 , ȳ + 1
2 ,x + 1

2 (23) z̄+ 1
2 ,y + 1

2 ,x + 1
2 (24) z̄+ 1

2 , ȳ + 1
2 , x̄ + 1

2

(25) x̄, ȳ, z̄ (26) x,y, z̄ (27) x, ȳ,z (28) x̄,y,z
(29) z̄, x̄, ȳ (30) z̄,x,y (31) z,x, ȳ (32) z, x̄,y
(33) ȳ, z̄, x̄ (34) y, z̄,x (35) ȳ,z,x (36) y,z, x̄
(37) ȳ+ 1

2 , x̄ + 1
2 ,z+ 1

2 (38) y + 1
2 ,x + 1

2 ,z+ 1
2 (39) ȳ + 1

2 ,x + 1
2 , z̄+ 1

2 (40) y + 1
2 , x̄+ 1

2 , z̄+ 1
2

(41) x̄+ 1
2 , z̄+ 1

2 ,y + 1
2 (42) x + 1

2 , z̄+ 1
2 , ȳ + 1

2 (43) x + 1
2 ,z+ 1

2 ,y + 1
2 (44) x̄+ 1

2 ,z+ 1
2 , ȳ+ 1

2

(45) z̄+ 1
2 , ȳ + 1

2 ,x + 1
2 (46) z̄+ 1

2 ,y + 1
2 , x̄ + 1

2 (47) z+ 1
2 , ȳ+ 1

2 , x̄ + 1
2 (48) z+ 1

2 ,y + 1
2 ,x + 1

2

hkl : h + k = 2n and
h + l,k + l = 2n

0kl : k, l = 2n
hhl : h, l = 2n
h00 : h = 2n

Special: as above, plus

96 i m . . 0,y,z 0, ȳ,z 0,y, z̄ 0, ȳ, z̄
z,0,y z,0, ȳ z̄,0,y z̄,0, ȳ
y,z,0 ȳ,z,0 y, z̄,0 ȳ, z̄,0
y + 1

2 ,
1
2 , z̄ + 1

2 ȳ + 1
2 ,

1
2 , z̄ + 1

2 y + 1
2 ,

1
2 ,z+ 1

2 ȳ + 1
2 ,

1
2 ,z+ 1

2
1
2 ,z+ 1

2 , ȳ + 1
2

1
2 ,z+ 1

2 ,y + 1
2

1
2 , z̄+ 1

2 , ȳ + 1
2

1
2 , z̄+ 1

2 ,y + 1
2

z+ 1
2 ,y + 1

2 ,
1
2 z+ 1

2 , ȳ + 1
2 ,

1
2 z̄+ 1

2 ,y + 1
2 ,

1
2 z̄+ 1

2 , ȳ + 1
2 ,

1
2

no extra conditions

96 h . . 2 1
4 ,y,y

3
4 , ȳ,y

3
4 ,y, ȳ

1
4 , ȳ, ȳ y, 1

4 ,y y, 3
4 , ȳ

ȳ, 3
4 ,y ȳ, 1

4 , ȳ y,y, 1
4 ȳ,y, 3

4 y, ȳ, 3
4 ȳ, ȳ, 1

4
3
4 , ȳ, ȳ

1
4 ,y, ȳ

1
4 , ȳ,y

3
4 ,y,y ȳ, 3

4 , ȳ ȳ, 1
4 ,y

y, 1
4 , ȳ y, 3

4 ,y ȳ, ȳ, 3
4 y, ȳ, 1

4 ȳ,y, 1
4 y,y, 3

4

hkl : h = 2n

64 g . 3 . x,x,x x̄, x̄,x
x̄,x, x̄ x, x̄, x̄
x + 1

2 ,x + 1
2 , x̄ + 1

2 x̄ + 1
2 , x̄+ 1

2 , x̄ + 1
2

x + 1
2 , x̄ + 1

2 ,x + 1
2 x̄ + 1

2 ,x + 1
2 ,x + 1

2

x̄, x̄, x̄ x,x, x̄
x, x̄,x x̄,x,x
x̄ + 1

2 , x̄ + 1
2 ,x + 1

2 x + 1
2 ,x + 1

2 ,x + 1
2

x̄ + 1
2 ,x + 1

2 , x̄ + 1
2 x + 1

2 , x̄+ 1
2 , x̄ + 1

2

hkl : h = 2n

48 f 4 . . x, 1
4 ,

1
4 x̄, 3

4 ,
1
4

1
4 ,x,

1
4

1
4 , x̄,

3
4

1
4 ,

1
4 ,x

3
4 ,

1
4 , x̄

x̄, 3
4 ,

3
4 x, 1

4 ,
3
4

3
4 , x̄,

3
4

3
4 ,x,

1
4

3
4 ,

3
4 , x̄

1
4 ,

3
4 ,x

hkl : h = 2n

48 e m m 2 . . x,0,0 x̄,0,0 0,x,0 0, x̄,0
0,0,x 0,0, x̄ 1

2 ,x + 1
2 ,

1
2

1
2 , x̄ + 1

2 ,
1
2

x + 1
2 ,

1
2 ,

1
2 x̄+ 1

2 ,
1
2 ,

1
2

1
2 ,

1
2 , x̄ + 1

2
1
2 ,

1
2 ,x + 1

2

hkl : h = 2n

24 d 4/m . . 0, 1
4 ,

1
4 0, 3

4 ,
1
4

1
4 ,0, 1

4
1
4 ,0, 3

4
1
4 ,

1
4 ,0

3
4 ,

1
4 ,0 hkl : h = 2n

24 c 4̄ m .2 1
4 ,0,0 3

4 ,0,0 0, 1
4 ,0 0, 3

4 ,0 0,0, 1
4 0,0, 3

4 hkl : h = 2n

8 b m 3̄ . 0,0,0 1
2 ,

1
2 ,

1
2 hkl : h = 2n

8 a 4 3 2 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

3
4 hkl : h = 2n
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F m 3̄c No. 226 CONTINUED

Symmetry of special projections
Along [001] p4mm
a′ = 1

2 a b′ = 1
2 b

Origin at 0,0,z

Along [111] p6mm
a′ = 1

6 (2a−b− c) b′ = 1
6 (−a + 2b− c)

Origin at x,x,x

Along [110] p2mm
a′ = 1

4 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] F 4̄3c (219) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 37; 38; 39; 40; 41; 42; 43; 44; 45; 46; 47; 48)+

[2] F 432 (209) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24)+
[2] F m 3̄ 1 (F m 3̄, 202) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 25; 26; 27; 28; 29; 30; 31; 32; 33; 34; 35; 36)+{
[3] F 42/m12/n (I 4/mcm, 140) (1; 2; 3; 4; 13; 14; 15; 16; 25; 26; 27; 28; 37; 38; 39; 40)+
[3] F 42/m12/n (I 4/mcm, 140) (1; 2; 3; 4; 17; 18; 19; 20; 25; 26; 27; 28; 41; 42; 43; 44)+
[3] F 42/m12/n (I 4/mcm, 140) (1; 2; 3; 4; 21; 22; 23; 24; 25; 26; 27; 28; 45; 46; 47; 48)+⎧⎪⎪⎨

⎪⎪⎩
[4] F 1 3̄2/n (R 3̄c, 167) (1; 5; 9; 14; 19; 24; 25; 29; 33; 38; 43; 48)+
[4] F 1 3̄2/n (R 3̄c, 167) (1; 6; 12; 13; 18; 24; 25; 30; 36; 37; 42; 48)+
[4] F 1 3̄2/n (R 3̄c, 167) (1; 7; 10; 13; 19; 22; 25; 31; 34; 37; 43; 46)+
[4] F 1 3̄2/n (R 3̄c, 167) (1; 8; 11; 14; 18; 22; 25; 32; 35; 38; 42; 46)+

IIa
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[4] Pm 3̄n (223) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24; 25; 26;
27; 28; 29; 30; 31; 32; 33; 34; 35; 36; 37; 38; 39; 40; 41; 42; 43; 44; 45; 46; 47; 48

[4] Pm 3̄n (223) 1; 2; 3; 4; 13; 14; 15; 16; 25; 26; 27; 28; 37; 38; 39; 40; (9; 10; 11; 12; 17; 18; 19;
20; 33; 34; 35; 36; 41; 42; 43; 44)+ (0, 1

2 ,
1
2); (5; 6; 7; 8; 21; 22; 23; 24; 29; 30; 31; 32;

45; 46; 47; 48)+ ( 1
2 ,0, 1

2 )
[4] Pm 3̄n (223) 1; 2; 3; 4; 17; 18; 19; 20; 25; 26; 27; 28; 41; 42; 43; 44; (9; 10; 11; 12; 21; 22; 23;

24; 33; 34; 35; 36; 45; 46; 47; 48)+ ( 1
2 ,0, 1

2); (5; 6; 7; 8; 13; 14; 15; 16; 29; 30; 31; 32;
37; 38; 39; 40)+ ( 1

2 ,
1
2 ,0)

[4] Pm 3̄n (223) 1; 2; 3; 4; 21; 22; 23; 24; 25; 26; 27; 28; 45; 46; 47; 48; (5; 6; 7; 8; 17; 18; 19; 20;
29; 30; 31; 32; 41; 42; 43; 44)+ (0, 1

2 ,
1
2); (9; 10; 11; 12; 13; 14; 15; 16; 33; 34; 35; 36;

37; 38; 39; 40)+ ( 1
2 ,

1
2 ,0)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[4] Pn 3̄n (222) 1; 5; 9; 14; 19; 24; 25; 29; 33; 38; 43; 48; (4; 6; 11; 16; 18; 23; 28; 30; 35; 40; 42;
47)+ (0, 1

2 ,
1
2 ); (3; 8; 10; 15; 20; 22; 27; 32; 34; 39; 44; 46)+ ( 1

2 ,0, 1
2 ); (2; 7; 12; 13; 17;

21; 26; 31; 36; 37; 41; 45)+ ( 1
2 ,

1
2 ,0)

[4] Pn 3̄n (222) 1; 6; 12; 13; 18; 24; 25; 30; 36; 37; 42; 48; (4; 5; 10; 15; 19; 23; 28; 29; 34; 39; 43;
47)+ (0, 1

2 ,
1
2 ); (3; 7; 11; 16; 17; 22; 27; 31; 35; 40; 41; 46)+ ( 1

2 ,0, 1
2); (2; 8; 9; 14; 20;

21; 26; 32; 33; 38; 44; 45)+ ( 1
2 ,

1
2 ,0)

[4] Pn 3̄n (222) 1; 7; 10; 13; 19; 22; 25; 31; 34; 37; 43; 46; (4; 8; 12; 15; 18; 21; 28; 32; 36; 39; 42;
45)+ (0, 1

2 ,
1
2 ); (3; 6; 9; 16; 20; 24; 27; 30; 33; 40; 44; 48)+ ( 1

2 ,0, 1
2 ); (2; 5; 11; 14; 17;

23; 26; 29; 35; 38; 41; 47)+ ( 1
2 ,

1
2 ,0)

[4] Pn 3̄n (222) 1; 8; 11; 14; 18; 22; 25; 32; 35; 38; 42; 46; (4; 7; 9; 16; 19; 21; 28; 31; 33; 40; 43;
45)+ (0, 1

2 ,
1
2 ); (3; 5; 12; 15; 17; 24; 27; 29; 36; 39; 41; 48)+ ( 1

2 ,0, 1
2 ); (2; 6; 10; 13; 20;

23; 26; 30; 34; 37; 44; 47)+ ( 1
2 ,

1
2 ,0)

IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] F m 3̄c (a′ = 3a,b′ = 3b,c′ = 3c) (226)

Minimal non-isomorphic supergroups
I none
II [2] Pm 3̄m (a′ = 1

2 a,b′ = 1
2 b,c′ = 1

2 c) (221)
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CONTINUED
(from page 693)

No. 226 F m 3̄c

Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 3+ x,x,x (6) 3+ x̄,x, x̄ (7) 3+ x, x̄, x̄ (8) 3+ x̄, x̄,x
(9) 3− x,x,x (10) 3− x, x̄, x̄ (11) 3− x̄, x̄,x (12) 3− x̄,x, x̄

(13) 2( 1
2 ,

1
2 ,0) x,x, 1

4 (14) 2 x, x̄+ 1
2 ,

1
4 (15) 4−(0,0, 1

2) 1
2 ,0,z (16) 4+(0,0, 1

2 ) 0, 1
2 ,z

(17) 4−( 1
2 ,0,0) x, 1

2 ,0 (18) 2(0, 1
2 ,

1
2 ) 1

4 ,y,y (19) 2 1
4 ,y+ 1

2 ,ȳ (20) 4+( 1
2 ,0,0) x,0, 1

2

(21) 4+(0, 1
2 ,0) 1

2 ,y,0 (22) 2( 1
2 ,0, 1

2 ) x, 1
4 ,x (23) 4−(0, 1

2 ,0) 0,y, 1
2 (24) 2 x̄+ 1

2 ,
1
4 ,x

(25) 1̄ 0,0,0 (26) m x,y,0 (27) m x,0,z (28) m 0,y,z
(29) 3̄+ x,x,x; 0,0,0 (30) 3̄+ x̄,x, x̄; 0,0,0 (31) 3̄+ x, x̄, x̄; 0,0,0 (32) 3̄+ x̄, x̄,x; 0,0,0
(33) 3̄− x,x,x; 0,0,0 (34) 3̄− x, x̄, x̄; 0,0,0 (35) 3̄− x̄, x̄,x; 0,0,0 (36) 3̄− x̄,x, x̄; 0,0,0
(37) c x+ 1

2 , x̄,z (38) n( 1
2 ,

1
2 ,

1
2 ) x,x,z (39) 4̄− 0, 1

2 ,z; 0, 1
2 ,

1
4 (40) 4̄+ 1

2 ,0,z; 1
2 ,0, 1

4

(41) 4̄− x,0, 1
2 ; 1

4 ,0, 1
2 (42) a x,y+ 1

2 ,ȳ (43) n( 1
2 ,

1
2 ,

1
2) x,y,y (44) 4̄+ x, 1

2 ,0; 1
4 ,

1
2 ,0

(45) 4̄+ 0,y, 1
2 ; 0, 1

4 ,
1
2 (46) b x̄+ 1

2 ,y,x (47) 4̄− 1
2 ,y,0; 1

2 ,
1
4 ,0 (48) n( 1

2 ,
1
2 ,

1
2 ) x,y,x

For (0, 1
2 ,

1
2 )+ set

(1) t(0, 1
2 ,

1
2 ) (2) 2(0,0, 1

2) 0, 1
4 ,z (3) 2(0, 1

2 ,0) 0,y, 1
4 (4) 2 x, 1

4 ,
1
4

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x− 1

3 ,x− 1
6 ,x (6) 3+ x̄,x+ 1

2 , x̄ (7) 3+(− 1
3 ,

1
3 ,

1
3) x+ 1

3 , x̄− 1
6 , x̄ (8) 3+ x̄, x̄+ 1

2 ,x
(9) 3−( 1

3 ,
1
3 ,

1
3 ) x− 1

6 ,x+ 1
6 ,x (10) 3−(− 1

3 ,
1
3 ,

1
3 ) x+ 1

6 , x̄+ 1
6 , x̄ (11) 3− x̄+ 1

2 , x̄+ 1
2 ,x (12) 3− x̄− 1

2 ,x+ 1
2 , x̄

(13) 2( 1
4 ,

1
4 ,0) x,x− 1

4 ,0 (14) 2( 1
4 ,− 1

4 ,0) x, x̄+ 1
4 ,0 (15) 4− 1

4 ,− 1
4 ,z (16) 4+ 1

4 ,
1
4 ,z

(17) 4−( 1
2 ,0,0) x,0,0 (18) 2 1

4 ,y,y (19) 2 1
4 ,y,ȳ (20) 4+( 1

2 ,0,0) x,0,0
(21) 4+ 1

4 ,y,− 1
4 (22) 2( 1

4 ,0, 1
4 ) x+ 1

4 ,0,x (23) 4− 1
4 ,y,

1
4 (24) 2( 1

4 ,0,− 1
4) x̄+ 1

4 ,0,x
(25) 1̄ 0, 1

4 ,
1
4 (26) b x,y, 1

4 (27) c x, 1
4 ,z (28) n(0, 1

2 ,
1
2 ) 0,y,z

(29) 3̄+ x,x+ 1
2 ,x; 0, 1

2 ,0 (30) 3̄+ x̄−1,x+ 1
2 , x̄; − 1

2 ,0, 1
2 (31) 3̄+ x, x̄+ 1

2 , x̄; 0, 1
2 ,0 (32) 3̄+ x̄+1, x̄+ 1

2 ,x; 1
2 ,0, 1

2

(33) 3̄− x− 1
2 ,x− 1

2 ,x; 0,0, 1
2 (34) 3̄− x+ 1

2 , x̄− 1
2 , x̄; 0,0, 1

2 (35) 3̄− x̄− 1
2 , x̄+ 1

2 ,x; − 1
2 ,

1
2 ,0 (36) 3̄− x̄+ 1

2 ,x+ 1
2 , x̄; 1

2 ,
1
2 ,0

(37) g( 1
4 ,− 1

4 ,0) x+ 1
4 , x̄,z (38) g( 1

4 ,
1
4 ,0) x+ 1

4 ,x,z (39) 4̄− 1
4 ,

1
4 ,z; 1

4 ,
1
4 ,0 (40) 4̄+ 1

4 ,− 1
4 ,z; 1

4 ,− 1
4 ,0

(41) 4̄− x,0,0; 1
4 ,0,0 (42) a x,y,ȳ (43) a x,y,y (44) 4̄+ x,0,0; 1

4 ,0,0
(45) 4̄+ 1

4 ,y,
1
4 ; 1

4 ,0, 1
4 (46) g( 1

4 ,0,− 1
4 ) x̄+ 1

4 ,y,x (47) 4̄− 1
4 ,y,− 1

4 ; 1
4 ,0,− 1

4 (48) g( 1
4 ,0, 1

4 ) x+ 1
4 ,y,x

For ( 1
2 ,0, 1

2 )+ set
(1) t( 1

2 ,0, 1
2 ) (2) 2(0,0, 1

2) 1
4 ,0,z (3) 2 1

4 ,y,
1
4 (4) 2( 1

2 ,0,0) x,0, 1
4

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x+ 1

6 ,x− 1
6 ,x (6) 3+( 1

3 ,− 1
3 ,

1
3 ) x̄+ 1

6 ,x+ 1
6 , x̄ (7) 3+ x+ 1

2 , x̄− 1
2 , x̄ (8) 3+ x̄+ 1

2 , x̄+ 1
2 ,x

(9) 3−( 1
3 ,

1
3 ,

1
3 ) x− 1

6 ,x− 1
3 ,x (10) 3− x+ 1

2 , x̄, x̄ (11) 3− x̄+ 1
2 , x̄,x (12) 3−( 1

3 ,− 1
3 ,

1
3 ) x̄− 1

6 ,x+ 1
3 , x̄

(13) 2( 1
4 ,

1
4 ,0) x,x+ 1

4 ,0 (14) 2(− 1
4 ,

1
4 ,0) x, x̄+ 1

4 ,0 (15) 4− 1
4 ,

1
4 ,z (16) 4+ − 1

4 ,
1
4 ,z

(17) 4− x, 1
4 ,− 1

4 (18) 2(0, 1
4 ,

1
4 ) 0,y+ 1

4 ,y (19) 2(0, 1
4 ,− 1

4 ) 0,y+ 1
4 ,ȳ (20) 4+ x, 1

4 ,
1
4

(21) 4+(0, 1
2 ,0) 0,y,0 (22) 2 x, 1

4 ,x (23) 4−(0, 1
2 ,0) 0,y,0 (24) 2 x̄, 1

4 ,x
(25) 1̄ 1

4 ,0, 1
4 (26) a x,y, 1

4 (27) n( 1
2 ,0, 1

2 ) x,0,z (28) c 1
4 ,y,z

(29) 3̄+ x− 1
2 ,x− 1

2 ,x; 0,0, 1
2 (30) 3̄+ x̄− 1

2 ,x+ 1
2 , x̄; 0,0, 1

2 (31) 3̄+ x+ 1
2 , x̄+ 1

2 , x̄; 1
2 ,

1
2 ,0 (32) 3̄+ x̄+ 1

2 , x̄− 1
2 ,x; 1

2 ,− 1
2 ,0

(33) 3̄− x+ 1
2 ,x,x; 1

2 ,0,0 (34) 3̄− x+ 1
2 , x̄−1, x̄; 0,− 1

2 ,
1
2 (35) 3̄− x̄+ 1

2 , x̄+1,x; 0, 1
2 ,

1
2 (36) 3̄− x̄+ 1

2 ,x, x̄; 1
2 ,0,0

(37) g(− 1
4 ,

1
4 ,0) x+ 1

4 , x̄,z (38) g( 1
4 ,

1
4 ,0) x− 1

4 ,x,z (39) 4̄− − 1
4 ,

1
4 ,z; − 1

4 ,
1
4 ,0 (40) 4̄+ 1

4 ,
1
4 ,z; 1

4 ,
1
4 ,0

(41) 4̄− x, 1
4 ,

1
4 ; 0, 1

4 ,
1
4 (42) g(0, 1

4 ,− 1
4 ) x,y+ 1

4 ,ȳ (43) g(0, 1
4 ,

1
4 ) x,y+ 1

4 ,y (44) 4̄+ x, 1
4 ,− 1

4 ; 0, 1
4 ,− 1

4

(45) 4̄+ 0,y,0; 0, 1
4 ,0 (46) b x̄,y,x (47) 4̄− 0,y,0; 0, 1

4 ,0 (48) b x,y,x

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2 1

4 ,
1
4 ,z (3) 2(0, 1

2 ,0) 1
4 ,y,0 (4) 2( 1

2 ,0,0) x, 1
4 ,0

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x+ 1

6 ,x+ 1
3 ,x (6) 3+ x̄+ 1

2 ,x, x̄ (7) 3+ x+ 1
2 , x̄, x̄ (8) 3+( 1

3 ,
1
3 ,− 1

3 ) x̄+ 1
6 , x̄+ 1

3 ,x
(9) 3−( 1

3 ,
1
3 ,

1
3 ) x+ 1

3 ,x+ 1
6 ,x (10) 3− x, x̄+ 1

2 , x̄ (11) 3−( 1
3 ,

1
3 ,− 1

3) x̄+ 1
3 , x̄+ 1

6 ,x (12) 3− x̄,x+ 1
2 , x̄

(13) 2 x,x, 1
4 (14) 2 x, x̄, 1

4 (15) 4−(0,0, 1
2) 0,0,z (16) 4+(0,0, 1

2 ) 0,0,z
(17) 4− x, 1

4 ,
1
4 (18) 2(0, 1

4 ,
1
4 ) 0,y− 1

4 ,y (19) 2(0,− 1
4 ,

1
4 ) 0,y+ 1

4 ,ȳ (20) 4+ x,− 1
4 ,

1
4

(21) 4+ 1
4 ,y,

1
4 (22) 2( 1

4 ,0, 1
4 ) x− 1

4 ,0,x (23) 4− − 1
4 ,y,

1
4 (24) 2(− 1

4 ,0, 1
4) x̄+ 1

4 ,0,x
(25) 1̄ 1

4 ,
1
4 ,0 (26) n( 1

2 ,
1
2 ,0) x,y,0 (27) a x, 1

4 ,z (28) b 1
4 ,y,z

(29) 3̄+ x+ 1
2 ,x,x; 1

2 ,0,0 (30) 3̄+ x̄− 1
2 ,x+1, x̄; 0, 1

2 ,
1
2 (31) 3̄+ x− 1

2 , x̄+1, x̄; 0, 1
2 ,− 1

2 (32) 3̄+ x̄+ 1
2 , x̄,x; 1

2 ,0,0
(33) 3̄− x,x+ 1

2 ,x; 0, 1
2 ,0 (34) 3̄− x+1, x̄− 1

2 , x̄; 1
2 ,0, 1

2 (35) 3̄− x̄, x̄+ 1
2 ,x; 0, 1

2 ,0 (36) 3̄− x̄+1,x− 1
2 , x̄; 1

2 ,0,− 1
2

(37) c x, x̄,z (38) c x,x,z (39) 4̄− 0,0,z; 0,0, 1
4 (40) 4̄+ 0,0,z; 0,0, 1

4

(41) 4̄− x,− 1
4 ,

1
4 ; 0,− 1

4 ,
1
4 (42) g(0,− 1

4 ,
1
4 ) x,y+ 1

4 ,ȳ (43) g(0, 1
4 ,

1
4 ) x,y− 1

4 ,y (44) 4̄+ x, 1
4 ,

1
4 ; 0, 1

4 ,
1
4

(45) 4̄+ − 1
4 ,y,

1
4 ; − 1

4 ,0, 1
4 (46) g(− 1

4 ,0, 1
4 ) x̄+ 1

4 ,y,x (47) 4̄− 1
4 ,y,

1
4 ; 1

4 ,0, 1
4 (48) g( 1

4 ,0, 1
4 ) x− 1

4 ,y,x
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F d 3̄m O7
h m 3̄m Cubic

No. 227 F 41/d 3̄ 2/m Patterson symmetry F m 3̄m

ORIGIN CHOICE 1

Origin at 4̄3m, at − 1
8 ,− 1

8 ,− 1
8 from centre (3̄m)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

8 ; − 1
8 ≤ z ≤ 1

8 ; y ≤ min( 1
2 − x,x); −y ≤ z ≤ y

Vertices 0,0,0 1
2 ,0,0 3

8 ,
1
8 ,

1
8

1
8 ,

1
8 ,

1
8

3
8 ,

1
8 ,− 1

8
1
8 ,

1
8 ,− 1

8

Symmetry operations
(given on page 699)
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CONTINUED No. 227 F d 3̄m

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); t( 1

2 ,0, 1
2 ); (2); (3); (5); (13); (25)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2)+ ( 1

2 ,0, 1
2 )+ ( 1

2 ,
1
2 ,0)+

Reflection conditions

h,k, l permutable
General:

192 i 1 (1) x,y,z (2) x̄, ȳ + 1
2 ,z+ 1

2 (3) x̄ + 1
2 ,y + 1

2 , z̄ (4) x + 1
2 , ȳ, z̄+ 1

2

(5) z,x,y (6) z+ 1
2 , x̄, ȳ+ 1

2 (7) z̄, x̄ + 1
2 ,y + 1

2 (8) z̄+ 1
2 ,x + 1

2 , ȳ
(9) y,z,x (10) ȳ+ 1

2 ,z+ 1
2 , x̄ (11) y + 1

2 , z̄, x̄ + 1
2 (12) ȳ, z̄+ 1

2 ,x + 1
2

(13) y + 3
4 ,x + 1

4 , z̄+ 3
4 (14) ȳ+ 1

4 , x̄ + 1
4 , z̄+ 1

4 (15) y + 1
4 , x̄ + 3

4 ,z+ 3
4 (16) ȳ+ 3

4 ,x + 3
4 ,z+ 1

4

(17) x + 3
4 ,z+ 1

4 , ȳ+ 3
4 (18) x̄ + 3

4 ,z+ 3
4 ,y + 1

4 (19) x̄ + 1
4 , z̄+ 1

4 , ȳ + 1
4 (20) x + 1

4 , z̄+ 3
4 ,y + 3

4

(21) z+ 3
4 ,y + 1

4 , x̄ + 3
4 (22) z+ 1

4 , ȳ + 3
4 ,x + 3

4 (23) z̄+ 3
4 ,y + 3

4 ,x + 1
4 (24) z̄+ 1

4 , ȳ + 1
4 , x̄ + 1

4

(25) x̄+ 1
4 , ȳ + 1

4 , z̄+ 1
4 (26) x + 1

4 ,y + 3
4 , z̄+ 3

4 (27) x + 3
4 , ȳ+ 3

4 ,z+ 1
4 (28) x̄+ 3

4 ,y + 1
4 ,z+ 3

4

(29) z̄+ 1
4 , x̄ + 1

4 , ȳ+ 1
4 (30) z̄+ 3

4 ,x + 1
4 ,y + 3

4 (31) z+ 1
4 ,x + 3

4 , ȳ + 3
4 (32) z+ 3

4 , x̄ + 3
4 ,y + 1

4

(33) ȳ+ 1
4 , z̄+ 1

4 , x̄ + 1
4 (34) y + 3

4 , z̄+ 3
4 ,x + 1

4 (35) ȳ + 3
4 ,z+ 1

4 ,x + 3
4 (36) y + 1

4 ,z+ 3
4 , x̄ + 3

4

(37) ȳ+ 1
2 , x̄,z+ 1

2 (38) y,x,z (39) ȳ,x + 1
2 , z̄+ 1

2 (40) y + 1
2 , x̄+ 1

2 , z̄
(41) x̄+ 1

2 , z̄,y + 1
2 (42) x + 1

2 , z̄+ 1
2 , ȳ (43) x,z,y (44) x̄,z+ 1

2 , ȳ + 1
2

(45) z̄+ 1
2 , ȳ,x + 1

2 (46) z̄,y + 1
2 , x̄+ 1

2 (47) z+ 1
2 , ȳ+ 1

2 , x̄ (48) z,y,x

hkl : h + k = 2n and
h + l,k + l = 2n

0kl : k + l = 4n and
k, l = 2n

hhl : h + l = 2n
h00 : h = 4n

Special: as above, plus

96 h . . 2 1
8 ,y, ȳ + 1

4
7
8 , ȳ + 1

2 , ȳ+ 3
4

3
8 ,y + 1

2 ,y + 3
4

5
8 , ȳ,y + 1

4

ȳ+ 1
4 ,

1
8 ,y ȳ+ 3

4 ,
7
8 , ȳ+ 1

2 y + 3
4 ,

3
8 ,y + 1

2 y + 1
4 ,

5
8 , ȳ

y, ȳ + 1
4 ,

1
8 ȳ+ 1

2 , ȳ+ 3
4 ,

7
8 y + 1

2 ,y + 3
4 ,

3
8 ȳ,y + 1

4 ,
5
8

1
8 , ȳ + 1

4 ,y
3
8 ,y + 3

4 ,y + 1
2

7
8 , ȳ + 3

4 , ȳ+ 1
2

5
8 ,y + 1

4 , ȳ
y, 1

8 , ȳ + 1
4 y + 1

2 ,
3
8 ,y + 3

4 ȳ+ 1
2 ,

7
8 , ȳ+ 3

4 ȳ, 5
8 ,y + 1

4

ȳ+ 1
4 ,y,

1
8 y + 3

4 ,y + 1
2 ,

3
8 ȳ+ 3

4 , ȳ+ 1
2 ,

7
8 y + 1

4 , ȳ,
5
8

no extra conditions

96 g . . m x,x,z x̄, x̄ + 1
2 ,z+ 1

2 x̄+ 1
2 ,x + 1

2 , z̄ x + 1
2 , x̄, z̄+ 1

2

z,x,x z+ 1
2 , x̄, x̄ + 1

2 z̄, x̄ + 1
2 ,x + 1

2 z̄+ 1
2 ,x + 1

2 , x̄
x,z,x x̄ + 1

2 ,z+ 1
2 , x̄ x + 1

2 , z̄, x̄+ 1
2 x̄, z̄+ 1

2 ,x + 1
2

x + 3
4 ,x + 1

4 , z̄+ 3
4 x̄ + 1

4 , x̄+ 1
4 , z̄+ 1

4 x + 1
4 , x̄ + 3

4 ,z+ 3
4 x̄ + 3

4 ,x + 3
4 ,z+ 1

4

x + 3
4 ,z+ 1

4 , x̄ + 3
4 x̄ + 3

4 ,z+ 3
4 ,x + 1

4 x̄+ 1
4 , z̄+ 1

4 , x̄ + 1
4 x + 1

4 , z̄+ 3
4 ,x + 3

4

z+ 3
4 ,x + 1

4 , x̄ + 3
4 z+ 1

4 , x̄ + 3
4 ,x + 3

4 z̄+ 3
4 ,x + 3

4 ,x + 1
4 z̄+ 1

4 , x̄+ 1
4 , x̄ + 1

4

no extra conditions

48 f 2 . mm x,0,0 x̄, 1
2 ,

1
2 0,x,0 1

2 , x̄,
1
2 0,0,x 1

2 ,
1
2 , x̄

3
4 ,x + 1

4 ,
3
4

1
4 , x̄ + 1

4 ,
1
4 x + 3

4 ,
1
4 ,

3
4 x̄ + 3

4 ,
3
4 ,

1
4

3
4 ,

1
4 , x̄ + 3

4
1
4 ,

3
4 ,x + 3

4

hkl : h = 2n + 1
or h + k + l = 4n

32 e . 3 m x,x,x x̄, x̄ + 1
2 ,x + 1

2

x̄+ 1
2 ,x + 1

2 , x̄ x + 1
2 , x̄, x̄ + 1

2

x + 3
4 ,x + 1

4 , x̄ + 3
4 x̄ + 1

4 , x̄ + 1
4 , x̄ + 1

4

x + 1
4 , x̄ + 3

4 ,x + 3
4 x̄ + 3

4 ,x + 3
4 ,x + 1

4

no extra conditions

16 d . 3̄ m 5
8 ,

5
8 ,

5
8

3
8 ,

7
8 ,

1
8

7
8 ,

1
8 ,

3
8

1
8 ,

3
8 ,

7
8

16 c . 3̄ m 1
8 ,

1
8 ,

1
8

7
8 ,

3
8 ,

5
8

3
8 ,

5
8 ,

7
8

5
8 ,

7
8 ,

3
8

}
hkl : h = 2n + 1

or h,k, l = 4n + 2
or h,k, l = 4n

8 b 4̄ 3 m 1
2 ,

1
2 ,

1
2

1
4 ,

3
4 ,

1
4

8 a 4̄ 3 m 0,0,0 3
4 ,

1
4 ,

3
4

}
hkl : h = 2n + 1

or h + k + l = 4n

Symmetry of special projections
Along [001] p4mm
a′ = 1

4(a−b) b′ = 1
4 (a + b)

Origin at 0,0,z

Along [111] p6mm
a′ = 1

6 (2a−b− c) b′ = 1
6 (−a + 2b− c)

Origin at x,x,x

Along [110] c2mm
a′ = 1

2(−a + b) b′ = c
Origin at x,x, 1

8
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F d 3̄m No. 227 CONTINUED

ORIGIN CHOICE 1

Maximal non-isomorphic subgroups
I [2] F 4̄3m (216) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 37; 38; 39; 40; 41; 42; 43; 44; 45; 46; 47; 48)+

[2] F 41 32 (210) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24)+
[2] F d 3̄1 (F d 3̄, 203) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 25; 26; 27; 28; 29; 30; 31; 32; 33; 34; 35; 36)+{
[3] F 41/d 12/m (I 41/amd, 141) (1; 2; 3; 4; 13; 14; 15; 16; 25; 26; 27; 28; 37; 38; 39; 40)+
[3] F 41/d 12/m (I 41/amd, 141) (1; 2; 3; 4; 17; 18; 19; 20; 25; 26; 27; 28; 41; 42; 43; 44)+
[3] F 41/d 12/m (I 41/amd, 141) (1; 2; 3; 4; 21; 22; 23; 24; 25; 26; 27; 28; 45; 46; 47; 48)+⎧⎪⎪⎨

⎪⎪⎩
[4] F 1 3̄2/m (R 3̄m, 166) (1; 5; 9; 14; 19; 24; 25; 29; 33; 38; 43; 48)+
[4] F 1 3̄2/m (R 3̄m, 166) (1; 6; 12; 13; 18; 24; 25; 30; 36; 37; 42; 48)+
[4] F 1 3̄2/m (R 3̄m, 166) (1; 7; 10; 13; 19; 22; 25; 31; 34; 37; 43; 46)+
[4] F 1 3̄2/m (R 3̄m, 166) (1; 8; 11; 14; 18; 22; 25; 32; 35; 38; 42; 46)+

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] F d 3̄m (a′ = 3a,b′ = 3b,c′ = 3c) (227)

Minimal non-isomorphic supergroups
I none

II [2] Pn 3̄m (a′ = 1
2 a,b′ = 1

2 b,c′ = 1
2 c) (224)
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CONTINUED
(from page 696)

No. 227 F d 3̄m

Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 2(0,0, 1
2) 0, 1

4 ,z (3) 2(0, 1
2 ,0) 1

4 ,y,0 (4) 2( 1
2 ,0,0) x,0, 1

4

(5) 3+ x,x,x (6) 3+( 1
3 ,− 1

3 ,
1
3 ) x̄+ 1

6 ,x+ 1
6 , x̄ (7) 3+(− 1

3 ,
1
3 ,

1
3) x+ 1

3 , x̄− 1
6 , x̄ (8) 3+( 1

3 ,
1
3 ,− 1

3 ) x̄+ 1
6 , x̄+ 1

3 ,x
(9) 3− x,x,x (10) 3− x, x̄+ 1

2 , x̄ (11) 3− x̄+ 1
2 , x̄,x (12) 3− x̄− 1

2 ,x+ 1
2 , x̄

(13) 2( 1
2 ,

1
2 ,0) x,x− 1

4 ,
3
8 (14) 2 x, x̄+ 1

4 ,
1
8 (15) 4−(0,0, 3

4) 1
2 ,

1
4 ,z (16) 4+(0,0, 1

4 ) 0, 3
4 ,z

(17) 4−( 3
4 ,0,0) x, 1

2 ,
1
4 (18) 2(0, 1

2 ,
1
2 ) 3

8 ,y+ 1
4 ,y (19) 2 1

8 ,y+ 1
4 ,ȳ (20) 4+( 1

4 ,0,0) x,0, 3
4

(21) 4+(0, 1
4 ,0) 3

4 ,y,0 (22) 2( 1
2 ,0, 1

2 ) x− 1
4 ,

3
8 ,x (23) 4−(0, 3

4 ,0) 1
4 ,y,

1
2 (24) 2 x̄+ 1

4 ,
1
8 ,x

(25) 1̄ 1
8 ,

1
8 ,

1
8 (26) d( 1

4 ,
3
4 ,0) x,y, 3

8 (27) d( 3
4 ,0, 1

4) x, 3
8 ,z (28) d(0, 1

4 ,
3
4 ) 3

8 ,y,z
(29) 3̄+ x,x,x; 1

8 ,
1
8 ,

1
8 (30) 3̄+ x̄−1,x+1, x̄; − 1

8 ,
1
8 ,

7
8 (31) 3̄+ x, x̄+1, x̄; 1

8 ,
7
8 ,− 1

8 (32) 3̄+ x̄+1, x̄,x; 7
8 ,− 1

8 ,
1
8

(33) 3̄− x,x,x; 1
8 ,

1
8 ,

1
8 (34) 3̄− x+ 3

2 , x̄−1, x̄; 5
8 ,− 1

8 ,
7
8 (35) 3̄− x̄+ 1

2 , x̄+ 3
2 ,x; − 1

8 ,
7
8 ,

5
8 (36) 3̄− x̄+1,x+ 1

2 , x̄; 7
8 ,

5
8 ,− 1

8

(37) g( 1
4 ,− 1

4 ,
1
2) x+ 1

4 , x̄,z (38) m x,x,z (39) 4̄− − 1
4 ,

1
4 ,z; − 1

4 ,
1
4 ,

1
4 (40) 4̄+ 1

2 ,0,z; 1
2 ,0,0

(41) 4̄− x,− 1
4 ,

1
4 ; 1

4 ,− 1
4 ,

1
4 (42) g( 1

2 ,
1
4 ,− 1

4) x,y+ 1
4 ,ȳ (43) m x,y,y (44) 4̄+ x, 1

2 ,0; 0, 1
2 ,0

(45) 4̄+ 0,y, 1
2 ; 0,0, 1

2 (46) g(− 1
4 ,

1
2 ,

1
4) x̄+ 1

4 ,y,x (47) 4̄− 1
4 ,y,− 1

4 ; 1
4 ,

1
4 ,− 1

4 (48) m x,y,x

For (0, 1
2 ,

1
2 )+ set

(1) t(0, 1
2 ,

1
2 ) (2) 2 0,0,z (3) 2 1

4 ,y,
1
4 (4) 2( 1

2 ,0,0) x, 1
4 ,0

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x− 1

3 ,x− 1
6 ,x (6) 3+ x̄+ 1

2 ,x, x̄ (7) 3+ x, x̄, x̄ (8) 3+ x̄+ 1
2 , x̄+ 1

2 ,x
(9) 3−( 1

3 ,
1
3 ,

1
3 ) x− 1

6 ,x+ 1
6 ,x (10) 3− x+ 1

2 , x̄, x̄ (11) 3−( 1
3 ,

1
3 ,− 1

3) x̄+ 1
3 , x̄+ 1

6 ,x (12) 3− x̄,x, x̄
(13) 2( 3

4 ,
3
4 ,0) x,x, 1

8 (14) 2(− 1
4 ,

1
4 ,0) x, x̄+ 1

2 ,
3
8 (15) 4−(0,0, 1

4) 1
4 ,0,z (16) 4+(0,0, 3

4 ) 1
4 ,

1
2 ,z

(17) 4−( 3
4 ,0,0) x, 1

2 ,− 1
4 (18) 2(0, 1

2 ,
1
2 ) 3

8 ,y− 1
4 ,y (19) 2 1

8 ,y+ 3
4 ,ȳ (20) 4+( 1

4 ,0,0) x,0, 1
4

(21) 4+(0, 3
4 ,0) 1

2 ,y,− 1
4 (22) 2( 1

4 ,0, 1
4 ) x, 1

8 ,x (23) 4−(0, 1
4 ,0) 0,y, 3

4 (24) 2(− 1
4 ,0, 1

4) x̄+ 1
2 ,

3
8 ,x

(25) 1̄ 1
8 ,

3
8 ,

3
8 (26) d( 1

4 ,
1
4 ,0) x,y, 1

8 (27) d( 3
4 ,0, 3

4) x, 1
8 ,z (28) d(0, 3

4 ,
1
4 ) 3

8 ,y,z
(29) 3̄+ x,x+ 1

2 ,x; 1
8 ,

5
8 ,

1
8 (30) 3̄+ x̄−1,x+ 3

2 , x̄; − 1
8 ,

5
8 ,

7
8 (31) 3̄+ x, x̄+ 1

2 , x̄; 1
8 ,

3
8 ,− 1

8 (32) 3̄+ x̄+1, x̄− 1
2 ,x; 7

8 ,− 5
8 ,

1
8

(33) 3̄− x− 1
2 ,x− 1

2 ,x; 1
8 ,

1
8 ,

5
8 (34) 3̄− x+1, x̄− 3

2 , x̄; 1
8 ,− 5

8 ,
7
8 (35) 3̄− x̄, x̄+1,x; − 1

8 ,
7
8 ,

1
8 (36) 3̄− x̄+ 1

2 ,x, x̄; 3
8 ,

1
8 ,− 1

8

(37) m x+ 1
2 , x̄,z (38) g( 1

4 ,
1
4 ,

1
2 ) x− 1

4 ,x,z (39) 4̄− 0,0,z; 0,0,0 (40) 4̄+ 1
4 ,− 1

4 ,z; 1
4 ,− 1

4 ,
1
4

(41) 4̄− x, 1
4 ,

1
4 ; 1

4 ,
1
4 ,

1
4 (42) g( 1

2 ,− 1
4 ,

1
4) x,y+ 1

4 ,ȳ (43) g(0, 1
2 ,

1
2 ) x,y,y (44) 4̄+ x,0,0; 0,0,0

(45) 4̄+ 1
4 ,y,

1
4 ; 1

4 ,
1
4 ,

1
4 (46) m x̄,y,x (47) 4̄− 1

2 ,y,0; 1
2 ,0,0 (48) g( 1

4 ,
1
2 ,

1
4 ) x− 1

4 ,y,x

For ( 1
2 ,0, 1

2 )+ set
(1) t( 1

2 ,0, 1
2 ) (2) 2 1

4 ,
1
4 ,z (3) 2(0, 1

2 ,0) 0,y, 1
4 (4) 2 x,0,0

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x+ 1

6 ,x− 1
6 ,x (6) 3+ x̄,x, x̄ (7) 3+ x+ 1

2 , x̄, x̄ (8) 3+ x̄, x̄+ 1
2 ,x

(9) 3−( 1
3 ,

1
3 ,

1
3 ) x− 1

6 ,x− 1
3 ,x (10) 3−(− 1

3 ,
1
3 ,

1
3 ) x+ 1

6 , x̄+ 1
6 , x̄ (11) 3− x̄, x̄,x (12) 3− x̄,x+ 1

2 , x̄
(13) 2( 1

4 ,
1
4 ,0) x,x, 1

8 (14) 2( 1
4 ,− 1

4 ,0) x, x̄+ 1
2 ,

3
8 (15) 4−(0,0, 1

4) 3
4 ,0,z (16) 4+(0,0, 3

4 ) − 1
4 ,

1
2 ,z

(17) 4−( 1
4 ,0,0) x, 1

4 ,0 (18) 2(0, 3
4 ,

3
4 ) 1

8 ,y,y (19) 2(0,− 1
4 ,

1
4 ) 3

8 ,y+ 1
2 ,ȳ (20) 4+( 3

4 ,0,0) x, 1
4 ,

1
2

(21) 4+(0, 1
4 ,0) 1

4 ,y,0 (22) 2( 1
2 ,0, 1

2 ) x+ 1
4 ,

3
8 ,x (23) 4−(0, 3

4 ,0) − 1
4 ,y,

1
2 (24) 2 x̄+ 3

4 ,
1
8 ,x

(25) 1̄ 3
8 ,

1
8 ,

3
8 (26) d( 3

4 ,
3
4 ,0) x,y, 1

8 (27) d( 1
4 ,0, 3

4) x, 3
8 ,z (28) d(0, 1

4 ,
1
4 ) 1

8 ,y,z
(29) 3̄+ x− 1

2 ,x− 1
2 ,x; 1

8 ,
1
8 ,

5
8 (30) 3̄+ x̄− 1

2 ,x+ 1
2 , x̄; − 1

8 ,
1
8 ,

3
8 (31) 3̄+ x− 1

2 , x̄+ 3
2 , x̄; 1

8 ,
7
8 ,− 5

8 (32) 3̄+ x̄+ 3
2 , x̄+ 1

2 ,x; 7
8 ,− 1

8 ,
5
8

(33) 3̄− x+ 1
2 ,x,x; 5

8 ,
1
8 ,

1
8 (34) 3̄− x+1, x̄−1, x̄; 1

8 ,− 1
8 ,

7
8 (35) 3̄− x̄, x̄+ 1

2 ,x; − 1
8 ,

3
8 ,

1
8 (36) 3̄− x̄+ 3

2 ,x− 1
2 , x̄; 7

8 ,
1
8 ,− 5

8

(37) m x, x̄,z (38) g( 1
4 ,

1
4 ,

1
2 ) x+ 1

4 ,x,z (39) 4̄− 0, 1
2 ,z; 0, 1

2 ,0 (40) 4̄+ 1
4 ,

1
4 ,z; 1

4 ,
1
4 ,

1
4

(41) 4̄− x,0,0; 0,0,0 (42) m x,y+ 1
2 ,ȳ (43) g( 1

2 ,
1
4 ,

1
4) x,y− 1

4 ,y (44) 4̄+ x, 1
4 ,− 1

4 ; 1
4 ,

1
4 ,− 1

4

(45) 4̄+ 0,y,0; 0,0,0 (46) g( 1
4 ,

1
2 ,− 1

4) x̄+ 1
4 ,y,x (47) 4̄− 1

4 ,y,
1
4 ; 1

4 ,
1
4 ,

1
4 (48) g( 1

2 ,0, 1
2 ) x,y,x

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2(0,0, 1

2) 1
4 ,0,z (3) 2 0,y,0 (4) 2 x, 1

4 ,
1
4

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x+ 1

6 ,x+ 1
3 ,x (6) 3+ x̄,x+ 1

2 , x̄ (7) 3+ x+ 1
2 , x̄− 1

2 , x̄ (8) 3+ x̄, x̄,x
(9) 3−( 1

3 ,
1
3 ,

1
3 ) x+ 1

3 ,x+ 1
6 ,x (10) 3− x, x̄, x̄ (11) 3− x̄+ 1

2 , x̄+ 1
2 ,x (12) 3−( 1

3 ,− 1
3 ,

1
3 ) x̄− 1

6 ,x+ 1
3 , x̄

(13) 2( 1
2 ,

1
2 ,0) x,x+ 1

4 ,
3
8 (14) 2 x, x̄+ 3

4 ,
1
8 (15) 4−(0,0, 3

4) 1
2 ,− 1

4 ,z (16) 4+(0,0, 1
4 ) 0, 1

4 ,z
(17) 4−( 1

4 ,0,0) x, 3
4 ,0 (18) 2(0, 1

4 ,
1
4 ) 1

8 ,y,y (19) 2(0, 1
4 ,− 1

4 ) 3
8 ,y+ 1

2 ,ȳ (20) 4+( 3
4 ,0,0) x,− 1

4 ,
1
2

(21) 4+(0, 3
4 ,0) 1

2 ,y,
1
4 (22) 2( 3

4 ,0, 3
4 ) x, 1

8 ,x (23) 4−(0, 1
4 ,0) 0,y, 1

4 (24) 2( 1
4 ,0,− 1

4) x̄+ 1
2 ,

3
8 ,x

(25) 1̄ 3
8 ,

3
8 ,

1
8 (26) d( 3

4 ,
1
4 ,0) x,y, 3

8 (27) d( 1
4 ,0, 1

4) x, 1
8 ,z (28) d(0, 3

4 ,
3
4 ) 1

8 ,y,z
(29) 3̄+ x+ 1

2 ,x,x; 5
8 ,

1
8 ,

1
8 (30) 3̄+ x̄− 3

2 ,x+1, x̄; − 5
8 ,

1
8 ,

7
8 (31) 3̄+ x+ 1

2 , x̄+1, x̄; 5
8 ,

7
8 ,− 1

8 (32) 3̄+ x̄+ 1
2 , x̄,x; 3

8 ,− 1
8 ,

1
8

(33) 3̄− x,x+ 1
2 ,x; 1

8 ,
5
8 ,

1
8 (34) 3̄− x+ 1

2 , x̄− 1
2 , x̄; 1

8 ,− 1
8 ,

3
8 (35) 3̄− x̄− 1

2 , x̄+1,x; − 5
8 ,

7
8 ,

1
8 (36) 3̄− x̄+1,x, x̄; 7

8 ,
1
8 ,− 1

8

(37) g(− 1
4 ,

1
4 ,

1
2) x+ 1

4 , x̄,z (38) g( 1
2 ,

1
2 ,0) x,x,z (39) 4̄− 1

4 ,
1
4 ,z; 1

4 ,
1
4 ,

1
4 (40) 4̄+ 0,0,z; 0,0,0

(41) 4̄− x,0, 1
2 ; 0,0, 1

2 (42) m x,y,ȳ (43) g( 1
2 ,

1
4 ,

1
4) x,y+ 1

4 ,y (44) 4̄+ x, 1
4 ,

1
4 ; 1

4 ,
1
4 ,

1
4

(45) 4̄+ − 1
4 ,y,

1
4 ; − 1

4 ,
1
4 ,

1
4 (46) m x̄+ 1

2 ,y,x (47) 4̄− 0,y,0; 0,0,0 (48) g( 1
4 ,

1
2 ,

1
4 ) x+ 1

4 ,y,x
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F d 3̄m O7
h m 3̄m Cubic

No. 227 F 41/d 3̄ 2/m Patterson symmetry F m 3̄m

ORIGIN CHOICE 2

Origin at centre (3̄m), at 1
8 ,

1
8 ,

1
8 from 4̄3m

Asymmetric unit − 1
8 ≤ x ≤ 3

8 ; − 1
8 ≤ y ≤ 0; − 1

4 ≤ z ≤ 0; y ≤ min( 1
4 − x,x); −y− 1

4 ≤ z ≤ y

Vertices − 1
8 ,− 1

8 ,− 1
8

3
8 ,− 1

8 ,− 1
8

1
4 ,0,0 0,0,0 1

4 ,0,− 1
4 0,0,− 1

4

Symmetry operations
(given on page 703)
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CONTINUED No. 227 F d 3̄m

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); t( 1

2 ,0, 1
2 ); (2); (3); (5); (13); (25)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2)+ ( 1

2 ,0, 1
2 )+ ( 1

2 ,
1
2 ,0)+

Reflection conditions

h,k, l permutable
General:

192 i 1 (1) x,y,z (2) x̄ + 3
4 , ȳ + 1

4 ,z+ 1
2 (3) x̄ + 1

4 ,y + 1
2 , z̄+ 3

4 (4) x + 1
2 , ȳ+ 3

4 , z̄+ 1
4

(5) z,x,y (6) z+ 1
2 , x̄ + 3

4 , ȳ + 1
4 (7) z̄+ 3

4 , x̄ + 1
4 ,y + 1

2 (8) z̄+ 1
4 ,x + 1

2 , ȳ+ 3
4

(9) y,z,x (10) ȳ+ 1
4 ,z+ 1

2 , x̄ + 3
4 (11) y + 1

2 , z̄+ 3
4 , x̄ + 1

4 (12) ȳ+ 3
4 , z̄+ 1

4 ,x + 1
2

(13) y + 3
4 ,x + 1

4 , z̄+ 1
2 (14) ȳ, x̄, z̄ (15) y + 1

4 , x̄ + 1
2 ,z+ 3

4 (16) ȳ+ 1
2 ,x + 3

4 ,z+ 1
4

(17) x + 3
4 ,z+ 1

4 , ȳ+ 1
2 (18) x̄ + 1

2 ,z+ 3
4 ,y + 1

4 (19) x̄, z̄, ȳ (20) x + 1
4 , z̄+ 1

2 ,y + 3
4

(21) z+ 3
4 ,y + 1

4 , x̄ + 1
2 (22) z+ 1

4 , ȳ + 1
2 ,x + 3

4 (23) z̄+ 1
2 ,y + 3

4 ,x + 1
4 (24) z̄, ȳ, x̄

(25) x̄, ȳ, z̄ (26) x + 1
4 ,y + 3

4 , z̄+ 1
2 (27) x + 3

4 , ȳ+ 1
2 ,z+ 1

4 (28) x̄+ 1
2 ,y + 1

4 ,z+ 3
4

(29) z̄, x̄, ȳ (30) z̄+ 1
2 ,x + 1

4 ,y + 3
4 (31) z+ 1

4 ,x + 3
4 , ȳ + 1

2 (32) z+ 3
4 , x̄ + 1

2 ,y + 1
4

(33) ȳ, z̄, x̄ (34) y + 3
4 , z̄+ 1

2 ,x + 1
4 (35) ȳ + 1

2 ,z+ 1
4 ,x + 3

4 (36) y + 1
4 ,z+ 3

4 , x̄ + 1
2

(37) ȳ+ 1
4 , x̄ + 3

4 ,z+ 1
2 (38) y,x,z (39) ȳ + 3

4 ,x + 1
2 , z̄+ 1

4 (40) y + 1
2 , x̄+ 1

4 , z̄+ 3
4

(41) x̄+ 1
4 , z̄+ 3

4 ,y + 1
2 (42) x + 1

2 , z̄+ 1
4 , ȳ + 3

4 (43) x,z,y (44) x̄+ 3
4 ,z+ 1

2 , ȳ+ 1
4

(45) z̄+ 1
4 , ȳ + 3

4 ,x + 1
2 (46) z̄+ 3

4 ,y + 1
2 , x̄ + 1

4 (47) z+ 1
2 , ȳ+ 1

4 , x̄ + 3
4 (48) z,y,x

hkl : h + k = 2n and
h + l,k + l = 2n

0kl : k + l = 4n and
k, l = 2n

hhl : h + l = 2n
h00 : h = 4n

Special: as above, plus

96 h . . 2 0,y, ȳ 3
4 , ȳ+ 1

4 , ȳ + 1
2

1
4 ,y + 1

2 ,y + 3
4

1
2 , ȳ + 3

4 ,y + 1
4

ȳ,0,y ȳ + 1
2 ,

3
4 , ȳ + 1

4 y + 3
4 ,

1
4 ,y + 1

2 y + 1
4 ,

1
2 , ȳ + 3

4

y, ȳ,0 ȳ + 1
4 , ȳ + 1

2 ,
3
4 y + 1

2 ,y + 3
4 ,

1
4 ȳ + 3

4 ,y + 1
4 ,

1
2

0, ȳ,y 1
4 ,y + 3

4 ,y + 1
2

3
4 , ȳ + 1

2 , ȳ + 1
4

1
2 ,y + 1

4 , ȳ + 3
4

y,0, ȳ y + 1
2 ,

1
4 ,y + 3

4 ȳ + 1
4 ,

3
4 , ȳ + 1

2 ȳ + 3
4 ,

1
2 ,y + 1

4

ȳ,y,0 y + 3
4 ,y + 1

2 ,
1
4 ȳ + 1

2 , ȳ + 1
4 ,

3
4 y + 1

4 , ȳ + 3
4 ,

1
2

no extra conditions

96 g . . m x,x,z x̄ + 3
4 , x̄+ 1

4 ,z+ 1
2 x̄+ 1

4 ,x + 1
2 , z̄+ 3

4 x + 1
2 , x̄ + 3

4 , z̄+ 1
4

z,x,x z+ 1
2 , x̄ + 3

4 , x̄ + 1
4 z̄+ 3

4 , x̄ + 1
4 ,x + 1

2 z̄+ 1
4 ,x + 1

2 , x̄ + 3
4

x,z,x x̄ + 1
4 ,z+ 1

2 , x̄ + 3
4 x + 1

2 , z̄+ 3
4 , x̄ + 1

4 x̄ + 3
4 , z̄+ 1

4 ,x + 1
2

x + 3
4 ,x + 1

4 , z̄+ 1
2 x̄, x̄, z̄ x + 1

4 , x̄ + 1
2 ,z+ 3

4 x̄ + 1
2 ,x + 3

4 ,z+ 1
4

x + 3
4 ,z+ 1

4 , x̄ + 1
2 x̄ + 1

2 ,z+ 3
4 ,x + 1

4 x̄, z̄, x̄ x + 1
4 , z̄+ 1

2 ,x + 3
4

z+ 3
4 ,x + 1

4 , x̄ + 1
2 z+ 1

4 , x̄ + 1
2 ,x + 3

4 z̄+ 1
2 ,x + 3

4 ,x + 1
4 z̄, x̄, x̄

no extra conditions

48 f 2 . mm x, 1
8 ,

1
8 x̄+ 3

4 ,
1
8 ,

5
8

1
8 ,x,

1
8

5
8 , x̄ + 3

4 ,
1
8

1
8 ,

1
8 ,x

1
8 ,

5
8 , x̄ + 3

4
7
8 ,x + 1

4 ,
3
8

7
8 , x̄,

7
8 x + 3

4 ,
3
8 ,

3
8 x̄ + 1

2 ,
7
8 ,

3
8

7
8 ,

3
8 , x̄ + 1

2
3
8 ,

3
8 ,x + 3

4

hkl : h = 2n + 1
or h + k + l = 4n

32 e . 3 m x,x,x x̄ + 3
4 , x̄ + 1

4 ,x + 1
2

x̄+ 1
4 ,x + 1

2 , x̄ + 3
4 x + 1

2 , x̄ + 3
4 , x̄ + 1

4

x + 3
4 ,x + 1

4 , x̄ + 1
2 x̄, x̄, x̄

x + 1
4 , x̄ + 1

2 ,x + 3
4 x̄ + 1

2 ,x + 3
4 ,x + 1

4

no extra conditions

16 d . 3̄ m 1
2 ,

1
2 ,

1
2

1
4 ,

3
4 ,0

3
4 ,0, 1

4 0, 1
4 ,

3
4

16 c . 3̄ m 0,0,0 3
4 ,

1
4 ,

1
2

1
4 ,

1
2 ,

3
4

1
2 ,

3
4 ,

1
4

}
hkl : h = 2n + 1

or h,k, l = 4n + 2
or h,k, l = 4n

8 b 4̄ 3 m 3
8 ,

3
8 ,

3
8

1
8 ,

5
8 ,

1
8

8 a 4̄ 3 m 1
8 ,

1
8 ,

1
8

7
8 ,

3
8 ,

3
8

}
hkl : h = 2n + 1

or h + k + l = 4n

Symmetry of special projections
Along [001] p4mm
a′ = 1

4(a−b) b′ = 1
4 (a + b)

Origin at 1
8 ,

3
8 ,z

Along [111] p6mm
a′ = 1

6 (2a−b− c) b′ = 1
6 (−a + 2b− c)

Origin at x,x,x

Along [110] c2mm
a′ = 1

2(−a + b) b′ = c
Origin at x,x,0
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F d 3̄m No. 227 CONTINUED

ORIGIN CHOICE 2

Maximal non-isomorphic subgroups
I [2] F 4̄3m (216) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 37; 38; 39; 40; 41; 42; 43; 44; 45; 46; 47; 48)+

[2] F 41 32 (210) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24)+
[2] F d 3̄1 (F d 3̄, 203) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 25; 26; 27; 28; 29; 30; 31; 32; 33; 34; 35; 36)+{
[3] F 41/d 12/m (I 41/amd, 141) (1; 2; 3; 4; 13; 14; 15; 16; 25; 26; 27; 28; 37; 38; 39; 40)+
[3] F 41/d 12/m (I 41/amd, 141) (1; 2; 3; 4; 17; 18; 19; 20; 25; 26; 27; 28; 41; 42; 43; 44)+
[3] F 41/d 12/m (I 41/amd, 141) (1; 2; 3; 4; 21; 22; 23; 24; 25; 26; 27; 28; 45; 46; 47; 48)+⎧⎪⎪⎨

⎪⎪⎩
[4] F 1 3̄2/m (R 3̄m, 166) (1; 5; 9; 14; 19; 24; 25; 29; 33; 38; 43; 48)+
[4] F 1 3̄2/m (R 3̄m, 166) (1; 6; 12; 13; 18; 24; 25; 30; 36; 37; 42; 48)+
[4] F 1 3̄2/m (R 3̄m, 166) (1; 7; 10; 13; 19; 22; 25; 31; 34; 37; 43; 46)+
[4] F 1 3̄2/m (R 3̄m, 166) (1; 8; 11; 14; 18; 22; 25; 32; 35; 38; 42; 46)+

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] F d 3̄m (a′ = 3a,b′ = 3b,c′ = 3c) (227)

Minimal non-isomorphic supergroups
I none

II [2] Pn 3̄m (a′ = 1
2 a,b′ = 1

2 b,c′ = 1
2 c) (224)
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CONTINUED
(from page 700)

No. 227 F d 3̄m

Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 2(0,0, 1
2) 3

8 ,
1
8 ,z (3) 2(0, 1

2 ,0) 1
8 ,y,

3
8 (4) 2( 1

2 ,0,0) x, 3
8 ,

1
8

(5) 3+ x,x,x (6) 3+ x̄+ 1
2 ,x+ 1

4 , x̄ (7) 3+ x+ 3
4 , x̄− 1

2 , x̄ (8) 3+ x̄+ 1
4 , x̄+ 3

4 ,x
(9) 3− x,x,x (10) 3−(− 1

3 ,
1
3 ,

1
3 ) x+ 5

12 , x̄+ 1
6 , x̄ (11) 3−( 1

3 ,
1
3 ,− 1

3 ) x̄+ 7
12 , x̄+ 5

12 ,x (12) 3−( 1
3 ,− 1

3 ,
1
3 ) x̄− 1

6 ,x+ 7
12 , x̄

(13) 2( 1
2 ,

1
2 ,0) x,x− 1

4 ,
1
4 (14) 2 x, x̄,0 (15) 4−(0,0, 3

4 ) 3
8 ,

1
8 ,z (16) 4+(0,0, 1

4) − 1
8 ,

5
8 ,z

(17) 4−( 3
4 ,0,0) x, 3

8 ,
1
8 (18) 2(0, 1

2 ,
1
2 ) 1

4 ,y+ 1
4 ,y (19) 2 0,y,ȳ (20) 4+( 1

4 ,0,0) x,− 1
8 ,

5
8

(21) 4+(0, 1
4 ,0) 5

8 ,y,− 1
8 (22) 2( 1

2 ,0, 1
2 ) x− 1

4 ,
1
4 ,x (23) 4−(0, 3

4 ,0) 1
8 ,y,

3
8 (24) 2 x̄,0,x

(25) 1̄ 0,0,0 (26) d( 1
4 ,

3
4 ,0) x,y, 1

4 (27) d( 3
4 ,0, 1

4) x, 1
4 ,z (28) d(0, 1

4 ,
3
4) 1

4 ,y,z
(29) 3̄+ x,x,x; 0,0,0 (30) 3̄+ x̄−1,x+ 3

4 , x̄; − 1
4 ,0, 3

4 (31) 3̄+ x− 1
4 , x̄+1, x̄; 0, 3

4 ,− 1
4 (32) 3̄+ x̄+ 3

4 , x̄− 1
4 ,x; 3

4 ,− 1
4 ,0

(33) 3̄− x,x,x; 0,0,0 (34) 3̄− x+ 5
4 , x̄−1, x̄; 1

2 ,− 1
4 ,

3
4 (35) 3̄− x̄+ 1

4 , x̄+ 5
4 ,x; − 1

4 ,
3
4 ,

1
2 (36) 3̄− x̄+1,x+ 1

4 , x̄; 3
4 ,

1
2 ,− 1

4

(37) g(− 1
4 ,

1
4 ,

1
2) x+ 1

2 , x̄,z (38) m x,x,z (39) 4̄− 1
8 ,

5
8 ,z; 1

8 ,
5
8 ,

1
8 (40) 4̄+ 3

8 ,− 1
8 ,z; 3

8 ,− 1
8 ,

3
8

(41) 4̄− x, 1
8 ,

5
8 ; 1

8 ,
1
8 ,

5
8 (42) g( 1

2 ,− 1
4 ,

1
4) x,y+ 1

2 ,ȳ (43) m x,y,y (44) 4̄+ x, 3
8 ,− 1

8 ; 3
8 ,

3
8 ,− 1

8

(45) 4̄+ − 1
8 ,y,

3
8 ; − 1

8 ,
3
8 ,

3
8 (46) g( 1

4 ,
1
2 ,− 1

4) x̄+ 1
2 ,y,x (47) 4̄− 5

8 ,y,
1
8 ; 5

8 ,
1
8 ,

1
8 (48) m x,y,x

For (0, 1
2 ,

1
2 )+ set

(1) t(0, 1
2 ,

1
2 ) (2) 2 3

8 ,
3
8 ,z (3) 2 1

8 ,y,
1
8 (4) 2( 1

2 ,0,0) x, 1
8 ,

3
8

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x− 1

3 ,x− 1
6 ,x (6) 3+( 1

3 ,− 1
3 ,

1
3 ) x̄+ 1

6 ,x+ 5
12 , x̄ (7) 3+ x+ 3

4 , x̄, x̄ (8) 3+ x̄+ 1
4 , x̄+ 1

4 ,x
(9) 3−( 1

3 ,
1
3 ,

1
3 ) x− 1

6 ,x+ 1
6 ,x (10) 3− x+ 1

4 , x̄, x̄ (11) 3− x̄+ 3
4 , x̄+ 1

4 ,x (12) 3− x̄,x+ 3
4 , x̄

(13) 2( 3
4 ,

3
4 ,0) x,x,0 (14) 2(− 1

4 ,
1
4 ,0) x, x̄+ 1

4 ,
1
4 (15) 4−(0,0, 1

4 ) 1
8 ,− 1

8 ,z (16) 4+(0,0, 3
4) 1

8 ,
3
8 ,z

(17) 4−( 3
4 ,0,0) x, 3

8 ,− 3
8 (18) 2(0, 1

2 ,
1
2 ) 1

4 ,y− 1
4 ,y (19) 2 0,y+ 1

2 ,ȳ (20) 4+( 1
4 ,0,0) x,− 1

8 ,
1
8

(21) 4+(0, 3
4 ,0) 3

8 ,y,− 3
8 (22) 2( 1

4 ,0, 1
4 ) x,0,x (23) 4−(0, 1

4 ,0) − 1
8 ,y,

5
8 (24) 2(− 1

4 ,0, 1
4) x̄+ 1

4 ,
1
4 ,x

(25) 1̄ 0, 1
4 ,

1
4 (26) d( 1

4 ,
1
4 ,0) x,y,0 (27) d( 3

4 ,0, 3
4) x,0,z (28) d(0, 3

4 ,
1
4) 1

4 ,y,z
(29) 3̄+ x,x+ 1

2 ,x; 0, 1
2 ,0 (30) 3̄+ x̄−1,x+ 5

4 , x̄; − 1
4 ,

1
2 ,

3
4 (31) 3̄+ x− 1

4 , x̄+ 1
2 , x̄; 0, 1

4 ,− 1
4 (32) 3̄+ x̄+ 3

4 , x̄− 3
4 ,x; 3

4 ,− 3
4 ,0

(33) 3̄− x− 1
2 ,x− 1

2 ,x; 0,0, 1
2 (34) 3̄− x+ 3

4 , x̄− 3
2 , x̄; 0,− 3

4 ,
3
4 (35) 3̄− x̄− 1

4 , x̄+ 3
4 ,x; − 1

4 ,
3
4 ,0 (36) 3̄− x̄+ 1

2 ,x− 1
4 , x̄; 1

4 ,0,− 1
4

(37) m x+ 1
4 , x̄,z (38) g( 1

4 ,
1
4 ,

1
2 ) x− 1

4 ,x,z (39) 4̄− 3
8 ,

3
8 ,z; 3

8 ,
3
8 ,

3
8 (40) 4̄+ 5

8 ,
1
8 ,z; 5

8 ,
1
8 ,

1
8

(41) 4̄− x, 1
8 ,

1
8 ; 1

8 ,
1
8 ,

1
8 (42) g( 1

2 ,
1
4 ,− 1

4) x,y+ 1
2 ,ȳ (43) g(0, 1

2 ,
1
2 ) x,y,y (44) 4̄+ x, 3

8 ,
3
8 ; 3

8 ,
3
8 ,

3
8

(45) 4̄+ 1
8 ,y,

1
8 ; 1

8 ,
1
8 ,

1
8 (46) m x̄+ 3

4 ,y,x (47) 4̄− 3
8 ,y,− 1

8 ; 3
8 ,

3
8 ,− 1

8 (48) g( 1
4 ,

1
2 ,

1
4 ) x− 1

4 ,y,x

For ( 1
2 ,0, 1

2 )+ set
(1) t( 1

2 ,0, 1
2 ) (2) 2 1

8 ,
1
8 ,z (3) 2(0, 1

2 ,0) 3
8 ,y,

1
8 (4) 2 x, 3

8 ,
3
8

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x+ 1

6 ,x− 1
6 ,x (6) 3+ x̄,x+ 3

4 , x̄ (7) 3+ x+ 1
4 , x̄, x̄ (8) 3+( 1

3 ,
1
3 ,− 1

3 ) x̄+ 5
12 , x̄+ 7

12 ,x
(9) 3−( 1

3 ,
1
3 ,

1
3 ) x− 1

6 ,x− 1
3 ,x (10) 3− x+ 1

4 , x̄+ 1
2 , x̄ (11) 3− x̄+ 3

4 , x̄+ 3
4 ,x (12) 3− x̄,x+ 1

4 , x̄
(13) 2( 1

4 ,
1
4 ,0) x,x,0 (14) 2( 1

4 ,− 1
4 ,0) x, x̄+ 1

4 ,
1
4 (15) 4−(0,0, 1

4 ) 5
8 ,− 1

8 ,z (16) 4+(0,0, 3
4) − 3

8 ,
3
8 ,z

(17) 4−( 1
4 ,0,0) x, 1

8 ,− 1
8 (18) 2(0, 3

4 ,
3
4 ) 0,y,y (19) 2(0,− 1

4 ,
1
4) 1

4 ,y+ 1
4 ,ȳ (20) 4+( 3

4 ,0,0) x, 1
8 ,

3
8

(21) 4+(0, 1
4 ,0) 1

8 ,y,− 1
8 (22) 2( 1

2 ,0, 1
2 ) x+ 1

4 ,
1
4 ,x (23) 4−(0, 3

4 ,0) − 3
8 ,y,

3
8 (24) 2 x̄+ 1

2 ,0,x
(25) 1̄ 1

4 ,0, 1
4 (26) d( 3

4 ,
3
4 ,0) x,y,0 (27) d( 1

4 ,0, 3
4) x, 1

4 ,z (28) d(0, 1
4 ,

1
4) 0,y,z

(29) 3̄+ x− 1
2 ,x− 1

2 ,x; 0,0, 1
2 (30) 3̄+ x̄− 1

2 ,x+ 1
4 , x̄; − 1

4 ,0, 1
4 (31) 3̄+ x− 3

4 , x̄+ 3
2 , x̄; 0, 3

4 ,− 3
4 (32) 3̄+ x̄+ 5

4 , x̄+ 1
4 ,x; 3

4 ,− 1
4 ,

1
2

(33) 3̄− x+ 1
2 ,x,x; 1

2 ,0,0 (34) 3̄− x+ 3
4 , x̄−1, x̄; 0,− 1

4 ,
3
4 (35) 3̄− x̄− 1

4 , x̄+ 1
4 ,x; − 1

4 ,
1
4 ,0 (36) 3̄− x̄+ 3

2 ,x− 3
4 , x̄; 3

4 ,0,− 3
4

(37) m x+ 3
4 , x̄,z (38) g( 1

4 ,
1
4 ,

1
2 ) x+ 1

4 ,x,z (39) 4̄− − 1
8 ,

3
8 ,z; − 1

8 ,
3
8 ,

3
8 (40) 4̄+ 1

8 ,
1
8 ,z; 1

8 ,
1
8 ,

1
8

(41) 4̄− x, 3
8 ,

3
8 ; 3

8 ,
3
8 ,

3
8 (42) m x,y+ 1

4 ,ȳ (43) g( 1
2 ,

1
4 ,

1
4 ) x,y− 1

4 ,y (44) 4̄+ x, 5
8 ,

1
8 ; 1

8 ,
5
8 ,

1
8

(45) 4̄+ 3
8 ,y,

3
8 ; 3

8 ,
3
8 ,

3
8 (46) g(− 1

4 ,
1
2 ,

1
4) x̄+ 1

2 ,y,x (47) 4̄− 1
8 ,y,

1
8 ; 1

8 ,
1
8 ,

1
8 (48) g( 1

2 ,0, 1
2 ) x,y,x

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2(0,0, 1

2) 1
8 ,

3
8 ,z (3) 2 3

8 ,y,
3
8 (4) 2 x, 1

8 ,
1
8

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x+ 1

6 ,x+ 1
3 ,x (6) 3+ x̄,x+ 1

4 , x̄ (7) 3+(− 1
3 ,

1
3 ,

1
3 ) x+ 7

12 , x̄− 1
6 , x̄ (8) 3+ x̄+ 3

4 , x̄+ 3
4 ,x

(9) 3−( 1
3 ,

1
3 ,

1
3 ) x+ 1

3 ,x+ 1
6 ,x (10) 3− x+ 3

4 , x̄, x̄ (11) 3− x̄+ 1
4 , x̄+ 1

4 ,x (12) 3− x̄− 1
2 ,x+ 3

4 , x̄
(13) 2( 1

2 ,
1
2 ,0) x,x+ 1

4 ,
1
4 (14) 2 x, x̄+ 1

2 ,0 (15) 4−(0,0, 3
4 ) 3

8 ,− 3
8 ,z (16) 4+(0,0, 1

4) − 1
8 ,

1
8 ,z

(17) 4−( 1
4 ,0,0) x, 5

8 ,− 1
8 (18) 2(0, 1

4 ,
1
4 ) 0,y,y (19) 2(0, 1

4 ,− 1
4) 1

4 ,y+ 1
4 ,ȳ (20) 4+( 3

4 ,0,0) x,− 3
8 ,

3
8

(21) 4+(0, 3
4 ,0) 3

8 ,y,
1
8 (22) 2( 3

4 ,0, 3
4 ) x,0,x (23) 4−(0, 1

4 ,0) − 1
8 ,y,

1
8 (24) 2( 1

4 ,0,− 1
4) x̄+ 1

4 ,
1
4 ,x

(25) 1̄ 1
4 ,

1
4 ,0 (26) d( 3

4 ,
1
4 ,0) x,y, 1

4 (27) d( 1
4 ,0, 1

4) x,0,z (28) d(0, 3
4 ,

3
4) 0,y,z

(29) 3̄+ x+ 1
2 ,x,x; 1

2 ,0,0 (30) 3̄+ x̄− 3
2 ,x+ 3

4 , x̄; − 3
4 ,0, 3

4 (31) 3̄+ x+ 1
4 , x̄+1, x̄; 1

2 ,
3
4 ,− 1

4 (32) 3̄+ x̄+ 1
4 , x̄− 1

4 ,x; 1
4 ,− 1

4 ,0
(33) 3̄− x,x+ 1

2 ,x; 0, 1
2 ,0 (34) 3̄− x+ 1

4 , x̄− 1
2 , x̄; 0,− 1

4 ,
1
4 (35) 3̄− x̄− 3

4 , x̄+ 3
4 ,x; − 3

4 ,
3
4 ,0 (36) 3̄− x̄+1,x− 1

4 , x̄; 3
4 ,0,− 1

4

(37) g( 1
4 ,− 1

4 ,
1
2) x+ 1

2 , x̄,z (38) g( 1
2 ,

1
2 ,0) x,x,z (39) 4̄− 1

8 ,
1
8 ,z; 1

8 ,
1
8 ,

1
8 (40) 4̄+ 3

8 ,
3
8 ,z; 3

8 ,
3
8 ,

3
8

(41) 4̄− x,− 1
8 ,

3
8 ; 3

8 ,− 1
8 ,

3
8 (42) m x,y+ 3

4 ,ȳ (43) g( 1
2 ,

1
4 ,

1
4 ) x,y+ 1

4 ,y (44) 4̄+ x, 1
8 ,

1
8 ; 1

8 ,
1
8 ,

1
8

(45) 4̄+ 1
8 ,y,

5
8 ; 1

8 ,
1
8 ,

5
8 (46) m x̄+ 1

4 ,y,x (47) 4̄− 3
8 ,y,

3
8 ; 3

8 ,
3
8 ,

3
8 (48) g( 1

4 ,
1
2 ,

1
4 ) x+ 1

4 ,y,x
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CONTINUED No. 228 F d 3̄c

Origin at 23, at − 3
8 ,− 3

8 ,− 3
8 from centre (3̄)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

8 ; − 1
8 ≤ z ≤ 1

8 ; y ≤ min( 1
2 − x,x); −y ≤ z ≤ y

Vertices 0,0,0 1
2 ,0,0 3

8 ,
1
8 ,

1
8

1
8 ,

1
8 ,

1
8

3
8 ,

1
8 ,− 1

8
1
8 ,

1
8 ,− 1

8

Symmetry operations
(given on page 707)

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); t( 1

2 ,0, 1
2 ); (2); (3); (5); (13); (25)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2)+ ( 1

2 ,0, 1
2 )+ ( 1

2 ,
1
2 ,0)+

Reflection conditions

h,k, l permutable
General:

192 h 1 (1) x,y,z (2) x̄, ȳ + 1
2 ,z+ 1

2 (3) x̄ + 1
2 ,y + 1

2 , z̄ (4) x + 1
2 , ȳ, z̄+ 1

2

(5) z,x,y (6) z+ 1
2 , x̄, ȳ+ 1

2 (7) z̄, x̄ + 1
2 ,y + 1

2 (8) z̄+ 1
2 ,x + 1

2 , ȳ
(9) y,z,x (10) ȳ+ 1

2 ,z+ 1
2 , x̄ (11) y + 1

2 , z̄, x̄ + 1
2 (12) ȳ, z̄+ 1

2 ,x + 1
2

(13) y + 3
4 ,x + 1

4 , z̄+ 3
4 (14) ȳ+ 1

4 , x̄ + 1
4 , z̄+ 1

4 (15) y + 1
4 , x̄ + 3

4 ,z+ 3
4 (16) ȳ+ 3

4 ,x + 3
4 ,z+ 1

4

(17) x + 3
4 ,z+ 1

4 , ȳ+ 3
4 (18) x̄ + 3

4 ,z+ 3
4 ,y + 1

4 (19) x̄ + 1
4 , z̄+ 1

4 , ȳ + 1
4 (20) x + 1

4 , z̄+ 3
4 ,y + 3

4

(21) z+ 3
4 ,y + 1

4 , x̄ + 3
4 (22) z+ 1

4 , ȳ + 3
4 ,x + 3

4 (23) z̄+ 3
4 ,y + 3

4 ,x + 1
4 (24) z̄+ 1

4 , ȳ + 1
4 , x̄ + 1

4

(25) x̄+ 3
4 , ȳ + 3

4 , z̄+ 3
4 (26) x + 3

4 ,y + 1
4 , z̄+ 1

4 (27) x + 1
4 , ȳ+ 1

4 ,z+ 3
4 (28) x̄+ 1

4 ,y + 3
4 ,z+ 1

4

(29) z̄+ 3
4 , x̄ + 3

4 , ȳ+ 3
4 (30) z̄+ 1

4 ,x + 3
4 ,y + 1

4 (31) z+ 3
4 ,x + 1

4 , ȳ + 1
4 (32) z+ 1

4 , x̄ + 1
4 ,y + 3

4

(33) ȳ+ 3
4 , z̄+ 3

4 , x̄ + 3
4 (34) y + 1

4 , z̄+ 1
4 ,x + 3

4 (35) ȳ + 1
4 ,z+ 3

4 ,x + 1
4 (36) y + 3

4 ,z+ 1
4 , x̄ + 1

4

(37) ȳ, x̄ + 1
2 ,z (38) y + 1

2 ,x + 1
2 ,z+ 1

2 (39) ȳ + 1
2 ,x, z̄ (40) y, x̄, z̄+ 1

2

(41) x̄, z̄+ 1
2 ,y (42) x, z̄, ȳ+ 1

2 (43) x + 1
2 ,z+ 1

2 ,y + 1
2 (44) x̄+ 1

2 ,z, ȳ
(45) z̄, ȳ+ 1

2 ,x (46) z̄+ 1
2 ,y, x̄ (47) z, ȳ, x̄+ 1

2 (48) z+ 1
2 ,y + 1

2 ,x + 1
2

hkl : h + k = 2n and
h + l,k + l = 2n

0kl : k + l = 4n and
k, l = 2n

hhl : h, l = 2n
h00 : h = 4n

Special: as above, plus

96 g . . 2 1
8 ,y, ȳ + 1

4
7
8 , ȳ + 1

2 , ȳ + 3
4

3
8 ,y + 1

2 ,y + 3
4

5
8 , ȳ,y + 1

4

ȳ+ 1
4 ,

1
8 ,y ȳ + 3

4 ,
7
8 , ȳ + 1

2 y + 3
4 ,

3
8 ,y + 1

2 y + 1
4 ,

5
8 , ȳ

y, ȳ + 1
4 ,

1
8 ȳ + 1

2 , ȳ+ 3
4 ,

7
8 y + 1

2 ,y + 3
4 ,

3
8 ȳ,y + 1

4 ,
5
8

5
8 , ȳ + 3

4 ,y + 1
2

7
8 ,y + 1

4 ,y
3
8 , ȳ+ 1

4 , ȳ
1
8 ,y + 3

4 , ȳ + 1
2

y + 1
2 ,

5
8 , ȳ+ 3

4 y, 7
8 ,y + 1

4 ȳ, 3
8 , ȳ + 1

4 ȳ+ 1
2 ,

1
8 ,y + 3

4

ȳ+ 3
4 ,y + 1

2 ,
5
8 y + 1

4 ,y,
7
8 ȳ + 1

4 , ȳ,
3
8 y + 3

4 , ȳ + 1
2 ,

1
8

no extra conditions

96 f 2 . . x,0,0 x̄, 1
2 ,

1
2 0,x,0 1

2 , x̄,
1
2 0,0,x 1

2 ,
1
2 , x̄

3
4 ,x + 1

4 ,
3
4

1
4 , x̄ + 1

4 ,
1
4 x + 3

4 ,
1
4 ,

3
4 x̄ + 3

4 ,
3
4 ,

1
4

3
4 ,

1
4 , x̄ + 3

4
1
4 ,

3
4 ,x + 3

4

x̄+ 3
4 ,

3
4 ,

3
4 x + 3

4 ,
1
4 ,

1
4

3
4 , x̄ + 3

4 ,
3
4

1
4 ,x + 3

4 ,
1
4

3
4 ,

3
4 , x̄ + 3

4
1
4 ,

1
4 ,x + 3

4

0, x̄+ 1
2 ,0

1
2 ,x + 1

2 ,
1
2 x̄, 1

2 ,0 x,0, 1
2 0, 1

2 ,x
1
2 ,0, x̄

hkl : h + k + l = 4n

64 e . 3 . x,x,x x̄, x̄ + 1
2 ,x + 1

2 x̄+ 1
2 ,x + 1

2 , x̄ x + 1
2 , x̄, x̄ + 1

2

x + 3
4 ,x + 1

4 , x̄ + 3
4 x̄+ 1

4 , x̄ + 1
4 , x̄+ 1

4 x + 1
4 , x̄ + 3

4 ,x + 3
4 x̄ + 3

4 ,x + 3
4 ,x + 1

4

x̄+ 3
4 , x̄ + 3

4 , x̄ + 3
4 x + 3

4 ,x + 1
4 , x̄+ 1

4 x + 1
4 , x̄ + 1

4 ,x + 3
4 x̄ + 1

4 ,x + 3
4 ,x + 1

4

x̄, x̄ + 1
2 ,x x + 1

2 ,x + 1
2 ,x + 1

2 x̄+ 1
2 ,x, x̄ x, x̄, x̄ + 1

2

hkl : h = 2n

48 d 4̄ . . 1
4 ,0,0 3

4 ,
1
2 ,

1
2 0, 1

4 ,0
1
2 ,

3
4 ,

1
2 0,0, 1

4
1
2 ,

1
2 ,

3
4

3
4 ,

1
2 ,

3
4

1
4 ,0, 1

4 0, 1
4 ,

3
4

1
2 ,

3
4 ,

1
4

3
4 ,

1
4 ,

1
2

1
4 ,

3
4 ,0

hkl : h + k + l = 4n

32 c . 3̄ . 3
8 ,

3
8 ,

3
8

5
8 ,

1
8 ,

7
8

1
8 ,

7
8 ,

5
8

7
8 ,

5
8 ,

1
8

1
8 ,

5
8 ,

3
8

7
8 ,

7
8 ,

7
8

5
8 ,

3
8 ,

1
8

3
8 ,

1
8 ,

5
8 hkl : h,k, l = 4n + 2

or h,k, l = 4n

32 b . 3 2 1
8 ,

1
8 ,

1
8

7
8 ,

3
8 ,

5
8

3
8 ,

5
8 ,

7
8

5
8 ,

7
8 ,

3
8

5
8 ,

5
8 ,

5
8

7
8 ,

3
8 ,

1
8

3
8 ,

1
8 ,

7
8

1
8 ,

7
8 ,

3
8 hkl : h,k, l = 4n + 2

or h,k, l = 4n

16 a 2 3 . 0,0,0 3
4 ,

1
4 ,

3
4

3
4 ,

3
4 ,

3
4 0, 1

2 ,0 hkl : h + k + l = 4n
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F d 3̄c No. 228 CONTINUED

ORIGIN CHOICE 1

Symmetry of special projections
Along [001] p4mm
a′ = 1

4(a−b) b′ = 1
4 (a + b)

Origin at 0,0,z

Along [111] p6mm
a′ = 1

6 (2a−b− c) b′ = 1
6 (−a + 2b− c)

Origin at x,x,x

Along [110] p2mm
a′ = 1

4(−a + b) b′ = 1
2 c

Origin at x,x, 1
8

Maximal non-isomorphic subgroups
I [2] F 4̄3c (219) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 37; 38; 39; 40; 41; 42; 43; 44; 45; 46; 47; 48)+

[2] F 41 32 (210) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24)+
[2] F d 3̄1 (F d 3̄, 203) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 25; 26; 27; 28; 29; 30; 31; 32; 33; 34; 35; 36)+{
[3] F 41/d 12/c (I 41/acd, 142) (1; 2; 3; 4; 13; 14; 15; 16; 25; 26; 27; 28; 37; 38; 39; 40)+
[3] F 41/d 12/c (I 41/acd, 142) (1; 2; 3; 4; 17; 18; 19; 20; 25; 26; 27; 28; 41; 42; 43; 44)+
[3] F 41/d 12/c (I 41/acd, 142) (1; 2; 3; 4; 21; 22; 23; 24; 25; 26; 27; 28; 45; 46; 47; 48)+⎧⎪⎪⎨

⎪⎪⎩
[4] F 1 3̄2/c (R 3̄c, 167) (1; 5; 9; 14; 19; 24; 25; 29; 33; 38; 43; 48)+
[4] F 1 3̄2/c (R 3̄c, 167) (1; 6; 12; 13; 18; 24; 25; 30; 36; 37; 42; 48)+
[4] F 1 3̄2/c (R 3̄c, 167) (1; 7; 10; 13; 19; 22; 25; 31; 34; 37; 43; 46)+
[4] F 1 3̄2/c (R 3̄c, 167) (1; 8; 11; 14; 18; 22; 25; 32; 35; 38; 42; 46)+

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] F d 3̄c (a′ = 3a,b′ = 3b,c′ = 3c) (228)

Minimal non-isomorphic supergroups
I none

II [2] Pn 3̄m (a′ = 1
2 a,b′ = 1

2 b,c′ = 1
2 c) (224)
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CONTINUED
(from page 705)

No. 228 F d 3̄c

Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 2(0,0, 1
2 ) 0, 1

4 ,z (3) 2(0, 1
2 ,0) 1

4 ,y,0 (4) 2( 1
2 ,0,0) x,0, 1

4

(5) 3+ x,x,x (6) 3+( 1
3 ,− 1

3 ,
1
3) x̄+ 1

6 ,x+ 1
6 , x̄ (7) 3+(− 1

3 ,
1
3 ,

1
3 ) x+ 1

3 , x̄− 1
6 , x̄ (8) 3+( 1

3 ,
1
3 ,− 1

3 ) x̄+ 1
6 , x̄+ 1

3 ,x
(9) 3− x,x,x (10) 3− x, x̄+ 1

2 , x̄ (11) 3− x̄+ 1
2 , x̄,x (12) 3− x̄− 1

2 ,x+ 1
2 , x̄

(13) 2( 1
2 ,

1
2 ,0) x,x− 1

4 ,
3
8 (14) 2 x, x̄+ 1

4 ,
1
8 (15) 4−(0,0, 3

4 ) 1
2 ,

1
4 ,z (16) 4+(0,0, 1

4 ) 0, 3
4 ,z

(17) 4−( 3
4 ,0,0) x, 1

2 ,
1
4 (18) 2(0, 1

2 ,
1
2) 3

8 ,y+ 1
4 ,y (19) 2 1

8 ,y+ 1
4 ,ȳ (20) 4+( 1

4 ,0,0) x,0, 3
4

(21) 4+(0, 1
4 ,0) 3

4 ,y,0 (22) 2( 1
2 ,0, 1

2) x− 1
4 ,

3
8 ,x (23) 4−(0, 3

4 ,0) 1
4 ,y,

1
2 (24) 2 x̄+ 1

4 ,
1
8 ,x

(25) 1̄ 3
8 ,

3
8 ,

3
8 (26) d( 3

4 ,
1
4 ,0) x,y, 1

8 (27) d( 1
4 ,0, 3

4 ) x, 1
8 ,z (28) d(0, 3

4 ,
1
4 ) 1

8 ,y,z
(29) 3̄+ x,x,x; 3

8 ,
3
8 ,

3
8 (30) 3̄+ x̄−1,x+1, x̄; − 3

8 ,
3
8 ,

5
8 (31) 3̄+ x, x̄+1, x̄; 3

8 ,
5
8 ,− 3

8 (32) 3̄+ x̄+1, x̄,x; 5
8 ,− 3

8 ,
3
8

(33) 3̄− x,x,x; 3
8 ,

3
8 ,

3
8 (34) 3̄− x+ 1

2 , x̄−1, x̄; − 1
8 ,− 3

8 ,
5
8 (35) 3̄− x̄− 1

2 , x̄+ 1
2 ,x; − 3

8 ,
5
8 ,− 1

8 (36) 3̄− x̄+1,x− 1
2 , x̄; 5

8 ,− 1
8 ,− 3

8

(37) g(− 1
4 ,

1
4 ,0) x+ 1

4 , x̄,z (38) n( 1
2 ,

1
2 ,

1
2 ) x,x,z (39) 4̄− 1

4 ,
1
4 ,z; 1

4 ,
1
4 ,0 (40) 4̄+ 0,0,z; 0,0, 1

4

(41) 4̄− x, 1
4 ,

1
4 ; 0, 1

4 ,
1
4 (42) g(0,− 1

4 ,
1
4 ) x,y+ 1

4 ,ȳ (43) n( 1
2 ,

1
2 ,

1
2 ) x,y,y (44) 4̄+ x,0,0; 1

4 ,0,0
(45) 4̄+ 0,y,0; 0, 1

4 ,0 (46) g( 1
4 ,0,− 1

4 ) x̄+ 1
4 ,y,x (47) 4̄− 1

4 ,y,
1
4 ; 1

4 ,0, 1
4 (48) n( 1

2 ,
1
2 ,

1
2 ) x,y,x

For (0, 1
2 ,

1
2 )+ set

(1) t(0, 1
2 ,

1
2 ) (2) 2 0,0,z (3) 2 1

4 ,y,
1
4 (4) 2( 1

2 ,0,0) x, 1
4 ,0

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x− 1

3 ,x− 1
6 ,x (6) 3+ x̄+ 1

2 ,x, x̄ (7) 3+ x, x̄, x̄ (8) 3+ x̄+ 1
2 , x̄+ 1

2 ,x
(9) 3−( 1

3 ,
1
3 ,

1
3 ) x− 1

6 ,x+ 1
6 ,x (10) 3− x+ 1

2 , x̄, x̄ (11) 3−( 1
3 ,

1
3 ,− 1

3 ) x̄+ 1
3 , x̄+ 1

6 ,x (12) 3− x̄,x, x̄
(13) 2( 3

4 ,
3
4 ,0) x,x, 1

8 (14) 2(− 1
4 ,

1
4 ,0) x, x̄+ 1

2 ,
3
8 (15) 4−(0,0, 1

4 ) 1
4 ,0,z (16) 4+(0,0, 3

4 ) 1
4 ,

1
2 ,z

(17) 4−( 3
4 ,0,0) x, 1

2 ,− 1
4 (18) 2(0, 1

2 ,
1
2) 3

8 ,y− 1
4 ,y (19) 2 1

8 ,y+ 3
4 ,ȳ (20) 4+( 1

4 ,0,0) x,0, 1
4

(21) 4+(0, 3
4 ,0) 1

2 ,y,− 1
4 (22) 2( 1

4 ,0, 1
4) x, 1

8 ,x (23) 4−(0, 1
4 ,0) 0,y, 3

4 (24) 2(− 1
4 ,0, 1

4 ) x̄+ 1
2 ,

3
8 ,x

(25) 1̄ 3
8 ,

1
8 ,

1
8 (26) d( 3

4 ,
3
4 ,0) x,y, 3

8 (27) d( 1
4 ,0, 1

4 ) x, 3
8 ,z (28) d(0, 1

4 ,
3
4 ) 1

8 ,y,z
(29) 3̄+ x,x− 1

2 ,x; 3
8 ,− 1

8 ,
3
8 (30) 3̄+ x̄−1,x+ 1

2 , x̄; − 3
8 ,− 1

8 ,
5
8 (31) 3̄+ x, x̄+ 3

2 , x̄; 3
8 ,

9
8 ,− 3

8 (32) 3̄+ x̄+1, x̄+ 1
2 ,x; 5

8 ,
1
8 ,

3
8

(33) 3̄− x+ 1
2 ,x+ 1

2 ,x; 3
8 ,

3
8 ,− 1

8 (34) 3̄− x+1, x̄− 1
2 , x̄; 3

8 ,
1
8 ,

5
8 (35) 3̄− x̄, x̄+1,x; − 3

8 ,
5
8 ,

3
8 (36) 3̄− x̄+ 3

2 ,x, x̄; 9
8 ,

3
8 ,− 3

8

(37) c x, x̄,z (38) g( 1
4 ,

1
4 ,0) x+ 1

4 ,x,z (39) 4̄− 0, 1
2 ,z; 0, 1

2 ,
1
4 (40) 4̄+ 1

4 ,
1
4 ,z; 1

4 ,
1
4 ,0

(41) 4̄− x,− 1
4 ,

1
4 ; 0,− 1

4 ,
1
4 (42) g(0, 1

4 ,− 1
4 ) x,y+ 1

4 ,ȳ (43) a x,y,y (44) 4̄+ x, 1
2 ,0; 1

4 ,
1
2 ,0

(45) 4̄+ − 1
4 ,y,

1
4 ; − 1

4 ,0, 1
4 (46) b x̄+ 1

2 ,y,x (47) 4̄− 0,y,0; 0, 1
4 ,0 (48) g( 1

4 ,0, 1
4 ) x+ 1

4 ,y,x

For ( 1
2 ,0, 1

2 )+ set
(1) t( 1

2 ,0, 1
2 ) (2) 2 1

4 ,
1
4 ,z (3) 2(0, 1

2 ,0) 0,y, 1
4 (4) 2 x,0,0

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x+ 1

6 ,x− 1
6 ,x (6) 3+ x̄,x, x̄ (7) 3+ x+ 1

2 , x̄, x̄ (8) 3+ x̄, x̄+ 1
2 ,x

(9) 3−( 1
3 ,

1
3 ,

1
3 ) x− 1

6 ,x− 1
3 ,x (10) 3−(− 1

3 ,
1
3 ,

1
3) x+ 1

6 , x̄+ 1
6 , x̄ (11) 3− x̄, x̄,x (12) 3− x̄,x+ 1

2 , x̄
(13) 2( 1

4 ,
1
4 ,0) x,x, 1

8 (14) 2( 1
4 ,− 1

4 ,0) x, x̄+ 1
2 ,

3
8 (15) 4−(0,0, 1

4 ) 3
4 ,0,z (16) 4+(0,0, 3

4 ) − 1
4 ,

1
2 ,z

(17) 4−( 1
4 ,0,0) x, 1

4 ,0 (18) 2(0, 3
4 ,

3
4) 1

8 ,y,y (19) 2(0,− 1
4 ,

1
4 ) 3

8 ,y+ 1
2 ,ȳ (20) 4+( 3

4 ,0,0) x, 1
4 ,

1
2

(21) 4+(0, 1
4 ,0) 1

4 ,y,0 (22) 2( 1
2 ,0, 1

2) x+ 1
4 ,

3
8 ,x (23) 4−(0, 3

4 ,0) − 1
4 ,y,

1
2 (24) 2 x̄+ 3

4 ,
1
8 ,x

(25) 1̄ 1
8 ,

3
8 ,

1
8 (26) d( 1

4 ,
1
4 ,0) x,y, 3

8 (27) d( 3
4 ,0, 1

4 ) x, 1
8 ,z (28) d(0, 3

4 ,
3
4 ) 3

8 ,y,z
(29) 3̄+ x+ 1

2 ,x+ 1
2 ,x; 3

8 ,
3
8 ,− 1

8 (30) 3̄+ x̄− 3
2 ,x+ 3

2 , x̄; − 3
8 ,

3
8 ,

9
8 (31) 3̄+ x+ 1

2 , x̄+ 1
2 , x̄; 3

8 ,
5
8 ,

1
8 (32) 3̄+ x̄+ 1

2 , x̄− 1
2 ,x; 5

8 ,− 3
8 ,− 1

8

(33) 3̄− x− 1
2 ,x,x; − 1

8 ,
3
8 ,

3
8 (34) 3̄− x+1, x̄−1, x̄; 3

8 ,− 3
8 ,

5
8 (35) 3̄− x̄, x̄+ 3

2 ,x; − 3
8 ,

9
8 ,

3
8 (36) 3̄− x̄+ 1

2 ,x+ 1
2 , x̄; 5

8 ,
3
8 ,

1
8

(37) c x+ 1
2 , x̄,z (38) g( 1

4 ,
1
4 ,0) x− 1

4 ,x,z (39) 4̄− 0,0,z; 0,0, 1
4 (40) 4̄+ 1

4 ,− 1
4 ,z; 1

4 ,− 1
4 ,0

(41) 4̄− x,0, 1
2 ; 1

4 ,0, 1
2 (42) a x,y,ȳ (43) g(0, 1

4 ,
1
4 ) x,y+ 1

4 ,y (44) 4̄+ x, 1
4 ,

1
4 ; 0, 1

4 ,
1
4

(45) 4̄+ 0,y, 1
2 ; 0, 1

4 ,
1
2 (46) g(− 1

4 ,0, 1
4 ) x̄+ 1

4 ,y,x (47) 4̄− 1
4 ,y,− 1

4 ; 1
4 ,0,− 1

4 (48) b x,y,x

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2(0,0, 1

2 ) 1
4 ,0,z (3) 2 0,y,0 (4) 2 x, 1

4 ,
1
4

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x+ 1

6 ,x+ 1
3 ,x (6) 3+ x̄,x+ 1

2 , x̄ (7) 3+ x+ 1
2 , x̄− 1

2 , x̄ (8) 3+ x̄, x̄,x
(9) 3−( 1

3 ,
1
3 ,

1
3 ) x+ 1

3 ,x+ 1
6 ,x (10) 3− x, x̄, x̄ (11) 3− x̄+ 1

2 , x̄+ 1
2 ,x (12) 3−( 1

3 ,− 1
3 ,

1
3 ) x̄− 1

6 ,x+ 1
3 , x̄

(13) 2( 1
2 ,

1
2 ,0) x,x+ 1

4 ,
3
8 (14) 2 x, x̄+ 3

4 ,
1
8 (15) 4−(0,0, 3

4 ) 1
2 ,− 1

4 ,z (16) 4+(0,0, 1
4 ) 0, 1

4 ,z
(17) 4−( 1

4 ,0,0) x, 3
4 ,0 (18) 2(0, 1

4 ,
1
4) 1

8 ,y,y (19) 2(0, 1
4 ,− 1

4 ) 3
8 ,y+ 1

2 ,ȳ (20) 4+( 3
4 ,0,0) x,− 1

4 ,
1
2

(21) 4+(0, 3
4 ,0) 1

2 ,y,
1
4 (22) 2( 3

4 ,0, 3
4) x, 1

8 ,x (23) 4−(0, 1
4 ,0) 0,y, 1

4 (24) 2( 1
4 ,0,− 1

4 ) x̄+ 1
2 ,

3
8 ,x

(25) 1̄ 1
8 ,

1
8 ,

3
8 (26) d( 1

4 ,
3
4 ,0) x,y, 1

8 (27) d( 3
4 ,0, 3

4 ) x, 3
8 ,z (28) d(0, 1

4 ,
1
4 ) 3

8 ,y,z
(29) 3̄+ x− 1

2 ,x,x; − 1
8 ,

3
8 ,

3
8 (30) 3̄+ x̄− 1

2 ,x+1, x̄; 1
8 ,

3
8 ,

5
8 (31) 3̄+ x− 1

2 , x̄+1, x̄; − 1
8 ,

5
8 ,− 3

8 (32) 3̄+ x̄+ 3
2 , x̄,x; 9

8 ,− 3
8 ,

3
8

(33) 3̄− x,x− 1
2 ,x; 3

8 ,− 1
8 ,

3
8 (34) 3̄− x+ 3

2 , x̄− 3
2 , x̄; 3

8 ,− 3
8 ,

9
8 (35) 3̄− x̄+ 1

2 , x̄+1,x; 1
8 ,

5
8 ,

3
8 (36) 3̄− x̄+1,x, x̄; 5

8 ,
3
8 ,− 3

8

(37) g( 1
4 ,− 1

4 ,0) x+ 1
4 , x̄,z (38) c x,x,z (39) 4̄− − 1

4 ,
1
4 ,z; − 1

4 ,
1
4 ,0 (40) 4̄+ 1

2 ,0,z; 1
2 ,0, 1

4

(41) 4̄− x,0,0; 1
4 ,0,0 (42) a x,y+ 1

2 ,ȳ (43) g(0, 1
4 ,

1
4 ) x,y− 1

4 ,y (44) 4̄+ x, 1
4 ,− 1

4 ; 0, 1
4 ,− 1

4

(45) 4̄+ 1
4 ,y,

1
4 ; 1

4 ,0, 1
4 (46) b x̄,y,x (47) 4̄− 1

2 ,y,0; 1
2 ,

1
4 ,0 (48) g( 1

4 ,0, 1
4 ) x− 1

4 ,y,x
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CONTINUED No. 228 F d 3̄c

Origin at centre (3̄), at 3
8 ,

3
8 ,

3
8 from 23

Asymmetric unit − 1
8 ≤ x ≤ 3

8 ; − 1
8 ≤ y ≤ 0; − 1

4 ≤ z ≤ 0; y ≤ min( 1
4 − x,x); −y− 1

4 ≤ z ≤ y

Vertices − 1
8 ,− 1

8 ,− 1
8

3
8 ,− 1

8 ,− 1
8

1
4 ,0,0 0,0,0 1

4 ,0,− 1
4 0,0,− 1

4

Symmetry operations
(given on page 711)

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); t( 1

2 ,0, 1
2 ); (2); (3); (5); (13); (25)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2)+ ( 1

2 ,0, 1
2 )+ ( 1

2 ,
1
2 ,0)+

Reflection conditions

h,k, l permutable
General:

192 h 1 (1) x,y,z (2) x̄+ 1
4 , ȳ + 3

4 ,z+ 1
2 (3) x̄ + 3

4 ,y + 1
2 , z̄+ 1

4 (4) x + 1
2 , ȳ+ 1

4 , z̄+ 3
4

(5) z,x,y (6) z+ 1
2 , x̄ + 1

4 , ȳ+ 3
4 (7) z̄+ 1

4 , x̄ + 3
4 ,y + 1

2 (8) z̄+ 3
4 ,x + 1

2 , ȳ + 1
4

(9) y,z,x (10) ȳ+ 3
4 ,z+ 1

2 , x̄+ 1
4 (11) y + 1

2 , z̄+ 1
4 , x̄ + 3

4 (12) ȳ + 1
4 , z̄+ 3

4 ,x + 1
2

(13) y + 3
4 ,x + 1

4 , z̄ (14) ȳ+ 1
2 , x̄ + 1

2 , z̄+ 1
2 (15) y + 1

4 , x̄,z+ 3
4 (16) ȳ,x + 3

4 ,z+ 1
4

(17) x + 3
4 ,z+ 1

4 , ȳ (18) x̄,z+ 3
4 ,y + 1

4 (19) x̄ + 1
2 , z̄+ 1

2 , ȳ + 1
2 (20) x + 1

4 , z̄,y + 3
4

(21) z+ 3
4 ,y + 1

4 , x̄ (22) z+ 1
4 , ȳ,x + 3

4 (23) z̄,y + 3
4 ,x + 1

4 (24) z̄+ 1
2 , ȳ+ 1

2 , x̄ + 1
2

(25) x̄, ȳ, z̄ (26) x + 3
4 ,y + 1

4 , z̄+ 1
2 (27) x + 1

4 , ȳ + 1
2 ,z+ 3

4 (28) x̄ + 1
2 ,y + 3

4 ,z+ 1
4

(29) z̄, x̄, ȳ (30) z̄+ 1
2 ,x + 3

4 ,y + 1
4 (31) z+ 3

4 ,x + 1
4 , ȳ + 1

2 (32) z+ 1
4 , x̄ + 1

2 ,y + 3
4

(33) ȳ, z̄, x̄ (34) y + 1
4 , z̄+ 1

2 ,x + 3
4 (35) ȳ+ 1

2 ,z+ 3
4 ,x + 1

4 (36) y + 3
4 ,z+ 1

4 , x̄ + 1
2

(37) ȳ+ 1
4 , x̄ + 3

4 ,z (38) y + 1
2 ,x + 1

2 ,z+ 1
2 (39) ȳ+ 3

4 ,x, z̄+ 1
4 (40) y, x̄ + 1

4 , z̄+ 3
4

(41) x̄+ 1
4 , z̄+ 3

4 ,y (42) x, z̄+ 1
4 , ȳ+ 3

4 (43) x + 1
2 ,z+ 1

2 ,y + 1
2 (44) x̄ + 3

4 ,z, ȳ + 1
4

(45) z̄+ 1
4 , ȳ + 3

4 ,x (46) z̄+ 3
4 ,y, x̄ + 1

4 (47) z, ȳ + 1
4 , x̄+ 3

4 (48) z+ 1
2 ,y + 1

2 ,x + 1
2

hkl : h + k = 2n and
h + l,k + l = 2n

0kl : k + l = 4n and
k, l = 2n

hhl : h, l = 2n
h00 : h = 4n

Special: as above, plus

96 g . . 2 1
4 ,y, ȳ 0, ȳ+ 3

4 , ȳ+ 1
2

1
2 ,y + 1

2 ,y + 1
4

3
4 , ȳ + 1

4 ,y + 3
4

ȳ, 1
4 ,y ȳ+ 1

2 ,0, ȳ+ 3
4 y + 1

4 ,
1
2 ,y + 1

2 y + 3
4 ,

3
4 , ȳ + 1

4

y, ȳ, 1
4 ȳ+ 3

4 , ȳ + 1
2 ,0 y + 1

2 ,y + 1
4 ,

1
2 ȳ + 1

4 ,y + 3
4 ,

3
4

3
4 , ȳ,y 0,y + 1

4 ,y + 1
2

1
2 , ȳ + 1

2 , ȳ+ 3
4

1
4 ,y + 3

4 , ȳ + 1
4

y, 3
4 , ȳ y + 1

2 ,0,y + 1
4 ȳ+ 3

4 ,
1
2 , ȳ+ 1

2 ȳ + 1
4 ,

1
4 ,y + 3

4

ȳ,y, 3
4 y + 1

4 ,y + 1
2 ,0 ȳ+ 1

2 , ȳ+ 3
4 ,

1
2 y + 3

4 , ȳ + 1
4 ,

1
4

no extra conditions

96 f 2 . . x, 1
8 ,

1
8 x̄ + 1

4 ,
5
8 ,

5
8

1
8 ,x,

1
8

5
8 , x̄ + 1

4 ,
5
8

1
8 ,

1
8 ,x

5
8 ,

5
8 , x̄ + 1

4
7
8 ,x + 1

4 ,
7
8

3
8 , x̄ + 1

2 ,
3
8 x + 3

4 ,
3
8 ,

7
8 x̄, 7

8 ,
3
8

7
8 ,

3
8 , x̄

3
8 ,

7
8 ,x + 3

4

x̄, 7
8 ,

7
8 x + 3

4 ,
3
8 ,

3
8

7
8 , x̄,

7
8

3
8 ,x + 3

4 ,
3
8

7
8 ,

7
8 , x̄

3
8 ,

3
8 ,x + 3

4
1
8 , x̄ + 3

4 ,
1
8

5
8 ,x + 1

2 ,
5
8 x̄+ 1

4 ,
5
8 ,

1
8 x, 1

8 ,
5
8

1
8 ,

5
8 ,x

5
8 ,

1
8 , x̄ + 1

4

hkl : h + k + l = 4n

64 e . 3 . x,x,x x̄ + 1
4 , x̄ + 3

4 ,x + 1
2 x̄ + 3

4 ,x + 1
2 , x̄ + 1

4 x + 1
2 , x̄+ 1

4 , x̄ + 3
4

x + 3
4 ,x + 1

4 , x̄ x̄ + 1
2 , x̄ + 1

2 , x̄ + 1
2 x + 1

4 , x̄,x + 3
4 x̄,x + 3

4 ,x + 1
4

x̄, x̄, x̄ x + 3
4 ,x + 1

4 , x̄ + 1
2 x + 1

4 , x̄ + 1
2 ,x + 3

4 x̄ + 1
2 ,x + 3

4 ,x + 1
4

x̄+ 1
4 , x̄ + 3

4 ,x x + 1
2 ,x + 1

2 ,x + 1
2 x̄ + 3

4 ,x, x̄ + 1
4 x, x̄ + 1

4 , x̄ + 3
4

hkl : h = 2n

48 d 4̄ . . 7
8 ,

1
8 ,

1
8

3
8 ,

5
8 ,

5
8

1
8 ,

7
8 ,

1
8

5
8 ,

3
8 ,

5
8

1
8 ,

1
8 ,

7
8

5
8 ,

5
8 ,

3
8

7
8 ,

1
8 ,

7
8

3
8 ,

5
8 ,

3
8

5
8 ,

3
8 ,

7
8

1
8 ,

7
8 ,

3
8

7
8 ,

3
8 ,

1
8

3
8 ,

7
8 ,

5
8

hkl : h + k + l = 4n

32 c . 3̄ . 0,0,0 1
4 ,

3
4 ,

1
2

3
4 ,

1
2 ,

1
4

1
2 ,

1
4 ,

3
4

3
4 ,

1
4 ,0

1
2 ,

1
2 ,

1
2

1
4 ,0, 3

4 0, 3
4 ,

1
4 hkl : h,k, l = 4n + 2

or h,k, l = 4n

32 b . 3 2 1
4 ,

1
4 ,

1
4 0, 1

2 ,
3
4

1
2 ,

3
4 ,0

3
4 ,0, 1

2
3
4 ,

3
4 ,

3
4 0, 1

2 ,
1
4

1
2 ,

1
4 ,0

1
4 ,0, 1

2 hkl : h,k, l = 4n + 2
or h,k, l = 4n

16 a 2 3 . 1
8 ,

1
8 ,

1
8

7
8 ,

3
8 ,

7
8

7
8 ,

7
8 ,

7
8

1
8 ,

5
8 ,

1
8 hkl : h + k + l = 4n
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F d 3̄c No. 228 CONTINUED

ORIGIN CHOICE 2

Symmetry of special projections
Along [001] p4mm
a′ = 1

4(a−b) b′ = 1
4 (a + b)

Origin at 1
8 ,

3
8 ,z

Along [111] p6mm
a′ = 1

6 (2a−b− c) b′ = 1
6 (−a + 2b− c)

Origin at x,x,x

Along [110] p2mm
a′ = 1

4(−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] F 4̄3c (219) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 37; 38; 39; 40; 41; 42; 43; 44; 45; 46; 47; 48)+

[2] F 41 32 (210) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24)+
[2] F d 3̄1 (F d 3̄, 203) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 25; 26; 27; 28; 29; 30; 31; 32; 33; 34; 35; 36)+{
[3] F 41/d 12/c (I 41/acd, 142) (1; 2; 3; 4; 13; 14; 15; 16; 25; 26; 27; 28; 37; 38; 39; 40)+
[3] F 41/d 12/c (I 41/acd, 142) (1; 2; 3; 4; 17; 18; 19; 20; 25; 26; 27; 28; 41; 42; 43; 44)+
[3] F 41/d 12/c (I 41/acd, 142) (1; 2; 3; 4; 21; 22; 23; 24; 25; 26; 27; 28; 45; 46; 47; 48)+⎧⎪⎪⎨

⎪⎪⎩
[4] F 1 3̄2/c (R 3̄c, 167) (1; 5; 9; 14; 19; 24; 25; 29; 33; 38; 43; 48)+
[4] F 1 3̄2/c (R 3̄c, 167) (1; 6; 12; 13; 18; 24; 25; 30; 36; 37; 42; 48)+
[4] F 1 3̄2/c (R 3̄c, 167) (1; 7; 10; 13; 19; 22; 25; 31; 34; 37; 43; 46)+
[4] F 1 3̄2/c (R 3̄c, 167) (1; 8; 11; 14; 18; 22; 25; 32; 35; 38; 42; 46)+

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] F d 3̄c (a′ = 3a,b′ = 3b,c′ = 3c) (228)

Minimal non-isomorphic supergroups
I none

II [2] Pn 3̄m (a′ = 1
2 a,b′ = 1

2 b,c′ = 1
2 c) (224)
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CONTINUED
(from page 709)

No. 228 F d 3̄c

Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 2(0,0, 1
2) 1

8 ,
3
8 ,z (3) 2(0, 1

2 ,0) 3
8 ,y,

1
8 (4) 2( 1

2 ,0,0) x, 1
8 ,

3
8

(5) 3+ x,x,x (6) 3+( 1
3 ,− 1

3 ,
1
3 ) x̄+ 1

6 ,x+ 5
12 , x̄ (7) 3+(− 1

3 ,
1
3 ,

1
3 ) x+ 7

12 , x̄− 1
6 , x̄ (8) 3+( 1

3 ,
1
3 ,− 1

3 ) x̄+ 5
12 , x̄+ 7

12 ,x
(9) 3− x,x,x (10) 3− x+ 1

4 , x̄+ 1
2 , x̄ (11) 3− x̄+ 3

4 , x̄+ 1
4 ,x (12) 3− x̄− 1

2 ,x+ 3
4 , x̄

(13) 2( 1
2 ,

1
2 ,0) x,x− 1

4 ,0 (14) 2 x, x̄+ 1
2 ,

1
4 (15) 4−(0,0, 3

4 ) 1
8 ,− 1

8 ,z (16) 4+(0,0, 1
4) − 3

8 ,
3
8 ,z

(17) 4−( 3
4 ,0,0) x, 1

8 ,− 1
8 (18) 2(0, 1

2 ,
1
2 ) 0,y+ 1

4 ,y (19) 2 1
4 ,y+ 1

2 ,ȳ (20) 4+( 1
4 ,0,0) x,− 3

8 ,
3
8

(21) 4+(0, 1
4 ,0) 3

8 ,y,− 3
8 (22) 2( 1

2 ,0, 1
2 ) x− 1

4 ,0,x (23) 4−(0, 3
4 ,0) − 1

8 ,y,
1
8 (24) 2 x̄+ 1

2 ,
1
4 ,x

(25) 1̄ 0,0,0 (26) d( 3
4 ,

1
4 ,0) x,y, 1

4 (27) d( 1
4 ,0, 3

4) x, 1
4 ,z (28) d(0, 3

4 ,
1
4) 1

4 ,y,z
(29) 3̄+ x,x,x; 0,0,0 (30) 3̄+ x̄−1,x+ 5

4 , x̄; − 1
4 ,

1
2 ,

3
4 (31) 3̄+ x+ 1

4 , x̄+1, x̄; 1
2 ,

3
4 ,− 1

4 (32) 3̄+ x̄+ 5
4 , x̄+ 1

4 ,x; 3
4 ,− 1

4 ,
1
2

(33) 3̄− x,x,x; 0,0,0 (34) 3̄− x+ 3
4 , x̄−1, x̄; 0,− 1

4 ,
3
4 (35) 3̄− x̄− 1

4 , x̄+ 3
4 ,x; − 1

4 ,
3
4 ,0 (36) 3̄− x̄+1,x− 1

4 , x̄; 3
4 ,0,− 1

4

(37) g(− 1
4 ,

1
4 ,0) x+ 1

2 , x̄,z (38) n( 1
2 ,

1
2 ,

1
2 ) x,x,z (39) 4̄− 3

8 ,
3
8 ,z; 3

8 ,
3
8 ,

1
8 (40) 4̄+ 1

8 ,
1
8 ,z; 1

8 ,
1
8 ,

3
8

(41) 4̄− x, 3
8 ,

3
8 ; 1

8 ,
3
8 ,

3
8 (42) g(0,− 1

4 ,
1
4 ) x,y+ 1

2 ,ȳ (43) n( 1
2 ,

1
2 ,

1
2 ) x,y,y (44) 4̄+ x, 1

8 ,
1
8 ; 3

8 ,
1
8 ,

1
8

(45) 4̄+ 1
8 ,y,

1
8 ; 1

8 ,
3
8 ,

1
8 (46) g( 1

4 ,0,− 1
4 ) x̄+ 1

2 ,y,x (47) 4̄− 3
8 ,y,

3
8 ; 3

8 ,
1
8 ,

3
8 (48) n( 1

2 ,
1
2 ,

1
2 ) x,y,x

For (0, 1
2 ,

1
2 )+ set

(1) t(0, 1
2 ,

1
2 ) (2) 2 1

8 ,
1
8 ,z (3) 2 3

8 ,y,
3
8 (4) 2( 1

2 ,0,0) x, 3
8 ,

1
8

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x− 1

3 ,x− 1
6 ,x (6) 3+ x̄+ 1

2 ,x+ 1
4 , x̄ (7) 3+ x+ 1

4 , x̄, x̄ (8) 3+ x̄+ 3
4 , x̄+ 3

4 ,x
(9) 3−( 1

3 ,
1
3 ,

1
3 ) x− 1

6 ,x+ 1
6 ,x (10) 3− x+ 3

4 , x̄, x̄ (11) 3−( 1
3 ,

1
3 ,− 1

3 ) x̄+ 7
12 , x̄+ 5

12 ,x (12) 3− x̄,x+ 1
4 , x̄

(13) 2( 3
4 ,

3
4 ,0) x,x, 1

4 (14) 2( 1
4 ,− 1

4 ,0) x, x̄+ 1
4 ,0 (15) 4−(0,0, 1

4 ) 3
8 ,

1
8 ,z (16) 4+(0,0, 3

4) − 1
8 ,

1
8 ,z

(17) 4−( 3
4 ,0,0) x, 5

8 ,− 1
8 (18) 2(0, 1

2 ,
1
2 ) 0,y− 1

4 ,y (19) 2 1
4 ,y,ȳ (20) 4+( 1

4 ,0,0) x, 1
8 ,

3
8

(21) 4+(0, 3
4 ,0) 5

8 ,y,− 1
8 (22) 2( 1

4 ,0, 1
4 ) x, 1

4 ,x (23) 4−(0, 1
4 ,0) − 3

8 ,y,
3
8 (24) 2( 1

4 ,0,− 1
4) x̄+ 1

4 ,0,x
(25) 1̄ 0, 1

4 ,
1
4 (26) d( 3

4 ,
3
4 ,0) x,y,0 (27) d( 1

4 ,0, 1
4) x,0,z (28) d(0, 1

4 ,
3
4) 1

4 ,y,z
(29) 3̄+ x,x+ 1

2 ,x; 0, 1
2 ,0 (30) 3̄+ x̄−1,x+ 3

4 , x̄; − 1
4 ,0, 3

4 (31) 3̄+ x− 3
4 , x̄+ 3

2 , x̄; 0, 3
4 ,− 3

4 (32) 3̄+ x̄+ 1
4 , x̄− 1

4 ,x; 1
4 ,− 1

4 ,0
(33) 3̄− x− 1

2 ,x− 1
2 ,x; 0,0, 1

2 (34) 3̄− x+ 1
4 , x̄− 1

2 , x̄; 0,− 1
4 ,

1
4 (35) 3̄− x̄+ 1

4 , x̄+ 5
4 ,x; − 1

4 ,
3
4 ,

1
2 (36) 3̄− x̄+ 3

2 ,x− 3
4 , x̄; 3

4 ,0,− 3
4

(37) c x+ 1
4 , x̄,z (38) g( 1

4 ,
1
4 ,0) x+ 1

4 ,x,z (39) 4̄− 1
8 ,

5
8 ,z; 1

8 ,
5
8 ,

3
8 (40) 4̄+ 3

8 ,
3
8 ,z; 3

8 ,
3
8 ,

1
8

(41) 4̄− x,− 1
8 ,

3
8 ; 1

8 ,− 1
8 ,

3
8 (42) g(0, 1

4 ,− 1
4 ) x,y+ 1

2 ,ȳ (43) a x,y,y (44) 4̄+ x, 5
8 ,

1
8 ; 3

8 ,
5
8 ,

1
8

(45) 4̄+ − 1
8 ,y,

3
8 ; − 1

8 ,
1
8 ,

3
8 (46) b x̄+ 3

4 ,y,x (47) 4̄− 1
8 ,y,

1
8 ; 1

8 ,
3
8 ,

1
8 (48) g( 1

4 ,0, 1
4 ) x+ 1

4 ,y,x

For ( 1
2 ,0, 1

2 )+ set
(1) t( 1

2 ,0, 1
2 ) (2) 2 3

8 ,
3
8 ,z (3) 2(0, 1

2 ,0) 1
8 ,y,

3
8 (4) 2 x, 1

8 ,
1
8

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x+ 1

6 ,x− 1
6 ,x (6) 3+ x̄,x+ 1

4 , x̄ (7) 3+ x+ 3
4 , x̄, x̄ (8) 3+ x̄+ 1

4 , x̄+ 3
4 ,x

(9) 3−( 1
3 ,

1
3 ,

1
3 ) x− 1

6 ,x− 1
3 ,x (10) 3−(− 1

3 ,
1
3 ,

1
3 ) x+ 5

12 , x̄+ 1
6 , x̄ (11) 3− x̄+ 1

4 , x̄+ 1
4 ,x (12) 3− x̄,x+ 3

4 , x̄
(13) 2( 1

4 ,
1
4 ,0) x,x, 1

4 (14) 2(− 1
4 ,

1
4 ,0) x, x̄+ 1

4 ,0 (15) 4−(0,0, 1
4 ) 3

8 ,− 3
8 ,z (16) 4+(0,0, 3

4) − 1
8 ,

5
8 ,z

(17) 4−( 1
4 ,0,0) x, 3

8 ,
1
8 (18) 2(0, 3

4 ,
3
4 ) 1

4 ,y,y (19) 2(0, 1
4 ,− 1

4) 0,y+ 1
4 ,ȳ (20) 4+( 3

4 ,0,0) x,− 1
8 ,

1
8

(21) 4+(0, 1
4 ,0) 3

8 ,y,
1
8 (22) 2( 1

2 ,0, 1
2 ) x+ 1

4 ,0,x (23) 4−(0, 3
4 ,0) − 1

8 ,y,
5
8 (24) 2 x̄, 1

4 ,x
(25) 1̄ 1

4 ,0, 1
4 (26) d( 1

4 ,
1
4 ,0) x,y,0 (27) d( 3

4 ,0, 1
4) x, 1

4 ,z (28) d(0, 3
4 ,

3
4) 0,y,z

(29) 3̄+ x− 1
2 ,x− 1

2 ,x; 0,0, 1
2 (30) 3̄+ x̄− 3

2 ,x+ 3
4 , x̄; − 3

4 ,0, 3
4 (31) 3̄+ x− 1

4 , x̄+ 1
2 , x̄; 0, 1

4 ,− 1
4 (32) 3̄+ x̄+ 3

4 , x̄− 1
4 ,x; 3

4 ,− 1
4 ,0

(33) 3̄− x+ 1
2 ,x,x; 1

2 ,0,0 (34) 3̄− x+ 5
4 , x̄−1, x̄; 1

2 ,− 1
4 ,

3
4 (35) 3̄− x̄− 3

4 , x̄+ 3
4 ,x; − 3

4 ,
3
4 ,0 (36) 3̄− x̄+ 1

2 ,x− 1
4 , x̄; 1

4 ,0,− 1
4

(37) c x+ 3
4 , x̄,z (38) g( 1

4 ,
1
4 ,0) x− 1

4 ,x,z (39) 4̄− 1
8 ,

1
8 ,z; 1

8 ,
1
8 ,

3
8 (40) 4̄+ 3

8 ,− 1
8 ,z; 3

8 ,− 1
8 ,

1
8

(41) 4̄− x, 1
8 ,

5
8 ; 3

8 ,
1
8 ,

5
8 (42) a x,y+ 1

4 ,ȳ (43) g(0, 1
4 ,

1
4 ) x,y+ 1

4 ,y (44) 4̄+ x, 3
8 ,

3
8 ; 1

8 ,
3
8 ,

3
8

(45) 4̄+ 1
8 ,y,

5
8 ; 1

8 ,
3
8 ,

5
8 (46) g(− 1

4 ,0, 1
4 ) x̄+ 1

2 ,y,x (47) 4̄− 3
8 ,y,− 1

8 ; 3
8 ,

1
8 ,− 1

8 (48) b x,y,x

For ( 1
2 ,

1
2 ,0)+ set

(1) t( 1
2 ,

1
2 ,0) (2) 2(0,0, 1

2) 3
8 ,

1
8 ,z (3) 2 1

8 ,y,
1
8 (4) 2 x, 3

8 ,
3
8

(5) 3+( 1
3 ,

1
3 ,

1
3 ) x+ 1

6 ,x+ 1
3 ,x (6) 3+ x̄,x+ 3

4 , x̄ (7) 3+ x+ 3
4 , x̄− 1

2 , x̄ (8) 3+ x̄+ 1
4 , x̄+ 1

4 ,x
(9) 3−( 1

3 ,
1
3 ,

1
3 ) x+ 1

3 ,x+ 1
6 ,x (10) 3− x+ 1

4 , x̄, x̄ (11) 3− x̄+ 3
4 , x̄+ 3

4 ,x (12) 3−( 1
3 ,− 1

3 ,
1
3 ) x̄− 1

6 ,x+ 7
12 , x̄

(13) 2( 1
2 ,

1
2 ,0) x,x+ 1

4 ,0 (14) 2 x, x̄, 1
4 (15) 4−(0,0, 3

4 ) 5
8 ,− 1

8 ,z (16) 4+(0,0, 1
4) 1

8 ,
3
8 ,z

(17) 4−( 1
4 ,0,0) x, 3

8 ,− 3
8 (18) 2(0, 1

4 ,
1
4 ) 1

4 ,y,y (19) 2(0,− 1
4 ,

1
4) 0,y+ 1

4 ,ȳ (20) 4+( 3
4 ,0,0) x,− 1

8 ,
5
8

(21) 4+(0, 3
4 ,0) 1

8 ,y,− 1
8 (22) 2( 3

4 ,0, 3
4 ) x, 1

4 ,x (23) 4−(0, 1
4 ,0) 1

8 ,y,
3
8 (24) 2(− 1

4 ,0, 1
4) x̄+ 1

4 ,0,x
(25) 1̄ 1

4 ,
1
4 ,0 (26) d( 1

4 ,
3
4 ,0) x,y, 1

4 (27) d( 3
4 ,0, 3

4) x,0,z (28) d(0, 1
4 ,

1
4) 0,y,z

(29) 3̄+ x+ 1
2 ,x,x; 1

2 ,0,0 (30) 3̄+ x̄− 1
2 ,x+ 1

4 , x̄; − 1
4 ,0, 1

4 (31) 3̄+ x− 1
4 , x̄+1, x̄; 0, 3

4 ,− 1
4 (32) 3̄+ x̄+ 3

4 , x̄− 3
4 ,x; 3

4 ,− 3
4 ,0

(33) 3̄− x,x+ 1
2 ,x; 0, 1

2 ,0 (34) 3̄− x+ 3
4 , x̄− 3

2 , x̄; 0,− 3
4 ,

3
4 (35) 3̄− x̄− 1

4 , x̄+ 1
4 ,x; − 1

4 ,
1
4 ,0 (36) 3̄− x̄+1,x+ 1

4 , x̄; 3
4 ,

1
2 ,− 1

4

(37) g( 1
4 ,− 1

4 ,0) x+ 1
2 , x̄,z (38) c x,x,z (39) 4̄− − 1

8 ,
3
8 ,z; − 1

8 ,
3
8 ,

1
8 (40) 4̄+ 5

8 ,
1
8 ,z; 5

8 ,
1
8 ,

3
8

(41) 4̄− x, 1
8 ,

1
8 ; 3

8 ,
1
8 ,

1
8 (42) a x,y+ 3

4 ,ȳ (43) g(0, 1
4 ,

1
4 ) x,y− 1

4 ,y (44) 4̄+ x, 3
8 ,− 1

8 ; 1
8 ,

3
8 ,− 1

8

(45) 4̄+ 3
8 ,y,

3
8 ; 3

8 ,
1
8 ,

3
8 (46) b x̄+ 1

4 ,y,x (47) 4̄− 5
8 ,y,

1
8 ; 5

8 ,
3
8 ,

1
8 (48) g( 1

4 ,0, 1
4 ) x− 1

4 ,y,x
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I m 3̄m O9
h m 3̄m Cubic

No. 229 I 4/m 3̄ 2/m Patterson symmetry I m 3̄m

Origin at centre (m 3̄m)

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4 ; y ≤ x; z ≤ min( 1

2 − x,y)
Vertices 0,0,0 1

2 ,0,0 1
2 ,

1
2 ,0

1
4 ,

1
4 ,

1
4

Symmetry operations
(given on page 714)
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CONTINUED No. 229 I m 3̄m

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5); (13); (25)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

h,k, l permutable
General:

96 l 1 (1) x,y,z (2) x̄, ȳ,z (3) x̄,y, z̄ (4) x, ȳ, z̄
(5) z,x,y (6) z, x̄, ȳ (7) z̄, x̄,y (8) z̄,x, ȳ
(9) y,z,x (10) ȳ,z, x̄ (11) y, z̄, x̄ (12) ȳ, z̄,x

(13) y,x, z̄ (14) ȳ, x̄, z̄ (15) y, x̄,z (16) ȳ,x,z
(17) x,z, ȳ (18) x̄,z,y (19) x̄, z̄, ȳ (20) x, z̄,y
(21) z,y, x̄ (22) z, ȳ,x (23) z̄,y,x (24) z̄, ȳ, x̄
(25) x̄, ȳ, z̄ (26) x,y, z̄ (27) x, ȳ,z (28) x̄,y,z
(29) z̄, x̄, ȳ (30) z̄,x,y (31) z,x, ȳ (32) z, x̄,y
(33) ȳ, z̄, x̄ (34) y, z̄,x (35) ȳ,z,x (36) y,z, x̄
(37) ȳ, x̄,z (38) y,x,z (39) ȳ,x, z̄ (40) y, x̄, z̄
(41) x̄, z̄,y (42) x, z̄, ȳ (43) x,z,y (44) x̄,z, ȳ
(45) z̄, ȳ,x (46) z̄,y, x̄ (47) z, ȳ, x̄ (48) z,y,x

hkl : h + k + l = 2n
0kl : k + l = 2n
hhl : l = 2n
h00 : h = 2n

Special: as above, plus

48 k . . m x,x,z x̄, x̄,z x̄,x, z̄ x, x̄, z̄ z,x,x z, x̄, x̄
z̄, x̄,x z̄,x, x̄ x,z,x x̄,z, x̄ x, z̄, x̄ x̄, z̄,x
x,x, z̄ x̄, x̄, z̄ x, x̄,z x̄,x,z x,z, x̄ x̄,z,x
x̄, z̄, x̄ x, z̄,x z,x, x̄ z, x̄,x z̄,x,x z̄, x̄, x̄

no extra conditions

48 j m . . 0,y,z 0, ȳ,z 0,y, z̄ 0, ȳ, z̄ z,0,y z,0, ȳ
z̄,0,y z̄,0, ȳ y,z,0 ȳ,z,0 y, z̄,0 ȳ, z̄,0
y,0, z̄ ȳ,0, z̄ y,0,z ȳ,0,z 0,z, ȳ 0,z,y
0, z̄, ȳ 0, z̄,y z,y,0 z, ȳ,0 z̄,y,0 z̄, ȳ,0

no extra conditions

48 i . . 2 1
4 ,y, ȳ + 1

2
3
4 , ȳ, ȳ + 1

2
3
4 ,y,y + 1

2
1
4 , ȳ,y + 1

2

ȳ + 1
2 ,

1
4 ,y ȳ+ 1

2 ,
3
4 , ȳ y + 1

2 ,
3
4 ,y y + 1

2 ,
1
4 , ȳ

y, ȳ + 1
2 ,

1
4 ȳ, ȳ + 1

2 ,
3
4 y,y + 1

2 ,
3
4 ȳ,y + 1

2 ,
1
4

3
4 , ȳ,y + 1

2
1
4 ,y,y + 1

2
1
4 , ȳ, ȳ+ 1

2
3
4 ,y, ȳ + 1

2

y + 1
2 ,

3
4 , ȳ y + 1

2 ,
1
4 ,y ȳ+ 1

2 ,
1
4 , ȳ ȳ + 1

2 ,
3
4 ,y

ȳ,y + 1
2 ,

3
4 y,y + 1

2 ,
1
4 ȳ, ȳ+ 1

2 ,
1
4 y, ȳ + 1

2 ,
3
4

no extra conditions

24 h m . m2 0,y,y 0, ȳ,y 0,y, ȳ 0, ȳ, ȳ y,0,y y,0, ȳ
ȳ,0,y ȳ,0, ȳ y,y,0 ȳ,y,0 y, ȳ,0 ȳ, ȳ,0

no extra conditions

24 g m m 2 . . x,0, 1
2 x̄,0, 1

2
1
2 ,x,0

1
2 , x̄,0 0, 1

2 ,x 0, 1
2 , x̄

0,x, 1
2 0, x̄, 1

2 x, 1
2 ,0 x̄, 1

2 ,0
1
2 ,0, x̄ 1

2 ,0,x
no extra conditions

16 f . 3 m x,x,x x̄, x̄,x x̄,x, x̄ x, x̄, x̄
x,x, x̄ x̄, x̄, x̄ x, x̄,x x̄,x,x

no extra conditions

12 e 4 m .m x,0,0 x̄,0,0 0,x,0 0, x̄,0 0,0,x 0,0, x̄ no extra conditions

12 d 4̄ m .2 1
4 ,0, 1

2
3
4 ,0, 1

2
1
2 ,

1
4 ,0

1
2 ,

3
4 ,0 0, 1

2 ,
1
4 0, 1

2 ,
3
4 no extra conditions

8 c . 3̄ m 1
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

1
4

3
4 ,

1
4 ,

3
4

1
4 ,

3
4 ,

3
4 hkl : k, l = 2n

6 b 4/m m .m 0, 1
2 ,

1
2

1
2 ,0, 1

2
1
2 ,

1
2 ,0 no extra conditions

2 a m 3̄ m 0,0,0 no extra conditions

Symmetry of special projections
Along [001] p4mm
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [111] p6mm
a′ = 1

3 (2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [110] p2mm
a′ = 1

2(−a + b) b′ = 1
2 c

Origin at x,x,0
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I m 3̄m No. 229 CONTINUED

Maximal non-isomorphic subgroups
I [2] I 4̄ 3m (217) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 37; 38; 39; 40; 41; 42; 43; 44; 45; 46; 47; 48)+

[2] I 432 (211) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24)+
[2] I m 3̄ 1 (I m 3̄, 204) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 25; 26; 27; 28; 29; 30; 31; 32; 33; 34; 35; 36)+{
[3] I 4/m12/m (I 4/mmm, 139) (1; 2; 3; 4; 13; 14; 15; 16; 25; 26; 27; 28; 37; 38; 39; 40)+
[3] I 4/m12/m (I 4/mmm, 139) (1; 2; 3; 4; 17; 18; 19; 20; 25; 26; 27; 28; 41; 42; 43; 44)+
[3] I 4/m12/m (I 4/mmm, 139) (1; 2; 3; 4; 21; 22; 23; 24; 25; 26; 27; 28; 45; 46; 47; 48)+⎧⎪⎪⎨

⎪⎪⎩
[4] I 1 3̄2/m (R 3̄m, 166) (1; 5; 9; 14; 19; 24; 25; 29; 33; 38; 43; 48)+
[4] I 1 3̄2/m (R 3̄m, 166) (1; 6; 12; 13; 18; 24; 25; 30; 36; 37; 42; 48)+
[4] I 1 3̄2/m (R 3̄m, 166) (1; 7; 10; 13; 19; 22; 25; 31; 34; 37; 43; 46)+
[4] I 1 3̄2/m (R 3̄m, 166) (1; 8; 11; 14; 18; 22; 25; 32; 35; 38; 42; 46)+

IIa [2] Pn 3̄m (224) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 37; 38; 39; 40; 41; 42; 43; 44; 45; 46; 47; 48; (13; 14; 15;
16; 17; 18; 19; 20; 21; 22; 23; 24; 25; 26; 27; 28; 29; 30; 31; 32; 33; 34; 35; 36)+ ( 1

2 ,
1
2 ,

1
2 )

[2] Pm 3̄n (223) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 25; 26; 27; 28; 29; 30; 31; 32; 33; 34; 35; 36; (13; 14; 15;
16; 17; 18; 19; 20; 21; 22; 23; 24; 37; 38; 39; 40; 41; 42; 43; 44; 45; 46; 47; 48)+ ( 1

2 ,
1
2 ,

1
2 )

[2] Pn 3̄n (222) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24; (25; 26; 27;
28; 29; 30; 31; 32; 33; 34; 35; 36; 37; 38; 39; 40; 41; 42; 43; 44; 45; 46; 47; 48)+ ( 1

2 ,
1
2 ,

1
2 )

[2] Pm 3̄m (221) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24; 25; 26;
27; 28; 29; 30; 31; 32; 33; 34; 35; 36; 37; 38; 39; 40; 41; 42; 43; 44; 45; 46; 47; 48

IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] I m 3̄m (a′ = 3a,b′ = 3b,c′ = 3c) (229)

Minimal non-isomorphic supergroups
I none

II [4] Pm 3̄m (a′ = 1
2 a,b′ = 1

2 b,c′ = 1
2 c) (221)

Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 2 0,0,z (3) 2 0,y,0 (4) 2 x,0,0
(5) 3+ x,x,x (6) 3+ x̄,x, x̄ (7) 3+ x, x̄, x̄ (8) 3+ x̄, x̄,x
(9) 3− x,x,x (10) 3− x, x̄, x̄ (11) 3− x̄, x̄,x (12) 3− x̄,x, x̄

(13) 2 x,x,0 (14) 2 x, x̄,0 (15) 4− 0,0,z (16) 4+ 0,0,z
(17) 4− x,0,0 (18) 2 0,y,y (19) 2 0,y,ȳ (20) 4+ x,0,0
(21) 4+ 0,y,0 (22) 2 x,0,x (23) 4− 0,y,0 (24) 2 x̄,0,x
(25) 1̄ 0,0,0 (26) m x,y,0 (27) m x,0,z (28) m 0,y,z
(29) 3̄+ x,x,x; 0,0,0 (30) 3̄+ x̄,x, x̄; 0,0,0 (31) 3̄+ x, x̄, x̄; 0,0,0 (32) 3̄+ x̄, x̄,x; 0,0,0
(33) 3̄− x,x,x; 0,0,0 (34) 3̄− x, x̄, x̄; 0,0,0 (35) 3̄− x̄, x̄,x; 0,0,0 (36) 3̄− x̄,x, x̄; 0,0,0
(37) m x, x̄,z (38) m x,x,z (39) 4̄− 0,0,z; 0,0,0 (40) 4̄+ 0,0,z; 0,0,0
(41) 4̄− x,0,0; 0,0,0 (42) m x,y,ȳ (43) m x,y,y (44) 4̄+ x,0,0; 0,0,0
(45) 4̄+ 0,y,0; 0,0,0 (46) m x̄,y,x (47) 4̄− 0,y,0; 0,0,0 (48) m x,y,x

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) 2(0, 1

2 ,0) 1
4 ,y,

1
4 (4) 2( 1

2 ,0,0) x, 1
4 ,

1
4

(5) 3+( 1
2 ,

1
2 ,

1
2 ) x,x,x (6) 3+( 1

6 ,− 1
6 ,

1
6) x̄+ 1

3 ,x+ 1
3 , x̄ (7) 3+(− 1

6 ,
1
6 ,

1
6 ) x+ 2

3 , x̄− 1
3 , x̄ (8) 3+( 1

6 ,
1
6 ,− 1

6) x̄+ 1
3 , x̄+ 2

3 ,x
(9) 3−( 1

2 ,
1
2 ,

1
2 ) x,x,x (10) 3−(− 1

6 ,
1
6 ,

1
6) x+ 1

3 , x̄+ 1
3 , x̄ (11) 3−( 1

6 ,
1
6 ,− 1

6 ) x̄+ 2
3 , x̄+ 1

3 ,x (12) 3−( 1
6 ,− 1

6 ,
1
6) x̄− 1

3 ,x+ 2
3 , x̄

(13) 2( 1
2 ,

1
2 ,0) x,x, 1

4 (14) 2 x, x̄+ 1
2 ,

1
4 (15) 4−(0,0, 1

2 ) 1
2 ,0,z (16) 4+(0,0, 1

2 ) 0, 1
2 ,z

(17) 4−( 1
2 ,0,0) x, 1

2 ,0 (18) 2(0, 1
2 ,

1
2) 1

4 ,y,y (19) 2 1
4 ,y+ 1

2 ,ȳ (20) 4+( 1
2 ,0,0) x,0, 1

2

(21) 4+(0, 1
2 ,0) 1

2 ,y,0 (22) 2( 1
2 ,0, 1

2) x, 1
4 ,x (23) 4−(0, 1

2 ,0) 0,y, 1
2 (24) 2 x̄+ 1

2 ,
1
4 ,x

(25) 1̄ 1
4 ,

1
4 ,

1
4 (26) n( 1

2 ,
1
2 ,0) x,y, 1

4 (27) n( 1
2 ,0, 1

2 ) x, 1
4 ,z (28) n(0, 1

2 ,
1
2) 1

4 ,y,z
(29) 3̄+ x,x,x; 1

4 ,
1
4 ,

1
4 (30) 3̄+ x̄−1,x+1, x̄; − 1

4 ,
1
4 ,

3
4 (31) 3̄+ x, x̄+1, x̄; 1

4 ,
3
4 ,− 1

4 (32) 3̄+ x̄+1, x̄,x; 3
4 ,− 1

4 ,
1
4

(33) 3̄− x,x,x; 1
4 ,

1
4 ,

1
4 (34) 3̄− x+1, x̄−1, x̄; 1

4 ,− 1
4 ,

3
4 (35) 3̄− x̄, x̄+1,x; − 1

4 ,
3
4 ,

1
4 (36) 3̄− x̄+1,x, x̄; 3

4 ,
1
4 ,− 1

4

(37) c x+ 1
2 , x̄,z (38) n( 1

2 ,
1
2 ,

1
2) x,x,z (39) 4̄− 0, 1

2 ,z; 0, 1
2 ,

1
4 (40) 4̄+ 1

2 ,0,z; 1
2 ,0, 1

4

(41) 4̄− x,0, 1
2 ; 1

4 ,0, 1
2 (42) a x,y+ 1

2 ,ȳ (43) n( 1
2 ,

1
2 ,

1
2 ) x,y,y (44) 4̄+ x, 1

2 ,0; 1
4 ,

1
2 ,0

(45) 4̄+ 0,y, 1
2 ; 0, 1

4 ,
1
2 (46) b x̄+ 1

2 ,y,x (47) 4̄− 1
2 ,y,0; 1

2 ,
1
4 ,0 (48) n( 1

2 ,
1
2 ,

1
2 ) x,y,x
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I a 3̄d O10
h m 3̄m Cubic

No. 230 I 41/a 3̄ 2/d Patterson symmetry I m 3̄m

Origin at centre (3̄)

Asymmetric unit − 1
8 ≤ x ≤ 1

8 ; − 1
8 ≤ y ≤ 1

8 ; 0 ≤ z ≤ 1
4 ; max(x,−x,y,−y) ≤ z

Vertices 0,0,0 1
8 ,

1
8 ,

1
8 − 1

8 ,
1
8 ,

1
8 − 1

8 ,− 1
8 ,

1
8

1
8 ,− 1

8 ,
1
8

1
8 ,

1
8 ,

1
4 − 1

8 ,
1
8 ,

1
4 − 1

8 ,− 1
8 ,

1
4

1
8 ,− 1

8 ,
1
4
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CONTINUED No. 230 I a 3̄d

Symmetry operations
(given on page 715)

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3); (5); (13); (25)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

h,k, l permutable
General:

96 h 1 (1) x,y,z (2) x̄ + 1
2 , ȳ,z+ 1

2 (3) x̄,y + 1
2 , z̄+ 1

2 (4) x + 1
2 , ȳ+ 1

2 , z̄
(5) z,x,y (6) z+ 1

2 , x̄ + 1
2 , ȳ (7) z̄+ 1

2 , x̄,y + 1
2 (8) z̄,x + 1

2 , ȳ + 1
2

(9) y,z,x (10) ȳ,z+ 1
2 , x̄+ 1

2 (11) y + 1
2 , z̄+ 1

2 , x̄ (12) ȳ+ 1
2 , z̄,x + 1

2

(13) y + 3
4 ,x + 1

4 , z̄+ 1
4 (14) ȳ+ 3

4 , x̄ + 3
4 , z̄+ 3

4 (15) y + 1
4 , x̄ + 1

4 ,z+ 3
4 (16) ȳ+ 1

4 ,x + 3
4 ,z+ 1

4

(17) x + 3
4 ,z+ 1

4 , ȳ+ 1
4 (18) x̄ + 1

4 ,z+ 3
4 ,y + 1

4 (19) x̄ + 3
4 , z̄+ 3

4 , ȳ + 3
4 (20) x + 1

4 , z̄+ 1
4 ,y + 3

4

(21) z+ 3
4 ,y + 1

4 , x̄ + 1
4 (22) z+ 1

4 , ȳ + 1
4 ,x + 3

4 (23) z̄+ 1
4 ,y + 3

4 ,x + 1
4 (24) z̄+ 3

4 , ȳ + 3
4 , x̄ + 3

4

(25) x̄, ȳ, z̄ (26) x + 1
2 ,y, z̄ + 1

2 (27) x, ȳ + 1
2 ,z+ 1

2 (28) x̄+ 1
2 ,y + 1

2 ,z
(29) z̄, x̄, ȳ (30) z̄+ 1

2 ,x + 1
2 ,y (31) z+ 1

2 ,x, ȳ + 1
2 (32) z, x̄ + 1

2 ,y + 1
2

(33) ȳ, z̄, x̄ (34) y, z̄+ 1
2 ,x + 1

2 (35) ȳ + 1
2 ,z+ 1

2 ,x (36) y + 1
2 ,z, x̄ + 1

2

(37) ȳ+ 1
4 , x̄ + 3

4 ,z+ 3
4 (38) y + 1

4 ,x + 1
4 ,z+ 1

4 (39) ȳ + 3
4 ,x + 3

4 , z̄+ 1
4 (40) y + 3

4 , x̄+ 1
4 , z̄+ 3

4

(41) x̄+ 1
4 , z̄+ 3

4 ,y + 3
4 (42) x + 3

4 , z̄+ 1
4 , ȳ + 3

4 (43) x + 1
4 ,z+ 1

4 ,y + 1
4 (44) x̄+ 3

4 ,z+ 3
4 , ȳ+ 1

4

(45) z̄+ 1
4 , ȳ + 3

4 ,x + 3
4 (46) z̄+ 3

4 ,y + 3
4 , x̄ + 1

4 (47) z+ 3
4 , ȳ+ 1

4 , x̄ + 3
4 (48) z+ 1

4 ,y + 1
4 ,x + 1

4

hkl : h + k + l = 2n
0kl : k, l = 2n
hhl : 2h + l = 4n
h00 : h = 4n

Special: as above, plus

48 g . . 2 1
8 ,y, ȳ + 1

4
3
8 , ȳ, ȳ + 3

4
7
8 ,y + 1

2 ,y + 1
4

5
8 , ȳ + 1

2 ,y + 3
4

ȳ+ 1
4 ,

1
8 ,y ȳ + 3

4 ,
3
8 , ȳ y + 1

4 ,
7
8 ,y + 1

2 y + 3
4 ,

5
8 , ȳ+ 1

2

y, ȳ + 1
4 ,

1
8 ȳ, ȳ + 3

4 ,
3
8 y + 1

2 ,y + 1
4 ,

7
8 ȳ+ 1

2 ,y + 3
4 ,

5
8

7
8 , ȳ,y + 3

4
5
8 ,y,y + 1

4
1
8 , ȳ+ 1

2 , ȳ + 3
4

3
8 ,y + 1

2 , ȳ+ 1
4

y + 3
4 ,

7
8 , ȳ y + 1

4 ,
5
8 ,y ȳ+ 3

4 ,
1
8 , ȳ + 1

2 ȳ+ 1
4 ,

3
8 ,y + 1

2

ȳ,y + 3
4 ,

7
8 y,y + 1

4 ,
5
8 ȳ+ 1

2 , ȳ + 3
4 ,

1
8 y + 1

2 , ȳ+ 1
4 ,

3
8

hkl : h = 2n + 1
or h = 4n

48 f 2 . . x,0, 1
4 x̄ + 1

2 ,0, 3
4

1
4 ,x,0

3
4 , x̄ + 1

2 ,0 0, 1
4 ,x 0, 3

4 , x̄ + 1
2

3
4 ,x + 1

4 ,0
3
4 , x̄ + 3

4 ,
1
2 x + 3

4 ,
1
2 ,

1
4 x̄ + 1

4 ,0, 1
4 0, 1

4 , x̄ + 1
4

1
2 ,

1
4 ,x + 3

4

x̄,0, 3
4 x + 1

2 ,0, 1
4

3
4 , x̄,0

1
4 ,x + 1

2 ,0 0, 3
4 , x̄ 0, 1

4 ,x + 1
2

1
4 , x̄ + 3

4 ,0
1
4 ,x + 1

4 ,
1
2 x̄+ 1

4 ,
1
2 ,

3
4 x + 3

4 ,0, 3
4 0, 3

4 ,x + 3
4

1
2 ,

3
4 , x̄ + 1

4

hkl : 2h + l = 4n

32 e . 3 . x,x,x x̄ + 1
2 , x̄,x + 1

2 x̄,x + 1
2 , x̄ + 1

2 x + 1
2 , x̄ + 1

2 , x̄
x + 3

4 ,x + 1
4 , x̄ + 1

4 x̄ + 3
4 , x̄ + 3

4 , x̄ + 3
4 x + 1

4 , x̄ + 1
4 ,x + 3

4 x̄+ 1
4 ,x + 3

4 ,x + 1
4

x̄, x̄, x̄ x + 1
2 ,x, x̄ + 1

2 x, x̄ + 1
2 ,x + 1

2 x̄+ 1
2 ,x + 1

2 ,x
x̄ + 1

4 , x̄ + 3
4 ,x + 3

4 x + 1
4 ,x + 1

4 ,x + 1
4 x̄+ 3

4 ,x + 3
4 , x̄ + 1

4 x + 3
4 , x̄ + 1

4 , x̄+ 3
4

hkl : h = 2n + 1
or h + k + l = 4n

24 d 4̄ . . 3
8 ,0, 1

4
1
8 ,0, 3

4
1
4 ,

3
8 ,0

3
4 ,

1
8 ,0 0, 1

4 ,
3
8 0, 3

4 ,
1
8

3
4 ,

5
8 ,0

3
4 ,

3
8 ,

1
2

1
8 ,

1
2 ,

1
4

7
8 ,0, 1

4 0, 1
4 ,

7
8

1
2 ,

1
4 ,

1
8

24 c 2 . 22 1
8 ,0, 1

4
3
8 ,0, 3

4
1
4 ,

1
8 ,0

3
4 ,

3
8 ,0 0, 1

4 ,
1
8 0, 3

4 ,
3
8

7
8 ,0, 3

4
5
8 ,0, 1

4
3
4 ,

7
8 ,0

1
4 ,

5
8 ,0 0, 3

4 ,
7
8 0, 1

4 ,
5
8

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

hkl : h,k = 2n, h + k + l = 4n
or h,k = 2n + 1, l = 4n + 2
or h = 8n, k = 8n + 4 and

h + k + l = 4n + 2

16 b . 3 2 1
8 ,

1
8 ,

1
8

3
8 ,

7
8 ,

5
8

7
8 ,

5
8 ,

3
8

5
8 ,

3
8 ,

7
8

7
8 ,

7
8 ,

7
8

5
8 ,

1
8 ,

3
8

1
8 ,

3
8 ,

5
8

3
8 ,

5
8 ,

1
8 hkl : h,k = 2n + 1, l = 4n + 2

or h,k, l = 4n

16 a . 3̄ . 0,0,0 1
2 ,0, 1

2 0, 1
2 ,

1
2

1
2 ,

1
2 ,0

3
4 ,

1
4 ,

1
4

3
4 ,

3
4 ,

3
4

1
4 ,

1
4 ,

3
4

1
4 ,

3
4 ,

1
4 hkl : h,k = 2n, h + k + l = 4n

(Continued on page 715)
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CONTINUED
(from page 717)

No. 230 I a 3̄d

Symmetry of special projections
Along [001] p4mm
a′ = 1

2 a b′ = 1
2 b

Origin at 1
4 ,0,z

Along [111] p6mm
a′ = 1

3 (2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [110] c2mm
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x + 1
4 ,

1
8

Maximal non-isomorphic subgroups
I [2] I 4̄ 3d (220) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 37; 38; 39; 40; 41; 42; 43; 44; 45; 46; 47; 48)+

[2] I 41 32 (214) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24)+
[2] I a 3̄1 (I a 3̄, 206) (1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 25; 26; 27; 28; 29; 30; 31; 32; 33; 34; 35; 36)+{
[3] I 41/a12/d (I 41/acd, 142) (1; 2; 3; 4; 13; 14; 15; 16; 25; 26; 27; 28; 37; 38; 39; 40)+
[3] I 41/a12/d (I 41/acd, 142) (1; 2; 3; 4; 17; 18; 19; 20; 25; 26; 27; 28; 41; 42; 43; 44)+
[3] I 41/a12/d (I 41/acd, 142) (1; 2; 3; 4; 21; 22; 23; 24; 25; 26; 27; 28; 45; 46; 47; 48)+⎧⎪⎪⎨

⎪⎪⎩
[4] I 1 3̄2/d (R 3̄c, 167) (1; 5; 9; 14; 19; 24; 25; 29; 33; 38; 43; 48)+
[4] I 1 3̄2/d (R 3̄c, 167) (1; 6; 12; 13; 18; 24; 25; 30; 36; 37; 42; 48)+
[4] I 1 3̄2/d (R 3̄c, 167) (1; 7; 10; 13; 19; 22; 25; 31; 34; 37; 43; 46)+
[4] I 1 3̄2/d (R 3̄c, 167) (1; 8; 11; 14; 18; 22; 25; 32; 35; 38; 42; 46)+

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
IIc [27] I a 3̄d (a′ = 3a,b′ = 3b,c′ = 3c) (230)

Minimal non-isomorphic supergroups
I none

II [4] Pm 3̄n (a′ = 1
2 a,b′ = 1

2 b,c′ = 1
2 c) (223)

Symmetry operations
For (0,0,0)+ set

(1) 1 (2) 2(0,0, 1
2 ) 1

4 ,0,z (3) 2(0, 1
2 ,0) 0,y, 1

4 (4) 2( 1
2 ,0,0) x, 1

4 ,0
(5) 3+ x,x,x (6) 3+ x̄+ 1

2 ,x, x̄ (7) 3+ x+ 1
2 , x̄− 1

2 , x̄ (8) 3+ x̄, x̄+ 1
2 ,x

(9) 3− x,x,x (10) 3−(− 1
3 ,

1
3 ,

1
3 ) x+ 1

6 , x̄+ 1
6 , x̄ (11) 3−( 1

3 ,
1
3 ,− 1

3 ) x̄+ 1
3 , x̄+ 1

6 ,x (12) 3−( 1
3 ,− 1

3 ,
1
3 ) x̄− 1

6 ,x+ 1
3 , x̄

(13) 2( 1
2 ,

1
2 ,0) x,x− 1

4 ,
1
8 (14) 2 x, x̄+ 3

4 ,
3
8 (15) 4−(0,0, 3

4 ) 1
4 ,0,z (16) 4+(0,0, 1

4 ) − 1
4 ,

1
2 ,z

(17) 4−( 3
4 ,0,0) x, 1

4 ,0 (18) 2(0, 1
2 ,

1
2 ) 1

8 ,y+ 1
4 ,y (19) 2 3

8 ,y+ 3
4 ,ȳ (20) 4+( 1

4 ,0,0) x,− 1
4 ,

1
2

(21) 4+(0, 1
4 ,0) 1

2 ,y,− 1
4 (22) 2( 1

2 ,0, 1
2 ) x− 1

4 ,
1
8 ,x (23) 4−(0, 3

4 ,0) 0,y, 1
4 (24) 2 x̄+ 3

4 ,
3
8 ,x

(25) 1̄ 0,0,0 (26) a x,y, 1
4 (27) c x, 1

4 ,z (28) b 1
4 ,y,z

(29) 3̄+ x,x,x; 0,0,0 (30) 3̄+ x̄− 1
2 ,x+1, x̄; 0, 1

2 ,
1
2 (31) 3̄+ x+ 1

2 , x̄+ 1
2 , x̄; 1

2 ,
1
2 ,0 (32) 3̄+ x̄+1, x̄+ 1

2 ,x; 1
2 ,0, 1

2

(33) 3̄− x,x,x; 0,0,0 (34) 3̄− x+ 1
2 , x̄− 1

2 , x̄; 0,0, 1
2 (35) 3̄− x̄, x̄+ 1

2 ,x; 0, 1
2 ,0 (36) 3̄− x̄+ 1

2 ,x, x̄; 1
2 ,0,0

(37) d(− 1
4 ,

1
4 ,

3
4 ) x+ 1

2 , x̄,z (38) d( 1
4 ,

1
4 ,

1
4 ) x,x,z (39) 4̄− 0, 3

4 ,z; 0, 3
4 ,

1
8 (40) 4̄+ 1

2 ,− 1
4 ,z; 1

2 ,− 1
4 ,

3
8

(41) 4̄− x,0, 3
4 ; 1

8 ,0, 3
4 (42) d( 3

4 ,− 1
4 ,

1
4 ) x,y+ 1

2 ,ȳ (43) d( 1
4 ,

1
4 ,

1
4) x,y,y (44) 4̄+ x, 1

2 ,− 1
4 ; 3

8 ,
1
2 ,− 1

4

(45) 4̄+ − 1
4 ,y,

1
2 ; − 1

4 ,
3
8 ,

1
2 (46) d( 1

4 ,
3
4 ,− 1

4 ) x̄+ 1
2 ,y,x (47) 4̄− 3

4 ,y,0; 3
4 ,

1
8 ,0 (48) d( 1

4 ,
1
4 ,

1
4) x,y,x

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2 0, 1

4 ,z (3) 2 1
4 ,y,0 (4) 2 x,0, 1

4

(5) 3+( 1
2 ,

1
2 ,

1
2 ) x,x,x (6) 3+( 1

6 ,− 1
6 ,

1
6 ) x̄− 1

6 ,x+ 1
3 , x̄ (7) 3+(− 1

6 ,
1
6 ,

1
6 ) x+ 1

6 , x̄+ 1
6 , x̄ (8) 3+( 1

6 ,
1
6 ,− 1

6 ) x̄+ 1
3 , x̄+ 1

6 ,x
(9) 3−( 1

2 ,
1
2 ,

1
2 ) x,x,x (10) 3−( 1

6 ,− 1
6 ,− 1

6) x+ 1
6 , x̄+ 1

6 , x̄ (11) 3−(− 1
6 ,− 1

6 ,
1
6) x̄+ 1

3 , x̄+ 1
6 ,x (12) 3−(− 1

6 ,
1
6 ,− 1

6) x̄− 1
6 ,x+ 1

3 , x̄
(13) 2( 1

2 ,
1
2 ,0) x,x+ 1

4 ,
3
8 (14) 2 x, x̄+ 1

4 ,
1
8 (15) 4−(0,0, 1

4 ) 3
4 ,0,z (16) 4+(0,0, 3

4 ) 1
4 ,

1
2 ,z

(17) 4−( 1
4 ,0,0) x, 3

4 ,0 (18) 2(0, 1
2 ,

1
2 ) 3

8 ,y− 1
4 ,y (19) 2 1

8 ,y+ 1
4 ,ȳ (20) 4+( 3

4 ,0,0) x, 1
4 ,

1
2

(21) 4+(0, 3
4 ,0) 1

2 ,y,
1
4 (22) 2( 1

2 ,0, 1
2 ) x+ 1

4 ,
3
8 ,x (23) 4−(0, 1

4 ,0) 0,y, 3
4 (24) 2 x̄+ 1

4 ,
1
8 ,x

(25) 1̄ 1
4 ,

1
4 ,

1
4 (26) b x,y,0 (27) a x,0,z (28) c 0,y,z

(29) 3̄+ x,x,x; 1
4 ,
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8.1. Basic concepts

BY H. WONDRATSCHEK

8.1.1. Introduction

The aim of this part is to define and explain some of the concepts
and terms frequently used in crystallography, and to present some
basic knowledge in order to enable the reader to make best use of
the space-group tables.

The reader will be assumed to have some familiarity with
analytical geometry and linear algebra, including vector and matrix
calculus. Even though one can solve a good number of practical
crystallographic problems without this knowledge, some mathema-
tical insight is necessary for a more thorough understanding of
crystallography. In particular, the application of symmetry theory to
problems in crystal chemistry and crystal physics requires a
background of group theory and, sometimes, also of representation
theory.

The symmetry of crystals is treated in textbooks by different
methods and at different levels of complexity. In this part, a mainly
algebraic approach is used, but the geometric viewpoint is presented
also. The algebraic approach has two advantages: it facilitates
computer applications and it permits statements to be formulated in
such a way that they are independent of the dimension of the space.
This is frequently done in this part.

A great selection of textbooks and monographs is available for
the study of crystallography. Only Giacovazzo (2002) and
Vainshtein (1994) will be mentioned here.

Surveys of the history of crystallographic symmetry can be found
in Burckhardt (1988) and Lima-de-Faria (1990).

In addition to books, many programs exist by which crystal-
lographic computations can be performed. For example, the
programs can be used to derive the classes of point groups, space
groups, lattices (Bravais lattices) and crystal families; to calculate
the subgroups of point groups and space groups, Wyckoff positions,
irreducible representations etc. The mathematical program
packages GAP (Groups, Algorithms and Programming), in
particular CrystGap, and Carat (Crystallographic Algorithms and
Tables) are examples of powerful tools for the solution of problems
of crystallographic symmetry. For GAP, see http://www.gap-
system.org/; for Carat, see http://wwwb.math.rwth-aachen.de/
carat/. Other programs are provided by the crystallographic server
in Bilbao: http://www.cryst.ehu.es/cryst/.

Essential for the determination of crystal structures are extremely
efficient program systems that implicitly make use of crystal-
lographic (and noncrystallographic) symmetries.

In this part, as well as in the space-group tables of this volume,
‘classical’ crystallographic groups in three, two and one dimensions
are described, i.e. space groups, plane groups, line groups and their
associated point groups. In addition to three-dimensional
crystallography, which is the basis for the treatment of
crystal structures, crystallography of two- and one-
dimensional space is of practical importance. It is
encountered in sections and projections of crystal
structures, in mosaics and in frieze ornaments.

There are several expansions of ‘classical’ crystal-
lographic groups (groups of motions) that are not treated
in this volume but will or may be included in future
volumes of the IT series.

(a) Generalization of crystallographic groups to spaces
of dimension n � 3 is the field of n-dimensional
crystallography. Some results are available. The crystal-
lographic symmetry operations for spaces of any
dimension n have already been derived by Hermann
(1949). The crystallographic groups of four-dimensional
space are also completely known and have been tabulated
by Brown et al. (1978) and Schwarzenberger (1980). The

present state of the art and results for higher dimensions are
described by Opgenorth et al. (1998), Plesken & Schulz (2000) and
Souvignier (2003). Some of their results are displayed in Table
8.1.1.1.

(b) One can deal with groups of motions whose lattices of
translations have lower dimension than the spaces on which the
groups act. This expansion yields the subperiodic groups. In
particular, there are frieze groups (groups in a plane with one-
dimensional translations), rod groups (groups in space with one-
dimensional translations) and layer groups (groups in space with
two-dimensional translations). These subperiodic groups are treated
in IT E (2002) in a similar way to that in which line groups, plane
groups and space groups are treated in this volume. Subperiodic
groups are strongly related to ‘groups of generalized symmetry’.

(c) Incommensurate phases, e.g. modulated structures or
inclusion compounds, as well as quasicrystals, have led to an
extension of crystallography beyond periodicity. Such structures are
not really periodic in three-dimensional space but their symmetry
may be described as that of an n-dimensional periodic structure, i.e.
by an n-dimensional space group. In practical cases, n � 4, 5 or 6
holds. The crystal structure is then an irrational three-dimensional
section through the n-dimensional periodic structure. The descrip-
tion by crystallographic groups of higher-dimensional spaces is thus
of practical interest, cf. Janssen et al. (2004), van Smaalen (1995) or
Yamamoto (1996).

(d) Generalized symmetry. Other generalizations of crystal-
lographic symmetry combine the geometric symmetry operations
with changes of properties: black–white groups, colour groups etc.
They are treated in the classical book by Shubnikov & Koptsik
(1974). Janner (2001) has given an overview of further general-
izations.

8.1.2. Spaces and motions

Crystals are objects in the physical three-dimensional space in
which we live. A model for the mathematical treatment of this space
is the so-called point space, which in crystallography is known as
direct or crystal space. In this space, the structures of finite real
crystals are idealized as infinite perfect three-dimensional crystal
structures (cf. Section 8.1.4). This implies that for crystal structures
and their symmetries the surfaces of crystals as well as their defects
and imperfections are neglected; for most applications, this is an
excellent approximation.

The description of crystal structures and their symmetries is not
as simple as it appears at first sight. It is useful to consider not only

Table 8.1.1.1. Number of crystallographic classes for
dimensions 1 to 6

The numbers are those of the affine equivalence classes. The numbers for the
enantiomorphic pairs are given in parentheses preceded by a + sign (Souvignier, 2003).

Dimension
of space

Crystal
families

Lattice
(Bravais)
types

(Geometric)
crystal
classes

Arithmetic
crystal classes Space-group types

1 1 1 2 2 2

2 4 5 10 13 17

3 6 14 32 73 (+11) 219

4 (+6) 23 (+10) 64 (+44) 227 (+70) 710 (+111) 4783

5 32 189 955 6079 222018

6 91 841 7104 (+30) 85311 (+7052) 28927922
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the above-mentioned point space but also to introduce simulta-
neously a vector space which is closely connected with the point
space. Crystallographers are used to working in both spaces: crystal
structures are described in point space, whereas face normals,
translation vectors, Patterson vectors and reciprocal-lattice vectors
are elements of vector spaces.

In order to carry out crystallographic calculations it is necessary
to have a metrics in point space. Metrical relations, however, are
most easily introduced in vector space by defining scalar products
between vectors from which the length of a vector and the angle
between two vectors are derived. The connection between the
vector space Vn and the point space En transfers both the metrics
and the dimension of Vn onto the point space En in such a way that
distances and angles in point space may be calculated.

The connection between the two spaces is achieved in the
following way:

(i) To any two points P and Q of the point space En a vector
PQ
�� � r of the vector space Vn is attached.

(ii) For each point P of En and each vector r of Vn there is exactly
one point Q of En for which PQ

�� � r holds.
(iii) PQ

��� QR
�� � PR

��
.

The distance between two points P and Q in point space is given

by the length �PQ
��� � �PQ

��
, PQ����1�2

of the attached vector PQ
��

in
vector space. In this expression, �PQ

��
, PQ
��� is the scalar product of

PQ
��

with itself.
The angle determined by P, Q and R with vertex Q is obtained

from

cos�P, Q, R� � cos�QP
��

, QR
��� � �QP

��
, QR
���

�QP
��� � �QR

���
�

Here, �QP
��

, QR
��� is the scalar product between QP

��
and QR

��
. Such a

point space is called an n-dimensional Euclidean space.
If we select in the point space En an arbitrary point O as the

origin, then to each point X of En a unique vector OX
��

of Vn is
assigned, and there is a one-to-one correspondence between the
points X of En and the vectors OX

��
of Vn � X � OX

�� � x.
Referred to a vector basis a1, � � � , an of Vn, each vector x is

uniquely expressed as x � x1a1 � � � �� xnan or, using matrix

multiplication,* x � �a1, � � � , an�
x1

��
�

xn

�
��

�
��.

Referred to the coordinate system �O, a1, � � � , an� of En, Fig.
8.1.2.1, each point X is uniquely described by the column of
coordinates

x �
x1

��
�

xn

�
��

�
���

Thus, the real numbers xi are either the coefficients of the vector x of
Vn or the coordinates of the point X of En.

An instruction assigning uniquely to each point X of the point
space En an ‘image’ point �X , whereby all distances are left
invariant, is called an isometry, an isometric mapping or a motion �
of En. Motions are invertible, i.e., for a given motion � � X � �X ,
the inverse motion �	1 � �X � X exists and is unique.

Referred to a coordinate system �O, a1, � � � , an�, any motion
X � �X may be described in the form

�x1 � W11x1 � � � � � W1nxn � w1

��
� � ��

� ��
� ��

�

�xn � Wn1x1 � � � � � Wnnxn � wn�

In matrix formulation, this is expressed as

�x1

��
�

�xn

�
��

�
�� �

W11 � � � W1n

��
� ��

�

Wn1 � � � Wnn

�
��

�
��

x1

��
�

xn

�
��

�
���

w1

��
�

wn

�
��

�
��

or, in abbreviated form, as �x � Wx � w, where �x, x and w are all
�n 
 1� columns and W is an �n 
 n� square matrix. One often
writes this in even more condensed form as �x � �W , w�x, or
�x � �W �w�x; here, �W �w� is called the Seitz symbol.

A motion consists of a rotation part or linear part and a
translation part. If the motion is represented by (W, w), the matrix
W describes the rotation part of the motion and is called the matrix
part of (W, w). The column w describes the translation part of the
motion and is called the vector part or column part of (W, w). For a
given motion, the matrix W depends only on the choice of the basis
vectors, whereas the column w in general depends on the choice of
the basis vectors and of the origin O; cf. Section 8.3.1.

It is possible to combine the �n 
 1� column and the �n 
 n�
matrix representing a motion into an �n � 1� 
 �n � 1� square
matrix which is called the augmented matrix. The system of
equations �x � Wx � w may then be expressed in the following
form:

�x1

��
�

�xn

1

�
����

�
���� �

w1

W ��
�

wn

0 � � � 0 1

�
����

�
����

x1

��
�

xn

1

�
����

�
����

or, in abbreviated form, by �� � ��. The augmentation is done in
two steps. First, the �n 
 1� column w is attached to the �n 
 n�
matrix and then the matrix is made square by attaching the
�1 
 �n � 1�� row �0 � � � 0 1�. Similarly, the �n 
 1� columns x and �x

Fig. 8.1.2.1. Representation of the point X with respect to origin O by the
vector OX

�� � x. The vector x is described with respect to the vector
basis a1, a2� of V2 by the coefficients x1, x2. The coordinate system
�O, a1, a2� of the point space E2 consists of the point O of E2 and the
vector basis a1, a2� of V2.

� For this volume, the following conventions for the writing of vectors and matrices
have been adopted:

(i) point coordinates and vector coefficients are written as �n 
 1� column
matrices;

(ii) the vectors of the vector basis are written as a �1 
 n� row matrix;
(iii) all running indices are written as subscripts.
It should be mentioned that other conventions are also found in the literature, e.g.

interchange of row and column matrices and simultaneous use of subscripts and
superscripts for running indices.

721

8.1. BASIC CONCEPTS



have to be augmented to ��n � 1� 
 1� columns � and ��. The motion
is now described by the one matrix � instead of the pair
(W, w).

If the motion � is described by �, the ‘inverse motion’ �	1 is
described by �	1, where �W , w�	1 � �W	1, 	 W	1w�. Succes-
sive application of two motions, �1 and �2, results in another
motion �3:

�X � �1X and ��X � �2 �X � �2�1X � �3X �

with �3 � �2�1.
This can be described in matrix notation as follows

�x � W 1x � w1

and

��x � W 2�x � w2 � W 2W 1x � W 2w1 � w2 � W 3x � w3,

with �W 3, w3� � �W 2W 1, W 2w1 � w2� or

�� � �1� and ��� � �2�� � �2�1� � �3�

with �3 � �2�1.
It is a special advantage of the augmented matrices that

successive application of motions is described by the product of
the corresponding augmented matrices.

A point X is called a fixed point of the mapping � if it is invariant
under the mapping, i.e. �X � X �

In an n-dimensional Euclidean space En, three types of motions
can be distinguished:

(1) Translation. In this case, W � I , where I is the unit matrix;
the vector w � w1a1 � � � �� wnan is called the translation vector.

(2) Motions with at least one fixed point. In E1, E2 and E3, such
motions are called proper motions or rotations if det �W� � �1 and
improper motions if det �W� � 	1. Improper motions are called
inversions if W � 	I; reflections if W 2 � I and W �� 	I; and
rotoinversions in all other cases. The inversion is a rotation for
spaces of even dimension, but an (improper) motion of its own kind
in spaces of odd dimension. The origin is among the fixed points if
w � o, where o is the �n 
 1� column consisting entirely of zeros.

(3) Fixed-point-free motions which are not translations. In E3,
they are called screw rotations if det �W� � �1 and glide
reflections if det �W� � 	1. In E2, only glide reflections occur.
No such motions occur in E1.

In Fig. 8.1.2.2, the relations between the different types of
motions in E3 are illustrated. The diagram contains all kinds of
motions except the identity mapping � which leaves the whole space
invariant and which is described by � � �. Thus, it is
simultaneously a special rotation (with rotation angle 0) and a
special translation (with translation vector o).

So far, motions � in point space En have been considered.
Motions give rise to mappings of the corresponding vector space Vn

onto itself. If � maps the points P1 and Q1 of En onto P2 and Q2, the
vector P1Q1

����
is mapped onto the vector P2Q2

����
. If the motion in En is

described by �x � Wx � w, the vectors v of Vn are mapped
according to �v � Wv. In other words, of the linear and translation
parts of the motion of En, only the linear part remains in the
corresponding mapping of Vn (linear mapping). This difference
between the mappings in the two spaces is particularly obvious for
translations. For a translation � with translation vector t �� o, no
fixed point exists in En, i.e. no point of En is mapped onto itself by �.
In Vn, however, any vector v is mapped onto itself since the
corresponding linear mapping is the identity mapping.

8.1.3. Symmetry operations and symmetry groups

Definition: A symmetry operation of a given object in point space
En is a motion of En which maps this object (point, set of points,
crystal pattern etc.) onto itself.

Remark: Any motion may be a symmetry operation, because for
any motion one can construct an object which is mapped onto itself
by this motion.

For the set of all symmetry operations of a given object, the
following relations hold:

(a) successive application of two symmetry operations of an
object results in a third symmetry operation of that object;

(b) the inverse of a symmetry operation is also a symmetry
operation;

(c) there exists an ‘identity operation’ � which leaves each point
of the space fixed: X � X . This operation � is described (in any
coordinate system) by �W , w� � �I , o� or by � � � and it is a
symmetry operation of any object.

(d) The ‘associative law’ ��3�2��1 � �3��2�1� is valid.
One can show, however, that in general the ‘commutative law’
�2�1 � �1�2 is not obeyed for symmetry operations.

The properties (a ) to (d) are the group axioms. Thus, the set of all
symmetry operations of an object forms a group, the symmetry
group of the object or its symmetry. The mathematical theorems of
group theory, therefore, may be applied to the symmetries of
objects.

So far, only rather general objects have been considered.
Crystallographers, however, are particularly interested in the
symmetries of crystals. In order to introduce the concept of
crystallographic symmetry operations, crystal structures, crystal
patterns and lattices have to be taken into consideration. This will be
done in the following section.

8.1.4. Crystal patterns, vector lattices and point lattices

Crystals are finite real objects in physical space which may be
idealized by infinite three-dimensional periodic ‘crystal structures’
in point space. Three-dimensional periodicity means that there are
translations among the symmetry operations of the object with the
translation vectors spanning a three-dimensional space. Extending
this concept of crystal structure to more general periodic objects and
to n-dimensional space, one obtains the following definition:

Definition: An object in n-dimensional point space En is called an
n-dimensional crystallographic pattern or, for short, crystal pattern
if among its symmetry operations

(i) there are n translations, the translation vectors t1, � � � , tn of
which are linearly independent,

Fig. 8.1.2.2. Relations between the different kinds of motions in E3;
det l.p. � determinant of the linear part. The identity mapping does not
fit into this scheme properly and hence has been omitted.
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(ii) all translation vectors, except the zero vector o, have a length
of at least d � 0.

Condition (i) guarantees the n-dimensional periodicity and thus
excludes subperiodic symmetries like layer groups, rod groups and
frieze groups. Condition (ii) takes into account the finite size of
atoms in actual crystals.

Successive application of two translations of a crystal pattern
results in another translation, the translation vector of which is the
(vector) sum of the original translation vectors. Consequently, in
addition to the n linearly independent translation vectors t1, � � � , tn,
all (infinitely many) vectors t � u1t1 � � � �� untn (u1, � � � , un
arbitrary integers) are translation vectors of the pattern. Thus,
infinitely many translations belong to each crystal pattern. The
periodicity of crystal patterns is represented by their lattices. It is
useful to distinguish two kinds of lattices: vector lattices and point
lattices. This distinction corresponds to that between vector space
and point space, discussed above. The vector lattice is treated first.

Definition: The (infinite) set of all translation vectors of a crystal
pattern is called the lattice of translation vectors or the vector lattice
L of this crystal pattern.

In principle, any set of n linearly independent vectors may be
used as a basis of the vector space Vn. Most of these sets, however,
result in a rather complicated description of a given vector lattice.
The following theorem shows that among the (infinitely many)
possible bases of the vector space Vn special bases always exist,
referred to which the survey of a given vector lattice becomes
particularly simple.

Definitions: (1) A basis of n vectors a1, � � � , an of Vn is called a
crystallographic basis of the n-dimensional vector lattice L if every
integral linear combination t � u1a1� � � �� unan is a lattice vector
of L. (2) A basis is called a primitive crystallographic basis of L or,
for short, a primitive basis if it is a crystallographic basis and if,
furthermore, every lattice vector t of L may be obtained as an
integral linear combination of the basis vectors.

The distinction between these two kinds of bases can be
expressed as follows. Referred to a crystallographic basis, the
coefficients of each lattice vector must be either integral or rational.
Referred to a primitive crystallographic basis, only integral
coefficients occur. It should be noted that nonprimitive crystal-
lographic bases are used conventionally for the description of
‘centred lattices’, whereas reduced bases are always primitive; see
Chapter 9.2.

Example
The basis used conventionally for the description of the ‘cubic
body-centred lattice’ is a crystallographic basis because the
basis vectors a, b, c are lattice vectors. It is not a primitive
basis because lattice vectors with non-integral but rational coef-
ficients exist, e.g. the vector 1

2 a � 1
2 b� 1

2 c. The bases
a� � 1

2 �	a � b� c�, b� � 1
2 �a 	 b � c�, c� � 1

2 �a � b 	 c� or
a�� � a, b�� � b, c�� � 1

2 �a � b � c� are primitive bases. In the
first of these bases, the vector 1

2 �a � b � c� is given by
a� � b� � c�, in the second basis by c��, both with integral
coefficients only.

Fundamental theorem on vector lattices: For every vector lattice
L primitive bases exist.

It can be shown that (in dimensions n � 1) the number of
primitive bases for each vector lattice is infinite. There exists,
however, a procedure called ‘basis reduction’ (cf. Chapter 9.2),
which uniquely selects one primitive basis from this infinite set,
thus permitting unambiguous description and comparison of vector
lattices. Although such a reduced primitive basis always can be

selected, in many cases conventional coordinate systems are chosen
with nonprimitive rather than primitive crystallographic bases. The
reasons are given in Section 8.3.1. The term ‘primitive’ is used not
only for bases of lattices but also with respect to the lattices
themselves, as in the crystallographic literature a vector lattice is
frequently called primitive if its conventional basis is primitive.

With the help of the vector lattices defined above, the concept of
point lattices will be introduced.

Definition: Given an arbitrary point X0 in point space and a
vector lattice L consisting of vectors tj, the set of all points Xj with
X0X
���

j � tj is called the point lattice belonging to X0 and L.

A point lattice can be visualized as the set of end-points of all
vectors of L, where L is attached to an arbitrary point X0 of point
space. Because each point X of point space could be chosen as the
point X0, an infinite set of point lattices belongs to each vector
lattice. Frequently, the point X0 is chosen as the origin of the
coordinate system of the point space.

An important aspect of a lattice is its unit cell.

Definition: If a1, � � � , an is a crystallographic basis of a vector
lattice L, the set of all vectors x1a1 � � � �� xnan with 0 � xi � 1 is
called a unit cell of the vector lattice.

The concept of a ‘unit cell’ is not only applied to vector lattices in
vector space but also more often to crystal structures or crystal
patterns in point space. Here the coordinate system �O, a1, � � � , an�
and the origin X0 of the unit cell have to be chosen. In most cases
X0 � O is taken, but in general we have the following definition:

Definition: Given a crystallographic coordinate system
�O, a1, � � � , an� of a crystal pattern and a point X0 with coordinates
x0i, a unit cell of the crystal pattern is the set of all points X with
coordinates xi such that the equation 0 � xi 	 x0i � 1 �i �
1, � � � , n� holds.

Obviously, the term ‘unit cell’ may be transferred to real crystals.
As the volume of the unit cell and the volumes of atoms are both
finite, only a finite number N of atoms can occur in a unit cell of a
crystal. A crystal structure, therefore, may be described in two
ways:

(a) One starts with an arbitrary unit cell and builds up the whole
crystal structure by infinite repetition of this unit cell. The crystal
structure thus consists of an infinite number of finite ‘building
blocks’, each building block being a unit cell.

(b) One starts with a point X1 representing the centre of an atom.
To this point belong an infinite number of translationally equivalent
points Xj, i.e. points for which the vectors X1Xj

���
are lattice vectors. In

this way, from each of the points Xi �i � 1, � � � , N� within the unit
cell a point lattice of translationally equivalent points is obtained.
The crystal structure is then described by a finite number of
interpenetrating infinite point lattices.

In most cases, one is not interested in the orientation of the vector
lattice or the point lattices of a crystal structure in space, but only in
the shape and size of a unit cell. From this point of view, a three-
dimensional lattice is fully described by the lengths a, b and c of the
basis vectors a, b and c and by the three interaxial angles �, � and �.
These data are called the lattice parameters, cell parameters or
lattice constants of both the vector lattice and the associated point
lattices of the crystal structure.

8.1.5. Crystallographic symmetry operations

Crystallographic symmetry operations are special motions.

Definition: A motion is called a crystallographic symmetry
operation if a crystal pattern exists for which it is a symmetry
operation.
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We consider a crystal pattern with its vector lattice L referred to a
primitive basis. Then, by definition, each vector of L has integral
coefficients. The linear part of a symmetry operation maps L onto
itself: L � WL � L. Since the coefficients of all vectors of L are
integers, the matrix W is an integral matrix, i.e. its coefficients are
integers. Thus, the trace of W, tr�W� � W 11 � � � �� W nn, is also an
integer. In V3, by reference to an appropriate orthonormal (not
necessarily crystallographic) basis, one obtains another condition
for the trace, tr�W� � ��1 � 2 cos��, where � is the angle of
rotation or rotoinversion. From these two conditions, it follows that
� can only be 0, 60, 90, 120, 180� etc., and hence the familiar
restriction to one-, two-, three-, four- and sixfold rotations and
rotoinversions results.* These results imply for dimensions 2 and 3
that the matrix W satisfies the condition �W�k � I , with k � 1, 2, 3,
4 or 6.† Consequently, for the operation (W, w) in point space the
relation

�W , w�k � �I , �W k	1 � W k	2 � � � �� W � I�w� � �I , t�
holds.

For the motion described by (W, w), this implies that a k-fold
application results in a translation � (with translation vector t) of the
crystal pattern. The (fractional) translation �1�k�� is called the
intrinsic translation part (screw or glide part) of the symmetry
operation. Whereas the ‘translation part’ of a motion depends on the
choice of the origin, the ‘intrinsic translation part’ of a motion is
uniquely determined. The intrinsic translation vector �1�k�t is the
shortest translation vector of the motion for any choice of the origin.

If t � o, the symmetry operation has at least one fixed point and
is a rotation, inversion, reflection or rotoinversion. If t �� o, the term
�1�k�t is called the glide vector (for a reflection) or the screw vector
(for a rotation) of the symmetry operation. Both types of operations,
glide reflections and screw rotations, have no fixed point.

For the geometric visualization of symmetry, the concept of
symmetry elements is useful.‡ The symmetry element of a
symmetry operation is the set of its fixed points, together with a
characterization of the motion. For symmetry operations without
fixed points (screw rotations or glide reflections), the fixed points of
the corresponding rotations or reflections, described by �W , w��
with w� � w 	 �1�k�t, are taken. Thus, in E2, symmetry elements
are N-fold rotation points (N � 2, 3, 4 or 6), mirror lines and glide
lines. In E3, symmetry elements are rotation axes, screw axes,
inversion centres, mirror planes and glide planes. A peculiar
situation exists for rotoinversions (except �1 and �2 � m). The
symmetry element of such a rotoinversion consists of two
components, a point and an axis. The point is the inversion point
of the rotoinversion, and the axis of the rotoinversion is that of the
corresponding rotation.

The determination of both the nature of a symmetry operation
and the location of its symmetry element from the coordinate
triplets, listed under Positions in the space-group tables, is
described in Section 11.2.1 of Chapter 11.2.

8.1.6. Space groups and point groups

As mentioned in Section 8.1.3, the set of all symmetry operations of
an object forms a group, the symmetry group of that object.

Definition: The symmetry group of a three-dimensional crystal
pattern is called its space group. In E2, the symmetry group of a
(two-dimensional) crystal pattern is called its plane group. In E1,
the symmetry group of a (one-dimensional) crystal pattern is called
its line group. To each crystal pattern belongs an infinite set of
translations �j which are symmetry operations of that pattern. The
set of all �j forms a group known as the translation subgroup � of
the space group � of the crystal pattern. Since the commutative law
�j�k � �k�j holds for any two translations, � is an Abelian group.

With the aid of the translation subgroup � , an insight into the
architecture of the space group � can be gained.

Referred to a coordinate system �O, a1, � � � , an�, the space group
� is described by the set �W , w�� of matrices W and columns w.
The group � is represented by the set of elements �I , tj�, where tj
are the columns of coefficients of the translation vectors tj of the
lattice L. Let (W, w) describe an arbitrary symmetry operation � of
�. Then, all products �I , tj��W , w� � �W , w � tj� for the different j
have the same matrix part W. Conversely, every symmetry
operation � of the space group with the same matrix part W is
represented in the set �W , w � tj��. The corresponding set of
symmetry operations can be denoted by � �. Such a set is called a
right coset of � with respect to � , because the element � is the right
factor in the products � �. Consequently, the space group � may be
decomposed into the right cosets � , � �2, � �3, � � � , � �i, where
the symmetry operations of the same column have the same matrix
part W, and the symmetry operations �j differ by their matrix parts
W j. This coset decomposition of � with respect to � may be
displayed by the array

� � �1 �2 �3 � � � �i

�1 �1�2 �1�3 � � � �1�i

�2 �2�2 �2�3 � � � �2�i

�3 �3�2 �3�3 � � � �3�i

��
� ��

� ��
� ��

�

Here, �1 � � is the identity operation and the elements of � form
the first column, those of � �2 the second column etc. As each
column may be represented by the common matrix part W of its
symmetry operations, the number i of columns, i.e. the number of
cosets, is at the same time the number of different matrices W of the
symmetry operations of �. This number i is always finite, and is the
order of the point group belonging to �, as explained below. Any
element of a coset � �j may be chosen as the representative element
of that coset and listed at the top of its column. Choice of a different
representative element merely results in a different order of the
elements of a coset, but the coset does not change its content.§

Analogously, a coset �� is called a left coset of �with respect to
� , and � can be decomposed into the left cosets
� ,�2� ,�3� , � � � ,�i� . This left coset decomposition of a space
group is always possible with the same �1,�2, � � � ,�i as in the
right coset decomposition. Moreover, both decompositions result in
the same cosets, except for the order of the elements in each coset. A
subgroup of a group with these properties is called a normal
subgroup of the group; cf. Ledermann (1976). Thus, the translation
subgroup � is a normal subgroup of the space group �.

The decomposition of a space group into cosets is the basis of the
description of the space groups in these Tables. The symmetry

� The reflection m � �2 is contained among the rotoinversions. The same restriction
is valid for the rotation angle � in two-dimensional space, where tr�W� � 2 cos� if
det �W� � �1. If det �W� � 	1, tr�W� � 0 always holds and the operation is a
reflection m.
� A method of deriving the possible orders of W in spaces of arbitrary dimension
has been described by Hermann (1949).
� For a rigorous definition of the term symmetry element, see de Wolff et al. (1989,
1992) and Flack et al. (2000).

� A coset decomposition of a group � is possible with respect to every subgroup �
of � ; cf. Ledermann (1976). The number of cosets is called the index [i] of � in �.
The integer [i] may be finite, as for the coset decomposition of a space group � with
respect to the (infinite) translation group � or infinite, as for the coset
decomposition of a space group � with respect to a (finite) site-symmetry group
�; cf. Section 8.3.2. If � is a finite group, a theorem of Lagrange states that the order
of � is the product of the order of � and the index of � in �.
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operations of the space group are referred to a ‘conventional’
coordinate system (cf. Section 8.3.1) and described by �n � 1� 

�n � 1� matrices. In the space-group tables as general position (cf.
Section 8.3.2) for each column, a representative is listed whose
coefficients wj obey the condition 0 � wj � 1. The matrix is not
listed completely, however, but is given in a short-hand notation. In
the expression Wj1x1 � � � �� Wjnxn � wj, all vanishing terms and
all Wjk � 1 are omitted, e.g.

1x � 0y � 0z � 1
2

0x � 1y � 0z � 0
0x � 0y 	 1z � 1

2

�	



is replaced by x � 1
2 , y,�z � 1

2. The first entry of the general position
is always the identity mapping, listed as x, y, z. It represents all
translations of the space group too.

As groups, some space groups are more complicated than others.
Most easy to survey are the ‘symmorphic’ space groups which may
be defined as follows:

Definition: A space group is called symmorphic if the coset
representatives �j can be chosen in such a way that they leave one
common point fixed.

In this case, the representative symmetry operations �j of a
symmorphic space group form a (finite) group. If the fixed point is
chosen as the origin of the coordinate system, the column parts wj of
the representative symmetry operations �j obey the equations
wj � o� Thus, for a symmorphic space group the representative
symmetry operations may always be described by the special
matrix–column pairs �W j, o�.

Symmorphic space groups may be easily identified by their
Hermann–Mauguin symbols because these do not contain any glide
or screw operation. For example, the monoclinic space groups with
the symbols P2, C2, Pm, Cm, P2�m and C2�m are symmorphic,
whereas those with the symbols P21, Pc, Cc, P21�m, P2�c, P21�c
and C2�c are not.

Unlike most textbooks of crystallography, in this section point
groups are treated after space groups because the space group of a
crystal pattern, and thus of a crystal structure, determines its point
group uniquely.

The external shape (morphology) of a macroscopic crystal is
formed by its faces. In order to eliminate the influence of growth
conditions, the set of crystal faces is replaced by the set of face
normals, i.e. by a set of vectors. Thus, the symmetry group of the
macroscopic crystal is the symmetry group of the vector set of face
normals. It is not the group of motions in point space, therefore, that
determines the symmetry of the macroscopic crystal, but the

corresponding group of linear mappings of vector space; cf. Section
8.1.2. This group of linear mappings is called the point group of the
crystal. Since to each macroscopic crystal a crystal structure
corresponds and, furthermore, to each crystal structure a space
group, the point group of the crystal defined above is also the point
group of the crystal structure and the point group of its space group.

To connect more formally the concept of point groups with that
of space groups in n-dimensional space, we consider the coset
decomposition of a space group � with respect to the normal
subgroup � , as displayed above. We represent the right coset
decomposition by � , � �2, � � � , � �i and the corresponding left
coset decomposition by � ,�2� , � � � ,�i� . If � is referred to a
coordinate system, the symmetry operations of � are described by
matrices W and columns w. As a result of the one-to-one
correspondence between the i cosets � �j � �j� and the i matrices
W j, the cosets may alternatively be represented by the matrices W j.
These matrices form a group of (finite) order i, and they describe
linear mappings of the vector space Vn connected with En; cf.
Section 8.1.2. This group (of order i) of linear mappings is the point
group � of the space group �, introduced above.

The difference between symmetry in point space and that in
vector space may be exemplified again by means of some
monoclinic space groups. Referred to conventional coordinate
systems, space groups Pm, Pc, Cm and Cc have the same �3 
 3�
matrices W j of their symmetry operations. Thus, the point groups of
all these space groups are of the same type m. The space groups
themselves, however, show a rather different behaviour. In Pm and
Cm reflections occur, whereas in Pc and Cc only glide reflections
are present.

Remark: The usage of the term ‘point group’ in connection with
space groups is rather unfortunate as the point group of a space
group is not a group of motions of point space but a group acting on
vector space. As a consequence, the point group of a space group
may contain operations which do not occur in the space group at all.
This is apparent from the example of monoclinic space groups
above. Nevertheless, the term ‘point group of a space group’ is used
here for historical reasons. A more adequate term would be ‘vector
point group’ of a space group or a crystal. It must be mentioned that
the term ‘point group’ is also used for the ‘site-symmetry group’,
defined in Section 8.3.2. Site-symmetry groups are groups acting on
point space.

It is of historic interest that the 32 types of three-dimensional
crystallographic point groups were determined more than 50 years
before the 230 (or 219) types of space group were known. The
physical methods of the 19th century, e.g. the determination of the
symmetry of the external shape or of tensor properties of a crystal,
were essentially methods of determining the point group, not the
space group of the crystal.
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8.2. Classifications of space groups, point groups and lattices

BY H. WONDRATSCHEK

8.2.1. Introduction

One of the main tasks of theoretical crystallography is to sort the
infinite number of conceivable crystal patterns into a finite number
of classes, where the members of each class have certain properties
in common. In such a classification, each crystal pattern is assigned
only to one class. The elements of a class are called equivalent, the
classes being equivalence classes in the mathematical sense of the
word. Sometimes the word ‘type’ is used instead of ‘class’.

An important principle in the classification of crystals and crystal
patterns is symmetry, in particular the space group of a crystal
pattern. The different classifications of space groups discussed here
are displayed in Fig. 8.2.1.1.

Classification of crystals according to symmetry implies three
steps. First, criteria for the symmetry classes have to be defined. The
second step consists of the derivation and complete listing of the
possible symmetry classes. The third step is the actual assignment
of the existing crystals to these symmetry classes. In this chapter,
only the first step is dealt with. The space-group tables of this
volume are the result of the second step. The third step is beyond the
scope of this volume.

8.2.2. Space-group types

The finest commonly used classification of three-dimensional space
groups, i.e. the one resulting in the highest number of classes, is the
classification into the 230 (crystallographic) space-group types.*
The word ‘type’ is preferred here to the word ‘class’, since in
crystallography ‘class’ is already used in the sense of ‘crystal class’,
cf. Sections 8.2.3 and 8.2.4. The classification of space groups into
space-group types reveals the common symmetry properties of all
space groups belonging to one type. Such common properties of the
space groups can be considered as ‘properties of the space-group
types’.

The practising crystallographer usually assumes the 230 space-
group types to be known and to be described in this volume by
representative data such as figures and tables. To the experimentally
determined space group of a particular crystal structure, e.g. of
pyrite FeS2, the corresponding space-group type No. 205 �Pa�3 �
T6

h � of International Tables is assigned. Two space groups, e.g.
those of FeS2 and CO2, belong to the same space-group type if their
symmetries correspond to the same entry in International Tables.

The rigorous definition of the classification of space groups into
space-group types can be given in a more geometric or a more
algebraic way. Here matrix algebra will be followed, by which
primarily the classification into the 219 so-called affine space-group
types is obtained.† For this classification, each space group is
referred to a primitive basis and an origin. In this case, the matrices
W j of the symmetry operations consist of integral coefficients and

det �W j� � �1 holds. Two space groups � and �� are then
represented by their �n � 1� 	 �n � 1� matrix groups 
�� and

���. These two matrix groups are now compared.

Definition: The space groups � and �� belong to the same space-
group type if, for each primitive basis and each origin of �, a
primitive basis and an origin of �� can be found so that the matrix
groups 
�� and 
��� are identical. In terms of matrices, this can be
expressed by the following definition:

Definition: The space groups � and �� belong to the same space-
group type if an �n � 1� 	 �n � 1� matrix � exists, for which the
matrix part P is an integral matrix with det �P� � �1 and the
column part p consists of real numbers, such that


��� � ��1
��� �8�2�2�1�
holds. The matrix part P of � describes the transition from the
primitive basis of � to the primitive basis of ��. The column part p
of � expresses the (possibly) different origin choices for the
descriptions of � and ��.

Equation (8.2.2.1) is an equivalence relation for space groups.
The corresponding classes are called affine space-group types. By
this definition, one obtains 17 plane-group types for E2 and 219
space-group types for E3, see Fig. 8.2.1.1. Listed in the space-group

Fig. 8.2.1.1. Classifications of space groups. In each box, the number of
classes, e.g. 32, and the section in which the corresponding term is
defined, e.g. 8.2.4, are stated.

� These space-group types are often denoted by the word ‘space group’ when
speaking of the 17 ‘plane groups’ or of the 219 or 230 ‘space groups’. In a number of
cases, the use of the same word ‘space group’ with two different meanings (‘space
group’ and ‘space-group type’ which is an infinite set of space groups) is of no
further consequence. In some cases, however, it obscures important relations. For
example, it is impossible to appreciate the concept of isomorphic subgroups of a
space group if one does not strictly distinguish between space groups and space-
group types: cf. Section 8.3.3 and Part 13.
� According to the ‘Theorem of Bieberbach’, in all dimensions the classification
into affine space-group types results in the same types as the classification into
isomorphism types of space groups. Thus, the affine equivalence of different space
groups can also be recognized by purely group-theoretical means: cf. Ascher &
Janner (1965, 1968/69).
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tables are 17 plane-group types for E2 and 230 space-group types
for E3. Obviously, the equivalence definition of the space-group
tables differs somewhat from the one used above. In practical
crystallography, one wants to distinguish between right- and left-
handed screws and does not want to change from a right-handed to a
left-handed coordinate system. In order to avoid such transforma-
tions, the matrix P of equation (8.2.2.1) is restricted by the
additional condition det �P� � �1. Using matrices � with det �P� �
�1 only, 11 space-group types of E3 split into pairs, which are the
so-called pairs of enantiomorphic space-group types. The Her-
mann–Mauguin and Schoenflies symbols (in parentheses) of the
pairs of enantiomorphic space-group types are P41---P43 �C2

4---C4
4�,

P4122---P4322 �D3
4---D7

4�, P41212---P43212 �D4
4---D8

4�, P31---P32

�C2
3---C3

3�, P3121---P3221 �D4
3---D6

3�, P3112---P3212 �D3
3---D5

3�,
P61---P65 �C2

6---C3
6�, P62---P64 �C4

6---C5
6�, P6122---P6522 �D2

6---D3
6�,

P6222---P6422 �D4
6---D5

6� and P4132---P4332 �O7---O6�. In order to
distinguish between the two definitions of space-group types, the
first is called the classification into the 219 affine space-group types
and the second the classification into the 230 crystallographic or
positive affine or proper affine space-group types, see Fig. 8.2.1.1.
Both classifications are useful.

In Section 8.1.6, symmorphic space groups were defined. It can
be shown (with either definition of space-group type) that all space
groups of a space-group type are symmorphic if one of these space
groups is symmorphic. Therefore, it is also possible to speak of
types of symmorphic and non-symmorphic space groups. In E3,
symmorphic space groups do not occur in enantiomorphic pairs.
This does happen, however, in E4.

The so-called space-group symbols are really symbols of
‘crystallographic space-group types’. There are several different
kinds of symbols (for details see Part 12). The numbers denoting the
crystallographic space-group types and the Schoenflies symbols are
unambiguous but contain little information. The Hermann–
Mauguin symbols depend on the choice of the coordinate system
but they are much more informative than the other notations.

8.2.3. Arithmetic crystal classes

As space groups not only of the same type but also of different types
have symmetry properties in common, coarser classifications can be
devised which are classifications of both space-group types and
individual space groups. The following classifications are of this
kind. Again each space group is referred to a primitive basis and an
origin.

Definition: All those space groups belong to the same arithmetic
crystal class for which the matrix parts are identical if suitable
primitive bases are chosen, irrespective of their column parts.

Algebraically, this definition may be expressed as follows.
Equation (8.2.2.1) of Section 8.2.2 relating space groups of the
same type may be written more explicitly as follows:


�W �, w��� � 
P�1WP, P�1�w � �W � I�p���, �8�2�3�1�
the matrix part of which is


W �� � 
P�1WP�� �8�2�3�2�
Space groups of different types belong to the same arithmetic
crystal class if equation (8.2.3.2), but not equation (8.2.2.1) or
equation (8.2.3.1), is fulfilled, e.g. space groups of types P2 and
P21. This gives rise to the following definition:

Definition: Two space groups belong to the same arithmetic
crystal class of space groups if there is an integral matrix P with
det �P� � �1 such that


W �� � 
P�1WP� �8�2�3�2�
holds.

By definition, both space groups and space-group types may be
classified into arithmetic crystal classes. It is apparent from
equation (8.2.3.2) that ‘arithmetic equivalence’ refers only to the
matrix parts and not to the column parts of the symmetry operations.
Among the space-group types of each arithmetic crystal class there
is exactly one for which the column parts vanish for a suitable
choice of the origin. This is the symmorphic space-group type, cf.
Sections 8.1.6 and 8.2.2. The nomenclature for arithmetic crystal
classes makes use of this relation: The lattice letter and the point-
group part of the Hermann–Mauguin symbol for the symmorphic
space-group type are interchanged to designate the arithmetic
crystal class, cf. de Wolff et al. (1985). This symbolism enables one
to recognize easily the arithmetic crystal class to which a space
group belongs: One replaces in the Hermann–Mauguin symbol of
the space group all screw rotations and glide reflections by the
corresponding rotations and reflections and interchanges then the
lattice letter and the point-group part.

Examples
The space groups with Hermann–Mauguin symbols P2�m,
P21�m, P2�c and P21�c belong to the arithmetic crystal class
2�mP, whereas C2�m and C2�c belong to the different
arithmetic crystal class 2�mC. The space groups with symbols
P31m and P31c form the arithmetic crystal class 31mP; those
with symbols P3m1 and P3c1 form the different arithmetic
crystal class 3m1P. A further arithmetic crystal class, 3mR, is
composed of the space groups R3m and R3c.

Remark: In order to belong to the same arithmetic crystal class,
space groups must belong to the same geometric crystal class, cf.
Section 8.2.4 and to the same Bravais flock; cf. Section 8.2.6. These
two conditions, however, are only necessary but not sufficient.

There are 13 arithmetic crystal classes of plane groups in E2 and
73 arithmetic crystal classes of space groups in E3, see Fig. 8.2.1.1.
Arithmetic crystal classes are rarely used in practical crystal-
lography, even though they play some role in structural crystal-
lography because the ‘permissible origins’ (see Giacovazzo, 2002)
are the same for all space groups of one arithmetic crystal class. The
classification of space-group types into arithmetic crystal classes,
however, is of great algebraic consequence. In fact, the arithmetic
crystal classes are the basis for the further classifications of space
groups.

In E3, enantiomorphic pairs of space groups always belong to the
same arithmetic crystal class. Enantiomorphism of arithmetic
crystal classes can be defined analogously to enantiomorphism of
space groups. It does not occur in E2 and E3, but appears in spaces
of higher dimensions, e.g. in E4; cf. Brown et al. (1978).

In addition to space groups, equation (8.2.3.2) also classifies the
set of all finite integral-matrix groups. Thus, one can speak of
arithmetic crystal classes of finite integral-matrix groups. It is
remarkable, however, that this classification of the matrix groups
does not imply a classification of the corresponding point groups.
Although every finite integral-matrix group represents the point
group of some space group, referred to a primitive coordinate basis,
there are no arithmetic crystal classes of point groups. For example,
space-group types P2 and C2 both have point groups of the same
type, 2, but referred to primitive bases their �3 	 3� matrix groups
are not arithmetically equivalent, i.e. there is no integral matrix P
with det �P� � �1, such that equation (8.2.3.2) holds.

The arithmetic crystal classes of finite integral-matrix groups are
the basis for the classification of lattices into Bravais types of
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lattices: see Section 8.2.5. Even though the consideration of finite
integral-matrix groups in connection with space groups is not
common in practical crystallography, these matrix groups play a
very important role in the classifications discussed in subsequent
sections. Finite integral-matrix groups have the advantage of being
particularly suitable for computer calculations.

8.2.4. Geometric crystal classes

The widely used term ‘crystal class’ corresponds to the ‘geometric
crystal class’ described in this section, and must be distinguished
from the ‘arithmetic’ crystal class, introduced in Section 8.2.3.
Geometric crystal classes classify the space groups and their point
groups, i.e. the symmetry groups of the external shape of
macroscopic crystals. Classification by morphological symmetry
was done long before space groups were known. In Section 8.1.6,
the reasons are stated why the two seemingly different classifica-
tions agree, namely that of space groups according to their matrix
groups 
W�, and that of macroscopic crystals according to the
‘point groups’ of their sets of face normals.

To define geometric crystal classes, we again compare the matrix
parts of the space groups.

Definition: All space groups belong to the same geometric crystal
class for which the matrix parts are identical if suitable bases are
chosen, irrespective of their column parts.

In contrast to the definition of arithmetic crystal classes,
nonprimitive bases are admitted. To express this definition in
matrix terms, we refer to equation (8.2.3.2) of the previous section.

Definition: Two space groups belong to the same geometric
crystal class or crystal class if there is a real matrix P such that


W �� � 
P�1WP� �8�2�4�1�
holds.

In contrast to arithmetic crystal classes where P is a unimodular
integral matrix, for geometric crystal classes only a real matrix P is
required. Thus, the restriction det �P� � �1 is no longer necessary,
det(P) may have any value except zero.

Example
Referred to appropriate primitive bases, the matrix parts of
mirror and glide reflections in space groups Pm and Cm are

W 1 �
1 0 0
0 �1 0
0 0 1

�
�

�
� and W 2 �

0 1 0
1 0 0
0 0 1

�
�

�
�,

respectively. There is no integral matrix P with det �P� � �1 for
which equation (8.2.3.2) holds because det �P� �
2�P11P22P33 � P31P22P13�.

Thus, Pm and Cm are members of different arithmetic crystal
classes. The matrix

P �
1 1 0
�1 1 0
0 0 1

�
�

�
� with det �P� � 2,

however, does solve equation (8.2.4.1) and, therefore, Pm and
Cm are members of the same geometric crystal class, as are Pc
and Cc.

Clearly, space groups of the same arithmetic crystal class always
obey condition (8.2.4.1). Thus, the geometric crystal classes form a
classification not only of space groups and space-group types but
also of arithmetic crystal classes. There are ten geometric crystal

classes in E2 and 32 geometric crystal classes in E3; see Fig. 8.2.1.1.
As 
�W�� is a matrix representation of the point group of a space
group, the definition may be restated as follows:

Definition: Two space groups � and �� belong to the same
geometric crystal class if the matrix representations 
W� and 
W ��
of their point groups are equivalent, i.e. if there is a real matrix P
such that equation (8.2.4.1) holds.

This definition may also be used to classify point groups, via their
matrix groups, into geometric crystal classes of point groups.
Moreover, the geometric crystal classes provide a classification of
the finite groups of integral matrices. Again, matrix groups of the
same arithmetic crystal class always belong to the same geometric
crystal class.

Enantiomorphism of geometric crystal classes may occur in
dimensions greater than three, as it does for arithmetic crystal
classes.

8.2.5. Bravais classes of matrices and Bravais types of
lattices (lattice types)

Every space group � has a vector lattice L of translation vectors.
The elements of the point group � of � are symmetry operations of
L. The lattice L of �, however, may have additional symmetry in
comparison with �.

The symmetry of a vector lattice L is its point group according to
the following definition:

Definition: The group � of all linear mappings which map a
vector lattice L onto itself is called the point group or the point
symmetry of the lattice L. Those geometric crystal classes to which
point symmetries of lattices belong are called holohedries.

The inversion x � �x is always a symmetry operation of L,
even if � does not contain inversions. If, for instance, � belongs to
space-group type P63mc, its point group � is 6mm but the point
symmetry � of L is 6�mmm. Thus, the point group� of the lattice L
is of higher order than the point group � of �.

Other symmetry operations of L may also have no counterpart in
�. Space groups of type P63�m, for instance, have inversions but no
reflections across ‘vertical’ mirror planes. The point symmetry of
their lattices again is 6�mmm, i.e. in this case too there are more
elements in the point group � of L than in the point group � of �.

For purposes of classification, lattices L will now be considered
independently of their space groups �. Associated with each vector
lattice L is a finite group � of �n 	 n� integral matrices which
describes the point group � of L with respect to some primitive
basis of L. This matrix group � is a member of an arithmetic crystal
class; cf. Section 8.2.3. Thus, there are some arithmetic crystal
classes with matrix groups � of lattices, e.g. the arithmetic crystal
class 6�mmmP. Other arithmetic crystal classes, however, are not
associated with lattices, like 6�mP or 6mmP. One can distinguish
these two cases with the following definition:

Definition: An arithmetic crystal class with matrix groups � of
lattices is called a Bravais arithmetic crystal class or a Bravais class.

By this definition, each lattice is associated with a Bravais class.
On the other hand, each matrix group of a Bravais class represents
the point group of a lattice referred to an appropriate primitive basis.
Closer inspection shows that there are five Bravais classes of E2 and
14 of E3. With the use of Bravais classes, lattices may be classified
using the following definition:

Definition: All those vector lattices belong to the same Bravais
type or lattice type of vector lattices, for which the matrix groups
belong to the same Bravais class.
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Thus, five Bravais types of lattices exist in E2, and 14 in E3. This
classification can be transferred from vector lattices L to point
lattices L. To each point lattice L a vector lattice L is uniquely
assigned. Thus, one can define Bravais types of point lattices via the
Bravais types of vector lattices by the definition:

Definition: All those point lattices belong to the same Bravais
type of point lattices for which the vector lattices belong to the same
Bravais type of (vector) lattices.

Usually the Bravais types are called ‘the five’ or ‘the 14 Bravais
lattices’ of E2 or E3. It must be emphasized, however, that ‘Bravais
lattices’ are not individual lattices but types (or classes) of all
lattices with certain common properties. Geometrically, these
common properties are expressed by the ‘centring type’ and the
well known relations between the lattice parameters, provided the
lattices are referred to conventional bases, cf. Chapters 2.1 and 9.1.
In these chapters a nomenclature of Bravais types is presented.

8.2.6. Bravais flocks of space groups

Another plausible classification of space groups and space-group
types, as well as of arithmetic crystal classes, is based on the lattice
of the space group. One is tempted to use the definition: ‘Two space
groups are members of the same class if their lattices belong to the
same Bravais type’. There is, however, a difficulty which will
become apparent by an example.

It was shown in Section 8.2.5 with the two examples of space
groups P63mc and P63�m that the lattice L of the space group �may
systematically have higher symmetry than the point group � of �.
The lattice L, however, may also accidentally have higher
symmetry than � because the lattice parameters may have special
metrical values.

Example
For a monoclinic crystal structure at some temperature T1, the
monoclinic angle � may be equal to 91�, whereas, for the same
monoclinic crystal structure at some other temperature T2, � �
90� may hold. In this case, the lattice L at temperature T2, if
considered to be detached from the crystal structure and its space
group, has orthorhombic symmetry, because all the symmetry
operations of an orthorhombic lattice map L onto itself. The
lattice L at other temperatures, however, has always monoclinic
symmetry.

This is of importance for the practising crystallographer, because
quite often difficulties arise in the interpretation of X-ray powder
diagrams if no single crystals are available. In some cases, changes
of temperature or pressure may enable one to determine the true
symmetry of the substance. The example shows, however, that the
lattices of different space groups of the same space-group type may
have different symmetries. The possibility of accidental lattice
symmetry prevents the direct use of lattice types for a rigorous
classification of space-group types.

Such a classification is possible, however, via the point group �
of the space group � and its matrix groups. Referred to a primitive
basis, the point group � of � is represented by a finite group of
integral �n 	 n� matrices which belongs to some arithmetic crystal
class. This matrix group can be uniquely assigned to a Bravais class:
It either belongs already to a Bravais class, e.g. for space groups
Pmna and C2�c, or it may be uniquely connected to a Bravais class
by the following two conditions:

(i) The matrix group of � is a subgroup of a matrix group of the
Bravais class.

(ii) The order of the matrix group of the Bravais class is the
smallest possible one compatible with condition (i).

Example
A space group of type I41 belongs to the arithmetic crystal class
4I. The Bravais classes fulfilling condition (i) are 4�mmmI and
m�3mI . With condition (ii), the Bravais class m�3mI is excluded.
Thus, the space group I41 is uniquely assigned to the Bravais
class 4�mmmI. Even though, with accidental lattice parameters
a � b � c � 5 A

�
, the symmetry of the lattice alone is higher,

namely Im�3m, this does not change the Bravais class of I41.

This assignment leads to the definition:

Definition: Space groups that are assigned to the same Bravais
class belong to the same Bravais flock of space groups.

By this definition, the space group I41 mentioned above belongs
to the Bravais flock of 4�mmmI, despite the fact that the Bravais
class of the lattice may be m�3mI as a result of accidental symmetry.

Obviously, to each Bravais class a Bravais flock corresponds.
Thus, there exist five Bravais flocks of plane groups and 14 Bravais
flocks of space groups, see Fig. 8.2.1.1, and the Bravais flocks may
be denoted by the symbols of the corresponding Bravais classes; cf.
Section 8.2.5.

Though Bravais flocks themselves are of little practical
importance, they are necessary for the definition of crystal families
and lattice systems, as described in Sections 8.2.7 and 8.2.8.

8.2.7. Crystal families

Another classification of space groups, which is a classification of
geometric crystal classes and Bravais flocks as well, is that into
crystal families.

Definition: A crystal family* is the smallest set of space groups
containing, for any of its members, all space groups of the Bravais
flock and all space groups of the geometric crystal class to which
this member belongs.

Example
The space-group types R3 and P61 belong to the same crystal
family because both R3 and P3 belong to the geometric crystal
class 3, whereas both P3 and P61 are members of the same
Bravais flock 6�mmmP. In this example, P3 serves as a link
between R3 and P61.

There are four crystal families in E2 (oblique m, rectangular o,
square t and hexagonal h) and six crystal families in E3 [triclinic
(anorthic) a, monoclinic m, orthorhombic o, tetragonal t, hexagonal
h and cubic c]; see Fig. 8.2.1.1.

The classification into crystal families is a rather universal
crystallographic concept as it applies to many crystallographic
objects: space groups, space-group types, arithmetic and geometric
crystal classes of space groups, point groups (morphology of
crystals), lattices and Bravais types of lattices.

Remark: In most cases of E2 and E3, the lattices of a given crystal
family of lattices have the same point symmetry (for the symbols,
see Table 2.1.2.1): rectangular op and oc in E2; monoclinic mP and
mS, orthorhombic oP, oS, oF and oI, tetragonal tP and tI, cubic cP,
cF and cI in E3. Only to the hexagonal crystal family in E3 do
lattices with two different point symmetries belong: the hexagonal
lattice type hP with point symmetry 6�mmm and the rhombohedral

� The classes defined here have been called ‘crystal families’ by Neubüser et al.
(1971). For the same concept the term ‘crystal system’ has been used, particularly in
American and Russian textbooks. In these Tables, however, ‘crystal system’
designates a different classification, described in Section 8.2.8. To avoid confusion,
the term ‘crystal family’ is used here.
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lattice type hR with point symmetry �3m. In E4 and higher
dimensions, such cases are much more abundant.

Usually, the same type of coordinate system, the so-called
‘conventional coordinate system’, is used for all space groups of a
crystal family, for instance ‘hexagonal axes’ for both hexagonal and
rhombohedral lattices; cf. Chapters 2.1, 2.2 and 9.1. Other
coordinate systems, however, may be used when convenient. To
avoid confusion, the use of unconventional coordinate systems
should be stated explicitly.

8.2.8. Crystal systems and lattice systems*

At least three different classifications of space groups, crystal-
lographic point groups and lattice types have been called ‘crystal
systems’ in crystallographic literature. Only one of them classifies
space groups, crystallographic point groups and lattice types. It has
been introduced in the preceding section under the name ‘crystal
families’. The two remaining classifications are called here ‘crystal
systems’ and ‘lattice systems’, and are considered in this section.
Crystal systems classify space groups and crystallographic point
groups but not lattice types. Lattice systems classify space groups
and lattice types but not crystallographic point groups.

The ‘crystal-class systems’ or ‘crystal systems’ are used in these
Tables. In E2 and E3, the crystal systems provide the same
classification as the crystal families, with the exception of the
hexagonal crystal family in E3. Here, the hexagonal family is
subdivided into the trigonal and the hexagonal crystal system.
Each of these crystal systems consists of complete geometric
crystal classes of space groups. The space groups of the five
trigonal crystal classes 3, �3, 32, 3m and �3m belong to either
the hexagonal or the rhombohedral Bravais flock, and both Bravais
flocks are represented in each of these crystal classes. The space

groups of the seven hexagonal crystal classes 6, �6, 6�m, 622,
6mm, �62m and 6�mmm, however, belong only to the hexagonal
Bravais flock.

These observations will be used to define crystal systems by the
concept of intersection. A geometric crystal class and a Bravais
flock of space groups are said to intersect if there is at least one
space group common to both. Accordingly, the rhombohedral
Bravais flock intersects all trigonal crystal classes but none of the
hexagonal crystal classes. The hexagonal Bravais flock, on the other
hand, intersects all trigonal and hexagonal crystal classes, see Table
8.2.8.1.

Using the concept of intersection, one obtains the definition:

Definition: A crystal-class system or a crystal system contains
complete geometric crystal classes of space groups. All those
geometric crystal classes belong to the same crystal system which
intersect exactly the same set of Bravais flocks.

There are four crystal systems in E2 and seven in E3. The
classification into crystal systems applies to space groups, space-
group types, arithmetic crystal classes and geometric crystal classes,
see Fig. 8.2.1.1. Moreover, via their geometric crystal classes, the
crystallographic point groups are classified by ‘crystal systems of
point groups’. Historically, point groups were the first to be
classified by crystal systems. Bravais flocks of space groups and
Bravais types of lattices are not classified, as members of both can
occur in more than one crystal system. For example, P3 and P61
belong to the same hexagonal Bravais flock but to different crystal
systems, P3 to the trigonal, P61 to the hexagonal crystal system.
Thus, a crystal system of space groups does not necessarily contain
complete Bravais flocks (it does so, however, in E2 and in all crystal
systems of E3, except for the trigonal and hexagonal systems).

The use of crystal systems has some practical advantages.
(i) Classical crystal physics considers physical properties of

anisotropic continua. The symmetry of these properties as well as
the symmetry of the external shape of a crystal are determined by
point groups. Thus, crystal systems provide a classification for both
tensor properties and morphology of crystals.

(ii) The 11 ‘Laue classes’ determine both the symmetry of X-ray
photographs (if Friedel’s rule is valid) and the symmetry of the
physical properties that are described by polar tensors of even rank
and axial tensors of odd rank. Crystal systems classify Laue classes.

(iii) The correspondence between trigonal, tetragonal and
hexagonal crystal classes becomes visible, as displayed in Table
10.1.1.2.

Whereas crystal systems classify geometric crystal classes and
point groups, lattice systems classify Bravais flocks and Bravais
types of lattices. Lattice systems may be defined in two ways. The
first definition is analogous to that of crystal systems and uses once
again the concept of intersection, introduced above.

Definition: A lattice system of space groups contains complete
Bravais flocks. All those Bravais flocks which intersect exactly the
same set of geometric crystal classes belong to the same lattice
system, cf. footnote to heading of this section.

There are four lattice systems in E2 and seven lattice systems in
E3. In E2 and E3, the classification into lattice systems is the same as
that into crystal families and crystal systems except for the
hexagonal crystal family of E3. The space groups of the hexagonal
Bravais flock (lattice letter P) belong to the twelve geometric crystal
classes from 3 to 6�mmm, whereas the space groups of the
rhombohedral Bravais flock (lattice letter R) only belong to the
five geometric crystal classes 3, �3, 32, 3m and �3m. Thus, these two
Bravais flocks form the hexagonal and the rhombohedral lattice
systems with 45 and 7 types of space groups, respectively.

The lattice systems provide a classification of space groups, see
Fig. 8.2.1.1. Geometric crystal classes are not classified, as they can

Table 8.2.8.1. Distribution of trigonal and hexagonal space
groups into crystal systems and lattice systems

The hexagonal lattice system is also the hexagonal Bravais flock, the
rhombohedral lattice system is the rhombohedral Bravais flock.

Crystal
system

Crystal
class

Hexagonal lattice system
Rhombohedral
lattice system

Hexagonal Bravais flock
Rhombohedral
Bravais flock

Hexagonal 6�mmm P6�mmm, P6�mcc, P63�mcm,
P63�mmc

�62m P�6m2, P�6c2, P�62m, P�62c

6mm P6mm, P6cc, P63cm, P63mc

622 P622, P6122, � � �, P6322

6�m P6�m, P63�m
�6 P�6

6 P6, P61, P65, P62, P64, P63

Trigonal �3m P�31m, P�31c, P�3m1, P�3c1 R�3m, R�3c

3m P3m1, P31m, P3c1, P31c R3m, R3c

32 P312, P321, P3112, P3121,
P3212, P3221

R32

�3 P�3 R�3

3 P3, P31, P32 R3

� ‘Lattice systems’ were called ‘Bravais systems’ in editions 1 to 4 of this volume.
The name has been changed because in practice ‘Bravais systems’ may be confused
with ‘Bravais types’ or ‘Bravais lattices’.
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occur in more than one lattice system. For example, space groups
P31 and R3, both of crystal class 3, belong to the hexagonal and
rhombohedral lattice systems, respectively.

The above definition of lattice systems corresponds closely to the
definition of crystal systems. There exists, however, another
definition of lattice systems which emphasizes the geometric aspect
more. For this it should be remembered that each Bravais flock is
related to the point symmetry of a lattice type via its Bravais class;
cf. Sections 8.2.5 and 8.2.6. It can be shown that Bravais flocks
intersect the same set of crystal classes if their Bravais classes
belong to the same (holohedral) geometric crystal class. Therefore,
one can use the definition:

Definition: A lattice system of space groups contains complete
Bravais flocks. All those Bravais flocks belong to the same lattice
system for which the Bravais classes belong to the same
(holohedral) geometric crystal class.

According to this second definition, it is sufficient to compare
only the Bravais classes instead of all space groups of different
Bravais flocks. The comparison of Bravais classes can be replaced
by the comparison of their holohedries; cf. Section 8.2.5. This gives
rise to a special advantage of lattice systems, the possibility of
classifying lattices and lattice types. (Such a classification is not
possible using crystal systems.) All those lattices belong to the same
lattice system of lattices for which the lattice point groups belong to
the same holohedry. As lattices of the same lattice type always
belong to the same holohedry, lattice systems also classify lattice
types.

The adherence of a space group of the hexagonal crystal family
to the trigonal or hexagonal crystal system and the rhombohedral or

hexagonal lattice system is easily recognized by means of its
Hermann–Mauguin symbol. The Hermann–Mauguin symbols
of the trigonal crystal system display a ‘3’ or ‘�3’, those of the
hexagonal crystal system a ‘6’ or ‘�6’. On the other hand, the
rhombohedral lattice system displays lattice letter ‘R’ and the
hexagonal one ‘P’ in the Hermann–Mauguin symbols of their space
groups.

It should be mentioned that the lattice system of the lattice of a
space group may be different from the lattice system of the space
group itself. This always happens if the lattice symmetry is
accidentally higher than is required by the space group, e.g. for a
monoclinic space group with an orthorhombic lattice, i.e. � � 90�,
or a tetragonal space group with cubic metrics, i.e. c�a � 1. These
accidental lattice symmetries are special cases of metrical pseudo-
symmetries. Owing to the anisotropy of the thermal expansion or the
contraction under pressure, for special values of temperature and
pressure singular lattice parameters may represent higher lattice
symmetries than correspond to the symmetry of the crystal
structure. The same may happen, and be much more pronounced,
in continuous series of solid solutions owing to the change of cell
dimensions with composition. Note that this phenomenon does not
represent a new phase and a phase transition is not involved.
Therefore, accidental lattice symmetries cannot be the basis for a
classification in practice, e.g. for crystal structures or phase
transitions. In contrast, structural pseudo-symmetries of crystals
often lead to (displacive) phase transitions resulting in a new phase
with higher structural and lattice symmetry.

In spite of its name, the classification of space groups into ‘lattice
systems of space groups’ does not depend on the accidental
symmetry of the translation lattice of a space group.
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8.3. Special topics on space groups

BY H. WONDRATSCHEK

8.3.1. Coordinate systems in crystallography

The matrices W and the columns w of crystallographic symmetry
operations � depend on the choice of the coordinate system. A
suitable choice is essential if W and w are to be obtained in a
convenient form.

Example
In a space group I4mm, the matrix part of a clockwise fourfold
rotation around the c axis is described by the W matrix

4� 00z �
0 1 0

�1 0 0
0 0 1

�
�

�
�

if referred to the conventional crystallographic basis a, b, c.
Correspondingly, the matrix

m 0yz �
�1 0 0

0 1 0
0 0 1

�
�

�
�

represents a reflection in a plane parallel to b and c. These
matrices are easy to handle and their geometrical significance is
evident. Referred to the primitive basis a�, b�, c�, defined by
a� � 1

2 ��a � b � c�, b� � 1
2 �a � b � c�, c� � 1

2 �a � b � c�, the
matrices representing the same symmetry operations would be

4� �
1 0 �1
1 0 0
1 �1 0

�
�

�
�� m �

1 0 0
1 0 �1
1 �1 0

�
�

�
��

These matrices are more complicated to work with, and their
geometrical significance is less obvious.

The conventional coordinate systems obey rules concerning the
vector bases and the origins.

(i) In all cases, the conventional coordinate bases are chosen such
that the matrices W only consist of the integers 0, �1 and �1, that
they are reduced as much as possible, and that they are of simplest
form, i.e. contain six or at least five zeros for three dimensions and
two or at least one zeros for two dimensions. This fact can be
expressed in geometric terms by stating that ‘symmetry directions
(Blickrichtungen) are chosen as coordinate axes’ (axes of rotation,
screw rotation or rotoinversion, normals of reflection or glide
planes); cf. Section 2.2.4 and Chapter 9.1. Shortest translation
vectors compatible with these conditions are chosen as basis
vectors. In many cases, the conventional vector basis is not a
primitive but rather a nonprimitive crystallographic basis, i.e. there
are lattice vectors with fractional coefficients. The centring type of
the conventional cell and thus the lattice type can be recognized
from the first letter of the Hermann–Mauguin symbol.

Example
The letter P for E3 (or p for E2), taken from ‘primitive’, indicates
that a primitive basis is being used conventionally for describing
the crystal structure and its symmetry operations. In this case, the
vector lattice L consists of all vectors u � u1a1 � � � �� unan
with integral coefficients ui, but contains no other vectors. If the
Hermann–Mauguin symbol starts with a ‘C’ in E3 or with a ‘c’
in E2, in addition to all such vectors u all vectors u � 1

2 �a � b�
also belong to L. The letters A, B, I, F and R are used for the
conventional bases of the other types of lattices, cf. Section 1.2.1.

In a number of cases, the symmetry of the space group
determines the conventional vector basis uniquely; in other cases,
metrical criteria, e.g. the length of basis vectors, may be used to
define a conventional vector basis.

(ii) The choice of the conventional origin in the space-group
tables of this volume has been dealt with by Burzlaff &
Zimmermann (1980). In general, the origin is a point of highest
site symmetry, i.e. as many symmetry operations �j as possible
leave the origin fixed, and thus have wj � o. Special reasons may
justify exceptions from this rule, for example for space groups
I212121 � D9

2 (No. 24), P4332 � O6 (No. 212), P4132 � O7 (No.
213), I4132 � O8 (No. 214) and I�43d � T6

d (No. 220); cf. Section
2.2.7. If in a centrosymmetric space group a centre of inversion is
not a point of highest site symmetry, the space group is described
twice, first with the origin in a point of highest site symmetry, and
second with the origin in a centre of inversion, e.g. at 222 and at �1
for space group Pnnn � D2

2h (No. 48); cf. Section 2.2.1.* For space
groups with low site symmetries, the origin is chosen so as to
minimize the number of nonzero coefficients of the wj, e.g. on a
twofold screw axis for space group P21 � C2

2 (No. 4).
A change of the coordinate system, i.e. referring the crystal

pattern and its symmetry operations � to a new coordinate system,
results in new coordinates �� and new matrices ��; cf. Section 5.1.3.

8.3.2. (Wyckoff) positions, site symmetries and
crystallographic orbits

The concept of positions and their site symmetries is fundamental
for the determination and description of crystal structures. Let, for
instance, P�1 be the space group of a crystal structure with
tetrahedral AX4 and triangular BY3 groups. Then the atoms A and
B cannot be located at centres of inversion, as the symmetry of
tetrahedra and triangles is incompatible with site symmetry �1. If the
space group is P2�m, again the points with site symmetry 2�m
cannot be the loci of A or B, but points with site symmetries 2, m or
1 can.

The relations between ‘site symmetry’ and ‘positions’ can be
formulated in a rather general way.

Definition: The set of all symmetry operations of a space group �
that leave a point X invariant forms a finite group, the site-symmetry
group 	�X � of X with respect to �.†

With regard to the symmetry operations of a space group �, two
kinds of points are to be distinguished. A point X is called a point of
general position with respect to a space group � if there is no
symmetry operation of � (apart from the identity operation) that
leaves X fixed, i.e. if 	�X � � 
 . A point X is called a point of special
position with respect to a space group � if there is at least one other
symmetry operation of �, in addition to the identity operation, that
leaves X fixed, i.e. if 	�X � � 
 .

The subdivision of the set of all points into two classes, those of
general and those of special position with respect to a space group

� Also space group P42�ncm � D16
4h (No. 138) is listed with two origins. The first

origin is chosen at a point with site symmetry �4 as in Hermann (1935). The site
symmetries �2�m� of the centres of inversion have the same order 4.
� Instead of ‘site-symmetry group’, the term ‘point group’ is frequently used for the
local symmetry in a crystal structure or for the symmetry of a molecule. In order to
avoid confusion, in this chapter the term ‘point group’ is exclusively used for the
symmetry of the external shape and of the physical properties of the macroscopic
crystal, i.e. for a symmetry in vector space.
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�, constitutes only a very coarse classification. A finer classification
is obtained as follows.

Definition: A Wyckoff position �� (for short, position; in
German, Punktlage) consists of all points X for which the site-
symmetry groups 	�X � are conjugate subgroups* of �.

For practical purposes, each Wyckoff position of a space group is
labelled by a letter which is called the Wyckoff letter (Wyckoff
notation in earlier editions of these Tables). Wyckoff positions
without variable parameters (e.g. 0, 0, 0� 0, 0, 1

2 � � � �) and with
variable parameters (e.g. x, y, z� x, 0, 1

4 � � � �) have to be distin-
guished.

The number of different Wyckoff positions of each space group
is finite, the maximal numbers being nine for plane groups (realized
in p2mm) and 27 for space groups (realized in Pmmm).

A finer classification of the points of En with respect to �, which
always results in an infinite number of classes, is the subdivision of
all points into sets of symmetrically equivalent points. In the
following, these sets will be called crystallographic orbits according
to the following definition.

Definition: The set of all points that are symmetrically equivalent
to a point X with respect to a space group � is called the
crystallographic orbit of X with respect to �.

Example
Described in a conventional coordinate system, the crystal-
lographic orbit of a point X of general position with respect to a
plane group p2 consists of the points x, y; �x, �y; x � 1, y; �x � 1, �y;
x, y � 1; �x, �y � 1; x � 1, y; �x � 1, �y; x, y � 1; �x, �y � 1; x � 1,
y � 1; � � � etc.

Crystallographic orbits are infinite sets of points due to the
infinite number of translations in each space group. Any one of its
points may represent the whole crystallographic orbit, i.e. may be
the generating point X of a crystallographic orbit.†

Because the site-symmetry groups of different points of the same
crystallographic orbit are conjugate subgroups of �, a crystal-
lographic orbit consists either of points of general position or of
points of special position only. Therefore, one can speak of
‘crystallographic orbits of general position’ or general crystal-
lographic orbits and of ‘crystallographic orbits of special position’
or special crystallographic orbits with respect to �. Because all
points of a crystallographic orbit belong to the same Wyckoff
position of �, one also can speak of Wyckoff positions of
crystallographic orbits.‡

The points of each general crystallographic orbit of a space
group � are in a one-to-one correspondence with the symmetry
operations of �. Starting with the generating point X (to which the
identity operation corresponds), to each point �X of the crystal-
lographic orbit belongs exactly one symmetry operation � of �
such that �X is the image of X under �. This one-to-one
correspondence is the reason why the ‘coordinates’ listed for the
general position in the space-group tables may be interpreted in two
different ways, either as the coordinates of the image points of X
under � or as a short-hand notation for the pairs (W, w) of the
symmetry operations � of �; cf. Sections 8.1.6 and 11.1.1. Such a

one-to-one correspondence does not exist for the special crystal-
lographic orbits, where each point corresponds to a complete coset
of a left coset decomposition of � with respect to the site-symmetry
group 	�X � of X. Thus, the data listed for the special positions are to
be understood only as the coordinates of the image points of X under
�.

Space groups with no special crystallographic orbits are called
fixed-point-free space groups. The following types of fixed-point-
free space groups occur: p1 and pg in E2; P1 � C1

1 (No. 1), P21 �
C2

2 (No. 4), Pc � C2
s (No. 7), Cc � C4

s (No. 9), P212121 � D4
2 (No.

19), Pca21 � C5
2v (No. 29), Pna21 � C9

2v (No. 33), P41 � C2
4 (No.

76), P43 � C4
4 (No. 78), P31 � C2

3 (No. 144), P32 � C3
3 (No. 145),

P61 � C2
6 (No. 169) and P65 � C3

6 (No. 170) in E3.
Though the classification of the points of space En into Wyckoff

positions �� of a space group � is unique, the labelling of the
Wyckoff positions by Wyckoff letters (Wyckoff notation) is not.

Example
In a space group P�1 there are eight classes of centres of inversion
�1, represented in the space-group tables by 0, 0, 0; 0, 0, 1

2;
0, 1

2 , 0� � � � � 1
2 , 1

2 , 1
2. The site-symmetry groups ��, �1� within each

class are ‘symmetrically equivalent’, i.e. they are conjugate
subgroups of P�1. The groups ��, �1� of different classes, however,
are not ‘symmetrically equivalent’ with respect to P�1. Each class
is labelled by one of the Wyckoff letters a, b, � � � , h. This letter
depends on the choice of origin and on the choice of coordinate
axes. Cyclic permutation of the labels of the basis vectors a, b, c,
for instance, induces a cyclic permutation of Wyckoff positions
b–c–d and e–f–g; origin shift from 0, 0, 0 to the point 1

2 , 0, 0
results in an exchange of Wyckoff letters in the pairs a–d, b–f, c–
e and g–h. Even if the coordinate axes are determined by some
extra condition, e.g. a  b  c, there exist no rules for fixing the
origin in P�1 when describing a crystal structure. The eight classes
of centres of inversion of P�1 are well established but none of
them is inherently distinguished from the others.

The example shows that the different Wyckoff positions of a
space group � may permute under an isomorphic mapping of � onto
itself, i.e. under an automorphism of �. Accordingly, it is useful to
collect into one set all those Wyckoff positions of a space group �
that may be permuted by automorphisms of �. These sets are called
‘Wyckoff sets’. The Wyckoff letters belonging to the different
Wyckoff positions of the same Wyckoff set are listed by Koch &
Fischer (1975); changes in Wyckoff letters caused by changes of the
coordinate system have been listed by Boyle & Lawrenson (1973,
1978).

To introduce ‘Wyckoff sets’ more formally, it is advantageous to
use the concept of normalizers; cf. Ledermann (1976). The affine
normalizer � § of a space group � in the group � of all affine
mappings is the set of those affine mappings which map � onto
itself. The space group � is a normal subgroup of � , � itself is a
subgroup of �. The mappings of � which are not symmetry
operations of � may transfer one Wyckoff position of � onto
another Wyckoff position.

Definition: Let � be the normalizer of a space group � in the
group of all affine mappings. A Wyckoff set with respect to �
consists of all points X for which the site-symmetry groups are
conjugate subgroups of � .

The difference between Wyckoff positions and Wyckoff sets of �
may be explained as follows. Any Wyckoff position of � is
transformed onto itself by all elements of � , but not necessarily by
the elements of the (larger) group � . Any Wyckoff set, however, is

� For the term ‘conjugate subgroups’, see Section 8.3.6.
� For the crystallographic orbits different names have been used by different
authors: regelmässiges Punktsystem, Sohncke (1879) and Schoenflies (1891);
regular system of points, Fedorov (1891); Punktkonfiguration, Fischer & Koch
(1974); orbit, Wondratschek (1976); point configuration, Fischer & Koch (1978)
and Part 14 of this volume; crystallographic orbit, Matsumoto & Wondratschek
(1979) and Wondratschek (1980).
� Fischer & Koch (1974) use the name Punktlage. � Section 8.3.6 and Part 15 deal with normalizers of space groups in more detail.
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transformed onto itself even by those elements of � which are not
contained in �.

Remark: A Wyckoff set of � is a set of points. Obviously, with
each point X it contains all points of the crystallographic orbit of X
and all points of the Wyckoff position of X. Accordingly, one can
speak not only of ‘Wyckoff sets of points’, but also of ‘Wyckoff sets
of crystallographic orbits’ and ‘Wyckoff sets of Wyckoff positions’
of �. Wyckoff sets of crystallographic orbits have been used in the
definition of lattice complexes (Gitterkomplexe), under the name
Konfigurationslage, by Fischer & Koch (1974); cf. Part 14.

The concepts ‘crystallographic orbit’, ‘Wyckoff position’ and
‘Wyckoff set’ have so far been defined for individual space groups
only. It is no problem, but is of little practical interest, to transfer the
concept of ‘crystallographic orbit’ to space-group types. It would
be, on the other hand, of great interest to transfer ‘Wyckoff
positions’ from individual space groups to space-group types. As
mentioned above, however, such a step is not unique. For this
reason, the concept of ‘Wyckoff set’ has been introduced to replace
‘Wyckoff positions’. Different space groups of the same space-
group type have corresponding Wyckoff sets, and one can define
‘types of Wyckoff sets’ (consisting of individual Wyckoff sets) in
the same way that ‘types of space groups’ (consisting of individual
space groups) were defined in Section 8.2.2.

Definition: Let the space groups � and �� belong to the same
space-group type. The Wyckoff sets � of � and �� of �� belong to
the same type of Wyckoff sets if the affine mappings which
transform � onto �� also transform � onto ��.

Types of Wyckoff sets have been used by Fischer & Koch
(1974), under the name Klasse von Konfigurationslagen, when
defining lattice complexes. There are 1128 types of Wyckoff sets of
the 219 (affine) space-group types and 51 types of Wyckoff sets of
the 17 plane-group types [Koch & Fischer (1975) and Chapter
14.1].

8.3.3. Subgroups and supergroups of space groups

Relations between crystal structures imply relations between their
space groups, which can often be expressed by group–subgroup
relations. These group–subgroup relations may be recognized from
relations between the lattices and between the point groups of the
crystal structures.

Example
The crystal structures of silicon, Si, and sphalerite, ZnS, belong
to space-group types Fd�3m � O7

h (No. 227) and F�43m � T2
d (No.

216) with lattice constants aSi � 5�43 and aZnS � 5�41 A
�
.

The structure of sphalerite is obtained from that of silicon by
replacing alternately half of the Si atoms by Zn and half by S, and
by adjusting the lattice constant. The strong connection between
the two crystal structures is reflected in the relation between their
space groups: the space group of sphalerite is a subgroup (of
index 2) of that of silicon (ignoring the small difference in lattice
constants).

Data on sub- and supergroups of the space groups are useful for
the discussion of structural relations and phase transitions. It must
be kept in mind, however, that group–subgroup relations only
describe symmetry relations. It is important, therefore, to ascertain
that the consequential relations between the atomic coordinates of
the particles of the crystal structures also hold, before a structural
relation can be deduced from a symmetry relation.

Examples
NaCl and CaF2 belong to the same space-group type Fm�3m � O5

h
(No. 225) and have lattice constants a � 5�64 and a � 5�46 A

�
,

respectively. The ions, however, occupy unrelated positions and
so the symmetry relation does not express a structural relation.
Pyrite, FeS2, and solid carbon dioxide, CO2, belong to the same
space-group type Pa�3 � T6

h (No. 205). They have lattice
constants a � 5�42 and a � 5�55 A

�
, respectively, and the

particles occupy analogous Wyckoff positions. Nevertheless,
the structures of these compounds are not related because the
positional parameters x � 0�386 of S in FeS2 and x � 0�11 of O
in CO2 differ so much that the coordinations of corresponding
atoms are dissimilar.

To formulate group–subgroup relations some definitions are
necessary:

Definitions: A set ��i� of symmetry operations �i of a space
group � is called a subgroup � of � if ��i� obeys the group
conditions, i.e. is a symmetry group. The subgroup � is called a
proper subgroup of � if there are symmetry operations of � not
contained in �. A subgroup � of a space group � is called a
maximal subgroup of � if there is no proper subgroup � of � such
that � is a proper subgroup of �, i.e. � � � � �.

Examples: Maximal subgroups � of a space group P1 with
lattice vectors a, b, c are, among others, subgroups P1 for which
a�� � pa, b�� � b, c�� � c, p prime. If p is not a prime number, e.g.
p � q � r, the subgroup � is not maximal, because a proper
subgroup � exists with a� � qa, b� � b, c� � c. � again has �
as a proper subgroup with a�� � ra�, b�� � b�, c�� � c�.

P21�c has maximal subgroups P21, Pc and P�1 with the same unit
cell, whereas P1 is obviously not a maximal subgroup of P21�c.

A three-dimensional space group may have subgroups with no
translations (site-symmetry groups; cf. Section 8.3.2), with one- or
two-dimensional lattices of translations (line groups, frieze groups,
rod groups, plane groups and layer groups), or with a three-
dimensional lattice of translations (space groups). The number of
subgroups of a space group is always infinite.

In this section, only those subgroups of a space group will be
considered which are also space groups. This includes all maximal
subgroups because a maximal subgroup of a space group is itself a
space group. To simplify the discussion, we suppose the set of all
maximal subgroups of every space group to be known. In this case,
any subgroup � of a given space group � may be obtained via a
chain of maximal subgroups �1,�2, � � � ,�r�1,�r � � such that
� � �0 � �1 � �2 � � � � � �r�1 � �r � � where �j is a
maximal subgroup of �j�1 of index �ij�, with j � 1, � � � , r; for the
term ‘index’ see below and Section 8.1.6. There may be many such
chains between � and �. On the other hand, all subgroups of � of a
given index [i] are obtained if all chains are constructed for which
�i1� � �i2� � � � � � �ir� � �i� holds.

For example, P2�c � P2 � P1, P2�c � P�1 � P1, P2�c � Pc �
P1 are all possible chains of maximal subgroups for P2�c if the
original translations are retained completely. The seven subgroups
of index [4] with the same translations as the original space group
P63�mcm are obtained via the 21 different chains of Fig. 8.3.3.1.

Not only the number of all subgroups but even the number of all
maximal subgroups of a given space group is infinite. This infinite
number, however, only occurs for a certain kind of subgroup and
can be reduced as described below. It is thus useful to consider the
different kinds of subgroups of a space group in a way introduced by
Hermann (1929).

It should be kept in mind that all group–subgroup relations
considered here are relations between individual space groups but
they are valid for all space groups of a space-group type, as the
following example shows. A particular space group P2 has a
subgroup P1 which is obtained from P2 by retaining all translations
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but eliminating all rotations and combinations of rotations with
translations. For every space group of space-group type P2 such a
subgroup P1 exists. Thus the relationship exists, in an extended
sense, for the two space-group types involved. One can, therefore,
list these relationships by means of the symbols of the space-group
types.

For every subgroup � of a space group �, a ‘right coset
decomposition’ of � relative to � can be defined as

� � ����2 � � � ����i�

The elements �2, � � � ,�i of � are such that �j is contained only in
the coset ��j. The integer [i], i.e. the number of cosets, is called the
index of � in �; cf. Section 8.1.6, footnote §.

The index [i] of a subgroup has a geometric significance. It
determines the ‘dilution’ of symmetry operations of � compared
with those of �. This dilution can occur in essentially three different
ways:

(i) by reducing the order of the point group, i.e. by eliminating all
symmetry operations of some kind. The example P2 � P1
mentioned above is of this type.

(ii) by loss of translations, i.e. by ‘thinning out’ the lattice of
translations. For the space group P121 mentioned above this may
happen in different ways:

(a) by suppressing all translations of the kind
�2u � 1�a � vb � wc, u, v, w integral (new basis a� � 2a, b� � b,
c� � c), and, hence, by eliminating half of the twofold axes, or

(b1) by b� � 2b, i.e. by thinning out the translations parallel to
the twofold axes, or

(b2) again by b� � 2b but replacing the twofold rotation axes by
twofold screw axes.

(iii) by combination of (i) and (ii), e.g. by reducing the order of
the point group and by thinning out the lattice of translations.

Subgroups of the first kind (i) are called translationengleiche or t
subgroups* because the set � of all (pure) translations is retained.
In case (ii), the point group � and thus the crystal class of the space
group is unchanged. These subgroups are called klassengleiche or k
subgroups. In the general case (iii), both the translation subgroup �
of � and the point group � are changed; the subgroup has lost
translations and belongs to a crystal class of lower order.

Obviously the third kind (iii) of subgroups is more difficult to
survey than kinds (i) and (ii). Fortunately, a theorem of Hermann
states that the maximal subgroups of a space group � are of type (i)
or (ii).

Theorem of Hermann (1929). A maximal subgroup of a space
group � is either a t subgroup or a k subgroup of �.

According to this theorem, subgroups of kind (iii) can never
occur among the maximal subgroups. They can, however, be
derived by a stepwise process of linking maximal subgroups of
types (i) and (ii), as has been shown by the chains discussed above.

8.3.3.1. Translationengleiche or t subgroups of a space
group

The ‘point group’ � of a given space group � is a finite group.
Hence, the number of subgroups and consequently the number of
maximal subgroups of � is finite. There exist, therefore, only a
finite number of maximal t subgroups of �. All maximal t subgroups
of every space group � are listed in the space-group tables of this
volume; cf. Section 2.2.15. The possible t subgroups were first listed
by Hermann (1935); corrections have been reported by Ascher et al.
(1969).

8.3.3.2. Klassengleiche or k subgroups of a space group

Every space group � has an infinite number of maximal k
subgroups. For dimensions 1, 2 and 3, however, it can be shown that
the number of maximal k subgroups is finite, if subgroups belonging
to the same affine space-group type as � are excluded. The number
of maximal subgroups of � belonging to the same affine space-
group type as � is always infinite. These subgroups are called
maximal isomorphic subgroups. In Part 13 isomorphic subgroups
are treated in detail. In the space-group tables, only data on the
isomorphic subgroups of lowest index are listed. The way in which
the isomorphic and non-isomorphic k subgroups are listed in the
space-group tables is described in Section 2.2.15.

Remark: Enantiomorphic space groups have an infinite number
of maximal isomorphic subgroups of the same type and an infinite
number of maximal isomorphic subgroups of the enantiomorphic
type.

Example
All k subgroups �� of a given space group � � P31, with basis
vectors a� � a, b� � b, c� � pc, p being any prime number except
3, are maximal isomorphic subgroups. They belong to space-
group type P31 if p � 3r � 1, r any integer. They belong to the
enantiomorphic space-group type P32 if p � 3r � 2.

Even though in the space-group tables some kinds of maximal
subgroups are listed completely whereas others are listed only
partly, it must be emphasized that in principle there is no difference
in importance between t, non-isomorphic k and isomorphic k sub-
groups. Roughly speaking, a group–subgroup relation is ‘strong’ if
the index [i] of the subgroup is low. All maximal t and maximal
non-isomorphic k subgroups have indices less than four in E2 and
five in E3, index four already being rather exceptional. Maximal
isomorphic k subgroups of arbitrarily high index exist for every
space group.

8.3.3.3. Supergroups

Sometimes a space group � is known and the possible space
groups �, of which � is a subgroup, are of interest.

Definition: A space group � is called a minimal supergroup of a
space group � if � is a maximal subgroup of �.

Fig. 8.3.3.1. Space group P63�mcm with t subgroups of index [2] and [4].
All 21 possible subgroup chains are displayed by lines.

� Hermann (1929) used the term zellengleich but this term caused misunderstand-
ings because it was sometimes understood to refer to the conventional unit cell. Not
the conservation of the conventional unit cell but rather the retention of all
translations of the space group is the essential feature of t subgroups.
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Examples
In Fig. 8.3.3.1, the space group P63�mcm is a minimal super-
group of P�6c2, � � � , P�3c1� P�6c2 is a minimal supergroup of
P�6, P3c1 and P312; etc.

If � is a maximal t subgroup of � then � is a minimal t
supergroup of �. If � is a maximal k subgroup of � then � is a
minimal k supergroup of �. Finally, if � is a maximal isomorphic
subgroup of �, then � is a minimal isomorphic supergroup of �.
Data on minimal t and minimal non-isomorphic k supergroups are
listed in the space-group tables; cf. Section 2.2.15. Data on minimal
isomorphic supergroups are not listed because they can be derived
easily from the corresponding subgroup relations.

The complete data on maximal subgroups of plane and space
groups are listed in Volume A1 of International Tables for
Crystallography (2004). For each space group, all maximal
subgroups of index [2], [3] and [4] are listed individually. The
infinitely many maximal isomorphic subgroups are listed as
members of a few (infinite) series. The main parameter in these
series is the index p, p2 or p3, where p runs through the infinite
number of primes.

8.3.4. Sequence of space-group types

The sequence of space-group entries in the space-group tables
follows that introduced by Schoenflies (1891) and is thus
established historically. Within each geometric crystal class,
Schoenflies has numbered the space-group types in an obscure
way. As early as 1919, Niggli (1919) considered this Schoenflies
sequence to be unsatisfactory and suggested that another sequence
might be more appropriate. Fedorov (1891) used a different
sequence in order to distinguish between symmorphic, hemi-
symmorphic and asymmorphic space groups.

The basis of the Schoenflies symbols and thus of the Schoenflies
listing is the geometric crystal class. For the present Tables, a
sequence might have been preferred in which, in addition, space-
group types belonging to the same arithmetic crystal class were
grouped together. It was decided, however, that the long-established
sequence in the earlier editions of International Tables should not
be changed.

In Table 8.3.4.1, those geometric crystal classes are listed in
which the Schoenflies sequence separates space groups belonging to
the same arithmetic crystal class. The space groups are rearranged
in such a way that space groups of the same arithmetic crystal class
are grouped together. The arithmetic crystal classes are separated by
broken lines, the geometric crystal classes by full lines. In all cases
not listed in Table 8.3.4.1, the Schoenflies sequence, as used in these
Tables, does not break up arithmetic crystal classes. Nevertheless,
some rearrangement would be desirable in other arithmetic crystal
classes too. For example, the symmorphic space group should
always be the first entry of each arithmetic crystal class.

8.3.5. Space-group generators

In group theory, a set of generators of a group is a set of group
elements such that each group element may be obtained as an
ordered product of the generators. For space groups of one, two and
three dimensions, generators may always be chosen and ordered in
such a way that each symmetry operation � can be written as the
product of powers of h generators �j �j � 1, 2, � � � , h�. Thus,

� � �kh
h � �kh�1

h�1 � � � � � �
k3
3 � �k2

2 � �1,

where the powers kj are positive or negative integers (including zero).
Description of a group by means of generators has the advantage

of compactness. For instance, the 48 symmetry operations in point

Table 8.3.4.1. Listing of space-group types according to their
geometric and arithmetic crystal classes

No.

Hermann–
Mauguin
symbol

Schoenflies
symbol

Geometric
crystal class

10 P2�m C1
2h 2�m

11 P21�m C2
2h

13 P2�c C4
2h

14 P21�c C5
2h

12 C2�m C3
2h

15 C2�c C6
2h

149 P312 D1
3 32

151 P3112 D3
3

153 P3212 D5
3

150 P321 D2
3

152 P3121 D4
3

154 P3221 D6
3

155 R32 D7
3

156 P3m1 C1
3v 3m

158 P3c1 C3
3v

157 P31m C2
3v

159 P31c C4
3v

160 R3m C5
3v

161 R3c C6
3v

195 P23 T1 23

198 P213 T4

196 F23 T2

197 I23 T3

199 I213 T5

200 Pm�3 T1
h m�3

201 Pn�3 T2
h

205 Pa�3 T6
h

202 Fm�3 T3
h

203 Fd�3 T4
h

204 Im�3 T5
h

206 Ia�3 T7
h

207 P432 O1 432

208 P4232 O2

213 P4132 O7

212 P4332 O6

209 F432 O3

210 F4132 O4

211 I432 O5

214 I4132 O8

215 P�43m T1
d

�43m

218 P�43n T4
d

216 F�43m T2
d

219 F�43c T5
d

217 I�43m T3
d

220 I�43d T6
d

736

8. INTRODUCTION TO SPACE-GROUP SYMMETRY



group m�3m can be described by two generators. Different choices of
generators are possible. For the present Tables, generators and
generating procedures have been chosen such as to make the entries
in the blocks General position (cf. Section 2.2.11) and Symmetry
operations (cf. Section 2.2.9) as transparent as possible. Space
groups of the same crystal class are generated in the same way (for

sequence chosen, see Table 8.3.5.1), and the aim has been to
accentuate important subgroups of space groups as much as
possible. Accordingly, a process of generation in the form of a
‘composition series’ has been adopted, see Ledermann (1976). The
generator �1 is defined as the identity operation, represented by (1)
x, y, z. �2, �3 and �4 are the translations with translation vectors a,
b and c, respectively. Thus, the coefficients k2, k3 and k4 may have
any integral value. If centring translations exist, they are generated
by translations �5 (and �6 in the case of an F lattice) with
translation vectors d (and e). For a C lattice, for example, d is given
by d � 1

2 �a � b�. The exponents k5 (and k6) are restricted to the
following values:

Lattice letter A, B, C, I: k5 � 0 or 1.
Lattice letter R (hexagonal axes): k5 � 0, 1 or 2.
Lattice letter F: k5 � 0 or 1; k6 � 0 or 1.

As a consequence, any translation � of � with translation vector

t � k2a � k3b � k4c��k5d � k6e�
can be obtained as a product

� � ��6�k6 � ��5�k5 � �k4
4 � �

k3
3 � �k2

2 � �1,

where k2, � � � , k6 are integers determined by �. �6 and �5 are
enclosed between parentheses because they are effective only in
centred lattices.

The remaining generators generate those symmetry operations
that are not translations. They are chosen in such a way that only
terms �j or �2

j occur. For further specific rules, see below.
The process of generating the entries of the space-group tables

may be demonstrated by the example of Table 8.3.5.2, where �j
denotes the group generated by �1,�2, � � � ,�j. For j � 5, the next
generator �j�1 has always been taken as soon as �kj

j � �j�1, because
in this case no new symmetry operation would be generated by �

kj

j .
The generating process is terminated when there is no further
generator. In the present example, �7 completes the generation:
�7 � P6122.

8.3.5.1. Selected order for non-translational generators

For the non-translational generators, the following sequence has
been adopted:

(a) In all centrosymmetric space groups, an inversion (if possible
at the origin O) has been selected as the last generator.

(b) Rotations precede symmetry operations of the second kind. In
crystal classes �42m---�4m2 and �62m---�6m2, as an exception, �4 and �6
are generated first in order to take into account the conventional
choice of origin in the fixed points of �4 and �6.

(c) The non-translational generators of space groups with C, A, B,
F, I or R symbols are those of the corresponding space group with a
P symbol, if possible. For instance, the generators of I212121 are
those of P212121 and the generators of Ibca are those of Pbca, apart
from the centring translations.

Exceptions: I4cm and I4�mcm are generated via P4cc and
P4�mcc, because P4cm and P4�mcm do not exist. In space groups
with d glides (except I�42d) and also in I41�a, the corresponding
rotation subgroup has been generated first. The generators of this
subgroup are the same as those of the corresponding space group
with a lattice symbol P.

Example
F41�d�32�m � P4132 � F4132 � F41�d�32�m.

(d) In some cases, rule (c) could not be followed without breaking
rule (a), e.g. in Cmme. In such cases, the generators are chosen to
correspond to the Hermann–Mauguin symbol as far as possible. For
instance, the generators (apart from centring) of Cmme and Imma are

Table 8.3.5.1. Sequence of generators for the crystal classes

The space-group generators differ from those listed here by their glide or screw
components. The generator 1 is omitted, except for crystal class 1. The
subscript of a symbol denotes the characteristic direction of that operation,
where necessary. The subscripts z, y, 110, 1�10, 10�1 and 111 refer to the
directions [001], [010], [110], [1�10], [10�1] and [111], respectively. For mirror
reflections m, the ‘direction of m’ refers to the normal to the mirror plane. The
subscripts may be likewise interpreted as Miller indices of that plane.

Hermann–Mauguin symbol of
crystal class

Generators �i (sequence left to
right)

1 1
�1 �1

2 2

m m

2�m 2, �1

222 2z, 2y

mm2 2z, my

mmm 2z, 2y, �1

4 2z, 4
�4 2z, �4

4�m 2z, 4, �1

422 2z, 4, 2y

4mm 2z, 4, my

�42m 2z, �4, 2y

�4m2 2z, �4, my

4�mmm 2z, 4, 2y, �1

3 3
�3 3, �1

321 3, 2110

(rhombohedral coordinates 3111, 210�1)

312 3, 21�10

3m1 3, m110

(rhombohedral coordinates 3111, m10�1)

31m 3, m1�10
�3m1 3, 2110, �1

(rhombohedral coordinates 3111, 210�1, �1)
�31m 3, 21�10, �1

6 3, 2z

�6 3, mz

6�m 3, 2z, �1

622 3, 2z, 2110

6mm 3, 2z, m110

�6m2 3, mz, m110

�62m 3, mz, 2110

6�mmm 3, 2z, 2110, �1

23 2z, 2y, 3111

m�3 2z, 2y, 3111, �1

432 2z, 2y, 3111, 2110

�43m 2z, 2y, 3111, m1�10

m�3m 2z, 2y, 3111, 2110, �1
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those of Pmmb, which is a non-standard setting of Pmma.
(Combination of the generators of Pmma with the C- or I-centring
translation results in non-standard settings of Cmme and Imma.)

For the space groups with lattice symbol P, the generation
procedure has given the same triplets (except for their sequence) as
in IT (1952). In non-P space groups, the triplets listed sometimes
differ from those of IT (1952) by a centring translation.

8.3.6. Normalizers of space groups

The concept of normalizers, well known to mathematicians since the
nineteenth century, is finding more and more applications in
crystallography. Normalizers play an important role in the general
theory of space groups of n-dimensional space. By the so-called
Zassenhaus algorithm, one can determine the space-group types of n-
dimensional space, provided the arithmetic crystal classes and for
each arithmetic crystal class a representative integral �n � n�-matrix
group are known.The crucial step is then to determine for these matrix
groups their normalizers in GL(n, Z). This was done for n � 4 by
Brown et al. (1978) in the derivation of the 4894 space-group types.
Now, the program package Carat solves this problem and was used,
among others, for the enumeration of the 28 927 922 affine space-
group types for six-dimensional space, see Table 8.1.1.1.

Crystallographers have been applying normalizers in their
practical work for some time without realizing this fact, and only
in the last decades have they become aware of the importance of
normalizers. Normalizers first seem to have been derived visually,
see Hirshfeld (1968). A derivation of the normalizers of the space
groups using matrix methods is found in a paper by Boisen et al.
(1990).

For the practical application of normalizers in crystallographic
problems, see Part 15, which also contains detailed lists of
normalizers of the point groups and space groups, as well as of
space groups with special metrics. In this section, a short
elementary introduction to normalizers will be presented.

In Section 8.1.6, the elements of a space group � have been
divided into classes with respect to the subgroup � of all
translations of �; these classes have been called cosets. ‘Coset
decomposition’ can be performed for any pair ‘group � and
subgroup �’. The subgroup � is called normal if the decomposition
of � into right and left cosets results in the same cosets.

The decomposition of the elements of a group � into ‘conjugacy
classes’ is equally important in crystallography. These classes are
defined as follows:

Definition: The elements � and � of a group � are said to be
conjugate in �, if there exists an element � � � such that
� � ��1��.

Example
The symmetry group 4mm of a square consists of the symmetry
operations 1, 2, 4, 4�1, mx, my, md and md� , see Fig. 8.3.6.1.
Vertex 1 is left invariant by 1 and md� , vertex 2 by 1 and md . The
operations md and md� are conjugate, because md� � 4�1md4
holds, as are mx and my �my � 4�1mx4�, or 4 and 4�1 �4�1 �
m�1

x 4mx�. The operations 1 and 2 have no conjugates.

As proved in mathematical textbooks, e.g. Ledermann (1976),
conjugacy indeed subdivides a group into classes of elements. The
unit element 1 always forms a conjugacy class for itself, as does any
element that commutes with every other element of the group. For
finite groups, the number of elements in a conjugacy class is a factor
of the group order. In infinite groups, such as space groups,
conjugacy classes may contain an infinite number of elements.

Conjugacy can be transferred from elements to groups. Let � be a
subgroup of �. Then another subgroup�� of � is said to be conjugate
to � in �, if there exists an element � � �, such that �� � ��1��.
In this way, the set of all subgroups �i of a group � is divided into
classes of conjugate subgroups or conjugacy classes of subgroups.
Conjugacy classes may contain different numbers of subgroups but,
for finite groups, the number of subgroups in each class is always a
factor of the order of the group. Conjugacy classes which contain
only one subgroup are of special interest; they are called normal
subgroups. There are always two trivial normal subgroups of a group
�: the group � itself and the group 
 consisting of the unit element 1
only. For space groups, the group � of all translations of the group
always forms a normal subgroup of �.

In the above-mentioned example of the square, the subgroups
�1, mx� and �1, my� as well as �1, md� and �1, md� � each form
conjugate pairs, whereas the subgroups �1, 2, 4, 4�1�,
�1, 2, mx, my�, �1, 2, md , md� � and �1, 2� are normal subgroups.

The characterization of normal subgroups, � must obey the
condition � � ��1�� for all elements � � �, is identical with the
one used in Section 8.1.6. This relation can also be expressed as

Table 8.3.5.2. Example of a space-group generation � � P6122 � D2
6 (No. 178)

Coordinates Symmetry operations

�1 (1) x, y, z; Identity I
�2

�3

�4

t�100�
t�010�
t�001�

��
�

These are the generating translations.
�4 is the group � of all translations
ofP6122

�	



�5 �2� �y, x � y, z � 1
3 � Threefold screw rotation

�2
5 �3� �x � y,�x, z � 2

3 � Threefold screw rotation

�3
5 � t�001� � Now the space group �5 � P31 has been generated

�6 �4� �x,�y, z � 1
2 � Twofold screw rotation

�6 � �5 �5� y,�x � y, z � 5
6 � Sixfold screw rotation

�6 � �2
5 x � y, x, z � 7

6 � �6� x � y, x, z � 1
6 � Sixfold screw rotation

�2
6 � t�001� � Now the space group �6 � P61 has been generated

�7 �7� y, x,�z � 1
3 � Twofold rotation, direction of axis [110]

�7 � �5 �8� x � y,�y,�z� Twofold rotation, axis [100]

�7 � �2
5 �x,�x � y,�z � 1

3 � �9� �x,�x � y,�z � 2
3 � Twofold rotation, axis [010]

�7 � �6 �y,�x,�z � 1
6 � �10� �y,�x,�z � 5

6 � Twofold rotation, axis ��110�
�7 � �6 � �5 �x � y, y,�z � 1

2 � �11� �x � y, y,�z � 1
2 � Twofold rotation, axis [120]

�7 � �6 � �2
5 x, x � y,�z � 5

6 � �12� x, x � y,�z � 1
6 � Twofold rotation, axis [210]

�2
7 � � �7 � P6122
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�� � �� which means that the right and left cosets coincide. Thus
each subgroup � of index [2] is normal, because there is only one
coset in addition to � itself which is then necessarily the right as
well as the left coset.

If � is not a normal subgroup of �, then � � ��1�� cannot
hold for all � � �, because there is at least one subgroup �� of �
which is conjugate to �. This situation leads to the introduction of
the normalizer ����� of a subgroup � of �.

Definition: The set of all elements � � �, for which ��1�� �
� holds, is called the normalizer ����� of � in �.

The normalizer ����� is always a group and thus a subgroup of
� which obeys the relation � � ����� �� �. The symbol �� means
that � is a normal subgroup of �����. The subgroup � is normal
in � if its normalizer ����� � � coincides with �. Otherwise,
other subgroups conjugate to � exist. To determine the number of
conjugate subgroups of �, one decomposes � into cosets relative to
�����. The elements of each such coset transform � into a
conjugate subgroup ��, such that the number of conjugates
(including � itself) equals the index of ����� in �.

Examples
(1) The normalizer � 4mm��1, md�� of the subgroup �1, md�, see

Fig. 8.3.6.1, consists of the elements �1, 2, md , md� �; its index in
the full group 4mm of the square is [2]. Therefore, there are two
conjugate subgroups �1, md� and �1, md� �. All operations of the
normalizer map the group �1, md� onto itself and thus describe
the ‘symmetry in 4mm of this symmetry group’.

(2) Under space-group type Fm�3m (No. 225), four subgroups of type
Pm�3m (No. 221) of index [4] are listed; four subgroups of type
Pn�3m (No. 224) are similarly listed. Are these subgroups
conjugate in the original space group? Clearly, a space group
of type Pm�3m cannot be conjugate to one of the different
type Pn�3m because there exists no affine mapping transforming
one into the other. On the other hand, one verifies that the four
subgroups of type Pm�3m are conjugate relative to Fm�3m: the
transforming elements are the (centring) translations 000,
1
2

1
2 0, 1

2 0 1
2 , 0 1

2
1
2. Similarly, the four subgroups of type Pn�3m are

conjugate in Fm�3m by the same (centring) translations. The
normalizers � Fm�3m�Pm�3m� and � Fm�3m�Pn�3m� are the sub-
groups themselves; their indices in Fm�3m are [4], i.e. the
numbers of conjugates are four.

Obviously, it would be impractical to list the normalizer for each
type of group–subgroup pair. There are, however, some normalizers
of outstanding importance from which, moreover, the normalizers
determining the usual conjugacy relations can be obtained easily.

Since space groups are groups of motions and space-group types are
affine equivalence classes of space groups, cf. Sections 8.1.6 and
8.2.2, the groups � of all motions and � of all affine mappings are
groups of special significance for any space group. The normalizers
of a space group relative to these two groups are considered now.
Part 15 contains lists of these normalizers with detailed comments.

The normalizer of a space group � in the group � of all affine
mappings is called the affine normalizer ����� of the space group
�. The affine normalizers of space groups of the same space-group
type are affinely equivalent. One thus can speak of the ‘type of
normalizers of a space-group type’. In many cases, these normal-
izers are either space groups or isomorphic to space groups, but they
may also be other groups due to arbitrarily small translations (for
polar space groups) and/or due to noncrystallographic point groups
(for triclinic and monoclinic space groups).

Affine normalizers are of more theoretical interest. For example,
they determine the occurrence of enantiomorphism of space groups,
cf. Section 8.2.2. A space-group type splits into a pair of enantio-
morphic space-group types, if and only if its normalizers are
contained in ��, the group of all affine mappings with positive
determinant.

The normalizer of a space group � in the group � of all motions
(Euclidean group) is called the Euclidean normalizer ����� of the
space group �. For all trigonal, tetragonal, hexagonal and cubic
space groups, �� � �� holds. In these cases, as well as in any
context in which statements are valid for both normalizers, the
abbreviated form � is frequently used.

The group � �� � of all translations of � is the same for both
normalizers, ����� and �����, because any translation is a motion.
It can be calculated easily: To be an element of � �� �, the
translation (I, t) has to satisfy the equation �I , t��1�W , w��I , t� �
�W �, w�� � � for any operation (W, w) of �. This results in �W , w �
�W � I�t� � �W �, w�� or W � � W and w� � w � �W � I�t. From
this �W � I�t � � ��� follows, i.e. �W � I�t must be a lattice
translation of �. To determine � �� �, it is sufficient to apply this
equation to the W i of the generators of �.

The conditions for the groups � �� � are the same for all space
groups of the same arithmetic crystal class, because those space
groups are generated by symmetry operations with the same matrix
parts, and their lattices belong to the same centring type, if referred
to conventional coordinate systems. The other elements of the
normalizer are not obtained as easily.

In contrast to ��, the type of �� is not a property of the space-
group type, as the following example shows. The Euclidean
normalizer of a space group P222 is an orthorhombic space group
Pmmm if a  � b  � c  � a. It is a tetragonal space group if
accidentally a � b (or b � c or c � a), and it is even cubic if
accidentally a � b � c. The listings in Part 15 also contain the
normalizers for the case of lattices with accidental symmetries.
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Dimensionszahl. I. Die Symmetrieoperationen. Acta Cryst. 2,
139–145.

International Tables for Crystallography (2002). Vol. E. Subperiodic
groups, edited by V. Kopsky & D. B. Litvin. Dordrecht: Kluwer
Academic Publishers.

Janner, A. (2001). Introduction to a general crystallography. Acta
Cryst. A57, 378–388.

Janssen, T., Janner, A., Looijenga-Vos, A. & de Wolff, P. M. (2004).
International tables for crystallography, Vol. C, 3rd ed., edited by
E. Prince, ch. 9.8. Dordrecht: Kluwer Academic Publishers.

Ledermann, W. (1976). Introduction to group theory. London:
Longman.

Lima-de-Faria, J. (1990). Historical atlas of crystallography.
Dordrecht: Kluwer Academic Publishers.

Opgenorth, J., Plesken, W. & Schulz, T. (1998). Crystallographic
algorithms and tables. Acta Cryst. A54, 517–531.

Plesken, W. & Schulz, T. (2000). Counting crystallographic groups
in low dimensions. Exp. Math. 9, 407–411.

Schwarzenberger, R. L. E. (1980). N-dimensional crystallography.
San Francisco: Pitman.

Shubnikov, A. V. & Koptsik, V. A. (1974). Symmetry in science and
art. New York: Plenum.

Smaalen, S. van (1995). Incommensurate crystal structures. Crystal-
logr. Rev. 4, 79–202.

Souvignier, B. (2003). Enantiomorphism of crystallographic groups
in higher dimensions with results in dimensions up to 6. Acta
Cryst. A59, 210–220.

Vainshtein, B. K. (1994). Fundamentals of crystals. Berlin: Springer-
Verlag.

Wolff, P. M. de, Billiet, Y., Donnay, J. D. H., Fischer, W., Galiulin,
R. B., Glazer, A. M., Hahn, Th., Senechal, M., Shoemaker, D. P.,
Wondratschek, H., Wilson, A. J. C. & Abrahams, S. C. (1992).
Symbols for symmetry elements and symmetry operations. Acta
Cryst. A48, 727–732.

Wolff, P. M. de, Billiet, Y., Donnay, J. D. H., Fischer, W., Galiulin,
R. B., Glazer, A. M., Senechal, M., Shoemaker, D. P.,
Wondratschek, H., Hahn, Th., Wilson, A. J. C. & Abrahams, S.
C. (1989). Definition of symmetry elements in space groups and
point groups. Acta Cryst. A45, 494–499.

Yamamoto, A. (1996). Crystallography of quasiperiodic crystals.
Acta Cryst. A52, 509–560.

8.2

Ascher, E. & Janner, A. (1965). Algebraic aspects of crystal-
lography. I. Space groups as extensions. Helv. Phys. Acta, 38,
551–572.

Ascher, E. & Janner, A. (1968/69). Algebraic aspects of crystal-
lography. II. Non-primitive translations in space groups. Com-
mun. Math. Phys. 11, 138–167.
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9.1. Bases, lattices, Bravais lattices and other classifications

BY H. BURZLAFF AND H. ZIMMERMANN

9.1.1. Description and transformation of bases

In three dimensions, a coordinate system is defined by an origin and
a basis consisting of three non-coplanar vectors. The lengths a, b, c
of the basis vectors a, b, c and the intervector angles � � ��b, c�,
� � ��c, a�, � � ��a, b� are called the metric parameters. In n
dimensions, the lengths are designated ai and the angles �ik , where
1 � i � k � n.

Another description of the basis consists of the scalar products of
all pairs of basis vectors. The set of these scalar products obeys the
rules of covariant tensors of the second rank (see Section 5.1.3). The
scalar products may be written in the form of a �3 � 3� matrix

�ai � ak� � �gik� � G� i, k � 1, 2, 3,

which is called the matrix of the metric coefficients or the metric
tensor.

The change from one basis to another is described by a
transformation matrix P. The transformation of the old basis
(a, b, c) to the new basis �a�, b�, c�� is given by

�a�, b�, c�� � �a, b, c� � P�

The relation

G� � Pt � G � P �9�1�1�1�
holds for the metric tensors G and G�.

9.1.2. Lattices

A three-dimensional lattice can be visualized best as an infinite
periodic array of points, which are the termini of the vectors

luvw � ua 	 vb 	 wc, u, v, w all integers�

The parallelepiped determined by the basis vectors a, b, c is called a
(primitive) unit cell of the lattice (cf. Section 8.1.4), a, b and c are a
primitive basis of the lattice. The number of possible lattice bases is
infinite.

For the investigation of the properties of lattices, appropriate
bases are required. In order to select suitable bases (see below),
transformations may be necessary (Section 5.1.3). Of the several
properties of lattices, only symmetry and some topological aspects
are considered in this chapter. Some further properties of lattices are
given in Chapter 9.3.

9.1.3. Topological properties of lattices

The treatment of the topological properties is restricted here to the
consideration of the neighbourhood of a lattice point. For this
purpose, the domain of influence (Wirkungsbereich, Dirichlet
domain, Voronoi domain, Wigner–Seitz cell) (Delaunay, 1933) is
introduced. The domain of a particular lattice point consists of all
points in space that are closer to this lattice point than to any other
lattice point or at most equidistant to it. To construct the domain, the
selected lattice point is connected to all other lattice points. The set
of planes perpendicular to these connecting lines and passing
through their midpoints contains the boundary planes of the domain
of influence, which is thus a convex polyhedron. (Niggli and
Delaunay used the term ‘domain of influence’ for the interior of the
convex polyhedron only.) Without the use of metrical properties,
Minkowski (1897) proved that the maximal number of boundary
planes resulting from this construction is equal to 2�2n 
 1�, where
n is the dimension of the space. The minimal number of boundary
planes is 2n. Each face of the polyhedron represents a lattice vector.
Thus, the topological, metrical and symmetry properties of infinite
lattices can be discussed with the aid of a finite polyhedron, namely
the domain of influence (cf. Burzlaff & Zimmermann, 1977).

9.1.4. Special bases for lattices

Different procedures are in use to select specific bases of lattices.
The reduction procedures employ metrical properties to develop a
sequence of basis transformations which lead to a reduced basis and
reduced cell (see Chapter 9.3).

Table 9.1.4.1. Lattice point-group symmetries

Two dimensions

Lattice
point
group

2 2mm 4mm 6mm

Crystal
family�

m o t h

monoclinic
�oblique�

orthorhombic
�rectangular�

tetragonal
�square� hexagonal

Three dimensions

Lattice
point
group

Ci � �1 C2h � 2�m D2h � mmm D4h � 4�mmm D3d � �3m D6h � 6�mmm Oh � m�3m

Crystal
family�

a m o t h c

anorthic
�triclinic� monoclinic orthorhombic tetragonal hexagonal cubic

* The symbols for crystal families were adopted by the International Union of Crystallography in 1985; cf. de Wolff et al. (1985).
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Another possibility is to make use of the symmetry properties of
lattices. This procedure, with the aid of standardization rules, leads
to the conventional crystallographic basis and cell. In addition to
translational symmetry, a lattice possesses point-group symmetry.
No crystal can have higher point-group symmetry than the point
group of its lattice, which is called holohedry. The seven point
groups of lattices in three dimensions and the four in two
dimensions form the basis for the classification of lattices (Table
9.1.4.1). It may be shown by an algebraic approach (Burckhardt,
1966) or a topological one (Delaunay, 1933) that the arrangement of
the symmetry elements with respect to the lattice vectors is not
arbitrary but well determined. Taking as basis vectors lattice vectors
along important symmetry directions and choosing the origin in a
lattice point simplifies the description of the lattice symmetry
operations (cf. Chapter 12.1). Note that such a basis is not
necessarily a (primitive) basis of the lattice (see below). The choice
of a basis controlled by symmetry is not always unique; in the
monoclinic system, for example, one vector can be taken parallel to
the symmetry direction but the other two vectors, perpendicular to
it, are not uniquely determined by symmetry.

The choice of conventions for standardizing the setting of a
lattice depends on the purpose for which it is used. The several sets
of conventions rest on two conflicting principles: symmetry
considerations and metric considerations. The following rules (i)
to (vii) defining a conventional basis are taken from Donnay (1943;
Donnay & Ondik, 1973); they deal with the conventions based on
symmetry:

(i) Each basis vector is a lattice vector from the origin to the
nearest node on the related row. The basis must define a right-
handed coordinate system.

(ii) The basis vectors for a cubic lattice are parallel to the fourfold
axes.

(iiia) In a hexagonal lattice, one basis vector, parallel to the
sixfold axis, is labelled c. The remaining two basis vectors are taken
along twofold axes and they must include an angle of 120; from the
two possible sets, the shorter vectors are chosen.

(iiib) For rhombohedral lattices, two descriptions are given in the
present edition, as in earlier ones. The first description which gives
the conventional cell uses ‘hexagonal axes’. In this case, c is taken
along the threefold axis. The remaining two vectors are chosen
along twofold axes including an angle of 120; they are oriented so
that lattice points occur at 2�3, 1�3, 1�3 and 1�3, 2�3, 2�3 (obverse
setting). The reverse setting �0, 0, 0� 1�3, 2�3, 1�3� 2�3, 1�3, 2�3� is
not used in the space-group tables (cf. Section 1.2.1, footnote �).
The second description uses ‘rhombohedral axes’: a, b and c are the
shortest non-coplanar lattice vectors symmetrically equivalent with
respect to the threefold axis.

(iv) In a tetragonal lattice, the vector c is along the fourfold axis,
and a and b are chosen along twofold axes perpendicular to each
other. From the two possible sets, the shorter vectors are chosen.

(v) In an orthorhombic lattice, a, b and c must be taken along the
twofold axes.

(vi) For monoclinic lattices, two ‘settings’ are given in the
present edition. In one setting, the only symmetry direction is
labelled b (b-unique setting). The basis vectors a and c are chosen to
be the shortest two vectors in the net plane perpendicular to b, the
angle � should be non-acute. This occurs if

0 � 
2a � c � min�a2, c2�� �9�1�4�1�

In the other setting, the symmetry direction is labelled c [c-unique
setting; first introduced in IT (1952)]. In this case, a and b are the
shortest two vectors in the net plane perpendicular to c and the angle
� should be non-acute. The b-unique setting is considered to be the
standard setting.

(vii) The reduced basis is used to describe a triclinic (� anorthic)
lattice (cf. Chapter 9.3).

The metric parameters of the conventional basis are called lattice
parameters. For the purpose of identification, additional metric
rules have to be employed to make the labelling unique; they can be
found in the introduction to Crystal Data (Donnay & Ondik, 1973).

When the above rules have been applied, it may occur that not all
lattice points can be described by integral coordinates. In such
cases, the unit cell contains two, three or four lattice points. The
additional points may be regarded as centrings of the conventional
cell. They have simple rational coordinates. For a conventional
basis, the number of lattice points per cell is 1, 2, 3 or 4 (see Tables
9.1.7.1 and 9.1.7.2).

In two dimensions, only two centring types are needed:

p � no centring (primitive);

c � face centred.

In three dimensions, the following centring types are used:

P � no centring (primitive);

I � body centred (innenzentriert)�

F � all-face centred;

A, B, C � one-face centred, �b, c� or �c, a� or �a, b��
R � hexagonal cell rhombohedrally centred

[see rule (iiib) above].
In orthorhombic and monoclinic lattices, some differently

centred cells can be transformed into each other without violating
the symmetry conditions for the choice of the basis vectors. In these
cases, the different centred cells belong to the same centring mode.
In the orthorhombic case, the three types of one-face-centred cells
belong to the same centring mode because the symbol of the cell
depends on the labelling of the basis vectors; C is usually preferred
to A and B in the standard setting; the centring mode is designated S
(seitenflächenzentriert). In the monoclinic case (b-unique setting),
A, I and C can be transformed into each other without changing the
symmetry direction. C is used for the standard setting (cf. Section
2.2.3); it represents the centring mode S. The vectors a, c are
conventionally chosen as short as the C-centring allows so that they
need not be the shortest two vectors in their net plane and need not
fulfil the inequalities (9.1.4.1).

In some situations, the I-centring of the monoclinic conventional
cell may be more advantageous. If the vectors a, c are the shortest
ones leading to the centring I, they obey the inequalities (9.1.4.1).

9.1.5. Remarks

(i) For the handling of special problems such as subgroup
relations, it may be convenient to use additional centred cells, e.g. a
hexagonal cell centred at 2�3, 1�3, 0 and 1�3, 2�3, 0, which is
called H. In this case, rule (iiia) above is violated as vectors a and b
are now directed along the second set of twofold axes. Similarly, for
tetragonal lattices, C may be used instead of P, or F instead of I; cf.
Chapter 1.2.

(ii) Readers who have studied Section 8.1.4 may realize that the
‘lattice bases’ defined here are called ‘primitive bases’ there and
that both ‘primitive bases’ and ‘conventional bases’ are special
cases of bases used in crystallography.

9.1.6. Classifications

By means of the above-mentioned lattice properties, it is possible to
classify lattices according to various criteria. Lattices can be
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subdivided with respect to their topological types of domains,
resulting in two classes in two dimensions and five classes in three
dimensions. They are called Voronoi types (see Table 9.1.6.1). If the
classification involves topological and symmetry properties of the
domains, 24 Symmetrische Sorten (Delaunay, 1933) are obtained in
three dimensions and 5 in two dimensions. Other classifications
consider either the centring type or the point group of the lattice.

The most important classification takes into account both the
lattice point-group symmetry and the centring mode (Bravais,
1866). The resulting classes are called Bravais types of lattices or,

for short, Bravais lattices. Two lattices belong to the same Bravais
type if and only if they coincide both in their point-group symmetry
and in the centring mode of their conventional cells. The Bravais
lattice characterizes the translational subgroup of a space group.
The number of Bravais lattices is 1 in one dimension,
5 in two dimensions, 14 in three dimensions and 64 in four
dimensions. The Bravais lattices may be derived by topological
(Delaunay, 1933) or algebraic procedures (Burckhardt, 1966;
Neubüser et al., 1971). It can be shown (Wondratschek et al.,
1971) that ‘all Bravais types of the same crystal family can be

Fig. 9.1.7.1. Conventional cells of the three-dimensional Bravais lattices (for symbols see Table 9.1.7.2).

Table 9.1.6.1. Representations of the five types of Voronoi polyhedra

VI VII VIII VIV VV
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obtained from each other by the process of centring’. As a
consequence, different Bravais types of the same [crystal] family
(cf. Section 8.1.4) differ in their centring mode. Thus, the Bravais
types may be described by a lower-case letter designating the
crystal family and an upper-case letter designating the centring
mode. The relations between the point groups of the lattices and the
crystal families are shown in Table 9.1.4.1. Since the hexagonal and
rhombohedral Bravais types belong to the same crystal family, the
rhombohedral lattice is described by hR, h indicating the family and
R the centring type. This nomenclature was adopted for the 1969
reprint (IT 1969) of IT (1952) and for Structure Reports since 1975
(cf. Trotter, 1975).

9.1.7. Description of Bravais lattices

In Fig. 9.1.7.1, conventional cells for the 14 three-dimensional
Bravais lattices are illustrated.

In Tables 9.1.7.1 and 9.1.7.2, the two- and three-dimensional
Bravais lattices are described in detail. For each entry, the tables
contain conditions that must be fulfilled by the lattice parameters
and the metric tensor. These conditions are given with respect to
two different basis systems, first the conventional basis related to
symmetry, second a special primitive basis (see below). In columns
2 and 3, basis vectors not required by symmetry to be of the same
length are designated by different letters. Columns 4 and 5 contain
the metric tensors for the two related bases. Column 6 shows the
relations between the components of the two tensors.

The last columns of Tables 9.1.7.1 and 9.1.7.2 show parallel
projections of the appropriate conventional unit cells. Among the
different possible choices of the primitive basis, as discussed in
Sections 9.1.1–9.1.5, the special primitive basis mentioned above is
obtained according to the following rules:

(i) For each type of centring, only one transformation matrix P is
used to obtain the primitive cell as given in Tables 9.1.7.1 and
9.1.7.2. The transformation obeys equation (9.1.1.1).

(ii) Among the different possible transformations, those are
preferred which result in a metric tensor with simple relations
among its components, as defined in Tables 9.1.7.1 and 9.1.7.2.

If a primitive basis is chosen according to these rules, basis
vectors of the conventional cell have parallel face-diagonal or body-
diagonal orientation with respect to the basis vectors of the
primitive cell. For cubic and rhombohedral lattices, the primitive
basis vectors are selected such that they are symmetrically
equivalent with respect to a threefold axis. In all cases, a face of
the ‘domain of influence’ is perpendicular to each basis vector of
these primitive cells.

9.1.8. Delaunay reduction

Further classifications use reduction theory. There are different
approaches to the reduction of quadratic forms in mathematics. The
two most important in our context are

(i) the Selling–Delaunay reduction (Selling, 1874),
(ii) the Eisenstein–Niggli reduction.
The investigations by Gruber (cf. Chapter 9.3) have shown the

common root of both crystallographic approaches. As in Chapters
9.2 and 9.3 the Niggli reduction will be discussed in detail, we shall
discuss the Delaunay reduction here.

We start with a lattice basis �bi�1�i�n �n � 2, 3�. This basis is
extended by a vector

bn	1 � 
�b1 	 � � �	 bn��
All scalar products

bi � bk �1 � i � k � n 	 1�

Table 9.1.7.1. Two-dimensional Bravais lattices

Bravais lattice*

Lattice parameters Metric tensor

ProjectionsConventional

Primitive/
transformation to
primitive cell Conventional Primitive

Relations of the
components

mp
a, b
�

a, b
�

g11 g12

g22

g11 g12

g22

op

a, b
� � 90

a, b
� � 90

g11 0
g22

g11 0
g22

oc
a1 � a2, �
P�c��

g�11 � 1
4�g11 	 g22�

g�12 � 1
4�g11 
 g22�

g11 � 2�g�11 	 g�12�
g12 � 2�g�11 
 g�12�

g�11 g�12
g�22

tp
a1 � a2

� � 90
a1 � a2

� � 90
g11 0

g11

g11 0
g11

hp
a1 � a2

� � 120
a1 � a2

� � 120
g11 
1

2 g11

g11

g11 
1
2 g11

g11

* The symbols for Bravais lattices were adopted by the International Union of Crystallography in 1985; cf. de Wolff et al. (1985).
� P�c� � 1

2 �11��11��
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Table 9.1.7.2. Three-dimensional Bravais lattices

Bravais
lattice*

Lattice parameters Metric tensor

ProjectionsConventional Primitive Conventional Primitive/transf.�
Relations of the
components

aP
a, b, c
�,�, �

a, b, c
�,�, �

g11 g12 g13

g22 g23

g33

g11 g12 g13

g22 g23

g33

mP

a, b, c
�,� � � � 90

a, b, c
�,� � � � 90

g11 0 g13

g22 0
g33

g11 0 g13

g22 0
g33

mC
�mS�

a1 � a2, c
�,� � �

P�C� g�11 � 1
4�g11 	 g22�

g�12 � 1
4�g11 
 g22�

g�13 � 1
2 g13

g11 � 2�g�11 	 g�12�
g22 � 2�g�11 
 g�12�
g13 � 2g�13

g�11 g�12 g�13
g�11 g�13

g33

oP

a, b, c
� � � � � � 90

a, b, c
� � � � � � 90

g11 0 0
g22 0

g33

g11 0 0
g22 0

g33

oC
�oS�

a1 � a2, c
�,� � � � 90

P�C�
g�11 � 1

4�g11 	 g22�
g�12 � 1

4�g11 
 g22�

g11 � 2�g�11 	 g�12�
g22 � 2�g�11 
 g�12�

g�11 g�12 0
g�11 0

g33

oI

a1 � a2 � a3

�,�, �
cos�	 cos�
	 cos � � 
1

P�I� g�12 � 1
4�
g11 
 g22 	 g33�

g�13 � 1
4�
g11 	 g22 
 g33�

g�23 � 1
4�g11 
 g22 
 g33�

g11 � 
2�g�12 	 g�13�
g22 � 
2�g�12 	 g�23�
g33 � 
2�g�13 	 g�23�


�g g�12 g�13


�g g�23


�g

�g � g�12 	 g�13 	 g�23

oF

a, b, c
�,�, �

cos� � 
a2 	 b2 	 c2

2bc

cos� � a2 	 b2 	 c2

2ac

cos � � a2 	 b2 
 c2

2ab

P�F�
g�12 � 1

4 g33

g�13 � 1
4 g22

g�23 � 1
4 g11

g11 � 4g�23
g22 � 4g�13
g33 � 4g�12

�g1 g�12 g�13
�g2 g�23

�g3

�g1 � g�12 	 g�13

�g2 � g�12 	 g�23

�g3 � g�13 	 g�23
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Bravais
lattice*

Lattice parameters Metric tensor

ProjectionsConventional Primitive Conventional Primitive/transf.�
Relations of the
components

tP

a1 � a2, c
� � � � � � 90

a1 � a2, c
� � � � � � 90

g11 0 0
g11 0

g33

g11 0 0
g11 0

g33

tI
a1 � a2 � a3

�,� � �
2 cos�	 cos � � 
1

P�I�
g�12 � 1

4�
2g11 	 g33�
g�13 � 
1

4g33

g11 � 2�g�12 	 g�13�
g33 � 
4g�13

�g g�12 g�13

�g g�13

�g

�g � 
�g�12 	 2g�13�

hR

a1 � a2, c
� � � � 90

� � 120

a1 � a2 � a3

� � � � �

g11 
1
2g11 0
g11 0

g33

P�R�
g�11 � 1

9�3g11 	 g33�
g�12 � 1

9�
 3
2 g11 	 g33�

g11 � 2�g�11 
 g�12�
g33 � 3�g�11 	 2g�12�

g�11 g�12 g�12
g�11 g�12

g�11

hP
a1 � a2, c
� � � � 90

� � 120

g11 
1
2g11 0
g11 0

g33

cP

a1 � a2 � a3

� � � � � � 90

a1 � a2 � a3

� � � � � � 90

g11 0 0
g11 0

g11

g11 0 0
g11 0

g11

cI
a1 � a2 � a3

� � � � � � 109�5

cos� � 
1
3

P�I�

g�11 � 3
4g11

g11 � 4
3g

�
11

g�11 
1
3g

�
11 
1

3g
�
11

g�11 
1
3g

�
11

g�11

cF
a1 � a2 � a3

� � � � � � 60

P�F�

g�11 � 1
2g11

g11 � 2g�11

g�11
1
2g

�
11

1
2g

�
11

g�11
1
2g

�
11

g�11

* See footnote to Table 9.1.7.1. Symbols in parentheses are standard symbols, see Table 2.1.2.1.
� P�C� � 1

2 �110��110�002�, P�I� � 1
2 ��1�11�1�11�11�1�, P�F� � 1

2 �011�101�110�, P�R� � 1
3 ��12�1��211�111��

Table 9.1.7.2. Three-dimensional Bravais lattices (cont.)
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Table 9.1.8.1. The 24 ‘Symmetrische Sorten’

In the centred monoclinic lattices, the set �a, c, a 	 c� � �p, q, r� of the three shortest vectors in the ac plane is used to describe the metrical conditions. These
vectors are renamed according to their relation to the projection of the centring point in the ac plane: p designates the vector that crosses the projection of the
centring point, q is the shorter one of the two others and r labels the third one.

Delaunay
symbol Bravais type

Metrical conditions
(parameters of
conventional cells)

Voronoi
type

Notation of the scalar products according to equation
(9.1.8.1)

Transformation
matrix P12 13 14 23 24 34

K1 cI – I 12 12 12 12 12 12 011�101�110

K2 cF – III 0 13 13 13 13 0 1�11�111�002

K3 cP – V
0 0 14 14 14 0 100�001�011

0 0 14 0 14 14 100�010�001

H hP – IV 12 0 12 0 12 34 100�010�001

R1 hR 2c2 � 3a2 I 12 12 14 12 14 14 101��111�0�11

R2 hR 2c2 � 3a2 III 0 13 13 13 24 0 101�003�012

Q1 tI c2 � 2a2 I 12 13 13 13 13 12 011�101�110

Q2 tI c2 � 2a2 II 0 13 13 13 13 34 101�011�002

Q3 tP – V

0 0 14 0 14 34 100�010�001

0 0 14 14 24 0 100�001�011

0 0 14 23 0 23 001�110�010

O1 oF – I 12 13 13 13 13 34 1�11�111�002

O2 oI a2 	 b2 � c2 I 12 13 14 14 13 12 011�101�110

O3 oI a2 	 b2 � c2 II 0 13 13 23 23 34 101�011�002

O4 oI a2 	 b2 � c2 III
0 13 14 14 13 0 011�101�110

0 13 13 23 23 0 101�011�002

O5 o(AB)C – IV
12 0 14 0 12 34 200�110�001

12 0 14 0 14 34 110��110�001

O6 oP – V
0 0 14 0 24 34 100�010�001

0 0 14 23 24 0 100�001�011

M1 m(AC)I b2 � p2 I 12 13 14 13 14 34 �110��1�10��101

M2 m(AC)I p2 � b2 � r2 
 q2 I 12 13 14 14 13 34 01�1�110�10�1

M3 m(AC)I r2 
 q2 � b2 II 0 13 14 23 23 34 �101��110��200

M4 m(AC)I b2 � p2 II
0 13 14 14 13 34 01�1�110�10�1

0 13 14 13 14 34 �110��1�10��101

M5 m(AC)I b2 � r2 
 q2 III
0 13 14 23 23 0 �101��110��200

0 13 14 23 13 0 10�1�1�10�0�1�1

M6 mP – IV 0 13 14 0 24 34 100�010�001

T1 aP – I 12 13 14 23 24 34 100�010�001

T2 aP – II 0 13 14 23 24 34 100�010�001

T3 aP – III 0 13 14 23 24 0 100�010�001
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are considered. The reduction is performed minimizing the sum� � b1
2 	 � � �	 bn	1

2� �9�1�8�1�
It can be shown that this sum can be reduced as long as one of the
scalar products is still positive. If e.g. the scalar product b1 � b2 is
still positive, a transformation can be performed such that the sum�� of the transformed b

�2
i is smaller than

�
:

b�1 � 
b1, b�2 � b2, b�3 � b1 	 b3 and b�4 � b1 	 b4�

In the two-dimensional case, b�3 � 2b1 	 b3 holds.
If all the scalar products are less than or equal to zero, the three

shortest vectors forming the reduced basis are contained in the set

V � �b1, b2, b3, b4, b1 	 b2, b2 	 b3, b3 	 b1�,

which corresponds to the maximal set of faces of the Dirichlet
domain (14 faces).

For practical application, it is useful to classify the patterns of the
resulting n�n 
 1��2 scalar products regarding their equivalence or
zero values. These classes of patterns correspond to the reduced
bases and result in ‘Symmetrische Sorten’ (Delaunay, 1933) that
lead directly to the conventional crystallographic cells by fixed
transformations (cf. Patterson & Love, 1957; Burzlaff & Zimmer-
mann, 1993). Table 9.1.8.1 gives the list of the 24 ‘symmetrische
Sorten’. Column 1 contains Delaunay’s symbols, column 2 the
symbol of the Bravais type. For monoclinic centred lattices, the
matrix P of the last column transforms the primitive reduced cell
into an I-centred cell, which has to be transformed to A or C
according to the monoclinic standardization rules, if necessary. P
operates on the basis in the following form:

�ar, br, cr� � P � �ac, bc, cc�,
where �ar, br, cr� denotes the �1 � 3� matrix of the basis vectors of
the reduced cell and �ac, bc, cc� the �1 � 3� matrix of the
conventional cell.

Column 3 gives metrical conditions for the occurrence of certain
Voronoi types. Column 5 indicates the relations among the scalar
products of the reduced vector set. In some cases, different Selling
patterns are given for one ‘symmetrische Sorte’. This procedure
avoids a final reduction step (cf. Patterson & Love, 1957) and
simplifies the computational treatment significantly. The number of
‘symmetrische Sorten’, and thus the number of transformations
which have to be applied, is smaller than the number of lattice
characters according to Niggli. Note that the introduction of
reduced bases using shortest lattice vectors causes complications
in more than three dimensions (cf. Schwarzenberger, 1980).

9.1.9. Example

This example is discussed in Azároff & Buerger (1958, pp. 176–
180).

The lattice parameters are given as b1 � 4�693, b2 � 4�936,
b3 � 7�524 A


, �23 � 131�00, �31 � 89�57, �12 � 90�67. The

scalar products resulting from these data are given in Table 9.1.9.1.
The scalar product b1 � b3 is positive. Thus the transformation

b�1 � 
b1, b�3 � b3, b�2 � b1 	 b2, b�4 � b1 	 b4

is applied. The new scalar products are all non-positive as given in
the second row of Table 9.1.9.1 (within the accuracy of the
experimental data). Comparison with Table 9.1.8.1 leads to M6,
Voronoi type IV and the monoclinic Bravais lattice mP.

The transformation related to this case leads to a monoclinic
conventional cell but does not consider the possibility of shorter
basis vectors. For this reason, it is necessary here to look at the
other vectors of the set V in the (b�1b�3) plane, the only one of
interest is b�1 	 b�3. The length of this vector is 4�936 A


, which is

shorter than b�3 (�b�3� � 6�771 A

) and leads to the cell parameters

a � 4�693, b � 5�678, c � 4�936 A

,� � 90,� � 90�67, � � 90.

Table 9.1.9.1. Example

Transformation

Scalar products

12 13 14 23 24 34

b1 b2 b3 b4 
0�271 0.265 
22.02 
24.37 0.272 
32.51


b1 b1 + b2 b3 b1 + b4 
21.75 
0.265 0 
24.10 ~0 
32.24

b
�
1 b

�
3 b

�
4 b

�
2 13 14 12 34 23 24
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9.2. Reduced bases

BY P. M. DE WOLFF

9.2.1. Introduction

Unit cells are usually chosen according to the conventions
mentioned in Chapter 9.1 so one might think that there is no need
for another standard choice. This is not true, however; conventions
based on symmetry do not always permit unambiguous choice of
the unit cell, and unconventional descriptions of a lattice do occur.
They are often chosen for good reasons or they may arise from
experimental limitations such as may occur, for example, in high-
pressure work. So there is a need for normalized descriptions of
crystal lattices.

Accordingly, the reduced basis* (Eisenstein, 1851; Niggli,
1928), which is a primitive basis unique (apart from orientation)
for any given lattice, is at present widely used as a means of
classifying and identifying crystalline materials. A comprehensive
survey of the principles, the techniques and the scope of such
applications is given by Mighell (1976). The present contribution
merely aims at an exposition of the basic concepts and a brief
account of some applications.

The main criterion for the reduced basis is a metric one: choice of
the shortest three non-coplanar lattice vectors as basis vectors.
Therefore, the resulting bases are, in general, widely different from
any symmetry-controlled basis, cf. Chapter 9.1.

9.2.2. Definition

A primitive basis a, b, c is called a ‘reduced basis’ if it is right-
handed and if the components of the metric tensor G (cf. Chapter
9.1)

a � a b � b c � c
b � c c � a a � b

�9�2�2�1�

satisfy the conditions shown below. The matrix (9.2.2.1) for the
reduced basis is called the reduced form.

Because of lattice symmetry there can be two or more possible
orientations of the reduced basis in a given lattice but, apart from
orientation, the reduced basis is unique.

Any basis, reduced or not, determines a unit cell – that is, the
parallelepiped of which the basis vectors are edges. In order to test
whether a given basis is the reduced one, it is convenient first to find
the ‘type’ of the corresponding unit cell. The type of a cell depends
on the sign of

T � �a � b��b � c��c � a��
If T � 0, the cell is of type I, if T � 0 it is of type II. ‘Type’ is a
property of the cell since T keeps its value when a, b or c is inverted.
Geometrically speaking, such an inversion corresponds to moving
the origin of the basis towards another corner of the cell. Corners
with all three angles acute occur for cells of type I (one opposite
pair, the remaining six corners having one acute and two obtuse
angles). The other alternative, specified by main condition (ii) of
Section 9.2.3, viz all three angles non-acute, occurs for cells of type
II (one or more opposite pairs, the remaining corners having either
one or two acute angles).

The conditions can all be stated analytically in terms of the
components (9.2.2.1), as follows:

(a) Type-I cell

Main conditions:

a � a � b � b � c � c� �b � c� � 1
2b � b� �a � c� � 1

2a � a�

�a � b� � 1
2a � a �9�2�2�2a�

b � c � 0� a � c � 0� a � b � 0� �9�2�2�2b�
Special conditions:

if a � a � b � b then b � c � a � c
if b � b � c � c then a � c � a � b
if b � c � 1

2 b � b then a � b � 2a � c
if a � c � 1

2 a � a then a � b � 2b � c
if a � b � 1

2 a � a then a � c � 2b � c�

�9�2�2�3a�
�9�2�2�3b�
�9�2�2�3c�
�9�2�2�3d�
�9�2�2�3e�

(b) Type-II cell

Main conditions:

as �9�2�2�2a� �9�2�2�4a�
��b � c� � �a � c� � �a � b�� � 1

2�a � a � b � b� �9�2�2�4b�
b � c � 0� a � c � 0� a � b � 0� �9�2�2�4c�

Special conditions:

if a � a � b � b then �b � c� � �a � c� �9�2�2�5a�
if b � b � c � c then �a � c� � �a � b� �9�2�2�5b�
if �b � c� � 1

2 b � b then a � b � 0 �9�2�2�5c�
if �a � c� � 1

2 a � a then a � b � 0 �9�2�2�5d�
if �a � b� � 1

2 a � a then a � c � 0 �9�2�2�5e�
if ��b � c� � �a � c� � �a � b�� � 1

2 �a � a � b � b�
then a � a � 2�a � c� � �a � b�� �9�2�2�5f �

The geometrical interpretation in the following sections is given in
order to make the above conditions more explicit rather than to
replace them, since the analytical form is obviously the most
suitable one for actual verification.

9.2.3. Main conditions

The main conditions† express the following two requirements:
(i) Of all lattice vectors, none is shorter than a; of those not

directed along a, none is shorter than b; of those not lying in the ab
plane, none is shorter than c. This requirement is expressed
analytically by (9.2.2.2a), and for type-II cells by (9.2.2.4b),
which for type-I cells is redundant.

(ii) The three angles between basis vectors are either all acute or
all non-acute, conditions (9.2.2.2b) and (9.2.2.4c). As shown in
Section 9.2.2 for a given unit cell, the origin corner can always be

� Very often, the term ‘reduced cell’ is used to indicate this normalized lattice
description. To avoid confusion, we shall use ‘reduced basis’, since it is actually a
basis and some of the criteria are related precisely to the difference between unit
cells and vector bases.

� In a book on reduced cells and on retrieval of symmetry information from lattice
parameters, Gruber (1978) reformulated the main condition (i) as a minimum
condition on the sum s � a � b � c. He also examined the surface areas of primitive
unit cells in a given lattice, which are easily shown to be proportional to the
corresponding sums s� � a� � b� � c� for the reciprocal bases. He finds that if there
are two or more non-congruent cells with minimum s (‘Buerger cells’), these cells
always have different values of s�. Gruber (1989) proposes a new criterion to
replace the conditions (9.2.2.2a)–(9.2.2.5f ), viz that, among the cells with the
minimum s value, the one with the smallest value of s� be chosen (which need not be
the absolute minimum of s� since that may occur for cells that are not Buerger cells).
The analytic form of this criterion is identical to (9.2.2.2a)–(9.2.2.5e); only
(9.2.2.5f ) is altered. For further details, see Chapter 9.3.
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chosen so as to satisfy either the first alternative of this condition (if
the cell is of type I) or the second (if the cell is of type II).

Condition (i) is by far the most essential one. It uniquely defines
the lengths a, b and c, and limits the angles to the range
60 � �, �, � � 120	. However, there are often different unit cells
satisfying (i), cf. Gruber (1973). In order to find the reduced basis,
starting from an arbitrary one given by its matrix (9.2.2.1), one can:
(a) find some basis satisfying (i) and (ii) and if necessary modify it
so as to fulfil the special conditions as well; (b) find all bases
satisfying (i) and (ii) and test them one by one with regard to the
special conditions until the reduced form is found. Method (a) relies
mainly on an algorithm by Buerger (1957, 1960), cf. also Mighell
(1976). Method (b) stems from a theorem and an algorithm, both
derived by Delaunay (1933); the theorem states that the desired
basis vectors a, b and c are among seven (or fewer) vectors – the
distance vectors between parallel faces of the Voronoi domain –
which follow directly from the algorithm. The method has been
established and an example is given by Delaunay et al. (1973), cf.
Section 9.1.3 where this method is described.

9.2.4. Special conditions

For a given lattice, the main condition (i) defines not only the
lengths a, b, c of the reduced basis vectors but also the plane
containing a and b, in the sense that departures from special
conditions can be repaired by transformations which do not change
this plane. An exception can occur when b � c; then such
transformations must be supplemented by interchange(s) of b and
c whenever either (9.2.2.3b) or (9.2.2.5b) is not fulfilled. All the
other conditions can be conveniently illustrated by projections of
part of the lattice onto the ab plane as shown in Figs. 9.2.4.1 to
9.2.4.5. Let us represent the vector lattice by a point lattice. In Fig.
9.2.4.1, the net in the ab plane (of which OBAD is a primitive mesh;
OA � a, OB � b) is shown as well as the projection (normal to that
plane) of the adjoining layer which is assumed to lie above the
paper. In general, just one lattice node P0 of that layer, projected in
Fig. 9.2.4.1 as P, will be closer to the origin than all others. Then the
vector OP0

��

is �c according to condition (i). It should be stressed

that, though the ab plane is most often (see above) correctly
established by (i), the vectors a, b and c still have to be chosen so as
to comply with (ii), with the special conditions, and with right-
handedness. The result will depend on the position of P with respect
to the net. This dependence will now be investigated.

The inner hexagon shown, which is the two-dimensional Voronoi
domain around O, limits the possible projected positions P of P0. Its
short edges, normal to OD, result from (9.2.2.4b); the other edges
from (9.2.2.2a). If the spacing d between ab net planes is smaller
than b, the region allowed for P is moreover limited inwardly by the
circle around O with radius �b2 � d2�1�2, corresponding to the
projection of points P0 for which OP0 � c � b. The case c � b has
been dealt with, so in order to simplify the drawings we shall
assume d � b. Then, for a given value of d, each point within the
above-mentioned hexagonal domain, regarded as the projection of a
lattice node P0 in the next layer, completely defines a lattice based
on OA

�

, OB
�


and OP
�


0. Diametrically opposite points like P and P
represent the same lattice in two orientations differing by a rotation
of 180	 in the plane of the figure. Therefore, the systematics of
reduced bases can be shown completely in just half the domain. As a
halving line, the na normal to OA is chosen. This is an important
boundary in view of condition (ii), since it separates points P for
which the angle between OP0 and OA is acute from those for which
it is obtuse.

Similarly, nb, normal to OB, separates the sharp and obtuse
values of the angles P0OB. It follows that if P lies in the obtuse
sector (cross-hatched area) between na and nb, the reduced cell is of
type I, with basis vectors aI, bI, and OP0 � �c. Otherwise (hatched

area), we have a type-II reduced cell, with OP0 � �c and �a and
�b as shown by aII and bII.

Since type II includes the case of right angles, the borders of this
region on na and nb are inclusive. Other borderline cases are points
like R and R, separated by b and thus describing the same lattice.
By condition (9.2.2.5c) the reduced cell for such cases is excluded
from type II (except for rectangular a, b nets, cf. Fig. 9.2.4.2); so the
projection of c points to R, not R. Accordingly, this part of the
border is inclusive for the type-I region and exclusive (at R) for the
type-II region as indicated in Fig. 9.2.4.3. Similarly, (9.2.2.5d)
defines which part of the border normal to OA is inclusive.

The inclusive border is seen to end where it crosses OA, OB or
OD. This is prescribed by the conditions (9.2.2.3d), (9.2.2.3c) and
(9.2.2.5f ), respectively. The explanation is given in Fig. 9.2.4.1 for
(9.2.2.3c): The points Q and Q represent the same lattice because
Q (diametrically equivalent to Q as shown before) is separated
from Q by the vector b. Hence, the point M halfway between O and
B is a twofold rotation point just like O. For a primitive orthogonal
a, b net, only type II occurs according to (9.2.2.5c) and (9.2.2.5d),
cf. Fig. 9.2.4.2. A centred orthogonal a, b net of elongated character
(shortest net vector in a symmetry direction, cf. Section 9.2.5) is
depicted in Fig. 9.2.4.4. It yields type-I cells except when � � 90	
[condition (9.2.2.5c)]. Moreover, (9.2.2.3c) eliminates part of the
type-I region as compared to Fig. 9.2.4.3. Finally, a centred net with
compressed character (shortest two net vectors equal in length)
requires criteria allowing unambiguous designation of a and b.

Fig. 9.2.4.1. The net of lattice points in the plane of the reduced basis
vectors a and b; OBAD is a primitive mesh. The actual choice of a and b
depends on the position of the point P, which is the projection of the
point P0 in the next layer (supposed to lie above the paper, thin dashed
lines) closest to O. Hence, P is confined to the Voronoi domain (dashed
hexagon) around O. For a given interlayer distance, P defines the
complete lattice. In that sense, P and P represent identical lattices; so do
Q, Q and Q, and also R and R. When P lies in a region marked �cII

(hatched), the reduced type-II basis is formed by aII, bII and c � �OP
�


0.
Regions marked cI (cross-hatched) have the reduced type-I basis aI, bI

and c � �OP
�


0. Small circles in O, M etc. indicate twofold rotation
points lying on the region borders (see text).
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Fig. 9.2.4.3. The effect of the special conditions. Border lines of type-I and
type-II regions are drawn as heavy lines if included. Type-I and type-II
regions are marked as in Fig. 9.2.4.1. nb belongs to the type-II region. A
heavy border line of a region stops short of an end point if the latter is
not included in the region to which the border belongs. a, b net oblique;
special conditions (9.2.2.3c), (9.2.2.3d), (9.2.2.5f ).

Fig. 9.2.4.4. The effect of the special conditions. Border lines of type-I and
type-II regions are drawn as heavy lines if included. The type-I region is
cross-hatched; the type-II region is a mere line. A heavy border line of a
region stops short of an end point if the latter is not included in the
region to which the border belongs. a, b net centred orthogonal
(elongated); special conditions (9.2.2.3e), (9.2.2.5e).

Fig. 9.2.4.5. The effect of the special conditions. Border lines of type-I and
type-II regions are drawn as heavy lines if included. Type-I and type-II
regions are marked as in Fig. 9.2.4.1. nb belongs to the type-II region. A
heavy border line of a region stops short of an end point if the latter is
not included in the region to which the border belongs. a, b net centred
orthogonal (compressed); special conditions (9.2.2.3a), (9.2.2.5a).

Fig. 9.2.4.2. The effect of the special conditions. Border lines of type-I and
type-II regions are drawn as heavy lines if included. The type-I and
type-II regions are marked as in Fig. 9.2.4.1. A heavy border line of a
region stops short of an end point if the latter is not included in the
region to which the border belongs. a, b net primitive orthogonal;
special conditions (9.2.2.5c), (9.2.2.5d).
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Table 9.2.5.1. The parameters D � b � c, E � a � c and F � a � b of the 44 lattice characters (A � a � a, B � b � b, C � c � c)

The character of a lattice given by its reduced form (9.2.2.1) is the first one that agrees when the 44 entries are compared with that reduced form in the sequence given below
(suggested by Gruber). Such a logical order is not always obeyed by the widely used character numbers (first column), which therefore show some reversals, e.g. 4 and 5.

No. Type D E F Lattice symmetry
Bravais
type‡

Transformation to a conventional basis
(cf. Table 9.2.5.2, footnote **)

A � B � C

1 I A�2 A�2 A�2 Cubic cF 1�11�11�1��111

2 I D D D Rhombohedral hR 1�10��101��1�1�1

3 II 0 0 0 Cubic cP 100�010�001

5 II �A�3 �A�3 �A�3 Cubic cI 101�110�011

4 II D D D Rhombohedral hR 1�10��101��1�1�1

6 II D* D F Tetragonal tI 011�101�110

7 II D* E E Tetragonal tI 101�110�011

8 II D* E F Orthorhombic oI �1�10��10�1�0�1�1

A � B, no conditions on C

9 I A�2 A�2 A�2 Rhombohedral hR 100��110��1�13

10 I D D F Monoclinic mC 110�1�10�00�1

11 II 0 0 0 Tetragonal tP 100�010�001

12 II 0 0 �A�2 Hexagonal hP 100�010�001

13 II 0 0 F Orthorhombic oC 110��110�001

15 II �A�2 �A�2 0 Tetragonal tI 100�010�112

16 II D* D F Orthorhombic oF �1�10�1�10�112

14 II D D F Monoclinic mC 110��110�001

17 II D* E F Monoclinic mC 1�10�110��10�1

B � C, no conditions on A

18 I A�4 A�2 A�2 Tetragonal tI 0�11�1�1�1�100

19 I D A/2 A/2 Orthorhombic oI �100�0�11��111

20 I D E E Monoclinic mC 011�01�1��100

21 II 0 0 0 Tetragonal tP 010�001�100

22 II �B�2 0 0 Hexagonal hP 010�001�100

23 II D 0 0 Orthorhombic oC 011�0�11�100

24 II D* �A�3 �A�3 Rhombohedral hR 121�0�11�100

25 II D E E Monoclinic mC 011�0�11�100

No conditions on A, B, C

26 I A�4 A�2 A�2 Orthorhombic oF 100��120��102

27 I D A�2 A�2 Monoclinic mC �120��100�0�11

28 I D A�2 2D Monoclinic mC �100��102�010

29 I D 2D A�2 Monoclinic mC 100�1�20�00�1

30 I B�2 E 2E Monoclinic mC 010�01�2��100

31 I D E F Triclinic aP 100�010�001

32 II 0 0 0 Orthorhombic oP 100�010�001

40 II �B�2 0 0 Orthorhombic oC 0�10�012��100

35 II D 0 0 Monoclinic mP 0�10��100�00�1

36 II 0 �A�2 0 Orthorhombic oC 100��10�2�010

33 II 0 E 0 Monoclinic mP 100�010�001

38 II 0 0 �A�2 Orthorhombic oC �100�120�00�1

34 II 0 0 F Monoclinic mP �100�00�1�0�10

42 II �B�2 �A�2 0 Orthorhombic oI �100�0�10�112

41 II �B�2 E 0 Monoclinic mC 0�1�2�0�10��100

37 II D �A�2 0 Monoclinic mC 102�100�010

39 II D 0 �A�2 Monoclinic mC �1�20��100�00�1

43 II D† E F Monoclinic mI �100��1�1�2�0�10

44 II D E F Triclinic aP 100�010�001

* 2�D � E � F� � A � B.
† As footnote * plus �2D � F� � B.
‡ For symbols for Bravais types see footnote * to Table 9.1.7.1 and de Wolff et al. (1985). The capital letter of the symbols in this column indicates the centring type of the
cell as obtained by the transformation in the last column. For this reason, the standard symbols mS and oS are not used here.
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These are conditions (9.2.2.3a) and (9.2.2.5a), cf. Fig. 9.2.4.5. The
simplicity of these bisecting conditions, similar to those for the case
b � c mentioned initially, is apparent from that figure when
compared with Fig. 9.2.4.3. This compressed type of centred
orthogonal a, b net is limited by the case of a hexagonal net (where
it merges with the elongated type, Fig. 9.2.4.4) and by the centred
quadratic net (where it merges with the primitive orthogonal net,
Fig. 9.2.4.2). In the limit of the hexagonal net, the triangle Ohh in
Figs. 9.2.4.4 and 9.2.4.5 is all that remains, it is of type I except for
the point O. For the quadratic net, only the type-II region in Fig.
9.2.4.5, then a triangle with all edges inclusive, is left. It
corresponds to the triangle Oqq in Fig. 9.2.4.2.

9.2.5. Lattice characters

Apart from being unique, the reduced cell has the further advantage
of allowing a much finer differentiation between types of lattices
than is given by the Bravais types. For two-dimensional lattices, this
is apparent already in the last section where the centred orthogonal
class is subdivided into nets with elongated character and those with
compressed character, depending on whether the shortest net vector

is, or is not, a symmetry direction. It is impossible to perform a
continuous deformation – within the centred orthogonal type – of an
elongated net into a compressed one, since one has to pass through
either a hexagonal or a quadratic net.

In three dimensions, lattices are of the same character if, first, a
continuous deformation of one into the other is possible without
leaving the Bravais type. Secondly, it is required that all matrix
elements of the reduced form (9.2.2.1) change continuously during
such a deformation. These criteria lead to 44 different lattice
characters (Niggli, 1928; Buerger, 1957). Each of them can be
recognized easily from the relations between the elements of the
reduced form given in Table 9.2.5.1 [adapted from Table 5.1.3.1 in
IT (1969), which was recently improved by Mighell & Rodgers
(1980)]. The numbers in column 1 of this table are at the same time
used as a general notation of the lattice characters themselves. We
speak, for example, about the lattice character No. 7 (which is part
of the Bravais type tI) etc.

In Table 9.2.5.2, another description of lattice characters is given
by grouping together all characters of a given Bravais type and by
indicating for each character the corresponding interval of values of
a suitable parameter p, expressed in the usual parameters of a

Table 9.2.5.2. Lattice characters described by relations between conventional cell parameters

Under each of the roman numerals below ‘Lattice characters in’, numbers of characters (cf. Table 9.2.5.1, first column) are listed for which the key parameter p lies in the
interval defined by the same roman numeral below ‘Intervals of p’. For instance, a lattice with character No. 15 under IV has p � c�a; so it falls in the interval IV with�

2 � c�a �� ��; No. 33 under II has p � b; therefore the interval a � c for II yields the relation a � b � c.

Lattice symmetry
Bravais
type*

p � key
parameter

Lattice characters in Intervals of p

Conventions**I II III IV I II III IV

Tetragonal tP c�a 21 11 – – 0 1 � – –

Tetragonal tI c�a 18 6 7 15 0
��2�3� 1

�
2 �

Hexagonal hP c�a 22 12 – – 0 1 � – –

Rhombohedral hR c�a 24 4 2 9 0
��3�8� ��3�2� �

6 � Hexagonal axes

Orthorhombic oP – 32 no relations – – – – – a � b � c

Orthorhombic oS

b � a�
�

3 c 23 13 – – 0 d† � – – a � b

b � a�
�

3 c 40 36 38 – 0 a d† � –

Orthorhombic oI r‡ 8 19 42 – 0 a b � – a � b � c

Orthorhombic oF b�a 16 26 – – 1
�

3 � – – a � b � c

Monoclinic mP b 35 33 34 – 0 a c � – a � c�
Monoclinic mS

Centred
net

� 1�

� 2

� 2, 3

� 1, 2, 3

� 3

��������������
�������������

b�a

b�a

b�a

b�a

b�a

�

�
37
41

�

27
39

�

43

�

�

20

10
17

�

�

�

�

25

14

�

28
29

�

30

�

�

����������
��������	

�

0

1

��1�3�

�

1

�

�
3

�

�

�

C centred�

I centred�

Triclinic aP �,�, � 31 44 – – 60	 90	 120	 – – a � b � c

Cubic cP
cI
cF

�
�
�

3
5
1

��
	no relations

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

* For symbols for Bravais types see footnote * to Table 9.1.7.1 and de Wolff et al. (1985).
† d � 1

2

��a2 � b2�.
‡ r � 1

2

��a2 � b2 � c2�.
§ This number specifies the centred net among the three orthogonal nets parallel to the twofold axis and passing through (1) the shortest, (2) the second shortest, and (3) the
third shortest lattice vector perpendicular to the axis. For example, ‘2, 3’ means that either net (2) or net (3) is the centred one.
� Setting with unique axis b; � � 90	; a � c for both P and I cells, a � c or a � c for C cells.
** These conventions refer to the cells obtained by the transformations of Table 9.2.5.1. They have been chosen for convenience in this table.
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conventional cell. In systems where no generally accepted
convention exists, the choice of this cell has been made for
convenience in the last column of this table.

The subdistinctions ‘centred net � 1, 2 or 3’ for the monoclinic
centred type are closely related to the description in other
conventions. For instance, they correspond to C-, A- or I-centred
cells, respectively, if b is the unique axis and a and c are the shortest
vectors �a � c� perpendicular to b; note that in Table 9.2.5.2 only
C and I, not A, cells are listed. From the multiple entries in Table
9.2.5.2 for this type, it follows that the description in terms of b/a is
not exhaustive; the distinctions depend upon rather intricate
relations (cf. Mighell et al., 1975; Mighell & Rodgers, 1980).

No attempt has been made in Table 9.2.5.2 to specify whether the
end points of p intervals are inclusive or not. For practical purposes,
they can always be taken to be non-inclusive. Indeed, the end points
correspond either to a different Bravais type or to a purely
geometric singularity without physical significance. If p is very
close to an interval limit of the latter kind, one should be aware of
the fact that different measurements of such a lattice may yield
different characters, with totally differing aspects of the reduced
form.

9.2.6. Applications

9.2.6.1. Classification

The reduced basis can be used to derive the Bravais-lattice type
and the conventional cell parameters, starting from an arbitrary

description of the lattice. For this purpose, the reduced form is first
derived from the given description, e.g. by means of the algorithm
of Křivý & Gruber (1976). Subsequently it is compared with the
reduced forms (Table 9.2.5.1) for the 44 lattice characters and
transformed to the appropriate conventional cell. Thus the reduced
cell is helpful as an accessory in classifications based on
conventional cells.

Alternatively, the parameters of the reduced form itself (either of
the direct lattice or of the reciprocal lattice) can be used as a basis
for determinative classification.

9.2.6.2. Comparison of lattices

Two lattices, defined by their reduced cells, can be compared on
a rigorous basis to find out whether they are identical lattices or are
related by one cell being a subcell of the other (Santoro et al., 1980).

Further properties of lattices are discussed in Chapter 9.3.
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9.3. Further properties of lattices

BY B. GRUBER

9.3.1. Further kinds of reduced cells

In Section 9.2.2, a ‘reduced basis’ of a lattice is defined which
permits a unique representation of this lattice. It was introduced into
crystallography by Niggli (1928) and incorporated into Interna-
tional Tables for X-ray Crystallography (1969), Vol. I. Originating
from algebra (Eisenstein, 1851), a reduced basis is defined in a
rather complicated manner [conditions (9.2.2.2a) to (9.2.2.5f ) in
Section 9.2.2] and lacks any geometrical meaning. A cell spanned
by a reduced basis is called the Niggli cell.

However, unique primitive cells may be introduced also in other
ways that – unlike the Niggli cell* – have significant geometrical
features based mainly on extremal principles (Gruber, 1989). We
shall describe some of them below.

If a (primitive) cell of the lattice L fulfils the condition

a � b � c � min

on the set of all primitive cells of L, we call it a Buerger cell. This
cell need not be unique with regard to its shape in the lattice. There
exist lattices with 1, 2, 3, 4 and 5 (but not more) Buerger cells
differing in shape. The uniqueness can be achieved by various
additional conditions. In this way, we can arrive at the following
four reduced cells:

(i) the Buerger cell with minimum surface;†
(ii) the Buerger cell with maximum surface;
(iii) the Buerger cell with minimum deviation;‡
(iv) the Buerger cell with maximum deviation.

Equivalent definitions can be obtained by replacing the term
‘surface’ in (i) and (ii) by the expression

sin�� sin� � sin �

or

sin� sin� sin �,

and by replacing the ‘deviation’ in (iii) and (iv) by

� cos�� � � cos �� � � cos ��
or

� cos� cos� cos ���
A Buerger cell can agree with more than one of the definitions

�i�, �ii�, �iii�, �iv�� �9�3�1�1�
For example, if a lattice has only one Buerger cell, then this cell
agrees with all the definitions in (9.3.1.1). However, there exist also
Buerger cells that are in agreement with none of them. Thus, the
definitions (9.3.1.1) do not imply a partition of Buerger cells into
classes.

It appears that case (iv) coincides with the Niggli cell. This is
important because this cell can now be defined by a simple
geometrical property instead of a complicated system of conditions.

Further reduced cells can be obtained by applying the definitions
(9.3.1.1) to the reciprocal lattice. Then, to a Buerger cell in the
reciprocal lattice, there corresponds a primitive cell with absolute
minimum surface§ in the direct lattice.

The reduced cells according to the definitions (9.3.1.1) can be
recognized by means of a table and found in the lattice by means of

algorithms. Detailed mutual relationships between them have been
ascertained.

9.3.2. Topological characteristic of lattice characters

In his thorough analysis of lattice characters, de Wolff (1988)
remarks that so far they have not been defined as clearly as the
Bravais types and that an exact general definition does not exist.
Gruber (1992) tried to base such a definition on topological
concepts.

The crucial notion is the decomposition of a set M of points of the
n-dimensional Euclidean space En into equivalence classes called
components of the set M. They can be defined as follows: Two
points X,Y of the set M belong to the same component if they can be
connected by a continuous path which lies entirely in the set M (Fig.
9.3.2.1). This partition of the set M into components is unique and is
determined solely by the set M.

Now let us return to lattices. To any lattice L there is attached a
point in E5 called the Niggli point of L. It is the point

a � a
c � c

,
b � b
c � c

,
2b � c
c � c

,
2a � c
c � c

,
2a � b
c � c

� �
�9�3�2�1�

provided that the vectors a, b, c describe the Niggli cell of L and
fulfil the conditions (9.2.2.2a) to (9.2.2.5f ) of Section 9.2.2. If � is a
set of lattices then the set of Niggli points of all lattices of � is
called the Niggli image of � .

Thus we can speak about the Niggli image of a Bravais type � .
This Niggli image is a part of E5 and so can be partitioned into
components. This division of Niggli points induces back a division
of lattices of the Bravais type � . It turns out that this division is
identical with the division of � into lattice characters as introduced
in Section 9.2.5. This fact, used conversely, can be considered an
exact definition of the lattice characters: Two lattices of Bravais
type � are said to be of the same lattice character if their Niggli
points lie in the same component of the Niggli image of � .

We can, of course, also speak about Niggli images of particular
lattice characters. According to their definition, these images are
connected sets. However, much more can be stated about them:
these sets are even convex (Fig. 9.3.2.2). This means that any two
points of the Niggli image of a lattice character can be connected by
a straight segment lying totally in this Niggli image. From this
property, it follows that the lattice characters may be defined also in
the following equivalent way:

Fig. 9.3.2.1. A set M � E2 consisting of three components.

� See, however, later parts of this section.
� Meaning that this cell has the smallest surface of all Buerger cells of the lattice.
� The deviation of a cell is the number �90� 	 �� � �90� 	 �� � �90� 	 ��.
� This cell need not be a Buerger cell.
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We say that two lattices of the same Bravais type belong to the
same lattice character if one of them can be deformed into the other
in such a way that the Niggli point of the deformed lattice moves
linearly from the initial to the final position while the Bravais type
of the lattice remains unchanged.

Unlike convexity, nothing can be said whether the Niggli images
of lattice characters are open sets (with regard to their dimension) or
not. Both cases occur.

The lattice character of a lattice L can also be recognized [instead
of by means of Table 9.2.5.1 or by Tables 1 and 3 in Gruber (1992)]
by perpendicular projection of the c vector onto the ab plane
provided the vectors a, b, c describe the Niggli cell of L and fulfil
the conditions (9.2.2.2a) to (9.2.2.5f ) in Section 9.2.2 (de Wolff &
Gruber, 1991). See also Figs. 9.2.4.1 to 9.2.4.5.

9.3.3. A finer division of lattices

The 44 lattice characters form a subdivision of the 14 Bravais types.
There is another commonly known subdivision of the Bravais types,
namely the 24 Delaunay sorts (symmetrische Sorten) (Delaunay,
1933; International Tables for X-ray Crystallography, 1952, Vol. I;
cf. Section 9.1.8). However, both divisions, being based on quite
different principles, are incompatible: the 44 lattice characters do
not form a subdivision of the 24 Delaunay sorts.

A natural problem arises to construct a division of lattices which
would be a subdivision of both the lattice characters and the
Delaunay sorts. However, we do not admit a purely mechanical
intersection of both these divisions; we insist that their common
subdivision be crystallographically meaningful.

Such a division was proposed recently (Gruber, 1997a). It uses
the fact that the Niggli points of all lattices lie in two five-
dimensional polyhedra, say �� and �	. The underlying idea,
originating from H. Wondratschek, is based on the distribution of
Niggli points among the vertices, edges, faces, three- and four-
dimensional hyperfaces, and the interior of �� and �	. This leads
to a natural division of Niggli points and further to a division of
lattices. This division has 67 classes, but is not suitable for
crystallography because it does not constitute a subdivision of the
Bravais types.

A modification of the idea is necessary. It consists of representing
a lattice L by several points (instead of by one Niggli point) and the
addition of two minor conditions. One of them concerns the
diagonals of the Niggli cell and the other the bases of L which
describe the Niggli cell.

Though these conditions are of little importance in themselves,
they lead to a very useful notion, viz the division of all lattices into
127 classes which is a subdivision of both the lattice characters and

the Delaunay sorts. The equivalence classes of this division are
called genera. They form, in a certain sense, building blocks of both
lattice characters and Delaunay sorts and show their mutual
relationship.

The distribution of genera along the Bravais types is the
following (the number of genera is given in parentheses): cP(1),
cI(1), cF(1), tP(2), tI(5), oP(1), oC(8), oI(7), oF(3), hP(3), hR(4),
mP(5), mC(43), aP(43). Thus, genera seem to be especially suitable
for a finer classification of lattices of low symmetry.

The genus of a given lattice L can be determined – provided that
the Niggli point of L is known – by means of a table containing
explicit descriptions of all genera. These descriptions are formed by
open linear systems of inequalities. Consequently, the ranges of
conventional parameters of genera are open unlike those concerning
the lattice characters.

Genera are denoted by symbols derived from the geometrical
shape of �� and �	. They can be visualized in the three-
dimensional cross sections of these bodies. This gives a fairly
good illustration of the relationships between genera.

However, the most important feature of genera seems to be the
fact that lattices of the same genus agree in a surprisingly great
number of crystallographically significant properties, such as the
number of Buerger cells, the densest directions and planes, the
symmetry of these planes etc. Even the formulae for the
conventional cells are the same. The genus appears to be a
remarkably strong bond between lattices.

9.3.4. Conventional cells

Conventional cells are dealt with in Chapter 9.1. They are illustrated
in Fig. 9.1.7.1 and described in Table 9.1.7.2. This description,
however, is not exhaustive enough for determining the Bravais type.
In mathematical terms, the conditions in Table 9.1.7.2 are necessary
but not sufficient. For example, the C-centred cell with

a � 6, b � 8, c � 5, cos � � 	7�15, � � � � 90�

�9�3�4�1�
has the typical shape of a conventional cell of an mC lattice. But the
lattice generated by the C-centred cell (9.3.4.1) is actually hR with
the conventional rhombohedral basis vectors

c, �a � b��2, �a 	 b��2�

It is a natural goal to establish a system of conditions for the
conventional cells which would be not only necessary but also
sufficient. This is done in Table 9.3.4.1. In order to make the
conditions as simple as possible, the usual mC description of the
monoclinic centred lattices is replaced by the mI description. The
relation between the two descriptions is simple:

aI � 	cC , bI � bC , cI � aC � cC�

The exact meaning of Table 9.3.4.1 is as follows: Suppose that a
Bravais type different from aP is given and that its symbol appears
in column 1 in the ith entry of Table 9.3.4.1. Then a lattice L is of
this Bravais type if and only if there exists a cell (a, b, c) in L such
that

(i) the centring of (a, b, c) agrees with the centring mode given in
column 2 in the ith entry, and

(ii) the parameters of the cell (a, b, c) fulfil the conditions listed
in column 3 in the ith entry of Table 9.3.4.1.

9.3.5. Conventional characters

Lattice characters were defined in Section 9.3.2 by dividing the
Niggli image of a certain Bravais type � into components. Doing

Fig. 9.3.2.2. A convex set in E2.
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the same – instead of with the Niggli points – with the parameters of
conventional cells* of lattices of the Bravais type � we obtain a
division of the range† of these parameters into components. This
leads to a further division of lattices of the Bravais type � into
equivalence classes. We call these classes – in analogy to the Niggli
characters – conventional characters. There are 22 of them.

Two lattices of the same Bravais type belong to the same
conventional character if and only if one lattice can be deformed
into the other in such a way that the conventional parameters of the
deformed lattice change continuously from the initial to the final
position without change of the Bravais type. The word ‘con-
tinuously’ cannot be replaced by the stronger term ‘linearly’
because the range of conventional parameters of the monoclinic
centred lattices is not convex.

Conventional characters form a superdivision of the lattice
characters. Therefore, no special notation of conventional char-
acters need be invented: we write them simply as sets of lattice
characters which constitute the conventional character. Denoting
the lattice characters by integral numbers from 1 to 44 (according to
the convention in Section 9.2.5), we obtain for the conventional
characters symbols like 
8, 19, 42� or 
7�.

Conventional characters are described in Table 9.3.5.1.

9.3.6. Sublattices

A sublattice L� of an n-dimensional lattice L is a proper subset of L
which itself is a lattice of the same dimension as L. A sublattice L� of

Table 9.3.4.1. Conventional cells

Bravais
type

Centring
mode of the
cell (a, b, c) Conditions

cP P a � b � c,
� � � � � � 90�

cI I a � b � c,
� � � � � � 90�

cF F a � b � c,
� � � � � � 90�

tP P a � b � c,
� � � � � � 90�

tI I c�
���
2

� � a � b � c, *
� � � � � � 90�

oP P a � b � c, �
� � � � � � 90�

oI I a � b � c,
� � � � � � 90�

oF F a � b � c,
� � � � � � 90�

oC C a � b � a
���
3

�
, �

� � � � � � 90�
hP P a � b,

� � � � 90�, � � 120�

hR P a � b � c,
� � � � �,
� � 60�, � � 90�, � � ��

mP P 	2c cos� � a � c,�
� � � � 90� � �

mI I 	c cos� � a � c, **
� � � � 90� � �, �9�3�4�2�
but not a2 � b2 � c2,

a2 � ac cos� � b2, �� �9�3�4�3�
nor a2 � b2 � c2,

b2 � ac cos� � a2, �� �9�3�4�4�
nor c2 � 3b2 � 9a2,

c � 	3a cos�, �� �9�3�4�5�
nor a2 � 3b2 � 9c2,

a � 	3c cos��� �9�3�4�6�

Note: All remaining cases are covered by Bravais type aP.

* For a � c�
���
2

�
, the lattice is cF with conventional basis vectors c, a � b, a 	 b.

† The labelling of the basis vectors according to their length is the reason for
unconventional Hermann–Mauguin symbols: for example, the Hermann–Mauguin
symbol Pmna may be changed to Pncm, Pbmn, Pman, Pcnm or Pnmb. Analogous
facts apply to the oI, oC, oF, mP and mI Bravais types.
‡ For b � a

���
3

�
, the lattice is hP with conventional vectors a, �b 	 a��2, c.

§ � � arccos�	1�3� � 109�28�16��. For � � 60�, the lattice is cF with conventional
vectors 	a � b � c, a 	 b � c, a � b 	 c; for � � �, the lattice is cI with
conventional vectors a � b, a � c, b � c.
� This means that a, c are shortest non-coplanar lattice vectors in their plane.
** This means that a, c are shortest non-coplanar lattice vectors in their plane on
condition that the cell (a, b, c) is body-centred.
†† If (9.3.4.2) and (9.3.4.3) hold, the lattice is hR with conventional vectors
a, �a � b 	 c��2, �a 	 b 	 c��2, making the rhombohedral angle smaller than 60�.
‡‡ If (9.3.4.2) and (9.3.4.4) hold, the lattice is hR with conventional vectors
a, �a � b � c��2, �a 	 b � c��2, making the rhombohedral angle between 60 and
90�.
§§ If (9.3.4.2) and (9.3.4.5) hold, the lattice is hR with conventional vectors
	a, �a � b � c��2, �a 	 b � c��2, making the rhombohedral angle between 90�

and �.
�� If (9.3.4.2) and (9.3.4.6) hold, the lattice is hR with conventional vectors
	c, �a � b � c��2, �a 	 b � c��2, making the rhombohedral angle greater than �.

Table 9.3.5.1. Conventional characters

Bravais type Conditions Conventional character

cP {3}

cI {5}

cF {1}

tP a � c {11}

c � a {21}

tI a � c�
���
2

�
{15}

c�
���
2

�
� a � c {7}

c � a {6, 18}

oP {32}

oI {8, 19, 42}

oF {16, 26}

oC b � a
���
3

�
{13, 23}

a
���
3

�
� b {36, 38, 40}

hP {12, 22}

hR* � � 60� {9}

60� � � � 90� {2}

90� � � � �† {4}

� � � {24}

mP {33, 34, 35}

mC {10, 14, 17, 20, 25, 27, 28,
29, 30, 37, 39, 41, 43}

aP � � 90� {31}

90� � � {44}

* The angle � refers to the rhombohedral description of the hR lattices.
† � � arccos�	1�3� � 109�28�16��.

� For aP lattices, these parameters are derived from the Niggli point [see (9.3.2.1)].
� This range is a subset of Ek , where k � 6.
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L causes a decomposition of the set L into, say, i mutually congruent
sublattices, L� itself being one of them (Fig. 9.3.6.1). The number i
is called the index of the sublattice L� and indicates how many times
L� is ‘diluted’ with respect to L.

Sublattices are defined in a natural way in those lattices that have
centred conventional cells, being generated by the vertices of these
cells (‘decentring’). They are primitive and belong to the same
crystal family as the given lattice. Thus, in the cI, cF, tI, oI, oF, oC,
mC and hR * lattices, we can meet sublattices of indices 2, 4, 2, 2, 4,
2, 2 and 3, respectively.

Theoretically (though hardly in crystallographic practice), the
Bravais type of centred lattices can also be determined by testing all
their sublattices with the suspected index and finding in any of these
sublattices the Niggli cell.

All sublattices of index i of an n-dimensional lattice L can
be constructed by a procedure suggested by Cassels (1971). If
a1, � � � , an is a primitive basis of the lattice L then primitive bases
a�1, � � � , a�n of all sublattices of index i of the lattice L can be found

by the relations

�a�1, � � � , a�n� � �a1, � � � , an�RT ,

where the matrix R � �rij� fulfils

0 � rij for 1 � i � j � n,

0 � rij � rjj for 1 � j � i � n,

r11 � � � rnn � i�

�9�3�6�1�

The number Dn, i of these matrices is equal to the number of
decompositions of an n-dimensional lattice L into sublattices of
index i. To determine this number, it is not necessary to construct
explicitly the matrices fulfilling (9.3.6.1). The following formulae
(Gruber, 1997b) can be used:

(i) If i � pq, where p � 1 is a prime number, then

Dn, i � pn 	 1
p 	 1

� pn�1 	 1
p2 	 1

� pn�2 	 1
p3 	 1

� � � � �

��������������������������������������������������������������������
q times

(ii) If i � pq1
1 � � � pqm

m ( p1, � � � , pm mutually different prime
numbers, m � 1), we deal with any factor p

qj

j � j � 1, � � � , m�
according to point (i) and multiply all these numbers to obtain the
number Dn, i.

For example, for n � 3 and i = 2, 3, 4 and 6, we obtain for Dn, i
the values 7, 13, 35 and 91, respectively.

In all considerations so far, the symmetry of the lattice L was
irrelevant. We took L simply as a set of points and its sublattices as
its subsets. (Thus, for illustrating sublattices, the ‘triclinic’ lattices
are most apt; cf. ‘derivative lattices’ in Chapter 13.2.)

However, this is not exactly the crystallographic point of view. If,
for example, the mesh of the lattice L in Fig. 9.3.6.1 were a square,
the sublattices in cases (a) and (b) would have the same symmetry
(though being different subsets of L) and therefore would be
considered by crystallographers as one case only. The number Dn, i
would be reduced. From this aspect, the problem is treated in
Chapter 13.1 in group-theoretical terms which are more suitable for
this purpose than the set-theory language used here.

Fig. 9.3.6.1. Three possible decompositions of a two-dimensional lattice L
into sublattices of index 2.

� When choosing their hexagonal description.
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10.1. Crystallographic and noncrystallographic point groups

BY TH. HAHN AND H. KLAPPER

10.1.1. Introduction and definitions

A point group* is a group of symmetry operations all of which leave
at least one point unmoved. Thus, all operations containing
translations are excluded. Point groups can be subdivided into
crystallographic and noncrystallographic point groups. A crystal-
lographic point group is a point group that maps a point lattice onto
itself. Consequently, rotations and rotoinversions are restricted to
the well known crystallographic cases 1, 2, 3, 4, 6 and 1, 2 �
m, 3, 4, 6 (cf. Chapter 1.3); matrices for these symmetry operations
are listed in Tables 11.2.2.1 and 11.2.2.2. No such restrictions apply
to the noncrystallographic point groups.

The numbers of the crystallographic point groups are finite: 2 for
one dimension, 10 for two dimensions and 32 for three dimensions.
The numbers of noncrystallographic point groups for dimensions
n � 2 are infinite. The two- and three-dimensional crystallographic
point groups and their crystal systems are summarized in Tables
10.1.1.1 and 10.1.1.2. They are described in detail in Section 10.1.2.
The two one-dimensional point groups are discussed in Section
2.2.17. The noncrystallographic point groups are treated in Section
10.1.4.

Crystallographic point groups occur:
(i) in vector space as symmetries of the external shapes of

crystals, i.e. of the set of vectors normal to the crystal faces
(morphological symmetry);

(ii) in point space as site symmetries of points in lattices or in
crystal structures and as symmetries of atomic groups and
coordination polyhedra.

General point groups, i.e. crystallographic and noncrystallographic
point groups, occur as:

(iii) symmetries of (rigid) molecules (molecular symmetry):
(iv) symmetries of physical properties of crystals (e.g. tensor

symmetries); here noncrystallographic point groups with axes of
order infinity are of particular importance, as in the symmetries of
spheres or rotation ellipsoids:

(v) approximate symmetries of the local environment of a point
in a crystal structure, i.e. as local site symmetries. Examples are
sphere-like atoms or ions in crystals, as well as icosahedral atomic
groups. These noncrystallographic symmetries, however, are only
approximate, even for the close neighbourhood of a site.

A (geometric) crystal class is the set of all crystals having the
same point-group symmetry. The word ‘class’, therefore, denotes a
classificatory pigeon-hole and should not be used as synonymous
with the point group of a particular crystal. The symbol of a crystal
class is that of the common point group. (For geometric and
arithmetic crystal classes of space groups, see Sections 8.2.3 and
8.2.4.)

Of particular importance for the structure determination of
crystals are the 11 centrosymmetric crystallographic point groups,
because they describe the possible symmetries of the diffraction
record of a crystal: 1; 2�m; mmm; 4�m; 4�mmm; 3; 3m; 6�m;
6�mmm; m3; m3m. This is due to Friedel’s rule, which states that,
provided anomalous dispersion is neglected, the diffraction record
of any crystal is centrosymmetric, even if the crystal is
noncentrosymmetric. The symmetry of the diffraction record
determines the Laue class of the crystal; this is further explained

in Part 3. For a given crystal, its Laue class is obtained if a
symmetry centre is added to its point group, as shown in Table
10.2.1.1.

In two dimensions, six ‘centrosymmetric’ crystallographic point
groups and hence six two-dimensional Laue classes exist: 2; 2mm;
4; 4mm; 6; 6mm. These point groups are, for instance, the only
possible symmetries of zero-layer X-ray photographs.

Among the centrosymmetric crystallographic point groups in
three dimensions, the lattice point groups (holohedral point groups,
holohedries) are of special importance because they constitute the
seven possible point symmetries of lattices, i.e. the site symmetries
of their nodes. In three dimensions, the seven holohedries are: 1;
2�m; mmm; 4�mmm; 3m; 6�mmm; m3m. Note that 3m is the point
symmetry of the rhombohedral lattice and 6�mmm the point
symmetry of the hexagonal lattice; both occur in the hexagonal
crystal family (cf. Chapter 2.1). Point groups that are, within a
crystal family, subgroups of a holohedry are called merohedries;
they are called specifically hemihedries for subgroups of index 2,
tetartohedries for index 4 and ogdohedries for index 8.

In two dimensions, four holohedries exist: 2; 2mm; 4mm; 6mm.
Note that the hexagonal crystal family in two dimensions contains
only one lattice type, with point symmetry 6mm.

Another classification of the crystallographic point groups is that
into isomorphism classes. Here all those point groups that have the
same kind of group table appear in one class. These isomorphism
classes are also known under the name of abstract point groups.

There are 18 abstract crystallographic point groups in three
dimensions: the point groups in each of the following lines are
isomorphous and belong to the same abstract group:

Order 1 � 1 Order 8 � 422, 4mm, 42m
2 � 1, 2, m 12 � 6�m
3 � 3 12 � 3m, 622, 6mm, 62m
4 � 2�m, 222, mm2 12 � 23
4 � 4, 4 16 � 4�mmm
6 � 3, 6, 6 24 � 6�mmm
6 � 32, 3m 24 � m3
8 � mmm 24 � 432, 43m
8 � 4�m 48 � m3m�

In two dimensions, the ten crystallographic point groups form nine
abstract groups; the groups 2 and m are isomorphous and belong to
the same abstract group, the remaining eight point groups
correspond to one abstract group each.

Table 10.1.1.1. The ten two-dimensional crystallographic point
groups, arranged according to crystal system

Dashed lines separate point groups with different Laue classes within one
crystal system.

Crystal system

General
symbol

Oblique (top)
Rectangular (bottom) Square Hexagonal

n 1 2 4 3 6

nmm m 2mm 4mm 3m 6mm

� For reasons of simplicity, in this chapter the same term ‘point group’ is used for a
‘particular point group’ and a ‘type of point group’. For space groups, this
distinction is explained in Section 8.2.2. For a different use of the term ‘point group’
see Section 8.1.6.
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10.1.2. Crystallographic point groups

10.1.2.1. Description of point groups

In crystallography, point groups usually are described
(i) by means of their Hermann–Mauguin or Schoenflies symbols;
(ii) by means of their stereographic projections;
(iii) by means of the matrix representations of their symmetry

operations, frequently listed in the form of Miller indices (hkl) of
the equivalent general crystal faces;

(iv) by means of drawings of actual crystals, natural or synthetic.
Descriptions (i) through (iii) are given in this section, whereas for
crystal drawings and actual photographs reference is made to
textbooks of crystallography and mineralogy; this also applies to the
construction and the properties of the stereographic projection.

In Tables 10.1.2.1 and 10.1.2.2, the two- and three-dimensional
crystallographic point groups are listed and described. The tables
are arranged according to crystal systems and Laue classes. Within
each crystal system and Laue class, the sequence of the point groups
corresponds to that in the space-group tables of this volume: pure
rotation groups are followed by groups containing reflections,
rotoinversions and inversions. The holohedral point group is always
given last.

In Tables 10.1.2.1 and 10.1.2.2, some point groups are described
in two or three versions, in order to bring out the relations to the
corresponding space groups (cf. Section 2.2.3):

(a) The three monoclinic point groups 2, m and 2�m are given
with two settings, one with ‘unique axis b’ and one with ‘unique
axis c’.

(b) The two point groups 42m and 6m2 are described for two
orientations with respect to the crystal axes, as 42m and 4m2 and as
6m2 and 62m.

(c) The five trigonal point groups 3, 3, 32, 3m and 3m are treated
with two axial systems, ‘hexagonal axes’ and ‘rhombohedral axes’.

(d) The hexagonal-axes description of the three trigonal point
groups 32, 3m and 3m is given for two orientations, as 321 and 312,
as 3m1 and 31m, and as 3m1 and 31m; this applies also to the
two-dimensional point group 3m.

The presentation of the point groups is similar to that of the space
groups in Part 7. The headline contains the short Hermann–
Mauguin and the Schoenflies symbols. The full Hermann–Mauguin
symbol, if different, is given below the short symbol. No
Schoenflies symbols exist for two-dimensional groups. For an
explanation of the symbols see Section 2.2.4 and Chapter 12.1.

Next to the headline, a pair of stereographic projections is given.
The diagram on the left displays a general crystal or point form, that
on the right shows the ‘framework of symmetry elements’. Except
as noted below, the c axis is always normal to the plane of the figure,

the a axis points down the page and the b axis runs horizontally
from left to right. For the five trigonal point groups, the c axis is
normal to the page only for the description with ‘hexagonal axes’; if
described with ‘rhombohedral axes’, the direction [111] is normal
and the positive a axis slopes towards the observer. The
conventional coordinate systems used for the various crystal
systems are listed in Table 2.1.2.1 and illustrated in Figs. 2.2.6.1
to 2.2.6.10.

In the right-hand projection, the graphical symbols of the
symmetry elements are the same as those used in the space-group
diagrams; they are listed in Chapter 1.4. Note that the symbol of a
symmetry centre, a small circle, is also used for a face-pole in the
left-hand diagram. Mirror planes are indicated by heavy solid lines
or circles; thin lines are used for the projection circle, for symmetry
axes in the plane and for some special zones in the cubic system.

In the left-hand projection, the projection circle and the
coordinate axes are indicated by thin solid lines, as are again
some special zones in the cubic system. The dots and circles in this
projection can be interpreted in two ways.

(i) As general face poles, where they represent general crystal
faces which form a polyhedron, the ‘general crystal form’ (face
form) �hkl� of the point group (see below). In two dimensions,
edges, edge poles, edge forms and polygons take the place of faces,
face poles, crystal forms (face forms) and polyhedra in three
dimensions.

Face poles marked as dots lie above the projection plane and
represent faces which intersect the positive c axis* (positive Miller
index l), those marked as circles lie below the projection plane
(negative Miller index l). In two dimensions, edge poles always lie
on the pole circle.

(ii) As general points (centres of atoms) that span a polyhedron
or polygon, the ‘general crystallographic point form’ x, y, z. This
interpretation is of interest in the study of coordination polyhedra,
atomic groups and molecular shapes. The polyhedron or polygon of
a point form is dual to the polyhedron of the corresponding crystal
form.†

The general, special and limiting crystal forms and point forms
constitute the main part of the table for each point group. The
theoretical background is given below under Crystal and point
forms; the explanation of the listed data is to be found under
Description of crystal and point forms.

Table 10.1.1.2. The 32 three-dimensional crystallographic point groups, arranged according to crystal system (cf. Chapter 2.1)

Full Hermann–Mauguin (left) and Schoenflies symbols (right). Dashed lines separate point groups with different Laue classes within one crystal system.

General
symbol

Crystal system

Triclinic
Monoclinic (top)
Orthorhombic (bottom) Tetragonal Trigonal Hexagonal Cubic

n 1 C1 2 C2 4 C4 3 C3 6 C6 23 T

n 1 Ci m � 2 Cs 4 S4 3 C3i 6 � 3�m C3h – –

n�m 2�m C2h 4�m C4h – – 6�m C6h 2�m3 Th

n22 222 D2 422 D4 32 D3 622 D6 432 O

nmm mm2 C2v 4mm C4v 3m C3v 6mm C6v – –

n2m – – 42m D2d 32�m D3d 62m D3h 43m Td

n�m 2�m 2�m 2�m 2�m 2�m D2h 4�m 2�m 2�m D4h – – 6�m 2�m 2�m D6h 4�m 3 2�m Oh

� This does not apply to ‘rhombohedral axes’: here the positive directions of all
three axes slope upwards from the plane of the paper: cf. Fig. 2.2.6.9.
� Dual polyhedra have the same number of edges, but the numbers of faces and
vertices are interchanged; cf. textbooks of geometry.

763

10.1. CRYSTALLOGRAPHIC AND NONCRYSTALLOGRAPHIC POINT GROUPS



The last entry for each point group contains the Symmetry of
special projections, i.e. the plane point group that is obtained if the
three-dimensional point group is projected along a symmetry
direction. The special projection directions are the same as for the
space groups; they are listed in Section 2.2.14. The relations
between the axes of the three-dimensional point group and those of
its two-dimensional projections can easily be derived with the help
of the stereographic projection. No projection symmetries are listed
for the two-dimensional point groups.

Note that the symmetry of a projection along a certain direction
may be higher than the symmetry of the crystal face normal to that
direction. For example, in point group 1 all faces have face
symmetry 1, whereas projections along any direction have
symmetry 2; in point group 422, the faces (001) and �001� have
face symmetry 4, whereas the projection along [001] has symmetry
4mm.

10.1.2.2. Crystal and point forms

For a point group � a crystal form is a set of all symmetrically
equivalent faces; a point form is a set of all symmetrically
equivalent points. Crystal and point forms in point groups
correspond to ‘crystallographic orbits’ in space groups; cf. Section
8.3.2.

Two kinds of crystal and point forms with respect to � can be
distinguished. They are defined as follows:

(i) General form: A face is called ‘general’ if only the identity
operation transforms the face onto itself. Each complete set of
symmetrically equivalent ‘general faces’ is a general crystal form.
The multiplicity of a general form, i.e. the number of its faces, is the
order of �. In the stereographic projection, the poles of general
faces do not lie on symmetry elements of �.

A point is called ‘general’ if its site symmetry, i.e. the group of
symmetry operations that transforms this point onto itself, is 1. A
general point form is a complete set of symmetrically equivalent
‘general points’.

(ii) Special form: A face is called ‘special’ if it is transformed
onto itself by at least one symmetry operation of �, in addition to
the identity. Each complete set of symmetrically equivalent ‘special
faces’ is called a special crystal form. The face symmetry of a
special face is the group of symmetry operations that transforms this
face onto itself; it is a subgroup of �. The multiplicity of a special
crystal form is the multiplicity of the general form divided by the
order of the face-symmetry group. In the stereographic projection,
the poles of special faces lie on symmetry elements of �. The Miller
indices of a special crystal form obey restrictions like �hk0�,
�hhl�, �100�.

A point is called ‘special’ if its site symmetry is higher than 1. A
special point form is a complete set of symmetrically equivalent
‘special points’. The multiplicity of a special point form is the
multiplicity of the general form divided by the order of the site-
symmetry group. It is thus the same as that of the corresponding
special crystal form. The coordinates of the points of a special point
form obey restrictions, like x, y, 0; x, x, z; x, 0, 0. The point 0, 0, 0 is
not considered to be a point form.

In two dimensions, point groups 1, 2, 3, 4 and 6 and, in three
dimensions, point groups 1 and 1 have no special crystal and point
forms.

General and special crystal and point forms can be represented by
their sets of equivalent Miller indices �hkl� and point coordinates
x, y, z. Each set of these ‘triplets’ stands for infinitely many crystal
forms or point forms which are obtained by independent variation of
the values and signs of the Miller indices h, k, l or the point
coordinates x, y, z.

It should be noted that for crystal forms, owing to the well known
‘law of rational indices’, the indices h, k, l must be integers; no such

restrictions apply to the coordinates x, y, z, which can be rational or
irrational numbers.

Example
In point group 4, the general crystal form �hkl� stands for the set
of all possible tetragonal pyramids, pointing either upwards or
downwards, depending on the sign of l; similarly, the general
point form x, y, z includes all possible squares, lying either above
or below the origin, depending on the sign of z. For the limiting
cases l � 0 or z � 0, see below.

In order to survey the infinite number of possible forms of a point
group, they are classified into Wyckoff positions of crystal and point
forms, for short Wyckoff positions. This name has been chosen in
analogy to the Wyckoff positions of space groups; cf. Sections
2.2.11 and 8.3.2. In point groups, the term ‘position’ can be
visualized as the position of the face poles and points in the
stereographic projection. Each ‘Wyckoff position’ is labelled by a
Wyckoff letter.

Definition
A ‘Wyckoff position of crystal and point forms’ consists of all
those crystal forms (point forms) of a point group � for which the
face poles (points) are positioned on the same set of conjugate
symmetry elements of �; i.e. for each face (point) of one form
there is one face (point) of every other form of the same
‘Wyckoff position’ that has exactly the same face (site)
symmetry.

Each point group contains one ‘general Wyckoff position’
comprising all general crystal and point forms. In addition, up to
two ‘special Wyckoff positions’ may occur in two dimensions and
up to six in three dimensions. They are characterized by the
different sets of conjugate face and site symmetries and correspond
to the seven positions of a pole in the interior, on the three edges,
and at the three vertices of the so-called ‘characteristic triangle’ of
the stereographic projection.

Examples
(1) All tetragonal pyramids �hkl� and tetragonal prisms �hk0� in

point group 4 have face symmetry 1 and belong to the same
general ‘Wyckoff position’ 4b, with Wyckoff letter b.

(2) All tetragonal pyramids and tetragonal prisms in point group
4mm belong to two special ‘Wyckoff positions’, depending on
the orientation of their face-symmetry groups m with respect to
the crystal axes: For the ‘oriented face symmetry’ .m., the forms
�h0l� and �100� belong to Wyckoff position 4c; for the oriented
face symmetry ..m, the forms �hhl� and �110� belong to
Wyckoff position 4b. The face symmetries .m. and ..m are not
conjugate in point group 4mm. For the analogous ‘oriented site
symmetries’ in space groups, see Section 2.2.12.

It is instructive to subdivide the crystal forms (point forms) of
one Wyckoff position further, into characteristic and nonchar-
acteristic forms. For this, one has to consider two symmetries that
are connected with each crystal (point) form:

(i) the point group � by which a form is generated (generating
point group), i.e. the point group in which it occurs;

(ii) the full symmetry (inherent symmetry) of a form (considered
as a polyhedron by itself), here called eigensymmetry 	. The
eigensymmetry point group 	 is either the generating point group
itself or a supergroup of it.

Examples
(1) Each tetragonal pyramid �hkl� �l 
� 0� of Wyckoff position 4b

in point group 4 has generating symmetry 4 and eigensymmetry
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4mm; each tetragonal prism �hk0� of the same Wyckoff
position has generating symmetry 4 again, but eigensymmetry
4�mmm.

(2) A cube �100� may have generating symmetry 23, m3, 432, 43m
or m3m, but its eigensymmetry is always m3m.

The eigensymmetries and the generating symmetries of the 47
crystal forms (point forms) are listed in Table 10.1.2.3. With the
help of this table, one can find the various point groups in which a
given crystal form (point form) occurs, as well as the face (site)
symmetries that it exhibits in these point groups; for experimental
methods see Sections 10.2.2 and 10.2.3.

With the help of the two groups � and 	, each crystal or point
form occurring in a particular point group can be assigned to one of
the following two categories:

(i) characteristic form, if eigensymmetry 	 and generating
symmetry � are the same;

(ii) noncharacteristic form, if 	 is a proper supergroup of �.
The importance of this classification will be apparent from the

following examples.

Examples
(1) A pedion and a pinacoid are noncharacteristic forms in all

crystallographic point groups in which they occur:
(2) all other crystal or point forms occur as characteristic forms in

their eigensymmetry group 	;
(3) a tetragonal pyramid is noncharacteristic in point group 4 and

characteristic in 4mm;
(4) a hexagonal prism can occur in nine point groups (12 Wyckoff

positions) as a noncharacteristic form; in 6�mmm, it occurs in
two Wyckoff positions as a characteristic form.

The general forms of the 13 point groups with no, or only one,
symmetry direction (‘monoaxial groups’) 1, 2, 3, 4, 6, 1, m, 3, 4, 6 �
3�m, 2�m, 4�m, 6�m are always noncharacteristic, i.e. their eigen-
symmetries are enhanced in comparison with the generating point
groups. The general positions of the other 19 point groups always
contain characteristic crystal forms that may be used to determine
the point group of a crystal uniquely (cf. Section 10.2.2).*

So far, we have considered the occurrence of one crystal or point
form in different point groups and different Wyckoff positions. We
now turn to the occurrence of different kinds of crystal or point
forms in one and the same Wyckoff position of a particular point
group.

In a Wyckoff position, crystal forms (point forms) of different
eigensymmetries may occur; the crystal forms (point forms) with
the lowest eigensymmetry (which is always well defined) are called
basic forms (German: Grundformen) of that Wyckoff position. The
crystal and point forms of higher eigensymmetry are called limiting
forms (German: Grenzformen) (cf. Table 10.1.2.3). These forms are
always noncharacteristic.

Limiting forms† occur for certain restricted values of the Miller
indices or point coordinates. They always have the same multi-
plicity and oriented face (site) symmetry as the corresponding basic
forms because they belong to the same Wyckoff position. The

enhanced eigensymmetry of a limiting form may or may not be
accompanied by a change in the topology‡ of its polyhedra,
compared with that of a basic form. In every case, however, the
name of a limiting form is different from that of a basic form.

The face poles (or points) of a limiting form lie on symmetry
elements of a supergroup of the point group that are not symmetry
elements of the point group itself. There may be several such
supergroups.

Examples
(1) In point group 4, the (noncharacteristic) crystal forms

�hkl� �l 
� 0� (tetragonal pyramids) of eigensymmetry 4mm
are basic forms of the general Wyckoff position 4b, whereas the
forms �hk0� (tetragonal prisms) of higher eigensymmetry
4�mmm are ‘limiting general forms’. The face poles of forms
�hk0� lie on the horizontal mirror plane of the supergroup 4�m.

(2) In point group 4mm, the (characteristic) special crystal forms
�h0l� with eigensymmetry 4mm are ‘basic forms’ of the special
Wyckoff position 4c, whereas �100� with eigensymmetry
4�mmm is a ‘limiting special form’. The face poles of �100�
are located on the intersections of the vertical mirror planes of
the point group 4mm with the horizontal mirror plane of the
supergroup 4�mmm, i.e. on twofold axes of 4�mmm.

Whereas basic and limiting forms belonging to one ‘Wyckoff
position’ are always clearly distinguished, closer inspection shows
that a Wyckoff position may contain different ‘types’ of limiting
forms. We need, therefore, a further criterion to classify the limiting
forms of one Wyckoff position into types: A type of limiting form of
a Wyckoff position consists of all those limiting forms for which the
face poles (points) are located on the same set of additional
conjugate symmetry elements of the holohedral point group (for the
trigonal point groups, the hexagonal holohedry 6�mmm has to be
taken). Different types of limiting forms may have the same
eigensymmetry and the same topology, as shown by the examples
below. The occurrence of two topologically different polyhedra as
two ‘realizations’ of one type of limiting form in point groups 23,
m3 and 432 is explained below in Section 10.1.2.4, Notes on crystal
and point forms, item (viii).

Examples
(1) In point group 32, the limiting general crystal forms are of four

types:
(i) ditrigonal prisms, eigensymmetry 62m (face poles on

horizontal mirror plane of holohedry 6�mmm);
(ii) trigonal dipyramids, eigensymmetry 62m (face poles on

one kind of vertical mirror plane);
(iii) rhombohedra, eigensymmetry 3m (face poles on second

kind of vertical mirror plane);
(iv) hexagonal prisms, eigensymmetry 6�mmm (face poles on

horizontal twofold axes).
Types (i) and (ii) have the same eigensymmetry but different

topologies; types (i) and (iv) have the same topology but
different eigensymmetries; type (iii) differs from the other three
types in both eigensymmetry and topology.

(2) In point group 222, the face poles of the three types of general
limiting forms, rhombic prisms, are located on the three (non-
equivalent) symmetry planes of the holohedry mmm. Geome-
trically, the axes of the prisms are directed along the three non-
equivalent orthorhombic symmetry directions. The three types

� For a survey of these relations, as well as of the ‘limiting forms’, it is helpful to
consider the (seven) normalizers of the crystallographic point groups in the group of
all rotations and reflections (orthogonal group, sphere group); normalizers of the
crystallographic and noncrystallographic point groups are listed in Tables 15.4.1.1
and 15.4.1.2.
� The treatment of ‘limiting forms’ in the literature is quite ambiguous. In some
textbooks, limiting forms are omitted or treated as special forms in their own right:
other authors define only limiting general forms and consider limiting special forms
as if they were new special forms. For additional reading, see P. Niggli (1941, pp.
80–98).

� The topology of a polyhedron is determined by the numbers of its vertices, edges
and faces, by the number of vertices of each face and by the number of faces
meeting in each vertex.
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of limiting forms have the same eigensymmetry and the same
topology but different orientations.

Similar cases occur in point groups 422 and 622 (cf. Table
10.1.2.3, footnote *).

Not considered in this volume are limiting forms of another kind,
namely those that require either special metrical conditions for the
axial ratios or irrational indices or coordinates (which always can be
closely approximated by rational values). For instance, a rhombic
disphenoid can, for special axial ratios, appear as a tetragonal or
even as a cubic tetrahedron; similarly, a rhombohedron can
degenerate to a cube. For special irrational indices, a ditetragonal
prism changes to a (noncrystallographic) octagonal prism, a
dihexagonal pyramid to a dodecagonal pyramid or a crystal-
lographic pentagon-dodecahedron to a regular pentagon-dodecahe-
dron. These kinds of limiting forms are listed by A. Niggli (1963).

In conclusion, each general or special Wyckoff position always
contains one set of basic crystal (point) forms. In addition, it may
contain one or more sets of limiting forms of different types. As a
rule,† each type comprises polyhedra of the same eigensymmetry
and topology and, hence, of the same name, for instance
‘ditetragonal pyramid’. The name of the basic general forms is
often used to designate the corresponding crystal class, for instance
‘ditetragonal-pyramidal class’; some of these names are listed in
Table 10.1.2.4.

10.1.2.3. Description of crystal and point forms

The main part of each point-group table describes the general and
special crystal and point forms of that point group, in a manner
analogous to the positions in a space group. The general Wyckoff
position is given at the top, followed downwards by the special
Wyckoff positions with decreasing multiplicity. Within each
Wyckoff position, the first block refers to the basic forms, the
subsequent blocks list the various types of limiting form, if any.

The columns, from left to right, contain the following data
(further details are to be found below in Section 10.1.2.4, Notes on
crystal and point forms):

Column 1: Multiplicity of the ‘Wyckoff position’, i.e. the number
of equivalent faces and points of a crystal or point form.

Column 2: Wyckoff letter. Each general or special ‘Wyckoff
position’ is designated by a ‘Wyckoff letter’, analogous to the
Wyckoff letter of a position in a space group (cf. Section 2.2.11).

Column 3: Face symmetry or site symmetry, given in the form of
an ‘oriented point-group symbol’, analogous to the oriented site-
symmetry symbols of space groups (cf. Section 2.2.12). The face
symmetry is also the symmetry of etch pits, striations and other face
markings. For the two-dimensional point groups, this column
contains the edge symmetry, which can be either 1 or m.

Column 4: Name of crystal form. If more than one name is in
common use, several are listed. The names of the limiting forms are
also given. The crystal forms, their names, eigensymmetries and
occurrence in the point groups are summarized in Table 10.1.2.3,
which may be useful for determinative purposes, as explained in
Sections 10.2.2 and 10.2.3. There are 47 different types of crystal
form. Frequently, 48 are quoted because ‘sphenoid’ and ‘dome’ are
considered as two different forms. It is customary, however, to
regard them as the same form, with the name ‘dihedron’.

Name of point form (printed in italics). There exists no general
convention on the names of the point forms. Here, only one name is
given, which does not always agree with that of other authors. The
names of the point forms are also contained in Table 10.1.2.3. Note

that the same point form, ‘line segment’, corresponds to both
sphenoid and dome. The letter in parentheses after each name of a
point form is explained below.

Column 5: Miller indices (hkl) for the symmetrically equivalent
faces (edges) of a crystal form. In the trigonal and hexagonal crystal
systems, when referring to hexagonal axes, Bravais–Miller indices
(hkil) are used, with h � k � i � 0.

Coordinates x, y, z for the symmetrically equivalent points of a
point form are not listed explicitly because they can be obtained
from data in this volume as follows: after the name of the point
form, a letter is given in parentheses. This is the Wyckoff letter of
the corresponding position in the symmorphic P space group that
belongs to the point group under consideration. The coordinate
triplets of this (general or special) position apply to the point form
of the point group.

The triplets of Miller indices (hkl) and point coordinates x, y, z
are arranged in such a way as to show analogous sequences; they are
both based on the same set of generators, as described in Sections
2.2.10 and 8.3.5. For all point groups, except those referred to a
hexagonal coordinate system, the correspondence between the (hkl)
and the x, y, z triplets is immediately obvious.‡

The sets of symmetrically equivalent crystal faces also represent
the sets of equivalent reciprocal-lattice points, as well as the sets of
equivalent X-ray (neutron) reflections.

Examples
(1) In point group 4, the general crystal form 4b is listed as

�hkl� �hkl� �khl� �khl�: the corresponding general position 4h
of the symmorphic space group P4 reads x, y, z; x, y, z; y, x, z;
y, x, z.

(2) In point group 3, the general crystal form 3b is listed as (hkil)
(ihkl) (kihl) with i � ��h � k�; the corresponding general
position 3d of the symmorphic space group P3 reads x, y, z;
y, x � y, z; �x � y, x, z.

(3) The Miller indices of the cubic point groups are arranged in one,
two or four blocks of �3  4� entries. The first block (upper left)
belongs to point group 23. The second block (upper right)
belongs to the diagonal twofold axes in 432 and m3m or to the
diagonal mirror plane in 43m. In point groups m3 and m3m, the
lower one or two blocks are derived from the upper blocks by
application of the inversion.

10.1.2.4. Notes on crystal and point forms

(i) As mentioned in Section 10.1.2.2, each set of Miller indices of
a given point group represents infinitely many face forms with the
same name. Exceptions occur for the following cases.

Some special crystal forms occur with only one representative.
Examples are the pinacoid �001�, the hexagonal prism �1010� and
the cube �100�. The Miller indices of these forms consist of fixed
numbers and signs and contain no variables.

In a few noncentrosymmetric point groups, a special crystal form
is realized by two representatives: they are related by a centre of
symmetry that is not part of the point-group symmetry. These cases
are

(a) the two pedions (001) and �001�;

� For the exceptions in the cubic crystal system cf. Section 10.1.2.4, Notes on
crystal and point forms, item (viii)

� The matrices of corresponding triplets ��h�k�l� and �x,�y,�z, i.e. of triplets generated by
the same symmetry operation from (hkl) and x, y, z, are inverse to each other,
provided the x, y, z and �x,�y,�z are regarded as columns and the (hkl) and ��h�k�l� as
rows: this is due to the contravariant and covariant nature of the point coordinates
and Miller indices, respectively. Note that for orthogonal matrices the inverse
matrix equals the transposed matrix; in crystallography, this applies to all coordinate
systems (including the rhombohedral one), except for the hexagonal system. The
matrices for the symmetry operations occurring in the crystallographic point groups
are listed in Tables 11.2.2.1 and 11.2.2.2.
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(b) the two trigonal prisms �1010� and �1010�; similarly for two
dimensions;

(c) the two trigonal prisms �1120� and �1120�; similarly for two
dimensions;

(d) the positive and negative tetrahedra �111� and �111�.
In the point-group tables, both representatives of these forms are
listed, separated by ‘or’, for instance ‘(001) or �001�’.

(ii) In crystallography, the terms tetragonal, trigonal, hexagonal,
as well as tetragon, trigon and hexagon, imply that the cross sections
of the corresponding polyhedra, or the polygons, are regular
tetragons (squares), trigons or hexagons. Similarly, ditetragonal,
ditrigonal, dihexagonal, as well as ditetragon, ditrigon and
dihexagon, refer to semi-regular cross sections or polygons.

(iii) Crystal forms can be ‘open’ or ‘closed’. A crystal form is
‘closed’ if its faces form a closed polyhedron; the minimum number
of faces for a closed form is 4. Closed forms are disphenoids,
dipyramids, rhombohedra, trapezohedra, scalenohedra and all cubic
forms; open forms are pedions, pinacoids, sphenoids (domes),
pyramids and prisms.

A point form is always closed. It should be noted, however, that a
point form dual to a closed face form is a three-dimensional
polyhedron, whereas the dual of an open face form is a two- or one-
dimensional polygon, which, in general, is located ‘off the origin’
but may be centred at the origin (here called ‘through the origin’).

(iv) Crystal forms are well known; they are described and
illustrated in many textbooks. Crystal forms are ‘isohedral’
polyhedra that have all faces equivalent but may have more than
one kind of vertex; they include regular polyhedra. The in-sphere of
the polyhedron touches all the faces.

Crystallographic point forms are less known; they are described
in a few places only, notably by A. Niggli (1963), by Fischer et al.
(1973), and by Burzlaff & Zimmermann (1977). The latter
publication contains drawings of the polyhedra of all point forms.
Point forms are ‘isogonal’ polyhedra (polygons) that have all
vertices equivalent but may have more than one kind of face;*
again, they include regular polyhedra. The circumsphere of the
polyhedron passes through all the vertices.

In most cases, the names of the point-form polyhedra can easily
be derived from the corresponding crystal forms: the duals of
n-gonal pyramids are regular n-gons off the origin, those of n-gonal
prisms are regular n-gons through the origin. The duals of
di-n-gonal pyramids and prisms are truncated (regular) n-gons,
whereas the duals of n-gonal dipyramids are n-gonal prisms.

In a few cases, however, the relations are not so evident. This
applies mainly to some cubic point forms [see item (v) below]. A
further example is the rhombohedron, whose dual is a trigonal
antiprism (in general, the duals of n-gonal streptohedra are n-gonal
antiprisms).† The duals of n-gonal trapezohedra are polyhedra
intermediate between n-gonal prisms and n-gonal antiprisms; they
are called here ‘twisted n-gonal antiprisms’. Finally, the duals of di-
n-gonal scalenohedra are n-gonal antiprisms ‘sliced off’ perpendi-
cular to the prism axis by the pinacoid �001�.‡

(v) Some cubic point forms have to be described by
‘combinations’ of ‘isohedral’ polyhedra because no common

names exist for ‘isogonal’ polyhedra. The maximal number of
polyhedra required is three. The shape of the combination that
describes the point form depends on the relative sizes of the
polyhedra involved, i.e. on the relative values of their central
distances. Moreover, in some cases even the topology of the point
form may change.

Example
‘Cube truncated by octahedron’ and ‘octahedron truncated by
cube’. Both forms have 24 vertices, 14 faces and 36 edges but the
faces of the first combination are octagons and trigons, those of
the second are hexagons and tetragons. These combinations
represent different special point forms x, x, z and 0, y, z. One form
can change into the other only via the (semi-regular) cuboctahe-
dron 0, y, y, which has 12 vertices, 14 faces and 24 edges.

The unambiguous description of the cubic point forms by
combinations of ‘isohedral’ polyhedra requires restrictions on the
relative sizes of the polyhedra of a combination. The permissible
range of the size ratios is limited on the one hand by vanishing, on
the other hand by splitting of vertices of the combination. Three
cases have to be distinguished:

(a) The relative sizes of the polyhedra of the combination can
vary independently. This occurs whenever three edges meet in one
vertex. In Table 10.1.2.2, the names of these point forms contain the
term ‘truncated’.

Examples
(1) ‘Octahedron truncated by cube’ (24 vertices, dual to

tetrahexahedron).
(2) ‘Cube truncated by two tetrahedra’ (24 vertices, dual to

hexatetrahedron), implying independent variation of the
relative sizes of the two truncating tetrahedra.

(b) The relative sizes of the polyhedra are interdependent. This
occurs for combinations of three polyhedra whenever four edges
meet in one vertex. The names of these point forms contain the
symbol ‘&’.

Example
‘Cube & two tetrahedra’ (12 vertices, dual to tetragon-tritetrahe-
dron); here the interdependence results from the requirement that
in the combination a cube edge is reduced to a vertex in which
faces of the two tetrahedra meet. The location of this vertex on the
cube edge is free. A higher symmetrical ‘limiting’ case of this
combination is the ‘cuboctahedron’, where the two tetrahedra
have the same sizes and thus form an octahedron.

(c) The relative sizes of the polyhedra are fixed. This occurs for
combinations of three polyhedra if five edges meet in one vertex.
These point forms are designated by special names (snub
tetrahedron, snub cube, irregular icosahedron), or their names
contain the symbol ‘+’.

The cuboctahedron appears here too, as a limiting form of the
snub tetrahedron (dual to pentagon-tritetrahedron) and of the
irregular icosahedron (dual to pentagon-dodecahedron) for the
special coordinates 0, y, y.

(vi) Limiting crystal forms result from general or special crystal
forms for special values of certain geometrical parameters of the
form.

Examples
(1) A pyramid degenerates into a prism if its apex angle becomes 0,

i.e. if the apex moves towards infinity.

(continued on page 795)

� Thus, the name ‘prism’ for a point form implies combination of the prism with a
pinacoid.
� A tetragonal tetrahedron is a digonal streptohedron; hence, its dual is a ‘digonal
antiprism’, which is again a tetragonal tetrahedron.
� The dual of a tetragonal �� di-digonal� scalenohedron is a ‘digonal antiprism’,
which is ‘cut off’ by the pinacoid �001�.
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Table 10.1.2.1. The ten two-dimensional crystallographic point groups

General, special and limiting edge forms and point forms (italics), oriented edge and site symmetries, and Miller indices (hk) of equivalent edges [for hexagonal
groups Bravais–Miller indices (hki) are used if referred to hexagonal axes]; for point coordinates see text.

OBLIQUE SYSTEM

1

1 a 1 Single edge (hk)

Single point (a)

2

2 a 1 Pair of parallel edges �hk� ��h�k�
Line segment through origin (e)

RECTANGULAR SYSTEM

m

2 b 1 Pair of edges �hk� ��hk�
Line segment (c)

Pair of parallel edges �10� ��10�
Line segment through origin

1 a .m. Single edge (01) or �0�1�
Single point (a)

2mm

4 c 1 Rhomb �hk� ��h�k� ��hk� �h�k�
Rectangle (i)

2 b .m. Pair of parallel edges �01� �0�1�
Line segment through origin (g)

2 a ..m Pair of parallel edges �10� ��10�
Line segment through origin (e)

SQUARE SYSTEM

4

4 a 1 Square �hk� ��h�k� ��kh� �k�h�
Square (d)

4mm

8 c 1 Ditetragon �hk� ��h�k� ��kh� �k�h�
Truncated square (g) ��hk� �h�k� �kh� ��k�h�

4 b ..m Square �11� ��1�1� ��11� �1�1�Square ( f )

4 a .m. Square �10� ��10� �01� �0�1�
Square (d)
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HEXAGONAL SYSTEM

3

3 a 1 Trigon �hki� �ihk� �kih�
Trigon (d)

3m1

6 b 1 Ditrigon �hki� �ihk� �kih�
Truncated trigon (e) ��k�h�i� ��i�k�h� ��h�i�k�
Hexagon �11�2� ��211� �1�21�
Hexagon ��1�12� �2�1�1� ��12�1�

3 a .m. Trigon �10�1� ��110� �0�11�
Trigon (d) or ��101� �1�10� �01�1�

31m

6 b 1 Ditrigon �hki� �ihk� �kih�
Truncated trigon (d) �khi� �ikh� �hik�
Hexagon �10�1� ��110� �0�11�
Hexagon �01�1� ��101� �1�10�

3 a ..m Trigon �11�2� ��211� �1�21�
Trigon (c) or ��1�12� �2�1�1� ��12�1�

6

6 a 1 Hexagon �hki� �ihk� �kih�
Hexagon (d) ��h�k�i� ��i�h�k� ��k�i�h�

6mm

12 c 1 Dihexagon �hki� �ihk� �kih�
Truncated hexagon ( f ) ��h�k�i� ��i�h�k� ��k�i�h�

��k�h�i� ��i�k�h� ��h�i�k�
�khi� �ikh� �hik�

6 b .m. Hexagon �10�1� ��110� �0�11�
Hexagon (e) ��101� �1�10� �01�1�

6 a ..m Hexagon �11�2� ��211� �1�21�
Hexagon (d) ��1�12� �2�1�1� ��12�1�

Table 10.1.2.1. The ten two-dimensional crystallographic point groups (cont.)
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Table 10.1.2.2. The 32 three-dimensional crystallographic point groups

General, special and limiting face forms and point forms (italics), oriented face and site symmetries, and Miller indices (hkl) of equivalent faces [for trigonal and
hexagonal groups Bravais–Miller indices (hkil) are used if referred to hexagonal axes]; for point coordinates see text.

TRICLINIC SYSTEM

1 C1

1 a 1 Pedion or monohedron (hkl)
Single point (a)

Symmetry of special projections

Along any direction

1

�1 Ci

2 a 1 Pinacoid or parallelohedron �hkl� ��h�k�l�
Line segment through origin (i)

Symmetry of special projections

Along any direction

2

MONOCLINIC SYSTEM

2 C2

Unique axis b Unique axis c

2 b 1 Sphenoid or dihedron �hkl� ��hk�l� �hkl� ��h�kl�
Line segment (e)

Pinacoid or parallelohedron �h0l� ��h0�l� �hk0� ��h�k0�
Line segment through origin

1 a 2 Pedion or monohedron �010� or �0�10� �001� or �00�1�
Single point (a)

Symmetry of special projections
Along [100] Along [010] Along [001]

Unique axis b m 2 m
c m m 2

m Cs

Unique axis b Unique axis c

2 b 1 Dome or dihedron �hkl� �h�kl� �hkl� �hk�l�
Line segment (c)

Pinacoid or parallelohedron �010� �0�10� �001� �00�1�
Line segment through origin

1 a m Pedion or monohedron (h0l) (hk0)
Single point (a)

Symmetry of special projections
Along [100] Along [010] Along [001]

Unique axis b m 1 m
c m m 1
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2�m C2h

Unique axis b Unique axis c

4 c 1 Rhombic prism �hkl� ��hk�l� ��h�k�l� �h�kl� �hkl� ��h�kl� ��h�k�l� �hk�l�
Rectangle through origin (o)

2 b m Pinacoid or parallelohedron �h0l� ��h0�l� �hk0� ��h�k0�
Line segment through origin (m)

2 a 2 Pinacoid or parallelohedron �010� �0�10� �001� �00�1�
Line segment through origin (i)

Symmetry of special projections
Along �100� Along �010� Along �001�

Unique axis b 2mm 2 2mm
c 2mm 2mm 2

ORTHORHOMBIC SYSTEM

222 D2

4 d 1 Rhombic disphenoid or rhombic tetrahedron �hkl� ��h�kl� ��hk�l� �h�k�l�
Rhombic tetrahedron (u)

Rhombic prism �hk0� ��h�k0� ��hk0� �h�k0�
Rectangle through origin

Rhombic prism �h0l� ��h0l� ��h0�l� �h0�l�
Rectangle through origin

Rhombic prism �0kl� �0�kl� �0k�l� �0�k�l�
Rectangle through origin

2 c ..2 Pinacoid or parallelohedron �001� �00�1�
Line segment through origin (q)

2 b .2. Pinacoid or parallelohedron �010� �0�10�
Line segment through origin (m)

2 a 2.. Pinacoid or parallelohedron �100� ��100�
Line segment through origin (i)

Symmetry of special projections
Along �100� Along �010� Along �001�

2mm 2mm 2mm

Table 10.1.2.2. The 32 three-dimensional crystallographic point groups (cont.)

MONOCLINIC SYSTEM (cont.)
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mm2 C2v

4 d 1 Rhombic pyramid �hkl� ��h�kl� �h�kl� ��hkl�
Rectangle (i)

Rhombic prism �hk0� ��h�k0� �h�k0� ��hk0�
Rectangle through origin

2 c m.. Dome or dihedron �0kl� �0�kl�
Line segment (g)

Pinacoid or parallelohedron �010� �0�10�
Line segment through origin

2 b .m. Dome or dihedron �h0l� ��h0l�
Line segment (e)

Pinacoid or parallelohedron �100� ��100�
Line segment through origin

1 a mm2 Pedion or monohedron �001� or �00�1�
Single point (a)

Symmetry of special projections
Along �100� Along �010� Along �001�

m m 2mm

m m m
2
m

2
m

2
m

D2h

8 g 1 Rhombic dipyramid �hkl� ��h�kl� ��hk�l� �h�k�l�
Quad (�) ��h�k�l� �hk�l� �h�kl� ��hkl�

4 f ..m Rhombic prism �hk0� ��h�k0� ��hk0� �h�k0�
Rectangle through origin (y)

4 e .m. Rhombic prism �h0l� ��h0l� ��h0�l� �h0�l�
Rectangle through origin (w)

4 d m.. Rhombic prism �0kl� �0�kl� �0k�l� �0�k�l�
Rectangle through origin (u)

2 c mm2 Pinacoid or parallelohedron �001� �00�1�
Line segment through origin (q)

2 b m2m Pinacoid or parallelohedron �010� �0�10�
Line segment through origin (m)

2 a 2mm Pinacoid or parallelohedron �100� ��100�
Line segment through origin (i)

Symmetry of special projections
Along �100� Along �010� Along �001�

2mm 2mm 2mm

Table 10.1.2.2. The 32 three-dimensional crystallographic point groups (cont.)

ORTHORHOMBIC SYSTEM (cont.)
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TETRAGONAL SYSTEM

4 C4

4 b 1 Tetragonal pyramid �hkl� ��h�kl� ��khl� �k�hl�
Square (d)

Tetragonal prism �hk0� ��h�k0� ��kh0� �k�h0�
Square through origin

1 a 4.. Pedion or monohedron �001� or �00�1�
Single point (a)

Symmetry of special projections
Along �001� Along �100� Along �110�

4 m m

�4 S4

4 b 1 Tetragonal disphenoid or tetragonal tetrahedron �hkl� ��h�kl� �k�h�l� ��kh�l�
Tetragonal tetrahedron (h)

Tetragonal prism �hk0� ��h�k0� �k�h0� ��kh0�
Square through origin

2 a 2.. Pinacoid or parallelohedron �001� �00�1�
Line segment through origin (e)

Symmetry of special projections
Along �001� Along �100� Along �110�

4 m m

4�m C4h

8 c 1 Tetragonal dipyramid �hkl� ��h�kl� ��khl� �k�hl�
Tetragonal prism (l) ��h�k�l� �hk�l� �k�h�l� ��kh�l�

4 b m.. Tetragonal prism �hk0� ��h�k0� ��kh0� �k�h0�
Square through origin (j)

2 a 4.. Pinacoid or parallelohedron �001� �00�1�
Line segment through origin (g)

Symmetry of special projections
Along �001� Along �100� Along �110�

4 2mm 2mm
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422 D4

8 d 1 Tetragonal trapezohedron �hkl� ��h�kl� ��khl� �k�hl�
Twisted tetragonal antiprism (p) ��hk�l� �h�k�l� �kh�l� ��k�h�l�
Ditetragonal prism �hk0� ��h�k0� ��kh0� �k�h0�
Truncated square through origin ��hk0� �h�k0� �kh0� ��k�h0�
Tetragonal dipyramid �h0l� ��h0l� �0hl� �0�hl�
Tetragonal prism ��h0�l� �h0�l� �0h�l� �0�h�l�
Tetragonal dipyramid �hhl� ��h�hl� ��hhl� �h�hl�
Tetragonal prism ��hh�l� �h�h�l� �hh�l� ��h�h�l�

4 c .2. Tetragonal prism �100� ��100� �010� �0�10�
Square through origin (l)

4 b ..2 Tetragonal prism �110� ��1�10� ��110� �1�10�
Square through origin ( j )

2 a 4.. Pinacoid or parallelohedron �001� �00�1�
Line segment through origin (g)

Symmetry of special projections
Along �001� Along �100� Along �110�

4mm 2mm 2mm

4mm C4v

8 d 1 Ditetragonal pyramid �hkl� ��h�kl� ��khl� �k�hl�
Truncated square (g) �h�kl� ��hkl� ��k�hl� �khl�
Ditetragonal prism �hk0� ��h�k0� ��kh0� �k�h0�
Truncated square through origin �h�k0� ��hk0� ��k�h0� �kh0�

4 c .m. Tetragonal pyramid �h0l� ��h0l� �0hl� �0�hl�
Square (e)

Tetragonal prism �100� ��100� �010� �0�10�
Square through origin

4 b ..m Tetragonal pyramid �hhl� ��h�hl� ��hhl� �h�hl�
Square (d)

Tetragonal prism �110� ��1�10� ��110� �1�10�
Square through origin

1 a 4mm Pedion or monohedron �001� or �00�1�
Single point (a)

Symmetry of special projections
Along �001� Along �100� Along �110�

4mm m m
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�42m D2d

8 d 1 Tetragonal scalenohedron �hkl� ��h�kl� �k�h�l� ��kh�l�
Tetragonal tetrahedron cut off by pinacoid (o) ��hk�l� �h�k�l� ��k�hl� �khl�
Ditetragonal prism �hk0� ��h�k0� �k�h0� ��kh0�
Truncated square through origin ��hk0� �h�k0� ��k�h0� �kh0�
Tetragonal dipyramid �h0l� ��h0l� �0�h�l� �0h�l�
Tetragonal prism ��h0�l� �h0�l� �0�hl� �0hl�

4 c ..m Tetragonal disphenoid or tetragonal tetrahedron �hhl� ��h�hl� �h�h�l� ��hh�l�
Tetragonal tetrahedron (n)

Tetragonal prism �110� ��1�10� �1�10� ��110�
Square through origin

4 b .2. Tetragonal prism �100� ��100� �0�10� �010�
Square through origin (i)

2 a 2.mm Pinacoid or parallelohedron �001� �00�1�
Line segment through origin (g)

Symmetry of special projections
Along �001� Along �100� Along �110�

4mm 2mm m

�4m2 D2d

8 d 1 Tetragonal scalenohedron �hkl� ��h�kl� �k�h�l� ��kh�l�
Tetragonal tetrahedron cut off by pinacoid (l) �h�kl� ��hkl� �kh�l� ��k�h�l�
Ditetragonal prism �hk0� ��h�k0� �k�h0� ��kh0�
Truncated square through origin �h�k0� ��hk0� �kh0� ��k�h0�
Tetragonal dipyramid �hhl� ��h�hl� �h�h�l� ��hh�l�
Tetragonal prism �h�hl� ��hhl� �hh�l� ��h�h�l�

4 c .m. Tetragonal disphenoid or tetragonal tetrahedron �h0l� ��h0l� �0�h�l� �0h�l�
Tetragonal tetrahedron ( j )

Tetragonal prism �100� ��100� �0�10� �010�
Square through origin

4 b ..2 Tetragonal prism �110� ��1�10� �1�10� ��110�
Square through origin (h)

2 a 2mm. Pinacoid or parallelohedron �001� �00�1�
Line segment through origin (e)

Symmetry of special projections
Along �001� Along �100� Along �110�

4mm m 2mm
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4�mmm
4
m

2
m

2
m

D4h

16 g 1 Ditetragonal dipyramid �hkl� ��h�kl� ��khl� �k�hl�
Edge-truncated tetragonal prism (u) ��hk�l� �h�k�l� �kh�l� ��k�h�l�

��h�k�l� �hk�l� �k�h�l� ��kh�l�
�h�kl� ��hkl� ��k�hl� �khl�

8 f .m. Tetragonal dipyramid �h0l� ��h0l� �0hl� �0�hl�
Tetragonal prism (s) ��h0�l� �h0�l� �0h�l� �0�h�l�

8 e ..m Tetragonal dipyramid �hhl� ��h�hl� ��hhl� �h�hl�
Tetragonal prism (r) ��hh�l� �h�h�l� �hh�l� ��h�h�l�

8 d m.. Ditetragonal prism �hk0� ��h�k0� ��kh0� �k�h0�
Truncated square through origin (p) ��hk0� �h�k0� �kh0� ��k�h0�

4 c m2m. Tetragonal prism �100� ��100� �010� �0�10�
Square through origin (l)

4 b m.m2 Tetragonal prism �110� ��1�10� ��110� �1�10�
Square through origin ( j )

2 a 4mm Pinacoid or parallelohedron �001� �00�1�
Line segment through origin (g)

Symmetry of special projections
Along �001� Along �100� Along �110�

4mm 2mm 2mm

TRIGONAL SYSTEM

3 C3
HEXAGONAL AXES

3 b 1 Trigonal pyramid �hkil� �ihkl� �kihl�
Trigon (d)

Trigonal prism �hki0� �ihk0� �kih0�
Trigon through origin

1 a 3.. Pedion or monohedron �0001� or �000�1�
Single point (a)

Symmetry of special projections
Along �001� Along �100� Along �210�

3 1 1

3 C3
RHOMBOHEDRAL AXES

3 b 1 Trigonal pyramid �hkl� �lhk� �klh�
Trigon (b)

Trigonal prism �hk�h�k�� ��h�k�hk� �k�h�k�h�
Trigon through origin

1 a 3. Pedion or monohedron �111� or ��1�1�1�
Single point (a)

Symmetry of special projections
Along �111� Along �1�10� Along �2�1�1�

3 1 1
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�3 C3i
HEXAGONAL AXES

6 b 1 Rhombohedron �hkil� �ihkl� �kihl�
Trigonal antiprism (g) ��h�k�i�l� ��i�h�k�l� ��k�i�h�l�
Hexagonal prism �hki0� �ihk0� �kih0�
Hexagon through origin ��h�k�i0� ��i�h�k0� ��k�i�h0�

2 a 3.. Pinacoid or parallelohedron �0001� �000�1�
Line segment through origin (c)

Symmetry of special projections
Along �001� Along �100� Along �210�

6 2 2

�3 C3i
RHOMBOHEDRAL AXES

6 b 1 Rhombohedron �hkl� �lhk� �klh�
Trigonal antiprism ( f ) ��h�k�l� ��l�h�k� ��k�l�h�
Hexagonal prism �hk�h�k�� ��h�k�hk� �k�h�k�h�
Hexagon through origin ��h�k�h�k�� ��h�k��h�k� ��k�h�k��h�

2 a 3. Pinacoid or parallelohedron �111� ��1�1�1�
Line segment through origin (c)

Symmetry of special projections
Along �111� Along �1�10� Along �2�1�1�

6 2 2

321 D3
HEXAGONAL AXES

6 c 1 Trigonal trapezohedron �hkil� �ihkl� �kihl�
Twisted trigonal antiprism (g) �khi�l� �hik�l� �ikh�l�
Ditrigonal prism �hki0� �ihk0� �kih0�
Truncated trigon through origin �khi0� �hik0� �ikh0�
Trigonal dipyramid �hh2hl� �2hhhl� �h2hhl�
Trigonal prism �hh2h�l� �h2hh�l� �2hhh�l�
Rhombohedron �h0�hl� ��hh0l� �0�hhl�
Trigonal antiprism �0h�h�l� �h�h0�l� ��h0h�l�
Hexagonal prism �10�10� ��1100� �0�110�
Hexagon through origin �01�10� �1�100� ��1010�

3 b .2. Trigonal prism �11�20� ��2110� �1�210�
Trigon through origin (e) or ��1�120� �2�1�10� ��12�10�

2 a 3.. Pinacoid or parallelohedron �0001� �000�1�
Line segment through origin (c)

Symmetry of special projections
Along �001� Along �100� Along �210�

3m 2 1
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312 D3
HEXAGONAL AXES

6 c 1 Trigonal trapezohedron �hkil� �ihkl� �kihl�
Twisted trigonal antiprism (l ) ��k�h�i�l� ��h�i�k�l� ��i�k�h�l�
Ditrigonal prism �hki0� �ihk0� �kih0�
Truncated trigon through origin ��k�h�i0� ��h�i�k0� ��i�k�h0�
Trigonal dipyramid �h0�hl� ��hh0l� �0�hhl�
Trigonal prism �0�hh�l� ��hh0�l� �h0�h�l�
Rhombohedron �hh2hl� �2hhhl� �h2hhl�
Trigonal antiprism ��h�h2h�l� ��h2h�h�l� �2h�h�h�l�
Hexagonal prism �11�20� ��2110� �1�210�
Hexagon through origin ��1�120� ��12�10� �2�1�10�

3 b ..2 Trigonal prism �10�10� ��1100� �0�110�
Trigon through origin ( j ) or ��1010� �1�100� �01�10�

2 a 3.. Pinacoid or parallelohedron �0001� �000�1�
Line segment through origin (g)

Symmetry of special projections
Along �001� Along �100� Along �210�

3m 1 2

32 D3
RHOMBOHEDRAL AXES

6 c 1 Trigonal trapezohedron �hkl� �lhk� �klh�
Twisted trigonal antiprism ( f ) ��k�h�l� ��h�l�k� ��l�k�h�
Ditrigonal prism �hk�h�k�� ��h�k�hk� �k�h�k�h�
Truncated trigon through origin ��k�h�h�k�� ��h�h�k��k� ��h�k��k�h�
Trigonal dipyramid �hk�2k�h�� ��2k�h�hk� �k�2k�h�h�
Trigonal prism ��k�h�h�2k�� ��h�h�2k��k� ��h�2k��k�h�
Rhombohedron �hhl� �lhh� �hlh�
Trigonal antiprism ��h�h�l� ��h�l�h� ��l�h�h�
Hexagonal prism �11�2� ��211� �1�21�
Hexagon through origin ��1�12� ��12�1� �2�1�1�

3 b .2 Trigonal prism �01�1� ��101� �1�10�
Trigon through origin (d) or �0�11� �10�1� ��110�

2 a 3. Pinacoid or parallelohedron �111� ��1�1�1�
Line segment through origin (c)

Symmetry of special projections
Along �111� Along �1�10� Along �2�1�1�

3m 2 1
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3m1 C3v
HEXAGONAL AXES

6 c 1 Ditrigonal pyramid �hkil� �ihkl� �kihl�
Truncated trigon (e) ��k�h�il� ��h�i�kl� ��i�k�hl�
Ditrigonal prism �hki0� �ihk0� �kih0�
Truncated trigon through origin ��k�h�i0� ��h�i�k0� ��i�k�h0�
Hexagonal pyramid �hh2hl� �2hhhl� �h2hhl�
Hexagon ��h�h2hl� ��h2h�hl� �2h�h�hl�
Hexagonal prism �11�20� ��2110� �1�210�
Hexagon through origin ��1�120� ��12�10� �2�1�10�

3 b .m. Trigonal pyramid �h0�hl� ��hh0l� �0�hhl�
Trigon (d)

Trigonal prism �10�10� ��1100� �0�110�
Trigon through origin or ��1010� �1�100� �01�10�

1 a 3m. Pedion or monohedron �0001� or �000�1�
Single point (a)

Symmetry of special projections
Along �001� Along �100� Along �210�

3m 1 m

31m C3v
HEXAGONAL AXES

6 c 1 Ditrigonal pyramid �hkil� �ihkl� �kihl�
Truncated trigon (d) �khil� �hikl� �ikhl�
Ditrigonal prism �hki0� �ihk0� �kih0�
Truncated trigon through origin �khi0� �hik0� �ikh0�
Hexagonal pyramid �h0�hl� ��hh0l� �0�hhl�
Hexagon �0h�hl� �h�h0l� ��h0hl�
Hexagonal prism �10�10� ��1100� �0�110�
Hexagon through origin �01�10� �1�100� ��1010�

3 b ..m Trigonal pyramid �hh2hl� �2hhhl� �h2hhl�
Trigon (c)

Trigonal prism �11�20� ��2110� �1�210�
Trigon through origin or ��1�120� �2�1�10� ��12�10�

1 a 3.m Pedion or monohedron �0001� or �000�1�
Single point (a)

Symmetry of special projections
Along �001� Along �100� Along �210�

3m m 1
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3m C3v
RHOMBOHEDRAL AXES

6 c 1 Ditrigonal pyramid �hkl� �lhk� �klh�
Truncated trigon (c) �khl� �hlk� �lkh�
Ditrigonal prism �hk�h�k�� ��h�k�hk� �k�h�k�h�
Truncated trigon through origin �kh�h�k�� �h�h�k�k� ��h�k�kh�
Hexagonal pyramid �hk�2k�h�� ��2k�h�hk� �k�2k�h�h�
Hexagon �kh�2k�h�� �h�2k�h�k� ��2k�h�kh�
Hexagonal prism �01�1� ��101� �1�10�
Hexagon through origin �10�1� �0�11� ��110�

3 b .m Trigonal pyramid �hhl� �lhh� �hlh�
Trigon (b)

Trigonal prism �11�2� ��211� �1�21�
Trigon through origin or ��1�12� �2�1�1� ��12�1�

1 a 3m. Pedion or monohedron �111� or ��1�1�1�
Single point (a)

Symmetry of special projections
Along �111� Along �1�10� Along �2�1�1�

3m 1 m

�3m1

�3
2
m

1
D3d

HEXAGONAL AXES

12 d 1 Ditrigonal scalenohedron or
hexagonal scalenohedron
Trigonal antiprism sliced off by
pinacoid �j�

�hkil� �ihkl� �kihl�
�khi�l� �hik�l� �ikh�l�
��h�k�i�l� ��i�h�k�l� ��k�i�h�l�
��k�h�il� ��h�i�kl� ��i�k�hl�

Dihexagonal prism �hki0� �ihk0� �kih0�
Truncated hexagon through origin �khi0� �hik0� �ikh0�

��h�k�i0� ��i�h�k0� ��k�i�h0�
��k�h�i0� ��h�i�k0� ��i�k�h0�

Hexagonal dipyramid �hh2hl� �2hhhl� �h2hhl�
Hexagonal prism �hh2h�l� �h2hh�l� �2hhh�l�

��h�h2h�l� �2h�h�h�l� ��h2h�h�l�
��h�h2hl� ��h2h�hl� �2h�h�hl�

6 c .m. Rhombohedron �h0�hl� ��hh0l� �0�hhl�
Trigonal antiprism (i) �0h�h�l� �h�h0�l� ��h0h�l�
Hexagonal prism �10�10� ��1100� �0�110�
Hexagon through origin �01�10� �1�100� ��1010�

6 b .2. Hexagonal prism �11�20� ��2110� �1�210�
Hexagon through origin (g) ��1�120� ��12�10� �2�1�10�

2 a 3m. Pinacoid or parallelohedron �0001� �000�1�
Line segment through origin (c)

Symmetry of special projections
Along �001� Along �100� Along �210�

6mm 2 2mm
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�31m

�31
2
m

D3d

HEXAGONAL AXES

12 d 1 Ditrigonal scalenohedron or hexagonal
scalenohedron

�hkil� �ihkl� �kihl�
��k�h�i�l� ��h�i�k�l� ��i�k�h�l�

Trigonal antiprism sliced off by pinacoid (l) ��h�k�i�l� ��i�h�k�l� ��k�i�h�l�
�khil� �hikl� �ikhl�

Dihexagonal prism �hki0� �ihk0� �kih0�
Truncated hexagon through origin ��k�h�i0� ��h�i�k0� ��i�k�h0�

��h�k�i0� ��i�h�k0� ��k�i�h0�
�khi0� �hik0� �ikh0�

Hexagonal dipyramid �h0�hl� ��hh0l� �0�hhl�
Hexagonal prism �0�hh�l� ��hh0�l� �h0�h�l�

��h0h�l� �h�h0�l� �0h�h�l�
�0h�hl� �h�h0l� ��h0hl�

6 c ..m Rhombohedron �hh2hl� �2hhhl� �h2hhl�
Trigonal antiprism (k) ��h�h2h�l� ��h2h�h�l� �2h�h�h�l�
Hexagonal prism �11�20� ��2110� �1�210�
Hexagon through origin ��1�120� ��12�10� �2�1�10�

6 b ..2 Hexagonal prism �10�10� ��1100� �0�110�
Hexagon through origin (i) ��1010� �1�100� �01�10�

2 a 3.m Pinacoid or parallelohedron �0001� �000�1�
Line segment through origin (e)

Symmetry of special projections

Along �001� Along �100� Along �210�
6mm 2mm 2
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�3m

�3
2
m

D3d

RHOMBOHEDRAL AXES

12 d 1 Ditrigonal scalenohedron or hexagonal
scalenohedron

�hkl� �lhk� �klh�
��k�h�l� ��h�l�k� ��l�k�h�

Trigonal antiprism sliced off by pinacoid (i) ��h�k�l� ��l�h�k� ��k�l�h�
�khl� �hlk� �lkh�

Dihexagonal prism �hk�h�k�� ��h�k�hk� �k�h�k�h�
Truncated hexagon through origin ��k�h�h�k�� ��h�h�k��k� ��h�k��k�h�

��h�k�h�k�� ��h�k��h�k� ��k�h�k��h�
�kh�h�k�� �h�h�k�k� ��h�k�kh�

Hexagonal dipyramid �hk�2k�h�� ��2k�h�hk� �k�2k�h�h�
Hexagonal prism ��k�h�h�2k�� ��h�h�2k��k� ��h�2k��k�h�

��h�k�h�2k�� ��h�2k��h�k� ��k�h�2k��h�
�kh�2k�h�� �h�2k�h�k� ��2k�h�kh�

6 c .m Rhombohedron �hhl� �lhh� �hlh�
Trigonal antiprism (h) ��h�h�l� ��h�l�h� ��l�h�h�
Hexagonal prism �11�2� ��211� �1�21�
Hexagon through origin ��1�12� ��12�1� �2�1�1�

6 b .2 Hexagonal prism �01�1� ��101� �1�10�
Hexagon through origin ( f ) �0�11� �10�1� ��110�

2 a 3m Pinacoid or parallelohedron �111� ��1�1�1�
Line segment through origin (c)

Symmetry of special projections

Along �111� Along �1�10� Along �2�1�1�
6mm 2 2mm

HEXAGONAL SYSTEM

6 C6

6 b 1 Hexagonal pyramid �hkil� �ihkl� �kihl� ��h�k�il� ��i�h�kl� ��k�i�hl�
Hexagon (d)

Hexagonal prism �hki0� �ihk0� �kih0� ��h�k�i0� ��i�h�k0� ��k�i�h0�
Hexagon through origin

1 a 6.. Pedion or monohedron �0001� or �000�1�
Single point (a)

Symmetry of special projections
Along �001� Along �100� Along �210�

6 m m
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�6 C3h

6 c 1 Trigonal dipyramid �hkil� �ihkl� �kihl�
Trigonal prism (l) �hki�l� �ihk�l� �kih�l�

3 b m.. Trigonal prism �hki0� �ihk0� �kih0�
Trigon through origin (j)

2 a 3.. Pinacoid or parallelohedron �0001� �000�1�
Line segment through origin (g)

Symmetry of special projections
Along �001� Along �100� Along �210�

3 m m

6�m C6h

12 c 1 Hexagonal dipyramid �hkil� �ihkl� �kihl� ��h�k�il� ��i�h�kl� ��k�i�hl�
Hexagonal prism (l) �hki�l� �ihk�l� �kih�l� ��h�k�i�l� ��i�h�k�l� ��k�i�h�l�

6 b m.. Hexagonal prism �hki0� �ihk0� �kih0� ��h�k�i0� ��i�h�k0� ��k�i�h0�
Hexagon through origin ( j )

2 a 6.. Pinacoid or parallelohedron �0001� �000�1�
Line segment through origin (e)

Symmetry of special projections
Along �001� Along �100� Along �210�

6 2mm 2mm

622 D6

12 d 1 Hexagonal trapezohedron �hkil� �ihkl� �kihl� ��h�k�il� ��i�h�kl� ��k�i�hl�
Twisted hexagonal antiprism (n) �khi�l� �hik�l� �ikh�l� ��k�h�i�l� ��h�i�k�l� ��i�k�h�l�
Dihexagonal prism �hki0� �ihk0� �kih0� ��h�k�i0� ��i�h�k0� ��k�i�h0�
Truncated hexagon through origin �khi0� �hik0� �ikh0� ��k�h�i0� ��h�i�k0� ��i�k�h0�
Hexagonal dipyramid �h0�hl� ��hh0l� �0�hhl� ��h0hl� �h�h0l� �0h�hl�
Hexagonal prism �0h�h�l� �h�h0�l� ��h0h�l� �0�hh�l� ��hh0�l� �h0�h�l�
Hexagonal dipyramid �hh2hl� �2hhhl� �h2hhl� ��h�h2hl� �2h�h�hl� ��h2h�hl�
Hexagonal prism �hh2h�l� �h2hh�l� �2hhh�l� ��h�h2h�l� ��h2h�h�l� �2h�h�h�l�

6 c ..2 Hexagonal prism �10�10� ��1100� �0�110� ��1010� �1�100� �01�10�
Hexagon through origin (l)

6 b .2. Hexagonal prism �11�20� ��2110� �1�210� ��1�120� �2�1�10� ��12�10�
Hexagon through origin ( j )

2 a 6.. Pinacoid or parallelohedron �0001� �000�1�
Line segment through origin (e)

Symmetry of special projections
Along �001� Along �100� Along �210�

6mm 2mm 2mm
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6mm C6v

12 d 1 Dihexagonal pyramid �hkil� �ihkl� �kihl� ��h�k�il� ��i�h�kl� ��k�i�hl�
Truncated hexagon ( f ) �khil� �hikl� �ikhl� ��k�h�il� ��h�i�kl� ��i�k�hl�
Dihexagonal prism �hki0� �ihk0� �kih0� ��h�k�i0� ��i�h�k0� ��k�i�h0�
Truncated hexagon through origin �khi0� �hik0� �ikh0� ��k�h�i0� ��h�i�k0� ��i�k�h0�

6 c .m. Hexagonal pyramid �h0�hl� ��hh0l� �0�hhl� ��h0hl� �h�h0l� �0h�hl�
Hexagon (e)

Hexagonal prism �10�10� ��1100� �0�110� ��1010� �1�100� �01�10�
Hexagon through origin

6 b ..m Hexagonal pyramid �hh2hl� �2hhhl� �h2hhl� ��h�h2hl� �2h�h�hl� ��h2h�hl�
Hexagon (d)

Hexagonal prism �11�20� ��2110� �1�210� ��1�120� �2�1�10� ��12�10�
Hexagon through origin

1 a 6mm Pedion or monohedron �0001� or �000�1�
Single point (a)

Symmetry of special projections
Along �001� Along �100� Along �210�

6mm m m

�6m2 D3h

12 e 1 Ditrigonal dipyramid �hkil� �ihkl� �kihl�
Edge-truncated trigonal prism (o) �hki�l� �ihk�l� �kih�l�

��k�h�il� ��h�i�kl� ��i�k�hl�
��k�h�i�l� ��h�i�k�l� ��i�k�h�l�

Hexagonal dipyramid �hh2hl� �2hhhl� �h2hhl�
Hexagonal prism �hh2h�l� �2hhh�l� �h2hh�l�

��h�h2hl� ��h2h�hl� �2h�h�hl�
��h�h2h�l� ��h2h�h�l� �2h�h�h�l�

6 d m.. Ditrigonal prism �hki0� �ihk0� �kih0�
Truncated trigon through origin (l) ��k�h�i0� ��h�i�k0� ��i�k�h0�
Hexagonal prism �11�20� ��2110� �1�210�
Hexagon through origin ��1�120� ��12�10� �2�1�10�

6 c .m. Trigonal dipyramid �h0�hl� ��hh0l� �0�hhl�
Trigonal prism (n) �h0�h�l� ��hh0�l� �0�hh�l�

3 b mm2 Trigonal prism �10�10� ��1100� �0�110�
Trigon through origin ( j) or ��1010� �1�100� �01�10�

2 a 3m. Pinacoid or parallelohedron �0001� �000�1�
Line segment through origin (g)

Symmetry of special projections
Along �001� Along �100� Along �210�

3m m 2mm
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�62m D3h

12 e 1 Ditrigonal dipyramid �hkil� �ihkl� �kihl�
Edge-truncated trigonal prism (l) �hki�l� �ihk�l� �kih�l�

�khi�l� �hik�l� �ikh�l�
�khil� �hikl� �ikhl�

Hexagonal dipyramid �h0�hl� ��hh0l� �0�hhl�
Hexagonal prism �h0�h�l� ��hh0�l� �0�hh�l�

�0h�h�l� �h�h0�l� ��h0h�l�
�0h�hl� �h�h0l� ��h0hl�

6 d m.. Ditrigonal prism �hki0� �ihk0� �kih0�
Truncated trigon through origin ( j ) �khi0� �hik0� �ikh0�
Hexagonal prism �10�10� ��1100� �0�110�
Hexagon through origin �01�10� �1�100� ��1010�

6 c ..m Trigonal dipyramid �hh2hl� �2hhhl� �h2hhl�
Trigonal prism (i) �hh2h�l� �2hhh�l� �h2hh�l�

3 b m2m Trigonal prism �11�20� ��2110� �1�210�
Trigon through origin ( f ) or ��1�120� �2�1�10� ��12�10�

2 a 3.m Pinacoid or parallelohedron �0001� �000�1�
Line segment through origin (e)

Symmetry of special projections
Along �001� Along �100� Along �210�

3m 2mm m

6�mmm

6
m

2
m

2
m

D6h

24 g 1 Dihexagonal dipyramid �hkil� �ihkl� �kihl� ��h�k�il� ��i�h�kl� ��k�i�hl�
Edge-truncated hexagonal prism (r) �khi�l� �hik�l� �ikh�l� ��k�h�i�l� ��h�i�k�l� ��i�k�h�l�

��h�k�i�l� ��i�h�k�l� ��ki�h�l� �hki�l� �ihk�l� �kih�l�
��k�h�il� ��h�i�kl� ��i�k�hl� �khil� �hikl� �ikhl�

12 f m.. Dihexagonal prism �hki0� �ihk0� �kih0� ��h�k�i0� ��i�h�k0� ��k�i�h0�
Truncated hexagon through origin ( p) �khi0� �hik0� �ikh0� ��k�h�i0� ��h�i�k0� ��i�k�h0�

12 e .m. Hexagonal dipyramid �h0�hl� ��hh0l� �0�hhl� ��h0hl� �h�h0l� �0h�hl�
Hexagonal prism (o) �0h�h�l� �h�h0�l� ��h0h�l� �0�hh�l� ��hh0�l� �h0�h�l�

12 d ..m Hexagonal dipyramid �hh2hl� �2hhhl� �h2hhl� ��h�h2hl� �2h�h�hl� ��h2h�hl�
Hexagonal prism (n) �hh2h�l� �h2hh�l� �2hhh�l� ��h�h2h�l� ��h2h�h�l� �2h�h�h�l�

6 c mm2 Hexagonal prism �10�10� ��1100� �0�110� ��1010� �1�100� �01�10�
Hexagon through origin (l)

6 b m2m Hexagonal prism �11�20� ��2110� �1�210� ��1�120� �2�1�10� ��12�10�
Hexagon through origin ( j)

2 a 6mm Pinacoid or parallelohedron �0001� �000�1�
Line segment through origin (e)

Symmetry of special projections
Along �001� Along �100� Along �210�

6mm 2mm 2mm
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CUBIC SYSTEM

23 T

12 c 1 Pentagon-tritetrahedron or tetartoid
or tetrahedral pentagon-dodecahedron
Snub tetrahedron �� pentagon-tritetra-
hedron � two tetrahedra� � j�

�hkl� ��h�kl� ��hk�l� �h�k�l�
�lhk� �l�h�k� ��l�hk� ��lh�k�
�klh� ��kl�h� �k�l�h� ��k�lh�

Trigon-tritetrahedron
or tristetrahedron (for �h� � �l�)
Tetrahedron truncated by tetrahedron
�for �x� � �z��

Tetragon-tritetrahedron or deltohedron
or deltoid-dodecahedron (for �h� � �l�)
Cube � two tetrahedra �for �x� � �z��

������������
�����������

������������
�����������

�hhl� ��h�hl� ��hh�l� �h�h�l�
�lhh� �l�h�h� ��l�hh� ��lh�h�
�hlh� ��hl�h� �h�l�h� ��h�lh�

Pentagon-dodecahedron
or dihexahedron or pyritohedron
Irregular icosahedron
�� pentagon-dodecahedron � octahedron�

�0kl� �0�kl� �0k�l� �0�k�l�
�l0k� �l0�k� ��l0k� ��l0�k�
�kl0� ��kl0� �k�l0� ��k�l0�

Rhomb-dodecahedron
Cuboctahedron

�011� �0�11� �01�1� �0�1�1�
�101� �10�1� ��101� ��10�1�
�110� ��110� �1�10� ��1�10�

6 b 2.. Cube or hexahedron
Octahedron � f �

�100� ��100�
�010� �0�10�
�001� �00�1�

4 a .3. Tetrahedron
Tetrahedron �e�

�111� ��1�11� ��11�1� �1�1�1�
or ��1�1�1� �11�1� �1�11� ��111�

Symmetry of special projections
Along �001� Along �111� Along �110�

2mm 3 m

Table 10.1.2.2. The 32 three-dimensional crystallographic point groups (cont.)
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m�3
2
m
�3

Th

24 d 1 Didodecahedron or diploid
or dyakisdodecahedron
Cube � octahedron �
pentagon-dodecahedron �l�

�hkl� ��h�kl� ��hk�l� �h�k�l�
�lhk� �l�h�k� ��l�hk� ��lh�k�
�klh� ��kl�h� �k�l�h� ��k�lh�

��h�k�l� �hk�l� �h�kl� ��hkl�
��l�h�k� ��lhk� �lh�k� �l�hk�
��k�l�h� �k�lh� ��klh� �kl�h�

Tetragon-trioctahedron or trapezohedron
or deltoid-icositetrahedron
(for �h� � �l�)
Cube � octahedron � rhomb-
dodecahedron
�for �x� � �z��

Trigon-trioctahedron or trisoctahedron
(for �h� � �l�)
Cube truncated by octahedron
�for �x� � �z��

����������������
���������������

����������������
���������������

�hhl� ��h�hl� ��hh�l� �h�h�l�
�lhh� �l�h�h� ��l�hh� ��lh�h�
�hlh� ��hl�h� �h�l�h� ��h�lh�
��h�h�l� �hh�l� �h�hl� ��hhl�
��l�h�h� ��lhh� �lh�h� �l�hh�
��h�l�h� �h�lh� ��hlh� �hl�h�

12 c m.. Pentagon-dodecahedron
or dihexahedron or pyritohedron
Irregular icosahedron
�� pentagon-dodecahedron � octahedron� � j�

�0kl� �0�kl� �0k�l� �0�k�l�
�l0k� �l0�k� ��l0k� ��l0�k�
�kl0� ��kl0� �k�l0� ��k�l0�

Rhomb-dodecahedron
Cuboctahedron

�011� �0�11� �01�1� �0�1�1�
�101� �10�1� ��101� ��10�1�
�110� ��110� �1�10� ��1�10�

8 b .3. Octahedron
Cube �i�

�111� ��1�11� ��11�1� �1�1�1�
��1�1�1� �11�1� �1�11� ��111�

6 a 2mm.. Cube or hexahedron
Octahedron �e�

�100� ��100�
�010� �0�10�
�001� �00�1�

Symmetry of special projections
Along �001� Along �111� Along �110�

2mm 6 2mm

Table 10.1.2.2. The 32 three-dimensional crystallographic point groups (cont.)
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432 O

24 d 1 Pentagon-trioctahedron
or gyroid
or pentagon-icositetrahedron
Snub cube�� cube �
octahedron � pentagon-
trioctahedron� �k�

�hkl� ��h�kl� ��hk�l� �h�k�l� �kh�l� ��k�h�l� �k�hl� ��khl�
�lhk� �l�h�k� ��l�hk� ��lh�k� ��lkh� ��l�k�h� �lk�h� �l�kh�
�klh� ��kl�h� �k�l�h� ��k�lh� �h�lk� ��h�l�k� ��hlk� �hl�k�

Tetragon-trioctahedron
or trapezohedron
or deltoid-icositetrahedron
(for �h� � �l�)
Cube � octahedron �
rhomb-dodecahedron
�for �x� � �z��

Trigon-trioctahedron
or trisoctahedron
(for �h� � �l��
Cube truncated by octahedron
�for �x� � �z��

����������������������
���������������������

����������������������
���������������������

�hhl� ��h�hl� ��hh�l� �h�h�l� �hh�l� ��h�h�l� �h�hl� ��hhl�
�lhh� �l�h�h� ��l�hh� ��lh�h� ��lhh� ��l�h�h� �lh�h� �l�hh�
�hlh� ��hl�h� �h�l�h� ��h�lh� �h�lh� ��h�l�h� ��hlh� �hl�h�

Tetrahexahedron
or tetrakishexahedron
Octahedron truncated by cube

�0kl� �0�kl� �0k�l� �0�k�l� �k0�l� ��k0�l� �k0l� ��k0l�
�l0k� �l0�k� ��l0k� ��l0�k� ��lk0� ��l�k0� �lk0� �l�k0�
�kl0� ��kl0� �k�l0� ��k�l0� �0�lk� �0�l�k� �0lk� �0l�k�

12 c ..2 Rhomb-dodecahedron
Cuboctahedron �i�

�011� �0�11� �01�1� �0�1�1�
�101� �10�1� ��101� ��10�1�
�110� ��110� �1�10� ��1�10�

8 b .3. Octahedron
Cube �g�

�111� ��1�11� ��11�1� �1�1�1�
��1�1�1� �11�1� �1�11� ��111�

6 a 4.. Cube or hexahedron
Octahedron �e�

�100� ��100�
�010� �0�10�
�001� �00�1�

Symmetry of special projections
Along �001� Along �111� Along �110�

4mm 3m 2mm
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�43m Td

24 d 1 Hexatetrahedron
or hexakistetrahedron
Cube truncated by
two tetrahedra � j�

�hkl� ��h�kl� ��hk�l� �h�k�l� �khl� ��k�hl� �k�h�l� ��kh�l�
�lhk� �l�h�k� ��l�hk� ��lh�k� �lkh� �l�k�h� ��lk�h� ��l�kh�
�klh� ��kl�h� �k�l�h� ��klh� �hlk� ��hl�k� ��h�lk� �h�l�k�

Tetrahexahedron
or tetrakishexahedron
Octahedron truncated by cube

�0kl� �0�kl� �0k�l� �0�k�l� �k0l� ��k0l� �k0�l� ��k0�l�
�l0k� �l0�k� ��l0k� ��l0�k� �lk0� �l�k0� ��lk0� ��l�k0�
�kl0� ��kl0� �k�l0� ��k�l0� �0lk� �0l�k� �0�lk� �0�l�k�

12 c ..m

Trigon-tritetrahedron
or tristetrahedron
(for �h� � �l�)
Tetrahedron truncated
by tetrahedron �i�
�for �x� � �z��

Tetragon-tritetrahedron
or deltohedron
or deltoid-dodecahedron
(for �h� � �l�)
Cube � two tetrahedra �i�
�for �x� � �z��

����������������������
���������������������

����������������������
���������������������

�hhl� ��h�hl� ��hh�l� �h�h�l�
�lhh� �l�h�h� ��l�hh� ��lh�h�
�hlh� ��hl�h� �h�l�h� ��h�lh�

Rhomb-dodecahedron
Cuboctahedron

�110� ��1�10� ��110� �1�10�
�011� �0�1�1� �0�11� �01�1�
�101� ��10�1� �10�1� ��101�

6 b 2.mm Cube or hexahedron
Octahedron � f �

�100� ��100�
�010� �0�10�
�001� �00�1�

4 a .3m Tetrahedron
Tetrahedron �e�

�111� ��1�11� ��11�1� �1�1�1�
or ��1�1�1� �11�1� �1�11� ��111�

Symmetry of special projections
Along �001� Along �111� Along �110�

4mm 3m m
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m�3m

4
m
�3

2
m

Oh

48 f l Hexaoctahedron
or hexakisoctahedron
Cube truncated by
octahedron and by rhomb-
dodecahedron �n�

�hkl� ��h�kl� ��hk�l� �h�k�l� �kh�l� ��k�h�l� �k�hl� ��khl�
�lhk� �l�h�k� ��l�hk� ��lh�k� ��lkh� ��l�k�h� �lk�h� �l�kh�
�klh� ��kl�h� �k�l�h� ��k�lh� �h�lk� ��h�l�k� ��hlk� �hl�k�
��h�k�l� �hk�l� �h�kl� ��hkl� ��k�hl� �khl� ��kh�l� �k�h�l�
��l�h�k� ��lhk� �lh�k� �l�hk� �l�k�h� �lkh� ��l�kh� ��lk�h�
��k�l�h� �k�lh� ��klh� �kl�h� ��hl�k� �hlk� �h�l�k� ��h�lk�

24 e ..m

Tetragon-trioctahedron
or trapezohedron
or deltoid-icositetrahedron
(for �h� � �l�)
Cube � octahedron � rhomb-
dodecahedron �m�
�for �x� � �z��

Trigon-trioctahedron
or trisoctahedron
(for �h� � �l��
Cube truncated by
octahedron �m�
�for �x� � �z��

������������������������
�����������������������

������������������������
�����������������������

�hhl� ��h�hl� ��hh�l� �h�h�l� �hh�l� ��h�h�l� �h�hl� ��hhl�
�lhh� �l�h�h� ��l�hh� ��lh�h� ��lhh� ��l�h�h� �lh�h� �l�hh�
�hlh� ��hl�h� �h�l�h� ��h�lh� �h�lh� ��h�l�h� ��hlh� �hl�h�

24 d m.. Tetrahexahedron
or tetrakishexahedron
Octahedron truncated
by cube �k�

�0kl� �0�kl� �0k�l� �0�k�l� �k0�l� ��k0�l� �k0l� ��k0l�
�l0k� �l0�k� ��l0k� ��l0�k� ��lk0� ��l�k0� �lk0� �l�k0�
�kl0� ��kl0� �k�l0� ��k�l0� �0�lk� �0�l�k� �0lk� �0l�k�

12 c m.m2 Rhomb-dodecahedron
Cuboctahedron �i�

�011� �0�11� �01�1� �0�1�1�
�101� �10�1� ��101� ��10�1�
�110� ��110� �1�10� ��1�10�

8 b .3m Octahedron
Cube �g�

�111� ��1�11� ��11�1� �1�1�1� �11�1� ��1�1�1� �1�11� ��111�

6 a 4m.m Cube or hexahedron
Octahedron �e�

�100� ��100�
�010� �0�10�
�001� �00�1�

Symmetry of special projections
Along �001� Along �111� Along �110�

4mm 6mm 2mm

Table 10.1.2.2. The 32 three-dimensional crystallographic point groups (cont.)

CUBIC SYSTEM (cont.)

790

10. POINT GROUPS AND CRYSTAL CLASSES



Table 10.1.2.3. The 47 crystallographic face and point forms, their names, eigensymmetries, and their occurrence in the
crystallographic point groups (generating point groups)

The oriented face (site) symmetries of the forms are given in parentheses after the Hermann–Mauguin symbol (column 6); a symbol such as mm2��m�, m���
indicates that the form occurs in point group mm2 twice, with face (site) symmetries .m. and m... Basic (general and special) forms are printed in bold face, limiting
(general and special) forms in normal type. The various settings of point groups 32, 3m, 3m, 42m and 6m2 are connected by braces.

No. Crystal form Point form

Number of
faces or
points Eigensymmetry

Generating point groups with oriented face (site)
symmetries between parentheses

1 Pedion or monohedron Single point 1 �m 1�1�� 2�2�� m�m�� 3�3�� 4�4��
6�6�� mm2�mm2�� 4mm�4mm��
3m�3m�� 6mm�6mm�

2 Pinacoid or
parallelohedron

Line segment through
origin

2 �
m

m 1�1�� 2�1�� m�1�� 2
m
�2.m�� 222�2.., .2., ..2��

mm2��m�, m���� mmm�2mm, m2m, mm2��
4�2..�� 4

m
�4..�� 422�4..�, 42m�2.mm�

4m2�2mm.�
�

�

4
m

mm�4mm�� 3�3..��
321�3..�
312�3..��
32 �3.�

��
�

3m1�3m.�
31m�3.m��
3m1�3m�

��
�

6�3..�� 6
m
�6..�� 622�6..��

6m2�3m.�
62m�3.m�

�
�

6
m

mm�6mm�

3 Sphenoid, dome, or
dihedron

Line segment 2 mm2 2�1�� m�1�� mm2�.m., m..�

4 Rhombic disphenoid
or rhombic
tetrahedron

Rhombic tetrahedron 4 222 222�1�

5 Rhombic pyramid Rectangle 4 mm2 mm2�1�
6 Rhombic prism Rectangle through

origin
4 mmm 2�m�1�� 222�1�*� mm2�1�� mmm�m.., .m., ..m�

7 Rhombic dipyramid Quad 8 mmm mmm�1�
8 Tetragonal pyramid Square 4 4mm 4�1�� 4mm�..m, .m.�
9 Tetragonal disphenoid

or tetragonal
tetrahedron

Tetragonal
tetrahedron

4 42m
4�1�� 42m�..m�

4m2�.m.�
�

10 Tetragonal prism Square through origin 4 4
m

mm 4�1�� 4�1�� 4
m
�m..�� 422�..2, .2.�� 4mm���m, �m���

� 42m�.2.� � 42m���m�
4m2�..2� � 4m2��m��

	
�

4
m

mm�m.m2, m2m.�

11 Tetragonal
trapezohedron

Twisted tetragonal
antiprism

8 422 422�1�

12 Ditetragonal pyramid Truncated square 8 4mm 4mm�1�
13 Tetragonal

scalenohedron
Tetragonal

tetrahedron cut off
by pinacoid

8 42m 42m�1�
4m2�1�

�

14 Tetragonal dipyramid Tetragonal prism 8 4
m

mm
4
m
�1�� 422�1�*� † 42m�1�

4m2�1�
�

�
4
m

mm�.m, .m.�

15 Ditetragonal prism Truncated square
through origin

8 4
m

mm 422�1�� 4mm�1�� 42m�1�
4m2�1�

�
�

4
m

mm�m..�

16 Ditetragonal dipyramid Edge-truncated
tetragonal prism

16 4
m

mm
4
m

mm�1�
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No. Crystal form Point form

Number of
faces or
points Eigensymmetry

Generating point groups with oriented face (site)
symmetries between parentheses

17 Trigonal pyramid Trigon 3 3m
3�1��

3m1�.m.�
31m�..m�
3m �.m�

��
�

18 Trigonal prism Trigon through origin 3 62m
3�1��

321�.2.�
312�..2��
32 �.2�

��
�

3m1��m��
31m���m��
3m ��m�

��
�

6�m..�� 6m2�mm2�
62m�m2m�

�

19 Trigonal
trapezohedron

Twisted trigonal
antiprism

6 32 321�1�
312�1�
32 �1�

��
�

20 Ditrigonal pyramid Truncated trigon 6 3m 3m�1�
21 Rhombohedron Trigonal antiprism 6 3m

3�1��
321�1�
312�1��
32 �1�

��
�

3m1�.m.�
31m�..m�
3m �.m�

��
�

22 Ditrigonal prism Truncated trigon
through origin

6 62m 321�1�
312�1��
32 �1�

��
�

3m1�1�
31m�1��
3m �1�

��
�

6m2�m..�
62m�m..�

�

23 Hexagonal pyramid Hexagon 6 6mm 3m1�1�
31m�1��
3m �1�

��
� 6�1�� 6mm�..m, .m.�

24 Trigonal dipyramid Trigonal prism 6 62m 321�1�
312�1��
32 �1�

��
� 6�1�� 6m2�.m.�

62m�..m�
�

25 Hexagonal prism Hexagon through
origin

6 6
m

mm
3�1��

321�1�
312�1��
32 �1�

���
��

3m1�1�
31m�1�
3m �1�

���
��

�
3m1�.2.� � 3m1��m��
31m�..2� � 31m���m��
3m�.2� � 3m��m�

���
��

6�1�� 6
m
�m..�� 622�.2., ..2��

6mm���m, �m��� 6m2�m���
62m�m���

	
�

6
m

mm�m2m, mm2�

26 Ditrigonal
scalenohedron or
hexagonal
scalenohedron

Trigonal antiprism
sliced off by
pinacoid

12 3m 3m1�1�
31m�1�
3m �1�

��
�

27 Hexagonal
trapezohedron

Twisted hexagonal
antiprism

12 622 622�1�

28 Dihexagonal pyramid Truncated hexagon 12 6mm 6mm�1�
29 Ditrigonal dipyramid Edge-truncated

trigonal prism
12 62m 6m2�1�

62m�1�
�

30 Dihexagonal prism Truncated hexagon 12 6
m

mm 3m1�1�
31m�1��
3m �1�

��
� 622�1�� 6mm�1��

6
m

mm�m..�

Table 10.1.2.3. The 47 crystallographic face and point forms, their names, eigensymmetries, and their occurrence in the
crystallographic point groups (generating point groups) (cont.)
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No. Crystal form Point form

Number of
faces or
points Eigensymmetry

Generating point groups with oriented face (site)
symmetries between parentheses

31 Hexagonal dipyramid Hexagonal prism 12 6
m

mm 3m1�1�
31m�1��
3m �1�

���
��

6
m
�1�� 622�1���

6m2�1�
62m�1�

	
�

6
m

mm�..m, .m.�

32 Dihexagonal
dipyramid

Edge-truncated
hexagonal prism

24 6
m

mm
6
m

mm�1�

33 Tetrahedron Tetrahedron 4 43m 23�.3.�� 43m�.3m�
34 Cube or hexahedron Octahedron 6 m3m 23�2..�� m3�2mm..��

432�4..�� 43m�2.mm�� m3m�4m.m�
35 Octahedron Cube 8 m3m m3�.3.�� 432�.3.�� m3m�.3m�
36 Pentagon-

tritetrahedron or
tetartoid or
tetrahedral
pentagon-
dodecahedron

Snub tetrahedron
(=pentagon-
tritetrahedron +
two tetrahedra)

12 23 23�1�

37 Pentagon-
dodecahedron or
dihexahedron or
pyritohedron

Irregular icosahedron
(= pentagon-
dodecahedron +
octahedron)

12 m3 23�1�� m3�m..�

38 Tetragon-tritetrahedron
or deltohedron or
deltoid-
dodecahedron

Cube and two
tetrahedra

12 43m 23�1�� 43m�..m�

39 Trigon-tritetrahedron
or tristetrahedron

Tetrahedron truncated
by tetrahedron

12 43m 23�1�� 43m�..m�

40 Rhomb-dodecahedron Cuboctahedron 12 m3m 23�1�� m3�m���� 432�..2��
43m���m�� m3m�m.m2�

41 Didodecahedron or
diploid or
dyakisdodecahedron

Cube & octahedron
& pentagon-
dodecahedron

24 m3 m3�1�

42 Trigon-trioctahedron
or trisoctahedron

Cube truncated by
octahedron

24 m3m m3�1�� 432�1�� m3m�..m�

43 Tetragon-trioctahedron
or trapezohedron or
deltoid-
icositetrahedron

Cube & octahedron
& rhomb-
dodecahedron

24 m3m m3�1�� 432�1�� m3m�..m�

44 Pentagon-trioctahedron
or gyroid

Cube + octahedron +
pentagon-
trioctahedron

24 432 432�1�

45 Hexatetrahedron or
hexakistetrahedron

Cube truncated by
two tetrahedra

24 43m 43m�1�

46 Tetrahexahedron or
tetrakishexahedron

Octahedron truncated
by cube

24 m3m 432�1�� 43m�1�� m3m�m..�

47 Hexaoctahedron or
hexakisoctahedron

Cube truncated by
octahedron and by
rhomb-
dodecahedron

48 m3m m3m�1�

* These limiting forms occur in three or two non-equivalent orientations (different types of limiting forms); cf. Table 10.1.2.2.
† In point groups 42m and 3m, the tetragonal prism and the hexagonal prism occur twice, as a ‘basic special form’ and as a ‘limiting special form’. In these cases, the point
groups are listed twice, as 42m�.2.� & 42m���m� and as 3m1�.2.� & 3m1��m��.

Table 10.1.2.3. The 47 crystallographic face and point forms, their names, eigensymmetries, and their occurrence in the
crystallographic point groups (generating point groups) (cont.)
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Table 10.1.2.4. Names and symbols of the 32 crystal classes

Point group

System used in
this volume

International symbol
Schoenflies
symbol

Class names

Short Full Groth (1921) Friedel (1926)

Triclinic 1 1 C1 Pedial (asymmetric) Hemihedry

1 1 Ci�S2� Pinacoidal Holohedry

Monoclinic 2 2 C2 Sphenoidal Holoaxial hemihedry

m m Cs�C1h� Domatic Antihemihedry

2�m
2
m C2h Prismatic Holohedry

Orthorhombic 222 222 D2�V � Disphenoidal Holoaxial hemihedry

mm2 mm2 C2v Pyramidal Antihemihedry

mmm
2
m

2
m

2
m D2h�Vh� Dipyramidal Holohedry

Tetragonal 4 4 C4 Pyramidal Tetartohedry with 4-axis

4 4 S4 Disphenoidal Sphenohedral tetartohedry

4�m
4
m C4h Dipyramidal Parahemihedry

422 422 D4 Trapezohedral Holoaxial hemihedry

4mm 4mm C4v Ditetragonal-pyramidal Antihemihedry with 4-axis

42m 42m D2d�Vd� Scalenohedral Sphenohedral antihemihedry

4/mmm
4
m

2
m

2
m D4h Ditetragonal-dipyramidal Holohedry

Hexagonal Rhombohedral

Trigonal 3 3 C3 Pyramidal Ogdohedry Tetartohedry

3 3 C3i�S6� Rhombohedral Paratetartohedry Parahemihedry

32 32 D3 Trapezohedral Holoaxial
tetartohedry
with 3-axis

Holoaxial
hemihedry

3m 3m C3v Ditrigonal-pyramidal Hemimorphic
antitetartohedry

Antihemihedry

3m 3
2
m

D3d Ditrigonal-scalenohedral Parahemihedry
with 3-axis

Holohedry

Hexagonal 6 6 C6 Pyramidal Tetartohedry with 6-axis

6 6 C3h Trigonal-dipyramidal Trigonohedral antitetartohedry

6�m
6
m C6h Dipyramidal Parahemihedry with 6-axis

622 622 D6 Trapezohedral Holoaxial hemihedry

6mm 6mm C6v Dihexagonal-pyramidal Antihemihedry with 6-axis

62m 62m D3h Ditrigonal-dipyramidal Trigonohedral antihemihedry

6�mmm
6
m

2
m

2
m D6h Dihexagonal-dipyramidal Holohedry

Cubic 23 23 T Tetrahedral-pentagondodecahedral
�� tetartoidal�

Tetartohedry

m3
2
m

3 Th Disdodecahedral
�� diploidal�

Parahemihedry

432 432 O Pentagon-icositetrahedral
�� gyroidal�

Holoaxial hemihedry

43m 43m Td Hexakistetrahedral
�� hextetrahedral�

Antihemihedry

m3m
4
m

3
2
m

Oh Hexakisoctahedral
�� hexoctahedral�

Holohedry
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(2) In point group 32, the general form is a trigonal trapezohedron
�hkl�; this form can be considered as two opposite trigonal
pyramids, rotated with respect to each other by an angle �. The
trapezohedron changes into the limiting forms ‘trigonal dipyr-
amid’ �hhl� for � � 0� and ‘rhombohedron’ �h0l� for � � 60�.

(vii) One and the same type of polyhedron can occur as a general,
special or limiting form.

Examples
(1) A tetragonal dipyramid is a general form in point group 4�m, a

special form in point group 4�mmm and a limiting general form
in point groups 422 and 42m.

(2) A tetragonal prism appears in point group 42m both as a basic
special form (4b) and as a limiting special form (4c).

(viii) A peculiarity occurs for the cubic point groups. Here the
crystal forms �hhl� are realized as two topologically different kinds
of polyhedra with the same face symmetry, multiplicity and, in
addition, the same eigensymmetry. The realization of one or other of
these forms depends upon whether the Miller indices obey the
conditions �h� � �l� or �h� � �l�, i.e. whether, in the stereographic
projection, a face pole is located between the directions [110] and
[111] or between the directions [111] and [001]. These two kinds of
polyhedra have to be considered as two realizations of one type of
crystal form because their face poles are located on the same set of
conjugate symmetry elements. Similar considerations apply to the
point forms x, x, z.

In the point groups m3m and 43m, the two kinds of polyhedra
represent two realizations of one special ‘Wyckoff position’; hence,
they have the same Wyckoff letter. In the groups 23, m3 and 432,
they represent two realizations of the same type of limiting general
forms. In the tables of the cubic point groups, the two entries are
always connected by braces.

The same kind of peculiarity occurs for the two icosahedral point
groups, as mentioned in Section 10.1.4 and listed in Table 10.1.4.3.

10.1.2.5. Names and symbols of the crystal classes

Several different sets of names have been devised for the 32
crystal classes. Their use, however, has greatly declined since the
introduction of the international point-group symbols. As examples,
two sets (both translated into English) that are frequently found in
the literature are given in Table 10.1.2.4. To the name of the class
the name of the system has to be added: e.g. ‘tetragonal pyramidal’
or ‘tetragonal tetartohedry’.

Note that Friedel (1926) based his nomenclature on the point
symmetry of the lattice. Hence, two names are given for the five
trigonal point groups, depending whether the lattice is hexagonal or
rhombohedral: e.g. ‘hexagonal ogdohedry’ and ‘rhombohedral
tetartohedry’.

10.1.3. Subgroups and supergroups of the
crystallographic point groups

In this section, the sub- and supergroup relations between the
crystallographic point groups are presented in the form of a ‘family
tree’.* Figs. 10.1.3.1 and 10.1.3.2 apply to two and three
dimensions. The sub- and supergroup relations between two groups
are represented by solid or dashed lines. For a given point group �
of order kP the lines to groups of lower order connect � with all its
maximal subgroups � with orders kH ; the index [i] of each
subgroup is given by the ratio of the orders kP�kH . The lines to
groups of higher order connect � with all its minimal supergroups �

with orders kS; the index [i] of each supergroup is given by the ratio
kS�kP. In other words: if the diagram is read downwards, subgroup
relations are displayed; if it is read upwards, supergroup relations
are revealed. The index is always an integer (theorem of Lagrange)
and can be easily obtained from the group orders given on the left of
the diagrams. The highest index of a maximal subgroup is [3] for
two dimensions and [4] for three dimensions.

Two important kinds of subgroups, namely sets of conjugate
subgroups and normal subgroups, are distinguished by dashed and
solid lines. They are characterized as follows:

The subgroups �1,�2, � � � ,�n of a group � are conjugate
subgroups if �1,�2, � � � ,�n are symmetrically equivalent in �, i.e.
if for every pair �i,�j at least one symmetry operation � of �
exists which maps �i onto �j � �

�1�i� � �j; cf. Section 8.3.6.

Examples
(1) Point group 3m has three different mirror planes which are

equivalent due to the threefold axis. In each of the three
maximal subgroups of type m, one of these mirror planes is
retained. Hence, the three subgroups m are conjugate in 3m.
This set of conjugate subgroups is represented by one dashed
line in Figs. 10.1.3.1 and 10.1.3.2.

(2) Similarly, group 432 has three maximal conjugate subgroups of
type 422 and four maximal conjugate subgroups of type 32.

The subgroup � of a group � is a normal (or invariant) subgroup
if no subgroup �� of � exists that is conjugate to � in �. Note that
this does not imply that � is also a normal subgroup of any
supergroup of �. Subgroups of index [2] are always normal and
maximal. (The role of normal subgroups for the structure of space
groups is discussed in Section 8.1.6.)

Examples
(1) Fig. 10.1.3.2 shows two solid lines between point groups 422

and 222, indicating that 422 has two maximal normal subgroups
222 of index [2]. The symmetry elements of one subgroup are
rotated by 45� around the c axis with respect to those of the other
subgroup. Thus, in one subgroup the symmetry elements of the
two secondary, in the other those of the two tertiary tetragonal
symmetry directions (cf. Table 2.2.4.1) are retained, whereas the
primary twofold axis is the same for both subgroups. There
exists no symmetry operation of 422 that maps one subgroup
onto the other. This is illustrated by the stereograms below. The
two normal subgroups can be indicated by the ‘oriented

Fig. 10.1.3.1. Maximal subgroups and minimal supergroups of the two-
dimensional crystallographic point groups. Solid lines indicate maximal
normal subgroups; double solid lines mean that there are two maximal
normal subgroups with the same symbol. Dashed lines refer to sets of
maximal conjugate subgroups. The group orders are given on the left.

� This type of diagram was first used in IT (1935): in IT (1952) a somewhat
different approach was employed.
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symbols’ 222. and 2.22.

(2) Similarly, group 432 has one maximal normal subgroup, 23.

Figs. 10.1.3.1 and 10.1.3.2 show that there exist two ‘summits’ in
both two and three dimensions from which all other point groups can
be derived by ‘chains’ of maximal subgroups. These summits are
formed by the square and the hexagonal holohedry in two dimensions
and by the cubic and the hexagonal holohedry in three dimensions.

The sub- and supergroups of the point groups are useful both in
their own right and as basis of the translationengleiche or t
subgroups and supergroups of space groups; this is set out in Section
2.2.15. Tables of the sub- and supergroups of the plane groups and
space groups are contained in Parts 6 and 7. A general discussion of
sub- and supergroups of crystallographic groups, together with
further explanations and examples, is given in Section 8.3.3.

10.1.4. Noncrystallographic point groups

10.1.4.1. Description of general point groups

In Sections 10.1.2 and 10.1.3, only the 32 crystallographic point
groups (crystal classes) are considered. In addition, infinitely many
noncrystallographic point groups exist that are of interest as
possible symmetries of molecules and of quasicrystals and as

approximate local site symmetries in crystals. Crystallographic and
noncrystallographic point groups are collected here under the name
general point groups. They are reviewed in this section and listed in
Tables 10.1.4.1 to 10.1.4.3.

Because of the infinite number of these groups only classes of
general point groups (general classes)* can be listed. They are
grouped into general systems, which are similar to the crystal
systems. The ‘general classes’ are of two kinds: in the cubic,
icosahedral, circular, cylindrical and spherical system, each general
class contains one point group only, whereas in the 4N-gonal,
�2N � 1�-gonal and �4N � 2�-gonal system, each general class
contains infinitely many point groups, which differ in their principal
n-fold symmetry axis, with n � 4, 8, 12, � � � for the 4N-gonal
system, n � 1, 3, 5, � � � for the �2N � 1�-gonal system and n �
2, 6, 10, � � � for the �4N � 2�-gonal system.

Furthermore, some general point groups are of order infinity
because they contain symmetry axes (rotation or rotoinversion axes)
of order infinity† (�-fold axes). These point groups occur in the

Fig. 10.1.3.2. Maximal subgroups and minimal supergroups of the three-dimensional crystallographic point groups. Solid lines indicate maximal normal
subgroups; double or triple solid lines mean that there are two or three maximal normal subgroups with the same symbol. Dashed lines refer to sets of
maximal conjugate subgroups. The group orders are given on the left. Full Hermann–Mauguin symbols are used.

� The ‘classesof general pointgroups’are not the same as the commonly used ‘crystal
classes’ because some of them contain point groups of different orders. All these
orders, however, follow a common scheme. In this sense, the ‘general classes’ are an
extension of the concept of (geometric) crystal classes. For example, the general class
nmm of the 4N-gonal system contains the point groups 4mm (tetragonal), 8mm
(octagonal), 12mm (dodecagonal), 16mm etc.
� The axes of order infinity, as considered here, do not correspond to cyclic groups (as
do the axes of finite order) because there is no smallest rotation from which all other
rotations can be derived as higher powers, i.e. by successive application. Instead,
rotations of all possible angles exist. Nevertheless, it is customary to symbolize these
axes as � or C�; note that the Hermann–Mauguin symbols ��m and � are
equivalent, and so are the Schoenflies symbols C�h, S� and C�i. (There exist also
axes of order infinity that do correspond to cyclic groups, namely axes based upon
smallest rotations with irrational values of the rotation angle.)

796

10. POINT GROUPS AND CRYSTAL CLASSES



circular system (two dimensions) and in the cylindrical and
spherical systems (three dimensions).

The Hermann–Mauguin and Schoenflies symbols for the general
point groups follow the rules of the crystallographic point groups
(cf. Section 2.2.4 and Chapter 12.1). This extends also to the infinite
groups where symbols like �m or C�v are immediately obvious.

In two dimensions (Table 10.1.4.1), the eight general classes are
collected into three systems. Two of these, the 4N-gonal and the
�4N � 2�-gonal systems, contain only point groups of finite order
with one n-fold rotation point each. These systems are general-
izations of the square and hexagonal crystal systems. The circular
system consists of two infinite point groups, with one �-fold
rotation point each.

In three dimensions (Table 10.1.4.2), the 28 general classes are
collected into seven systems. Three of these, the 4N-gonal, the
�2N � 1�-gonal and the �4N � 2�-gonal systems,* contain only
point groups of finite order with one principal n-fold symmetry axis
each. These systems are generalizations of the tetragonal, trigonal,
and hexagonal crystal systems (cf. Table 10.1.1.2). The five cubic
groups are well known as crystallographic groups. The two
icosahedral groups of orders 60 and 120, characterized by special
combinations of twofold, threefold and fivefold symmetry axes, are
discussed in more detail below. The groups of the cylindrical and
the spherical systems are all of order infinity; they describe the
symmetries of cylinders, cones, rotation ellipsoids, spheres etc.

It is possible to define the three-dimensional point groups on the
basis of either rotoinversion axes n or rotoreflection axes �n. The
equivalence between these two descriptions is apparent from the
following examples:

n � 4N � 4 � �4 8 � �8 � � � n � �n
n � 2N � 1 � 1 � �2 3 � �6 � 3 1 � � � n �
2n � n 1
n � 4N � 2 � 2 � �1 � m 6 � �3 � 3�m � � � n �
1

2 n � 1
2 n�m�

In the present tables, the standard convention of using rotoinversion
axes is followed.

Tables 10.1.4.1 and 10.1.4.2 contain for each class its general
Hermann–Mauguin and Schoenflies symbols, the group order and
the names of the general face form and its dual, the general point
form.† Special and limiting forms are not given, nor are ‘Miller
indices’ (hkl) and point coordinates x, y, z. They can be derived easily
from Tables 10.1.2.1 and 10.1.2.2 for the crystallographic groups.‡

10.1.4.2. The two icosahedral groups

The two point groups 235 and m�3�5 of the icosahedral system
(orders 60 and 120) are of particular interest among the
noncrystallographic groups because of the occurrence of fivefold
axes and their increasing importance as symmetries of molecules
(viruses), of quasicrystals, and as approximate local site symmetries
in crystals (alloys, B12 icosahedron). Furthermore, they contain as
special forms the two noncrystallographic platonic solids, the

regular icosahedron (20 faces, 12 vertices) and its dual, the regular
pentagon-dodecahedron (12 faces, 20 vertices).

The icosahedral groups (cf. diagrams in Table 10.1.4.3) are
characterized by six fivefold axes that include angles of 63�43�.
Each fivefold axis is surrounded by five threefold and five twofold
axes, with angular distances of 37�38� between a fivefold and a
threefold axis and of 31�72� between a fivefold and a twofold axis.
The angles between neighbouring threefold axes are 41�81�,
between neighbouring twofold axes 36�. The smallest angle
between a threefold and a twofold axis is 20�90�.

Each of the six fivefold axes is perpendicular to five twofold
axes; there are thus six maximal conjugate pentagonal subgroups of
types 52 (for 235) and 5m (for m�3�5) with index [6]. Each of the ten
threefold axes is perpendicular to three twofold axes, leading to ten
maximal conjugate trigonal subgroups of types 32 (for 235) and 3m
(for m�3�5) with index [10]. There occur, furthermore, five maximal
conjugate cubic subgroups of types 23 (for 235) and m3 (for m�3�5)
with index [5].

The two icosahedral groups are listed in Table 10.1.4.3, in a form
similar to the cubic point groups in Table 10.1.2.2. Each group is
illustrated by stereographic projections of the symmetry elements
and the general face poles (general points); the complete sets of
symmetry elements are listed below the stereograms. Both groups
are referred to a cubic coordinate system, with the coordinate axes
along three twofold rotation axes and with four threefold axes along
the body diagonals. This relation is well brought out by symbolizing
these groups as 235 and m�3�5 instead of the customary symbols 532
and �5�3m.

The table contains also the multiplicities, the Wyckoff letters and
the names of the general and special face forms and their duals, the
point forms, as well as the oriented face- and site-symmetry
symbols. In the icosahedral ‘holohedry’ m�3�5, the special ‘Wyckoff
position’ 60d occurs in three realizations, i.e. with three types of
polyhedra. In 235, however, these three types of polyhedra are
different realizations of the limiting general forms, which depend
on the location of the poles with respect to the axes 2, 3 and 5. For
this reason, the three entries are connected by braces; cf. Section
10.1.2.4, Notes on crystal and point forms, item (viii).

Not included are the sets of equivalent Miller indices and point
coordinates. Instead, only the ‘initial’ triplets (hkl) and x, y, z for
each type of form are listed. The complete sets of indices and
coordinates can be obtained in two steps§ as follows:

(i) For the face forms the cubic point groups 23 and m3 (Table
10.1.2.2), and for the point forms the cubic space groups P23 (195)
and Pm3 (200) have to be considered. For each ‘initial’ triplet (hkl),
the set of Miller indices of the (general or special) crystal form with
the same face symmetry in 23 (for group 235) or m3 (for m�3�5) is
taken. For each ‘initial’ triplet x, y, z, the coordinate triplets of the
(general or special) position with the same site symmetry in P23 or
Pm3 are taken; this procedure is similar to that described in Section
10.1.2.3 for the crystallographic point forms.

(ii) To obtain the complete set of icosahedral Miller indices and
point coordinates, the ‘cubic’ (hkl) triplets (as rows) and x, y, z
triplets (as columns) have to be multiplied with the identity matrix
and with

(a) the matrices Y , Y 2, Y 3 and Y 4 for the Miller indices;� Here, the �2N � 1�-gonal and the �4N � 2�-gonal systems are distinguished in
order to bring out the analogy with the trigonal and the hexagonal crystal systems.
They could equally well be combined into one, in correspondence with the
hexagonal ‘crystal family’ (cf. Chapter 2.1).
� The noncrystallographic face and point forms are extensions of the corresponding
crystallographic forms: cf. Section 10.1.2.4, Notes on crystal and point forms. The
name streptohedron applies to the general face forms of point groups n with n � 4N
and n � 2N � 1; it is thus a generalization of the tetragonal disphenoid or tetragonal
tetrahedron �4� and the rhombohedron �3�.
� The term ‘Miller indices’ is used here also for the noncrystallographic point
groups. Note that these indices do not have to be integers or rational numbers, as for
the crystallographic point groups. Irrational indices, however, can always be closely
approximated by integers, quite often even by small integers.

� A one-step procedure applies to the icosahedral ‘Wyckoff position’ 12a, the face
poles and points of which are located on the fivefold axes. Here, step (ii) is
redundant and can be omitted. The forms �01�� and 0, y, �y are contained in the
cubic point groups 23 and m3 and in the cubic space groups P23 and Pm3 as limiting
cases of Wyckoff positions�0kl� and 0, y, z with specialized (irrational) values of
the indices and coordinates. In geometric terms, the regular pentagon-dodecahedron
is a noncrystallographic ‘limiting polyhedron’ of the ‘crystallographic’ pentagon-
dodecahedron and the regular icosahedron is a ‘limiting polyhedron’ of the
‘irregular’ icosahedron (cf. Section 10.1.2.2, Crystal and point forms).
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Table 10.1.4.1. Classes of general point groups in two dimensions �N � integer � 0�

General Hermann–Mauguin
symbol Order of group General edge form General point form Crystallographic groups

4N-gonal system (n-fold rotation point with n � 4N )

n n Regular n-gon Regular n-gon 4

nmm 2n Semiregular di-n-gon Truncated n-gon 4mm

�4N � 2�-gonal system (n-fold or 1
2 n-fold rotation point with n � 4N � 2)

1
2 n 1

2 n Regular 1
2 n-gon Regular 1

2 n-gon 1, 3
1
2 nm n Semiregular di-1

2 n-gon Truncated 1
2 n-gon m, 3m

n n Regular n-gon Regular n-gon 2, 6

nmm 2n Semiregular di-n-gon Truncated n-gon 2mm, 6mm

Circular system *

� � Rotating circle Rotating circle –

�m � Stationary circle Stationary circle –

* A rotating circle has no mirror lines; there exist two enantiomorphic circles with opposite senses of rotation. A stationary circle has infinitely many mirror lines through its
centre.

Table 10.1.4.2. Classes of general point groups in three dimensions �N � integer � 0�

Short general Hermann–
Mauguin symbol, followed
by full symbol where
different Schoenflies symbol

Order of
group General face form General point form

Crystallographic
groups

4N-gonal system (single n-fold symmetry axis with n � 4N )

n Cn n n-gonal pyramid Regular n-gon 4

n Sn n 1
2 n-gonal streptohedron 1

2 n-gonal antiprism 4

n�m Cnh 2n n-gonal dipyramid n-gonal prism 4�m

n22 Dn 2n n-gonal trapezohedron Twisted n-gonal antiprism 422

nmm Cnv 2n Di-n-gonal pyramid Truncated n-gon 4mm

n2m D1
2nd 2n n-gonal scalenohedron 1

2 n-gonal antiprism sliced
off by pinacoid

42m

n�mmm,
n
m

2
m

2
m

Dnh 4n Di-n-gonal dipyramid Edge-truncated n-gonal
prism

4�mmm

�2N � 1�-gonal system (single n-fold symmetry axis with n � 2N � 1)

n Cn n n-gonal pyramid Regular n-gon 1, 3

n � n  1 Cni 2n n-gonal streptohedron n-gonal antiprism 1, 3 � 3  1

n2 Dn 2n n-gonal trapezohedron Twisted n-gonal antiprism 32

nm Cnv 2n Di-n-gonal pyramid Truncated n-gon 3m

nm, n
2
m

Dnd 4n Di-n-gonal scalenohedron n-gonal antiprism sliced
off by pinacoid

3m

�4N � 2�-gonal system (single n-fold symmetry axis with n � 4N � 2)

n Cn n n-gonal pyramid Regular n-gon 2, 6

n � 1
2n�m C1

2nh n 1
2n-gonal dipyramid 1

2n-gonal prism 2 � m, 6 � 3�m

n�m Cnh 2n n-gonal dipyramid n-gonal prism 2�m, 6�m

n22 Dn 2n n-gonal trapezohedron Twisted n-gonal antiprism 222, 622

nmm Cnv 2n Di-n-gonal pyramid Truncated n-gon mm2, 6mm

n2m � 1
2n�m2m D1

2nh 2n Di-1
2n-gonal dipyramid Truncated 1

2n-gonal prism 62m

n�mmm,
n
m

2
m

2
m Dnh 4n Di-n-gonal dipyramid

Edge-truncated n-gonal
prism

mmm, 6�mmm

798

10. POINT GROUPS AND CRYSTAL CLASSES



Table 10.1.4.2. Classes of general point groups in three dimensions �N � integer � 0� (cont.)

Short general Hermann–
Mauguin symbol, followed
by full symbol where
different Schoenflies symbol

Order of
group General face form General point form

Crystallographic
groups

Cubic system (for details see Table 10.1.2.2)

23 T 12 Pentagon-tritetrahedron Snub tetrahedron 23

m3,
2
m

3 Th 24 Didodecahedron Cube & octahedron &
pentagon-dodecahedron

m3

432 O 24 Pentagon-trioctahedron Snub cube 432

43m Td 24 Hexatetrahedron Cube truncated by two
tetrahedra

43m

m3m,
4
m

3
2
m

Oh 48 Hexaoctahedron Cube truncated by
octahedron and by
rhomb-dodecahedron

m3m

Icosahedral system* (for details see Table 10.1.4.3)

235 I 60 Pentagon-
hexecontahedron

Snub pentagon-
dodecahedron

–

m35,
2
m

35 Ih 120 Hecatonicosahedron Pentagon-dodecahedron
truncated by
icosahedron and by
rhomb-triacontahedron

–

Cylindrical system†

� C� � Rotating cone Rotating circle –

��m � � C�h � S� � C�i � Rotating double cone Rotating finite cylinder –

�2 D� � ‘Anti-rotating’ double
cone

‘Anti-rotating’ finite
cylinder

–

�m C�v � Stationary cone Stationary circle –

��mm � �m,
�
m

2
m
� �2

m
D�h � D�d � Stationary double cone Stationary finite cylinder –

Spherical system‡

2� K � Rotating sphere Rotating sphere –

m�,
2
m
� Kh � Stationary sphere Stationary sphere –

* The Hermann–Mauguin symbols of the two icosahedral point groups are often written as 532 and �5�3m (see text).
† Rotating and ‘anti-rotating’ forms in the cylindrical system have no ‘vertical’ mirror planes, whereas stationary forms have infinitely many vertical mirror planes. In
classes � and �2, enantiomorphism occurs, i.e. forms with opposite senses of rotation. Class ��m � � exhibits no enantiomorphism due to the centre of symmetry, even
though the double cone is rotating in one direction. This can be understood as follows: One single rotating cone can be regarded as a right-handed or left-handed screw,
depending on the sense of rotation with respect to the axial direction from the base to the tip of the cone. Thus, the rotating double cone consists of two cones with opposite
handedness and opposite orientations related by the (single) horizontal mirror plane. In contrast, the ‘anti-rotating’ double cone in class �2 consists of two cones of equal
handedness and opposite orientations, which are related by the (infinitely many) twofold axes. The term ‘anti-rotating’ means that upper and lower halves of the forms rotate
in opposite directions.
‡ The spheres in class 2� of the spherical system must rotate around an axis with at least two different orientations, in order to suppress all mirror planes. This class exhibits
enantiomorphism, i.e. it contains spheres with either right-handed or left-handed senses of rotation around the axes (cf. Section 10.2.4, Optical properties). The stationary
spheres in class m� contain infinitely many mirror planes through the centres of the spheres.
Group 2� is sometimes symbolized by ��; group m� by �� or ��m. The symbols used here indicate the minimal symmetry necessary to generate the groups; they
show, furthermore, the relation to the cubic groups. The Schoenflies symbol K is derived from the German name Kugelgruppe.
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Table 10.1.4.3. The two icosahedral point groups

General, special and limiting face forms and point forms, oriented face- and site-symmetry symbols, and ‘initial’ values of (hkl) and x, y, z (see text).

235 I

60 d 1 Pentagon-hexecontahedron (hkl)
Snub pentagon-dodecahedron (= pentagon-dodecahedron +
icosahedron + pentagon-hexecontahedron)

x, y, z

Trisicosahedron
Pentagon-dodecahedron truncated by icosahedron
�poles between axes 2 and 3�

Deltoid-hexecontahedron
Rhomb-triacontahedron �
pentagon-dodecahedron � icosahedron
�poles between axes 3 and 5�

Pentakisdodecahedron
Icosahedron truncated by
pentagon-dodecahedron
�poles between axes 5 and 2)

����������������������
���������������������

�0kl� with �l� � 0�382�k�
0, y, z with �z� � 0�382�y�

�0kl� with 0�382�k� � �l� � 1�618�k�
0, y, z with 0�382�y� � �z� � 1�618�y�

�0kl� with �l� � 1�618�k�
0, y, z with �z� � 1�618�y�

30 c 2.. Rhomb-triacontahedron
Icosadodecahedron �� pentagon-
dodecahedron � icosahedron�

�100�
x, 0, 0

20 b .3. Regular icosahedron
Regular pentagon-dodecahedron

�111�
x, x, x

12 a ..5 Regular pentagon-dodecahedron
Regular icosahedron

�01��
0, y, �y

�
with � � 1

2�
���
5

� � 1� � 1�618

Symmetry of special projections

Along �001� Along �111� Along �1�0�
2mm 3m 5m
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m�3�5

2
m
�3�5

Ih

120 e l Hecatonicosahedron or hexaicosahedron (hkl)
Pentagon-dodecahedron truncated by icosahedron and by

rhomb-triacontahedron
x, y, z

60 d m.. Trisicosahedron
Pentagon-dodecahedron truncated by icosahedron
(poles between axes 2 and 3�

Deltoid-hexecontahedron
Rhomb-triacontahedron � pentagon-dodecahedron �
icosahedron
(poles between axes 3 and 5�

Pentakisdodecahedron
Icosahedron truncated by pentagon-dodecahedron
(poles between axes 5 and 2�

��������������������
�������������������

�0kl� with �l� � 0�382�k�
0, y, z with �z� � 0�382�y�

�0kl� with 0�382�k� � �l� � 1�618�k�
0, y, z with 0�382�y� � �z� � 1�618�y�

�0kl� with �l� � 1�618�k�
0, y, z with �z� � 1�618�y�

30 c 2mm.. Rhomb-triacontahedron (100)
Icosadodecahedron (= pentagon-dodecahedron �
icosahedron)

x, 0, 0

20 b 3m (m3.) Regular icosahedron (111)
Regular pentagon-dodecahedron x, x, x

12 a 5m (m.5) Regular pentagon-dodecahedron
Regular icosahedron

�01��
0, y, �y

�
with � � 1

2 �
���
5

� � 1� � 1�618

Symmetry of special projections
Along �001� Along �111� Along �1�0�

2mm 6mm 10mm

Table 10.1.4.3. The two icosahedral point groups (cont.)
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(b) the matrices Y�1, Y�2, Y�3 and Y�4 for the point coordinates.
This sequence of matrices ensures the same correspondence

between the Miller indices and the point coordinates as for the
crystallographic point groups in Table 10.1.2.2.

The matrices* are

Y � Y�4 �
1
2 g G

g G � 1
2

�G 1
2 g


��

�
��, Y 2 � Y�3 �

�g G 1
2

G 1
2 �g

� 1
2 g �G


��

�
��,

Y 3 � Y�2 �
�g G � 1

2

G 1
2 g

1
2 �g �G


��

�
��, Y 4 � Y�1 �

1
2 g �G

g G 1
2

G � 1
2 g


��

�
��,

with†

G �
���
5

� � 1
4

� �

2
� cos 36� � 0�80902 � 72

89

g �
���
5

� � 1
4

� � � 1
2

� cos 72� � 0�30902 � 17
55

�

These matrices correspond to counter-clockwise rotations of 72,
144, 216 and 288� around a fivefold axis parallel to �1�0�.

The resulting indices h, k, l and coordinates x, y, z are irrational
but can be approximated closely by rational (or integral) numbers.
This explains the occurrence of almost regular icosahedra or
pentagon-dodecahedra as crystal forms (for instance pyrite) or
atomic groups (for instance B12 icosahedron).

Further descriptions (including diagrams) of noncrystallographic
groups are contained in papers by Nowacki (1933) and A. Niggli
(1963) and in the textbooks by P. Niggli (1941, pp. 78–80, 96),
Shubnikov & Koptsik (1974) and Vainshtein (1994). For the
geometry of polyhedra, the well known books by H. S. M. Coxeter
(especially Coxeter, 1973) are recommended.

10.1.4.3. Sub- and supergroups of the general point groups

In Figs. 10.1.4.1 to 10.1.4.3, the subgroup and supergroup
relations between the two-dimensional and three-dimensional
general point groups are illustrated. It should be remembered that
the index of a group–subgroup relation between two groups of order
infinity may be finite or infinite. For the two spherical groups, for
instance, the index is [2]; the cylindrical groups, on the other hand,
are subgroups of index [�] of the spherical groups.

Fig. 10.1.4.1 for two dimensions shows that the two circular
groups �m and � have subgroups of types nmm and n,
respectively, each of index [�]. The order of the rotation point
may be n � 4N , n � 4N � 2 or n � 2N � 1. In the first case, the
subgroups belong to the 4N-gonal system, in the latter two cases,
they belong to the �4N � 2�-gonal system. [In the diagram of the
�4N � 2�-gonal system, the �2N � 1�-gonal groups appear with the
symbols 1

2 nm and 1
2 n.] The subgroups of the circular groups are not

maximal because for any given value of N there exists a group with
N � � 2N which is both a subgroup of the circular group and a
supergroup of the initial group.

The subgroup relations, for a specified value of N, within the 4N-
gonal and the �4N � 2�-gonal system, are shown in the lower part of
the figure. They correspond to those of the crystallographic groups.
A finite number of further maximal subgroups is obtained for lower

values of N, until the crystallographic groups (Fig. 10.1.3.1) are
reached. This is illustrated for the case N � 4 in Fig. 10.1.4.2.

Fig. 10.1.4.3 for three dimensions illustrates that the two
spherical groups 2�m� and 2� each have one infinite set of
cylindrical maximal conjugate subgroups, as well as one infinite set

Fig. 10.1.4.1. Subgroups and supergroups of the two-dimensional general
point groups. Solid lines indicate maximal normal subgroups, double
solid lines mean that there are two maximal normal subgroups with the
same symbol. Dashed lines refer to sets of maximal conjugate
subgroups. For the finite groups, the orders are given on the left. Note
that the subgroups of the two circular groups are not maximal and the
diagram applies only to a specified value of N (see text). For complete
examples see Fig. 10.1.4.2.

Fig. 10.1.4.2. The subgroups of the two-dimensional general point groups
16mm (4N-gonal system) and 18mm [�4N � 2�-gonal system, including
the �2N � 1�-gonal groups]. Compare with Fig. 10.1.4.1 which applies
only to one value of N.

� Note that for orthogonal matrices Y�1 � Y t �t � transposed�.
� The number � � 2G � 2g � 1 � 1�618034 (Fibonacci number) is the character-
istic value of the golden section �� � 1� � � � � � 1, i.e. ��� � 1� � 1. Furthermore,
� is the distance between alternating vertices of a regular pentagon of unit edge
length and the distance from centre to vertex of a regular decagon of unit edge
length.
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of cubic and one infinite set of icosahedral maximal finite conjugate
subgroups, all of index [�].

Each of the two icosahedral groups 235 and 2�m�3�5 has one set of
five cubic, one set of six pentagonal and one set of ten trigonal
maximal conjugate subgroups of indices [5], [6] and [10],
respectively (cf. Section 10.1.4.2, The two icosahedral groups);
they are listed on the right of Fig. 10.1.4.3. For crystallographic
groups, Fig. 10.1.3.2 applies. The subgroup types of the five
cylindrical point groups are shown on the left of Fig. 10.1.4.3. As
explained above for two dimensions, these subgroups are not
maximal and of index [�]. Depending upon whether the main
symmetry axis has the multiplicity 4N, 4N � 2 or 2N � 1, the
subgroups belong to the 4N-gonal, �4N � 2�-gonal or �2N � 1�-
gonal system.

The subgroup and supergroup relations within these three
systems are displayed in the lower left part of Fig 10.1.4.3. They
are analogous to the crystallographic groups. To facilitate the use of

the diagrams, the �4N � 2�-gonal and the �2N � 1�-gonal systems
are combined, with the consequence that the five classes of
the �2N � 1�-gonal system now appear with the symbols
1
2 n 2

m , 1
2 n2, 1

2 nm, 1
2 n and 1

2 n. Again, the diagrams apply to a
specified value of N. A finite number of further maximal subgroups
is obtained for lower values of N, until the crystallographic groups
(Fig. 10.1.3.2) are reached (cf. the two-dimensional examples in
Fig. 10.1.4.2).
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Fig. 10.1.4.3. Subgroups and supergroups of the three-dimensional general point groups. Solid lines indicate maximal normal subgroups, double solid
lines mean that there are two maximal normal subgroups with the same symbol. Dashed lines refer to sets of maximal conjugate subgroups. For the
finite groups, the orders are given on the left and on the right. Note that the subgroups of the five cylindrical groups are not maximal and that the
diagram applies only to a specified value of N (see text). Only those crystallographic point groups are included that are maximal subgroups of
noncrystallographic point groups. Full Hermann–Mauguin symbols are used.
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10.2. Point-group symmetry and physical properties of crystals

BY H. KLAPPER AND TH. HAHN

10.2.1. General restrictions on physical properties
imposed by symmetry

The point group of a crystal is the symmetry that is common to all of
its macroscopic properties. In other words, the point group of a
crystal is a (not necessarily proper) subgroup of the symmetry group
of any of its physical properties. It follows that the symmetry group
of any property of a crystal must include the symmetry operations of
the crystal point group. This is the so-called ‘Neumann’s principle’,
which can be used to derive information about the symmetry of a
crystal from its physical properties.

Certain interesting physical properties occur only in noncen-
trosymmetric crystals; cf. Table 10.2.1.1. These are mainly
properties represented by polar tensors of odd rank (e.g.
pyroelectricity, piezoelectricity) or axial tensors of second rank
(e.g. optical activity); see textbooks of tensor physics, e.g. Nye
(1957). These properties are, as a rule, the most important ones, not
only for physical applications but also for structure determination,
because they allow a proof of the absence of a symmetry centre. For
the description of noncentrosymmetric crystals and their specific
properties, certain notions are of importance and these are explained
below. Further detailed treatments of tensor properties are presented
in International Tables for Crystallography Vol. D (2003).

10.2.1.1. Enantiomorphism, enantiomerism, chirality,
dissymmetry

These terms refer to the same symmetry restriction, the absence
of improper rotations (rotoinversions, rotoreflections) in a crystal or
in a molecule. This implies in particular the absence of a centre of
symmetry, 1, and of a mirror plane, m � 2, but also of a 4 axis. As a
consequence, such chiral crystals or molecules can occur in two
different forms, which are related as a right and a left hand; hence,
they are called right-handed and left-handed forms. These two
forms of a molecule or a crystal are mirror-related and not
superimposable (not congruent). Thus, the only symmetry opera-
tions that are allowed for chiral objects are proper rotations. Such
objects are also called dissymmetric, in contrast to asymmetric
objects, which have no symmetry.

The terms enantiomerism and chirality are mainly used in
chemistry and applied to molecules, whereas the term enantio-
morphism is preferred in crystallography if reference is made to
crystals.

Enantiomorphic crystals, as well as solutions or melts containing
chiral molecules of one handedness, exhibit optical activity (cf.
Section 10.2.4.2). Crystals and molecules of the other handedness
show optical activity with the opposite sense of rotation. For this
reason, two molecules of opposite chirality are also called optical
isomers.

Chiral molecules form enantiomorphic crystals of the corre-
sponding handedness. The crystals belong, therefore, to one of the
11 crystal classes allowing enantiomorphism (Table 10.2.1.1).
Racemic mixtures (containing equal amounts of molecules of each
chirality), however, may crystallize in non-enantiomorphic or even
centrosymmetric crystal classes. Racemization (i.e. the switching of
molecules from one chirality to the other) of an optically active melt
or solution can occur in some cases during crystallization, leading to
non-enantiomorphic crystals.

Enantiomorphic crystals can also be built up from achiral
molecules or atom groups. In these cases, the achiral molecules
or atom groups form chiral configurations in the structure. The best
known examples are quartz and NaClO3. For details, reference
should be made to Rogers (1975).

10.2.1.2. Polar directions, polar axes, polar point groups

A direction is called polar if its two directional senses are
geometrically or physically different. A polar symmetry direction of
a crystal is called a polar axis. Only proper rotation or screw axes
can be polar. The polar and nonpolar directions in the 21
noncentrosymmetric point groups are listed in Table 10.2.1.2.

The terms polar point group or polar crystal class are used in two
different meanings. In crystal physics, a crystal class is considered
as polar if it allows the existence of a permanent dipole moment, i.e.
if it is capable of pyroelectricity (cf. Section 10.2.5). In crystal-
lography, however, the term polar crystal class is frequently used
synonymously with noncentrosymmetric crystal class. The synon-
ymous use of polar and acentric, however, can be misleading, as is
shown by the following example. Consider an optically active
liquid. Its symmetry can be represented as a right-handed or a left-
handed sphere (cf. Sections 10.1.4 and 10.2.4). The optical activity
is isotropic, i.e. magnitude and rotation sense are the same in any
direction and its counterdirection. Thus, no polar direction exists,
although the liquid is noncentrosymmetric with respect to optical
activity.

According to Neumann’s principle, information about the point
group of a crystal may be obtained by the observation of physical
effects. Here, the term ‘physical properties’ includes crystal
morphology and etch figures. The use of any of the techniques
described below does not necessarily result in the complete
determination of symmetry but, when used in conjunction with
other methods, much information may be obtained. It is important
to realize that the evidence from these methods is often negative, i.e.
that symmetry conclusions drawn from such evidence must be
considered as only provisional.

In the following sections, the physical properties suitable for the
determination of symmetry are outlined briefly. For more details,
reference should be made to the monographs by Bhagavantam
(1966), Nye (1957) and Wooster (1973).

10.2.2. Morphology

If a crystal shows well developed faces, information on its
symmetry may be derived from the external form of the crystal.
By means of the optical goniometer, faces related by symmetry can
be determined even for crystals far below 1 mm in diameter. By this
procedure, however, only the eigensymmetry (cf. Section 10.1.2.2)
of the crystal morphology (which may consist of a single form or a
combination of forms) can be established. The determination of the
point group is unique in all cases where the observed eigensymmetry
group is compatible with only one generating group.

Column 6 in Table 10.1.2.3 lists all point groups for which a
given crystal form (characterized by its name and eigensymmetry)
can occur. In 19 cases, the point group can be uniquely determined
because only one entry appears in column 6. These crystal forms are
always characteristic general forms, for which eigensymmetry and
generating point-group symmetry are identical. They belong to the
19 point groups with more than one symmetry direction.

If a crystal exhibits a combination of forms which by themselves
do not permit unambiguous determination of the point group, those
generating point groups are possible that are common to all crystal
forms of the combination. The mutual orientation of the forms, if
variable, has to be taken into account, too.

Example
Two tetragonal pyramids, each of eigensymmetry 4mm, rotated
with respect to each other by an angle �� 45�, determine the point
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group 4 uniquely because the eigensymmetry of the combination
is only 4.

In practice, however, unequal or incomplete development of the
faces of a form often simulates a symmetry that is lower than the
actual crystal symmetry. In such cases, or when the morphological
analysis is ambiguous, the crystallization of a small amount of the
compound on a seed crystal, ground to a sphere, is useful. By this
procedure, faces of additional forms (and often of the characteristic
general form) appear as small facets on the sphere and their
interfacial angles can be measured.

In favourable cases, even the space group can be derived from the
morphology of a crystal: this is based on the so-called Bravais–
Donnay–Harker principle (cf. Section 3.1.3). A textbook descrip-
tion is given by Phillips (1971).

Furthermore, measurements of the interfacial angles by means of
the optical goniometer permit the determination of the relative
dimensions of a ‘morphological unit cell’ with good accuracy.
Thus, for instance, the interaxial angles �, �, � and the axial ratio
a:b:c of a triclinic crystal may be derived. The ratio a:b:c, however,
may contain an uncertainty by an integral factor with respect to the

actual cell edges of the crystal. This means that any one unit length
may have to be multiplied by an integer in order to obtain
correspondence to the ‘structural’ unit cell.

10.2.3. Etch figures

Additional information on the point group of a crystal can be gained
from the face symmetry, which is usually determined by
observation of etch figures, striations and other face markings.
Etch pits are produced by heating the crystal in vacuum
(evaporation from the surface) or by attacking it with an appropriate
reagent, which should not be optically active. The etch pits
generally appear at the end points of dislocation lines on the face.
They exhibit the symmetry of one of the ten two-dimensional point
groups which, in general,* corresponds to the symmetry of the
crystal face under investigation.

Table 10.2.1.1. Laue classes, noncentrosymmetric crystal classes, and the occurrence (+) of specific physical effects

For pyroelectricity, the direction of the pyroelectric vector is given (with unique axis b for the monoclinic system).

Crystal system Laue class
Noncentrosymmetric
crystal classes Enantiomorphism Optical activity

Pyroelectricity;
piezoelectricity
under hydrostatic
pressure

Piezoelectricity;
second-harmonic
generation

Triclinic �1 1 + + + [uvw] +

Monoclinic
2
m

2 + + + [010] +

m � + + [u0w] +

Orthorhombic
2
m

2
m

2
m

222 + + � +

mm2 � + + [001] +

Tetragonal 4
m

4 + + + [001] +

4 � + � +

422 + + � +
4
m

2
m

2
m

4mm � � + [001] +

42m � + � +

Trigonal 3 3 + + + [001] +

3
2
m

32 + + � +

3m � � + [001] +

Hexagonal 6
m

6 + + + [001] +

6 � � � +

622 + + � +
6
m

2
m

2
m

6mm � � + [001] +

62m � � � +

Cubic 2
m

3 23 + + � +

4
m

3
2
m

432 + + � �
43m � � � +

� It should be noted, however, that asymmetric etch figures may occur that are due,
for example, to an inclination of dislocation lines against the surface.
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The observation of etch figures is important when the
morphological analysis is ambiguous (cf. Section 10.2.2). For
instance, a tetragonal pyramid, which is compatible with point
groups 4 and 4mm, can be uniquely attributed to point group 4 if its
face symmetry is found to be 1. For face symmetry m, group 4mm
would result. The (oriented) face symmetries of the 47 crystal forms
in the various point groups are listed in column 6 of Table 10.1.2.3
and in column 3 of Table 10.1.2.2.

In noncentrosymmetric crystals, the etch pits on parallel but
opposite faces, even though they have the same symmetry, may be

of different size or shape, thus proving the absence of a symmetry
centre. Note that the orientation of etch pits with respect to the
edges of the face is significant (cf. Buerger, 1956), as well as the
mutual arrangement of etch pits on opposite faces. Thus, for a
pinacoid with face symmetry 1, the possible point groups 1, 2 and m
of the crystal can be distinguished by the mutual orientation of etch
pits on the two faces. Moreover, twinning by merohedry and the
true symmetry of the two (or more) twin partners (‘twin domains’)
may be detected.

The method of etching can be applied not only to growth faces
but also to cleavage faces or arbitrarily cut faces.

10.2.4. Optical properties

Optical studies provide good facilities to determine the symmetry of
transparent crystals. The following optical properties may be used.

10.2.4.1. Refraction

The dependence of the refractive index on the vibration direction
of a plane-polarized light wave travelling through the crystal can be
obtained from the optical indicatrix. This surface is an ellipsoid
which can degenerate into a rotation ellipsoid or even into a sphere.
Thus, the lowest symmetry of the property ‘refraction’ is 2/m 2/m
2/m, the point group of the general ellipsoid. According to the three
different forms of the indicatrix three categories of crystal systems
have to be distinguished (Table 10.2.4.1).

The orientation of the indicatrix is related to the symmetry
directions of the crystal. In tetragonal, trigonal and hexagonal
crystals, the rotation axis of the indicatrix (which is the unique optic
axis) is parallel to the main symmetry axis. For orthorhombic
crystals, the three principal axes of the indicatrix are oriented
parallel to the three symmetry directions. In the monoclinic system,
one of the axes of the indicatrix coincides with the monoclinic
symmetry direction, whereas, in the triclinic case, the indicatrix can,
in principle, have any orientation relative to a chosen reference
system. Thus, in triclinic and, with restrictions, in monoclinic
crystals, the orientation of the indicatrix can change with
wavelength � and temperature T (orientation dispersion). In any
system, the size of the indicatrix and, in all but the cubic system, its
shape can also vary with � and T.

When studying the symmetry of a crystal by optical means, note
that strain can lower the apparent symmetry owing to the high
sensitivity of optical properties to strain.

10.2.4.2. Optical activity

The symmetry information obtained from optical activity is quite
different from that given by optical refraction. Optical activity is in
principle confined to the 21 noncentrosymmetric classes but it can
occur in only 15 of them (Table 10.2.1.1). In the 11 enantiomorph-

Table 10.2.1.2. Polar axes and nonpolar directions in the 21
noncentrosymmetric crystal classes

All directions normal to an evenfold rotation axis and along rotoinversion axes
are nonpolar. All directions other than those in the column ‘Nonpolar
directions’ are polar. A symbol like [u0w] refers to the set of directions
obtained for all possible values of u and w, in this case to all directions normal
to the b axis, i.e. parallel to the plane (010). Symmetrically equivalent sets of
nonpolar directions are placed between semicolons; the sequence of these sets
follows the sequence of the symmetry directions in Table 2.2.4.1

System Class
Polar (symmetry)
axes Nonpolar directions

Triclinic 1 None None

Monoclinic 2 [010] [u0w]

Unique axis b m None [010]

Monoclinic 2 [001] [uv0]

Unique axis c m None [001]

Orthorhombic 222 None [0vw]; [u0w]; [uv0]

mm2 [001] [uv0]

Tetragonal 4 [001] [uv0]
�4 None [001]; [uv0]

422 None [uv0]; [0vw] [u0w];

[uuw] [u�uw]

4mm [001] [uv0]
�42m None [uv0]; [0vw] [u0w]
�4m2 None [uv0]; [uuw] [u�uw]

Trigonal 3 [001] None

(Hexagonal
axes)

321 [100], [010], [�1�10] [u2uw] [2u�uw] [u�uw]

312 [1�10], [120], [�2�10] [uuw] [�u0w] [0�vw]

3m1 [001] [100] [010] [�1�10]

31m [001] [1�10] [120] [�2�10]

Trigonal 3 [111] None

(Rhombohedral
axes)

32 [1�10], [01�1], [�101] [uuw] [uvv] [uvu]

3m [111] [1�10] [01�1] [�101]

Hexagonal 6 [001] [uv0]
�6 None [001]

622 None [u2uw] [2u�uw] [u�uw]

[uuw] [�u0w] [0�vw]

6mm [001] [uv0]
�6m2 [1�10], [120], [�2�10] [uuw] [�u0w] [0�vw]
�62m [100], [010], [�1�10] [u2uw] [2u�uw] [u�uw]

Cubic 23
�43m

�
Four threefold

axes along �111�
[0vw] [u0w] [uv0]
[0vw] [u0w] [uv0]

432 None

��
�

[0vw] [u0w] [uv0]�
[uuw] [uvv] [uvu]�
[u�uw] [uv�v] [�uvu]

Table 10.2.4.1. Categories of crystal systems distinguished
according to the different forms of the indicatrix

Crystal system Shape of indicatrix Optical character

Cubic Sphere Isotropic (not doubly refracting)
Tetragonal
Trigonal
Hexagonal

��
� Rotation ellipsoid Uniaxial

Biaxial

����
���

Anisotropic
(doubly
refracting)

Orthorhombic
Monoclinic
Triclinic

��
� General ellipsoid
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ism classes, a single crystal is either right- or left-handed. In the four
non-enantiomorphous classes m, mm2, 4 and 42m, optical activity
may also occur; here directions of both right- and left-handed
rotations of the plane of polarization exist in the same crystal. In the
other six noncentrosymmetric classes, 3m, 4mm, 6, 6mm, 62m, 43m,
optical activity is not possible.

In the two cubic enantiomorphous classes 23 and 432, the optical
activity is isotropic and can be observed along any direction.* For
the other optically active crystals, the rotation of the plane of
polarization can, in practice, be detected only in directions parallel
(or approximately parallel) to the optic axes. This is because of the
dominating effect of double refraction. No optical activity,
however, is present along an inversion axis or along a direction
parallel or perpendicular to a mirror plane. Thus, no activity occurs
along the optic axis in crystal classes 4 and 42m. In classes m and
mm2, no activity can be present along the two optic axes, if these
axes lie in m. If they are not parallel to m, they show optical
rotation(s) of opposite sense.

10.2.4.3. Second-harmonic generation (SHG)

Light waves passing through a noncentrosymmetric crystal
induce new waves of twice the incident frequency. This second-
harmonic generation is due to the nonlinear optical susceptibility.
The second-harmonic coefficients form a third-rank tensor, which is
subject to the same symmetry constraints as the piezoelectric tensor
(see Section 10.2.6). Thus, only noncentrosymmetric crystals,
except those of class 432, can show the second-harmonic effect;
cf. Table 10.2.1.1.

Second-harmonic generation is a powerful method of testing
crystalline materials for the absence of a symmetry centre. With an
appropriate experimental device, very small amounts (less than
10 mg) of powder are sufficient to detect the second-harmonic
signals, even for crystals with small deviations from centrosym-
metry (Dougherty & Kurtz, 1976).

10.2.5. Pyroelectricity and ferroelectricity

In principle, pyroelectricity can only exist in crystals with a
permanent electric dipole moment. This moment is changed by
heating and cooling, thus giving rise to electric charges on certain
crystal faces, which can be detected by simple experimental
procedures.

An electric dipole moment can be present only along a polar
direction which has no symmetrically equivalent directions.† Such
polar directions occur in the following ten classes: 6mm, 4mm, and
their subgroups 6, 4, 3m, 3, mm2, 2, m, 1 (cf. Table 10.2.1.1). In
point groups with a rotation axis, the electric moment is along this
axis. In class m, the electric moment is parallel to the mirror plane
(direction [u0w]). In class 1, any direction [uvw] is possible. In point
groups 1 and m, besides a change in magnitude, a directional
variation of the electric moment can also occur during heating or
cooling.

In practice, it is difficult to prevent strains from developing
throughout the crystal as a result of temperature gradients in the
sample. This gives rise to piezoelectrically induced charges
superposed on the true pyroelectric effect. Consequently, when
the development of electric charges by a change in temperature
is observed, the only safe deduction is that the specimen must
lack a centre of symmetry. Failure to detect pyroelectricity may
be due to extreme weakness of the effect, although modern
methods are very sensitive.

A crystal is ferroelectric if the direction of the permanent electric
dipole moment can be changed by an electric field. Thus,
ferroelectricity can only occur in the ten pyroelectric crystal
classes, mentioned above.

10.2.6. Piezoelectricity

In piezoelectric crystals, an electric dipole moment can be induced
by compressional and torsional stress. For a uniaxial compression,
the induced moment may be parallel, normal or inclined to the
compression axis. These cases are called longitudinal, transverse or
mixed compressional piezoeffect, respectively. Correspondingly,
for torsional stress, the electric moment may be parallel, normal or
inclined to the torsion axis.

The piezoelectricity is described by a third-rank tensor, the
moduli of which vanish for all centrosymmetric point groups.
Additionally, in class 432, all piezoelectric moduli are zero owing
to the high symmetry. Thus, piezoelectricity can only occur in 20
noncentrosymmetric crystal classes (Table 10.2.1.1).

The piezoelectric point groups 422 and 622 show the
following peculiarity: there is no direction for which a
longitudinal component of the electric moment is induced
under uniaxial compression. Thus, no longitudinal or mixed
compressional effects occur. The moment is always normal to
the compression axis (pure transverse compressional effect). This
means that, with the compression pistons as electrodes, no
electric charges can be found, since only transverse compres-
sional or torsional piezoeffects occur. In all other piezoelectric
classes, there exist directions in which both longitudinal and
transverse components of the electric dipole moment are induced
under uniaxial compression.

An electric moment can also develop under hydrostatic pressure.
This kind of piezoelectricity, like pyroelectricity, can be repre-
sented by a first-rank tensor (vector), whereby the hydrostatic
pressure is regarded as a scalar. Thus, piezoelectricity under
hydrostatic pressure is subject to the same symmetry constraints
as pyroelectricity.

Like ‘second-harmonic generation’ (Section 10.2.4.3), the
piezoelectric effect is very useful to test crystals for the absence
of a symmetry centre. There exist powerful methods for testing
powder samples or even small single crystals. In the old technique
of Giebe & Scheibe (cf. Wooster & Brenton, 1970), the absorption
and emission of radio-frequency energy by electromechanical
oscillations of piezoelectric particles are detected. In the more
modern method of observing ‘polarization echoes’, radio-frequency
pulses are applied to powder samples. By this procedure,
electromechanical vibration pulses are induced in piezoelectric
particles, the echoes of which can be detected (cf. Melcher &
Shiren, 1976).

� This property can be represented by enantiomorphic spheres of point group 2�,
cf. Table 10.1.4.2.
� In the literature, the requirement for pyroelectricity is frequently expressed as ‘a
unique (or singular) polar axis’. This term, however, is misleading for point groups 1
and m.
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11.1. Point coordinates, symmetry operations and their symbols

BY W. FISCHER AND E. KOCH

11.1.1. Coordinate triplets and symmetry operations

The coordinate triplets of a general position, as given in the space-
group tables, can be taken as a shorthand notation for the symmetry
operations of the space group. Each coordinate triplet �x,�y,�z
corresponds to the symmetry operation that maps a point with
coordinates x, y, z onto a point with coordinates �x,�y,�z. The mapping
of x, y, z onto �x,�y,�z is given by the equations:

�x � W11x � W12y � W13z � w1

�y � W21x � W22y � W23z � w2

�z � W31x � W32y � W33z � w3�

If, as usual, the symmetry operation is represented by a matrix pair,
consisting of a �3 � 3�matrix W and a �3 � 1� column matrix w, the
equations read

�x � �W , w�x � Wx � w

with

x �
x

y

z

�
��

�
��, �x �

�x

�y

�z

�
��

�
��,

w �
w1

w2

w3

�
��

�
��, W �

W11 W12 W13

W21 W22 W23

W31 W32 W33

�
��

�
���

W is called the rotation part and w � wg � wl the translation part; w
is the sum of the intrinsic translation part wg (glide part or screw
part) and the location part wl (due to the location of the symmetry
element) of the symmetry operation.

Example
The coordinate triplet �x � y, y, � z � 1

2 stands for the symmetry
operation with rotation part

W �
�1 1 0
0 1 0
0 0 �1

�
�

�
�

and with translation part

w �
0
0
1
2

�
�

�
��

Matrix multiplication yields

�x
�y
�z

�
�

�
� �

�1 1 0
0 1 0
0 0 �1

�
�

�
�

x
y
z

�
�

�
��

0
0
1
2

�
�

�
� �

�x � y
y

�z � 1
2

�
�

�
��

Using the above relation, the assignment of coordinate triplets to
symmetry operations given as pairs (W, w) is straightforward.

11.1.2. Symbols for symmetry operations

The information required to describe a symmetry operation by a
unique notation depends on the type of the operation (Table
11.1.2.1). The symbols explained below are based on the Hermann–
Mauguin symbols (see Chapter 12.2), modified and supplemented

where necessary. Note that a change of the coordinate basis
generally alters the symbol of a given symmetry operation.

(i) A translation is symbolized by the letter t, followed by the
components of the translation vector between parentheses.

Example
t�1

2 , 1
2 , 0� stands for a translation by the vector 1

2 a � 1
2 b, i.e. a C

centring.

(ii) A rotation is symbolized by a number n � 2, 3, 4 or 6
(according to the rotation angle 360��n) and a superscript, � or �,
which specifies the sense of rotation (not needed for n � 2). This is
followed by the location of the rotation axis. Since the definition of
the positive sense of a pure rotation is arbitrary, the following
convention has been adopted: The sense of a rotation is symbolized
by � if the rotation appears to be in the mathematically positive
sense (i.e. counter-clockwise) when viewed along the rotation axis
in the direction of decreasing values of the parameter describing
that axis. This convention leads to a particular symbol for each
rotation and avoids describing some rotations by powers of other
rotations. It corresponds to looking at the usual tetragonal or
hexagonal space-group diagrams.

Example
4� 0, y, 0 indicates a rotation of 90� about the line 0y0 that brings
point 001 onto point 100, a rotation that is seen in the
mathematically positive sense if viewed from point 010 to
point 000.

(iii) A screw rotation is symbolized in the same way as a pure
rotation, but with the screw part added between parentheses.

Example
3� �0, 0, 1

3� 1
3 , 1

3 , z indicates a rotation of 120� around the line
1
3

1
3 z in the mathematically negative sense if viewed from the

point 1
3

1
3 1 towards 1

3
1
3 0, combined with a translation of 1

3 c.

Thus, with respect to the coordinate basis chosen, each screw
rotation is designated uniquely. This could not have been achieved
by deriving the screw-rotation symbols from the Hermann–
Mauguin screw-axis symbols.

Table 11.1.2.1. Information necessary to describe symmetry
operations

Type of symmetry operation Necessary information

Translation Translation vector

Rotation Location of the rotation axis,
angle and sense of rotation

Screw rotation As for rotation, plus screw vector

Reflection Location of the mirror plane

Glide reflection As for reflection, plus glide vector

Inversion Location of the inversion centre

Rotoinversion As for rotation, plus location of
the inversion point
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Example
The symmetry operation represented by �y, z � 1

2 , � x � 1
2

occurs in space group P213 as well as in I213 and is labelled
(10) in the space-group tables (see Section 2.2.9) both times. The
corresponding symmetry element, however, is a 31 axis in P213,
but a 32 axis in I213, because the subscript refers to the shortest
translation parallel to the axis.

(iv) A reflection is symbolized by the letter m, followed by the
location of the mirror plane.

(v) A glide reflection in general is symbolized by the letter g,
with the glide part given between parentheses, followed by the
location of the glide plane. These specifications characterize every
glide reflection uniquely. Exceptions are the traditional symbols a,
b, c, n and d that are used instead of g. In the case of a glide plane a,
b or c, the explicit statement of the glide vector is omitted if it is
1
2 a, 1

2 b or 1
2 c, respectively.

Example
a x, y, 1

4 means a glide reflection with glide part 1
2 a and the glide

plane a at x y 1
4 � d�1

4 , 1
4 , 3

4� x, x � 1
4 , z denotes a glide reflection

with glide part �1
4

1
4

3
4� and the glide plane d at x, x � 1

4 , z.

The letter g is kept for those glide reflections that cannot be
described with one of the symbols a, b, c, n, d without additional
conventions.

Example
g�� 1

6 , 1
6 , 1

6� x � 1
2 , � x, z implies a glide reflection with glide

part �� 1
6 , 1

6 , 1
6� and the glide plane at x � 1

2 , � x, z.

(vi) An inversion is symbolized by 1, followed by the location of
the symmetry centre.

(vii) A rotoinversion is symbolized, in analogy to a rotation, by
3, 4 or 6 and the superscript � or �, again followed by the location
of the (rotoinversion) axis. Note that angle and sense of rotation
refer to the pure rotation and not to the combination of rotation and
inversion. In addition, the location of the inversion point is given by
the appropriate coordinate triplet after a semicolon.

Example
�4� 0, 1

2 , z� 0, 1
2 , 1

4 means a 90� rotoinversion with axis at 0 1
2 z and

inversion point at 0 1
2

1
4. The rotation is performed in the

mathematically positive sense, when viewed from 0 1
2 1 towards

0 1
2 0. Therefore, the rotoinversion maps point 000 onto point

� 1
2 , 1

2 , 1
2.
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11.2. Derivation of symbols and coordinate triplets

BY W. FISCHER AND E. KOCH
WITH TABLES 11.2.2.1 AND 11.2.2.2 BY H. ARNOLD

11.2.1. Derivation of symbols for symmetry operations
from coordinate triplets or matrix pairs

In the space-group tables, all symmetry operations with 0 � w � 1
are listed explicitly. As a consequence, the number of entries under
the heading Symmetry operations equals the multiplicity of the
general position. For space groups with centred unit cells, w � 1
may result if the centring translations are applied to the explicitly
listed coordinate triplets. In those cases, all w values have been
reduced modulo 1 for the derivation of the corresponding symmetry
operations (see Section 2.2.9). In addition to the tabulated symmetry
operations, each space group contains an infinite number of further
operations obtained by application of integral lattice translations. In
many cases, it is not trivial to obtain the additional symmetry
operations (cf. Part 4) from the ones listed. Therefore, a general
procedure is described below by which symbols for symmetry
operations as described in Section 11.1.2 may be derived from
coordinate triplets or, more specifically, from the corresponding
matrix pairs (W, w). [For a similar treatment of this topic, see
Wondratschek & Neubüser (1967).] This procedure may also be
applied to cases where space groups are given in descriptions not
contained in International Tables. In practice, two cases may be
distinguished:

(i) The matrix W is the unit matrix:

W � I �
1 0 0
0 1 0
0 0 1

�
�

�
��

In this case, the symmetry operation is a translation with translation
vector w.

Example

x � 1
2, y � 1

2, z � W �
1 0 0

0 1 0

0 0 1

�
��

�
�� � I , w �

1
2
1
2

0

�
��

�
��

� translation with translation vector w � 1
2 a � 1

2b

�C centring��
(ii) The matrix W is not the unit matrix: W �� I � In this case, one

calculates the trace, tr�W� � W11 � W22 � W33, and the determi-
nant, det �W�, and identifies the type of the rotation part of the
symmetry operation from Table 11.2.1.1.

One has to distinguish three subcases:
(a) W corresponds to a rotoinversion. The inversion point X is

obtained by solving the equation �W , w�x � x. For a rotoinver-
sion other than �1, the location of the axis follows from the
equation �W , w�2x � �W 2, Ww � w�x � x. The rotation sense
may be found either by geometrical inspection of a pair of points

related by the symmetry operation or by the algebraic procedure
described below.

Example

z, 	y � 1
2, 	x � 1

2 � W �
0 0 1

0 �1 0
�1 0 0

�
��

�
��, w �

0
1
2
1
2

�
��

�
��

� tr�W� � 	1, det �W� � 	1

� fourfold rotoinversion;

�W , w�x � x �
0 0 1

0 �1 0
�1 0 0

�
��

�
��

x

y

z

�
��

�
���

0
1
2
1
2

�
��

�
�� �

x

y

z

�
��

�
��

� x � y � z � 1
4

� inversion point at 1
4

1
4

1
4�

�W 2, Ww � w�x � x

�
�1 0 0

0 1 0

0 0 �1

�
��

�
��

x

y

z

�
��

�
���

1
2

0
1
2

�
��

�
�� �

x

y

z

�
��

�
��

� x � z � 1
4, y undetermined

� rotoinversion axis at 1
4 y 1

4�

�W , w�
1
4
1
4

z

�
��

�
�� �

0 0 1

0 �1 0
�1 0 0

�
��

�
��

1
4
1
4

z

�
��

�
���

0
1
2
1
2

�
��

�
�� �

z
1
4
1
4

�
��

�
��

� the rotation sense is negative as verified by

geometrical inspection.

� �4	 1
4, y, 1

4�
1
4,

1
4,

1
4�

(b) W corresponds to an n-fold rotation. (W, w) is thus either a
rotation or a screw rotation. To distinguish between these
alternatives, �W , w�n � �I , t� has to be calculated. For t � o,
�W , w� describes a pure rotation, the rotation axis of which is
found by solving �W , w�x � x. For t �� o, (W, w) describes a screw
rotation with screw part wg � �1�n�t. The location of the screw axis
is found as the set of fixed points for the corresponding pure rotation
�W , wl� with wl � w 	 wg, i.e. by solving �W , wl�x � x. The sense
of the rotation may be found either by geometrical inspection or by
the algebraic procedure described below.

Example

	 z, 	 x � 1
2, y � W �

0 0 �1
�1 0 0

0 1 0

�
��

�
��, w �

0
1
2

0

�
��

�
��

� tr�W� � 0, det �W� � 1

� threefold rotation or screw rotation�

�W , w�3 � �W 3, W 2w � Ww � w�
and

Table 11.2.1.1. Identification of the type of the rotation part of
the symmetry operation

tr�W� 	3 	2 	1 0 1 2 3

det �W�
1 2 3 4 6 1

	1 �1 �6 �4 �3 m
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W 2w � Ww � w � t �
	 1

2
1
2
1
2

�
��

�
��

� threefold screw rotation with screw part

wg � 1
3 t �

	 1
6
1
6
1
6

�
��

�
���

�W , wl�x � x

�
0 0 �1
�1 0 0

0 1 0

�
��

�
��

x

y

z

�
��

�
���

1
6
1
3

	 1
6

�
��

�
�� �

x

y

z

�
��

�
��

� y � 1
3 	 x� z � 1

6 	 x� x undetermined

� screw axis at x, 1
3 	 x, 1

6 	 x

(for the sense of rotation see example below)�

(c) W corresponds to a (glide) reflection. The glide char-
acter is now found by means of the equation
�W , w�2 � �I , Ww � w� � �I , t�. For t � o, (W, w) describes a
pure reflection and the location of the mirror plane follows from
�W , w�x � x. For t �� o, (W, w) corresponds to a glide reflection
with glide part wg � 1

2 t. The location of the glide plane is the set of
fixed points for the corresponding pure reflection �W , wl� �
�W , w 	 1

2 t� and is thus calculated by solving �W , wl�x � x.

Example

	y � 1
2, 	x, z � 3

4 � W �
0 �1 0
�1 0 0

0 0 1

�
��

�
��, w �

1
2

0
3
4

�
��

�
��

� tr�W� � 1, det �W� � 	1

� reflection or glide reflection�

�W , w�2 � �W 2, Ww � w�, Ww � w � t �
1
2

	 1
2
3
2

�
��

�
��

� glide reflection with glide part

wg � 1
2 t �

1
4

	 1
4
3
4

�
��

�
���

�W , wl�x � x �
0 �1 0
�1 0 0

0 0 1

�
��

�
��

x

y

z

�
��

�
���

1
4
1
4

0

�
��

�
�� �

x

y

z

�
��

�
��

� y � 	x � 1
4� x, z undetermined

� glide plane d at x, 	x � 1
4, z

� d�1
4, 	1

4,
3
4� x, 	x � 1

4, z�

The sense of a pure or screw rotation or of a rotoinversion may be
calculated as follows: One takes two arbitrary points P0 and P1 on
the rotation axis, P0 having the lower value for the free parameter of
the axis. One takes a point P2 not lying on the axis and generates P3
from P2 by the symmetry operation under consideration. One
calculates the determinant d of the matrix �v1, v2, v3� composed of
the components of vectors v1 � P0P1

��

, v2 � P0P2

��

and v3 � P0P3

��

.

For rotations or screw rotations, the sense is positive for d � 0 and
negative for d � 0. For rotoinversions, the sense is positive for
d � 0 and negative for d � 0.

Example
According to example in (b) above, the triplet 	z, 	x � 1

2, y

represents a threefold screw rotation with screw part

	 1
6
1
6
1
6

�
��

�
�� and

screw axis at x, 1
3 	 x, 1

6 	 x. To obtain the sense of the rotation,
the points 01

3
1
6 and 1

6
1
60 are used as P0 and P1 on the axis and the

points 000 and 01
20 as P2 and P3 outside the axis. The resulting

vectors are

v1 �
1
6

	 1
6

	 1
6

�
��

�
��, v2 �

0

	 1
3

	 1
6

�
��

�
��, v3 �

0
1
6

	 1
6

�
��

�
��

� d �
1
6 0 0

	 1
6 	 1

3
1
6

	 1
6 	 1

6 	 1
6

�������

�������
� 1

72
� 0

� the sense of the rotation is positive

� 3��	1
6,

1
6,

1
6� x, 1

3 	 x, 1
6 	 x�

11.2.2. Derivation of coordinate triplets from symbols for
symmetry operations

A particular symmetry operation is uniquely described by its
symbol, as introduced in Section 11.1.2, and the coordinate system
to which it refers. In the examples of the previous section, the
symbols have been derived from the coordinate triplets representing
the respective symmetry operations. Inversely, the pair (W, w) of
the symmetry operation and the coordinate triplet of the image point
can be deduced from the symbol.

(i) For all symmetry operations of space groups, the rotation
parts W referring to conventional coordinate systems are listed in
Tables 11.2.2.1 and 11.2.2.2 as matrices for point-group symmetry
operations. For rotoinversions, the position of the inversion point at
0, 0, 0 is not explicitly given.

(ii) The location part wl of w may easily be derived from

�W , wl�
x0

y0

z0

�
�

�
� �

x0

y0

z0

�
�

�
�, i�e� wl � �I 	 W�

x0

y0

z0

�
�

�
�

with x0, y0, z0 being the coordinate triplet of the inversion point of a
rotoinversion or the coordinate triplet of an arbitrary fixed point of
any other symmetry operation. The intrinsic translation part wg of
w is given explicitly in the symbol of the symmetry operation, so
that the translation part w is obtained as

w � wg � wl �
w1

w2

w3

�
�

�
��

(iii) The coordinate triplet �x,�y,�z corresponding to the symmetry
operation is now given by

�x � W 11x � W 12y � W 13z � w1

�y � W 21x � W 22y � W 23z � w2

�z � W 31x � W 32y � W 33z � w3�
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Example
4	�0, 0, 3

4� 1
4, 	 1

4, z tetragonal system

4	 0, 0, z � W �
0 1 0
�1 0 0
0 0 1

�
�

�
� from Table 11.2.2.1�

x0 � 1
4, y0 � 	1

4, z0 � 0 is a fixed point of 4	 1
4, 	1

4, z, i.e. a point on
the screw axis.

wl � �I 	 W�
x0

y0

z0

�
��

�
��

� wl �
1 �1 0

1 1 0

0 0 0

�
��

�
��

1
4

	 1
4

0

�
��

�
�� �

1
2

0

0

�
��

�
���

w � wg � wl

� w �
0

0
3
4

�
��

�
���

1
2

0

0

�
��

�
�� �

1
2

0
3
4

�
��

�
��

� �x � y � 1
2, �y � 	x, �z � z � 3

4�
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� �

m
x,

y,
y

�01
� 1�

x,
z,

y
1

0
0

0
0

1
0

1
0

� �
� �

� 4�
0,

0,
z

�00
1�

y,
� x,
�z

0
1

0
� 1

0
0

0
0

� 1

� �
� �

� 4�
0,

y,
0

�01
0�

�z,
� y,

x
0

0
� 1

0
� 1

0
1

0
0

� �
� �

� 4�
x,

0,
0

�10
0�

� x,
z,
� y

� 1
0

0
0

0
1

0
� 1

0

� �
� �

� 4	
0,

0,
z

�00
1�

� y,
x,
�z

0
� 1

0
1

0
0

0
0

� 1

� �
� �

� 4	
0,

y,
0

�01
0�

z,
� y,
� x

0
0

1
0

� 1
0

� 1
0

0

� �
� �

� 4	
x,

0,
0

�10
0�

� x,
�z,

y
� 1

0
0

0
0

� 1
0

1
0

� �
� �
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Table 11.2.2.2. Matrices for point-group symmetry operations and orientation of corresponding symmetry elements, referred to a
hexagonal coordinate system (cf. Table 2.1.2.1)

Symbol of
symmetry
operation and
orientation of
symmetry
element

Transformed
coordinates
�x,�y,�z Matrix W

Symbol of
symmetry
operation and
orientation of
symmetry
element

Transformed
coordinates
�x,�y,�z Matrix W

Symbol of
symmetry
operation and
orientation of
symmetry
element

Transformed
coordinates
�x,�y,�z Matrix W

1 x, y, z 1 0 0
0 1 0
0 0 1

�
�

�
�

3� 0, 0, z

�001�

�y, x 	 y, z 0 �1 0
1 �1 0
0 0 1

�
�

�
�

3	 0, 0, z

�001�

y 	 x,�x, z �1 1 0
�1 0 0
0 0 1

�
�

�
�

2 0, 0, z

�001�

�x,�y, z �1 0 0
0 �1 0
0 0 1

�
�

�
�

6� 0, 0, z

�001�

x 	 y, x, z 1 �1 0
1 0 0
0 0 1

�
�

�
�

6	 0, 0, z

�001�

y, y 	 x, z 0 1 0
�1 1 0
0 0 1

�
�

�
�

2 x, x, 0

�110�

y, x,�z 0 1 0
1 0 0
0 0 �1

�
�

�
�

2 x, 0, 0

�100�

x 	 y,�y,�z 1 �1 0
0 �1 0
0 0 �1

�
�

�
�

2 0, y, 0

�010�

�x, y 	 x,�z �1 0 0
�1 1 0
0 0 �1

�
�

�
�

2 x,�x, 0

�1�10�

�y,�x,�z 0 �1 0
�1 0 0
0 0 �1

�
�

�
�

2 x, 2x, 0

�120�

y 	 x, y,�z �1 1 0
0 1 0
0 0 �1

�
�

�
�

2 2x, x, 0

�210�

x, x 	 y,�z 1 0 0
1 �1 0
0 0 �1

�
�

�
�

�1 0, 0, 0 �x,�y,�z �1 0 0
0 �1 0
0 0 �1

�
�

�
�

�3� 0, 0, z

�001�

y, y 	 x,�z 0 1 0
�1 1 0
0 0 �1

�
�

�
�

�3	 0, 0, z

�001�

x 	 y, x,�z 1 �1 0
1 0 0
0 0 �1

�
�

�
�

m x, y, 0

�001�

x, y,�z 1 0 0
0 1 0
0 0 �1

�
�

�
�

�6� 0, 0, z

�001�

y 	 x,�x,�z �1 1 0
�1 0 0
0 0 �1

�
�

�
�

�6	 0, 0, z

�001�

�y, x 	 y,�z 0 �1 0
1 �1 0
0 0 �1

�
�

�
�

m x,�x, z

�110�

�y,�x, z 0 �1 0
�1 0 0
0 0 1

�
�

�
�

m x, 2x, z

�100�

y 	 x, y, z �1 1 0
0 1 0
0 0 1

�
�

�
�

m 2x, x, z

�010�

x, x 	 y, z 1 0 0
1 �1 0
0 0 1

�
�

�
�

m x, x, z

�1�10�

y, x, z 0 1 0
1 0 0
0 0 1

�
�

�
�

m x, 0, z

�120�

x 	 y,�y, z 1 �1 0
0 �1 0
0 0 1

�
�

�
�

m 0, y, z

�210�

�x, y 	 x, z �1 0 0
�1 1 0
0 0 1

�
�

�
�
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12.1. Point-group symbols

BY H. BURZLAFF AND H. ZIMMERMANN

12.1.1. Introduction

For symbolizing space groups, or more correctly types of space
groups, different notations have been proposed. The following three
are the main ones in use today:

(i) the notation of Schoenflies (1891, 1923);
(ii) the notation of Shubnikov (Shubnikov & Koptsik, 1972),

which is frequently used in the Russian literature;
(iii) the international notation of Hermann (1928) and Mauguin

(1931). It was used in IT (1935) and was somewhat modified in
IT (1952).

In all three notations, the space-group symbol is a modification of
a point-group symbol.

Symmetry elements occur in lattices, and thus in crystals, only in
distinct directions. Point-group symbols make use of these discrete
directions and their mutual relations.

12.1.2. Schoenflies symbols

Most Schoenflies symbols (Table 12.1.4.2, column 1) consist of the
basic parts Cn, Dn,* T or O, designating cyclic, dihedral, tetrahedral
and octahedral rotation groups, respectively, with n � 1, 2, 3, 4, 6.
The remaining point groups are described by additional symbols for
mirror planes, if present. The subscripts h and v indicate mirror
planes perpendicular and parallel to a main axis taken as vertical.
For T, the three mutually perpendicular twofold axes and, for O,
the three fourfold axes are considered to be the main axes. The
index d is used for mirror planes that bisect the angle between two
consecutive equivalent rotation axes, i.e. which are diagonal with
respect to these axes. For the rotoinversion axes 1, 2 � m, 3 and 4,
which do not fit into the general Schoenflies concept of symbols,
other symbols Ci, Cs, C3i and S4 are in use. The rotoinversion axis 6
is equivalent to 3�m and thus designated as C3h.

12.1.3. Shubnikov symbols

The Shubnikov symbol is constructed from a minimal set of
generators of a point group (for exceptions, see below). Thus,
strictly speaking, the symbols represent types of symmetry
operations. Since each symmetry operation is related to a symmetry
element, the symbols also have a geometrical meaning. The
Shubnikov symbols for symmetry operations differ slightly from
the international symbols (Table 12.1.3.1). Note that Shubnikov,
like Schoenflies, regards symmetry operations of the second kind as
rotoreflections rather than as rotoinversions.

If more than one generator is required, it is not sufficient to give
only the types of the symmetry elements; their mutual orientations
must be symbolized too. In the Shubnikov symbol, a colon (:), a dot
(�) or a slash (/) is used to designate perpendicular, parallel or
oblique arrangement of the symmetry elements. For a reflection, the
orientation of the actual mirror plane is considered, not that of its
normal. The exception mentioned above is the use of 3 � m instead
of �3 in the description of point groups.

12.1.4. Hermann–Mauguin symbols

12.1.4.1. Symmetry directions

The Hermann–Mauguin symbols for finite point groups make use
of the fact that the symmetry elements, i.e. proper and improper

rotation axes, have definite mutual orientations. If for each point
group the symmetry directions are grouped into classes of
symmetrical equivalence, at most three classes are obtained.
These classes were called Blickrichtungssysteme (Heesch, 1929).
If a class contains more than one direction, one of them is chosen as
representative.

The Hermann–Mauguin symbols for the crystallographic point
groups refer to the symmetry directions of the lattice point groups
(holohedries, cf. Part 9) and use other representatives than chosen
by Heesch [IT (1935), p. 13]. For instance, in the hexagonal case,
the primary set of lattice symmetry directions consists of
�[001], [001]�, representative is [001]; the secondary set of lattice
symmetry directions consists of [100], [010], [110] and their
counter-directions, representative is [100]; the tertiary set of lattice
symmetry directions consists of [110], [120�, [210] and their
counter-directions, representative is [110]. The representatives for
the sets of lattice symmetry directions for all lattice point groups are
listed in Table 12.1.4.1. The directions are related to the
conventional crystallographic basis of each lattice point group (cf.
Part 9).

The relation between the concept of lattice symmetry directions
and group theory is evident. The maximal cyclic subgroups of
the maximal rotation group contained in a lattice point group
can be divided into, at most, three sets of conjugate subgroups.
Each of these sets corresponds to one set of lattice symmetry
directions.

12.1.4.2. Full Hermann–Mauguin symbols

After the classification of the directions of rotation axes, the
description of the seven maximal rotation subgroups of the lattice
point groups is rather simple. For each representative direction, the
rotational symmetry element is symbolized by an integer n for an
n-fold axis, resulting in the symbols of the maximal rotation
subgroups 1, 2, 222, 32, 422, 622, 432. The symbol 1 is used for the
triclinic case. The complete lattice point group is constructed by
multiplying the rotation group by the inversion 1. For the even-fold
axes, 2, 4 and 6, this multiplication results in a mirror plane
perpendicular to the rotation axis yielding the symbols
2n�m �n � 1, 2, 3�. For the odd-fold axes 1 and 3, this product
leads to the rotoinversion axes 1 and 3. Thus, for each representative
of a set of lattice symmetry directions, the symmetry forms a point

Table 12.1.3.1. International (Hermann–Mauguin) and Shub-
nikov symbols for symmetry elements

The first power of a symmetry operation is often designated by the symmetry-
element symbol without exponent 1, the other powers of the operation carry the
appropriate exponent.

Symmetry elements

of the first kind of the second kind

Hermann–Mauguin 1 2 3 4 6 �1 m �3 �4 �6

Shubnikov* 1 2 3 4 6 �2 m �6 �4 �3

* According to a private communication from J. D. H. Donnay, the symbols for
elements of the second kind were proposed by M. J. Buerger. Koptsik (1966) used
them for the Shubnikov method.� Instead of D2, in older papers V (from Vierergruppe) is used.

818

International Tables for Crystallography (2006). Vol. A, Chapter 12.1, pp. 818–820.

Copyright © 2006 International Union of Crystallography



group that can be generated by one, or at most two, symmetry
operations. The resulting symbols are called full Hermann–
Mauguin (or international) symbols. For the lattice point groups
they are shown in Table 12.1.4.1.

For the description of a point group of a crystal, we use its lattice
symmetry directions. For the representative of each set of lattice
symmetry directions, the remaining subgroup is symbolized; if only
the primary symmetry direction contains symmetry higher than 1,
the symbols ‘1’ for the secondary and tertiary set (if present) can be
omitted. For the cubic point groups T and Th, the representative of
the tertiary set would be ‘1’, which is omitted. For the rotoinversion
groups 1 and 3, the remaining subgroups can only be 1 and 3. If the
supergroup is 2n�m, five different types of subgroups can be
derived: n�m, 2n, 2n, n and m. In the cubic system, for instance,
4�m, 2�m, �4, 4 or 2 may occur in the primary set. In this case, the
symbol m can only occur in the combinations 2�m or 4�m as can be
seen from Table 12.1.4.2.

12.1.4.3. Short symbols and generators

If the symbols are not only used for the identification of a group
but also for its construction, the symbol must contain a list of
generating operations and additional relations, if necessary.
Following this aspect, the Hermann–Mauguin symbols can be
shortened. The choice of generators is not unique; two proposals
were presented by Mauguin (1931). In the first proposal, in almost
all cases the generators are the same as those of the
Shubnikov symbols. In the second proposal, which, apart from
some exceptions (see Chapter 12.4), is used for the international
symbols, Mauguin selected a set of generators and thus a list of
short symbols in which reflections have priority (Table 12.1.4.2,
column 3). This selection makes the transition from the
short point-group symbols to the space-group symbols fairly
simple. These short symbols contain two kinds of notation
components:

(i) components that represent the type of the generating
operation, which are called generators;

(ii) components that are not used as generators but that serve to
fix the directions of other symmetry elements (Hermann, 1931), and
which are called indicators.

The generating matrices are uniquely defined by (i) and (ii), if it
is assumed that they describe motions with counterclockwise

Table 12.1.4.1. Representatives for the sets of lattice symmetry directions in the various crystal families

Crystal family Anorthic (triclinic) Monoclinic Orthorhombic Tetragonal Hexagonal Cubic

Lattice point group

Schoenflies Ci C2h D2h D4h D6h D3d Oh

Hermann–Mauguin �1
2
m

2
m

2
m

2
m

4
m

2
m

2
m

6
m

2
m

2
m

�3
2
m

*
4
m
�3

2
m

Set of lattice
symmetry
directions

Primary

–

[010]

b unique [100] [001] [001] [001] [001]

[001]

c unique

Secondary – – [010] [100] [100] [100] [111]

Tertiary – – [001] [1�10] [1�10] – [1�10]

[110] 	

* In this table, the directions refer to the hexagonal description. The use of the primitive rhombohedral cell brings out the relations between cubic and rhombohedral groups:
the primary set is represented by [111] and the secondary by [1�10].
	 Only for �43m and 432 [for reasons see text].

Table 12.1.4.2. Point-group symbols

Schoenflies Shubnikov

International
Tables,
short symbol

International
Tables,
full symbol

C1 1 1 1

Ci
�2 �1 �1

C2 2 2 2

Cs m m m

C2h 2 � m 2�m 2�m

D2 2 � 2 222 222

C2v 2 � m mm2 mm2

D2h m � 2 � m mmm 2�m 2�m 2�m

C4 4 4 4

S4
�4 �4 �4

C4h 4 � m 4�m 4�m

D4 4 � 2 422 422

C4v 4 � m 4mm 4mm

D2d
�4 � 2 �42m or �4m2 �42m or �4m2

D4h m � 4 � m 4�mmm 4�m 2�m 2�m

C3 3 3 3

C3i
�6 �3 �3

D3 3 � 2 32 or 321 or 312 32 or 321 or 312

C3v 3 � m 3m or 3m1 or 31m 3m or 3m1 or 31m

D3d
�6 � m �3m or �3m1 or �31m �3 2�m or �3 2�m1

or �312�m

C6 6 6 6

C3h 3 � m �6 �6

C6h 6 � m 6�m 6�m

D6 6 � 2 622 622

C6v 6 � m 6mm 6mm

D3h m � 3 � m �6m2 or �62m �6m2 or �62m

D6h m � 6 � m 6�mmm 6�m 2�m 2�m

T 3�2 23 23

Th
�6�2 m�3 2�m�3

O 3�4 432 432

Td 3��4 �43m �43m

Oh
�6�4 m�3m 4�m �3 2�m
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rotational sense about the representative direction looked at end
on by the observer. The symbols 2, 4, �4, 6 and �6 referring to
direction [001] are indicators when the point-group symbol uses
three sets of lattice symmetry directions. For instance, in 4mm the
indicator 4 fixes the directions of the mirrors normal to [100] and
[1�10].

Note
The generation of (a) point group 432 by a rotation 3 around

[111] and a rotation 2 and (b) point group �43m by 3 around [111]
and a reflection m is only possible if the representative direction of
the tertiary set is changed from [1�10] to [110]; otherwise only the
subgroup 32 or 3m of 432 or �43m will be generated.
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12.2. Space-group symbols

BY H. BURZLAFF AND H. ZIMMERMANN

12.2.1. Introduction

Each space group is related to a crystallographic point group.
Space-group symbols, therefore, can be obtained by a modification
of point-group symbols. The simplest modification which merely
gives an enumeration of the space-group types (cf. Section 8.2.2)
has been used by Schoenflies. The Shubnikov and Hermann–
Mauguin symbols, however, reveal the glide or screw components
of the symmetry operations and are designed in such a way that the
nature of the symmetry elements and their relative locations can be
deduced from the symbol.

12.2.2. Schoenflies symbols

Space groups related to one point group are distinguished by adding
a numerical superscript to the point-group symbol. Thus, the space
groups related to the point group C2 are called C1

2 , C2
2 , C3

2.

12.2.3. The role of translation parts in the Shubnikov and
Hermann–Mauguin symbols

A crystallographic symmetry operation W (cf. Part 11) is described
by a pair of matrices

�W , w� � �I , w��W , o��
W is called the rotation part, w describes the translation part and
determines the translation vector w of the operation. w can be
decomposed into a glide/screw part wg and a location part
wl � w � wg � wl; here, wl determines the location of the
corresponding symmetry element with respect to the origin. The
glide/screw part wg may be derived by projecting w on the space
invariant under W, i.e. for rotations and reflections w is projected on
the corresponding rotation axis or mirror plane. With matrix
notation, wg is determined by �W , w�k � �I , t� and wg � �1�k�t,
where k is the order of the operation W. If wg is not a symmetry
translation, the space group contains sets of screw axes or glide
planes instead of the rotation axis or the mirror plane of the related
point group. A screw rotation is symbolized by nm, where
wg � �m�n�t, with t the shortest lattice vector in the direction of
the rotation axis. The Shubnikov notation and the international
notation use the same symbols for screw rotations. The symbols for
glide reflections in both notations are listed in Table 12.2.3.1.

If the point-group symbol contains only one generator, the
related space group is described completely by the Bravais lattice
and a symbol corresponding to that of the point group in which
rotations and reflections are replaced by screw rotations or glide
reflections, if necessary. If, however, two or more operations
generate the point group, it is necessary to have information on the
mutual orientations and locations of the corresponding space-group
symmetry elements, i.e. information on the location components w.
This is described in the following sections.

12.2.4. Shubnikov symbols

For the description of the mutual orientation of symmetry elements,
the same symbols as for point groups are applied. In space groups,
however, the symmetry elements need not intersect. In this case, the
orientational symbols � (dot), : (colon), / (slash) are modified to�

, �: , ��. The space-group symbol starts with a description of the
lattice defined by the basis a, b, c. For centred cells, the vectors to
the centring points are given first. The same letters are used for basis
vectors related by symmetry. The relative orientations of the vectors
are denoted by the orientational symbols introduced above. The
description of the lattice given in parentheses is followed by

symbols of the generating elements of the related point group. If
necessary, the symbols of the symmetry operations are modified to
indicate their glide/screw parts. The first generator is separated from
the lattice description by an orientation symbol. If this generator
represents a mirror or glide plane, the dot connects the plane with
the last two vectors whereas the colon refers only to the last vector.
If the generator represents a rotation or a rotoreflection, the colon
orients the related axis perpendicular to the plane given by the last
two vectors whereas the dot refers only to the last vector. Two
generators are separated by the symbols mentioned above to denote
their relative orientations and sites. To make this description unique
for space groups related to point group Oh � �6�4 with Bravais
lattices cP and cF, it is necessary to use three generators instead of
two: 4��6 � m. For the sake of unification, this kind of description is
extended to the remaining two space groups having Bravais lattice
cI.

Example: Shubnikov symbol for the space group with Schoenflies
symbol D26

2h �72�.
The Bravais lattice is oI (orthorhombic, body-centred). There-
fore, the symbol for the lattice basis is

a � b � c
2

�
c � �a � b�

� �
,

indicating that there is a centring vector 1�2�a � b � c� relative
to the conventional orthorhombic cell. This vector is oblique with
respect to the basis vector c, which is orthogonal to the
perpendicular pair a and b. The basis vectors have independent
lengths and are thus indicated by different letters a, b and c in
arbitrary sequence.

To complete the symbol of the space group, we consider the
point group D2h. Its Shubnikov symbol is m � 2 � m. Parallel to the
(a, b) plane, there is a glide plane �ab and a mirror plane m. The
latter is chosen as generator. From the screw axis 21 and the
rotation axis 2, both parallel to c, the latter is chosen as generator.
The third generator can be a glide plane c perpendicular to b.
Thus the Shubnikov symbol of D26

2h is

a � b � c
2

�
c � �a � b�

� �
� m � 2 � �c�

Table 12.2.3.1. Symbols of glide planes in the Shubnikov and
Hermann–Mauguin space-group symbols

Glide plane
perpendicular to Glide vector

Shubnikov
symbol

Hermann–Mauguin
symbol

b or c 1
2 a �a a

a or c 1
2 b �b b

a or b or a � b 1
2 c �c c

c 1
2 �a � b� �ab n

a 1
2 �b � c� �bc n

b 1
2 �c � a� �ac n

a � b 1
2 �a � b � c� �abc n

c 1
4 �a � b� 1

2
�ab d

a 1
4 �b � c� 1

2
�bc d

b 1
4 �c � a� 1

2 �ac d

a � b 1
4 �a � b � c� 1

2
�abc d

a � b 1
4 ��a � b � c� d
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The list of all Shubnikov symbols is given in column 3 of Table
12.3.4.1.

12.2.5. International short symbols

The international symbol of a space group consists of two parts, just
like the Shubnikov symbol. The first part is a capital letter that
describes the type of centring of the conventional cell. It is followed
by a modified point-group symbol that refers to the lattice symmetry
directions. Centring type and point-group symbol determine the
Bravais type of the translation group (cf. Chapter 9.1) and thus the
point group of the lattice and the appropriate lattice symmetry
directions. To derive the short international symbol of a given space
group, the short symbol of the related point group must be modified
in such a way that not only the rotation parts of the generating
operations but also their translation parts can be constructed. This
can be done by the following procedure:

(i) The glide/screw parts of generators and indicators are
symbolized by applying the symbols for glide planes in Table
12.2.3.1 and the appropriate rules for screw rotations.

(ii) The generators are chosen in such a way that the related
symmetry elements do intersect as far as possible. Exceptions may
occur for space groups related to the pure rotation point groups 222,
422, 622, 23 and 432. In these cases, the axes of the generators may
or may not intersect.

(iii) Subgroups of lattice point groups may have lattice symmetry
directions with which no symmetry elements are associated. Such
symmetry directions are symbolized by ‘1’. This symbol can only
be omitted if no ambiguity arises, e.g. P4�m11 is reduced to P4�m.
P31m and P3m1, however, cannot be reduced. The use of the
symbol ‘1’ is discussed by Buerger (1967) and Donnay (1969,
1977).

Example
Again consider space group D26

2h �72�. The space group contains
glide planes c and b perpendicular to the primary set, c and a
normal to the secondary set of symmetry directions and m and n
perpendicular to the tertiary set. To determine the short symbol,
one generator must be chosen from each pair. The standardiza-
tion rules (see following chapter) lead to the symbol Ibam.

822

12. SPACE-GROUP SYMBOLS AND THEIR USE



References

12.1

Heesch, H. (1929). Zur systematischen Strukturtheorie II. Z.
Kristallogr. 72, 177–201.

Hermann, C. (1928). Zur systematischen Strukturtheorie I. Eine neue
Raumgruppensymbolik. Z. Kristallogr. 68, 257–287.

Hermann, C. (1931). Bemerkungen zu der vorstehenden Arbeit von
Ch. Mauguin. Z. Kristallogr. 76, 559–561.

Internationale Tabellen zur Bestimmung von Kristallstrukturen
(1935). I. Band, edited by C. Hermann. Berlin: Borntraeger.
[Reprint with corrections: Ann Arbor: Edwards (1944). Abbre-
viated as IT (1935).]

International Tables for X-ray Crystallography (1952). Vol. I,
edited by N. F. M. Henry & K. Lonsdale. Birmingham: Kynoch
Press. [Revised editions: 1965, 1969 and 1977. Abbreviated as
IT (1952).]

Koptsik, V. A. (1966). Shubnikov groups. Moscow University Press.
(In Russian.)

Mauguin, Ch. (1931). Sur le symbolisme des groupes de répetition ou
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12.3. Properties of the international symbols

BY H. BURZLAFF AND H. ZIMMERMANN

12.3.1. Derivation of the space group from the short
symbol

Because the short international symbol contains a set of generators,
it is possible to deduce the space group from it. With the same
distinction between generators and indicators as for point groups,
the modified point-group symbol directly gives the rotation parts W
of the generating operations (W, w).

The modified symbols of the generators determine the glide/
screw parts wg of w. To find the location parts wl of w, it is necessary
to inspect the product relations of the group. The deduction of the
set of complete generating operations can be summarized in the
following rules:

(i) The integral translations are included in the set of generators.
If the unit cell has centring points, the centring operations are
generators.

(ii) The location parts of the generators can be set to zero except
for the two cases noted under (iii) and (iv).

(iii) For non-cubic rotation groups with indicators in the symbol,
the location part of the first generator can be set to zero. The
location part of the second generator is wl � �0, 0, � m�n�; the
intersection parameter �m�n is derived from the indicator nm in the
[001] direction [cf. example (3) below].

(iv) For cubic rotation groups, the location part of the threefold
rotation can be set to zero. For space groups related to the point
group 23, the location part of the twofold rotation is wl �
��m�n, 0, 0� derived from the symbol nm of the twofold operation
itself. For space groups related to the point group 432, the location
part of the twofold generating rotation is wl � ��m�n, m�n, m�n�
derived from the indicator nm in the [001] direction [cf. examples
(4) and (5) below].

The origin that is selected by these rules is called ‘origin of the
symbol’ (Burzlaff & Zimmermann, 1980). It is evident that the
reference to the origin of the symbol allows a very short and unique
notation of all desirable origins by appending a matrix q �
�q1, q2, q3� to the short space-group symbol. The shift of origin
can be performed easily, for only the translation parts have to be
changed. The new matrix of the translation part can be obtained by

w� � w � �W � I� 	 q�

Applications can be found in Burzlaff & Zimmermann (2002).

Examples: Deduction of the generating operations from the short
symbol

Some examples for the use of these rules are now described
in detail. It is convenient to describe the symmetry operation
(W, w) by a pair of row matrices. The first one consists of
the coordinates of a point in general position after the

application of W on
x
y
z

�
�

�
�; the second represents the

translation part
w1

w2

w3

�
�

�
�. In the following, both are written

as a row. The sum of both matrices is tabulated as general
position in the space-group tables (in some cases a shift of
origin is necessary). If preference is given to full matrix
notation, Table 11.2.2.1 may be used. The following
examples contain, besides the description of the symmetry
operations, references to the numbering of the general
positions in the space-group tables of this volume; cf.
Sections 2.2.9 and 2.2.11. Centring translations are written
after the numbers, if necessary.

(1) Pccm � D3
2h �49�

Besides the integral translations, the generators, as given in the
symbol, are according to rule (ii):

glide reflection c
100� � �xyz, 00 1
2� �8�

glide reflection c
010� � �xyz, 00 1
2� �7�

reflection m
001� � �xyz, 000� �6��
No shift of origin is necessary. The extended symbol is
Pccm�000�.

(2) Ibam � D26
2h �72�

According to rule (i), the I centring is an additional generating
translation. Thus, the generators are:

I centring � �xyz, 1
2

1
2

1
2� �1� � �1

2
1
2

1
2�

glide reflection b
100� � �xyz, 0 1
2 0� �8�

glide reflection a
010� � �xyz, 1
2 00� �7�

reflection m
001� � �xyz, 000� �6��
To obtain the tabulated general position, a shift of origin
by ��1

4, � 1
4, 0� is necessary, the extended symbol is

Ibam�� 1
4 � 1

4 0�.
(3) P41212 � D4

4 �92�
Apart from the translations, the generating elements are:

screw rotation 21 in 
100� � �xyz, 1
2 00� �6�

rotation 2 in 
110� � �yxz, 001
4� �8��

According to rule (iii), the location part of the first generator,
referring to the secondary set of symmetry direction, is equal to
zero. For the second generator, the screw part is equal to zero.
The location part is �0, 0, � 1

4�.
The extended symbol P41212�1

4 � 1
4 � 3

8� gives the tabulated
setting.

(4) P213 � T4 �198�
According to rule (iv), the generators are

rotation 3 in 
111� � �zxy, 000� �5�
screw rotation 21 in 
001� � �xyz, 1

2 0 1
2� �2��

Following rule (iv), the location part of the threefold axis must be
set to zero. The screw part of the twofold axis in [001] is �0, 0, 1

2�,
the location part wl is �� 1

2 , 0, 0� � �1
2 , 0, 0�. No origin shift is

necessary. The extended symbol is P213�000�.
(5) P4132 � O7 �213�

Besides the integral translations, the generators given by the
symbol are:

rotation 3 in 
111� � �zxy, 000� �5�
rotation 2 in 
110� � �yxz, � 1

4
1
4

1
4� �13��

The screw part of the twofold axis is zero. According to rule (iv),
the location part wl is �� 1

4 , 1
4 , 1

4�. No origin shift is necessary.
The extended symbol is P4132�000�.

12.3.2. Derivation of the full symbol from the short
symbol

If the geometrical point of view is again considered, it is possible to
derive the full international symbol for a space group. This full
symbol can be interpreted as consisting of symmetry elements. It
can be generated from the short symbol with the aid of products
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Table 12.3.4.1. Standard space-group symbols

Symbols of International Tables

No.
Schoenflies
symbol Shubnikov symbol

1935 Edition Present Edition

Comments*†Short Full Short Full

1 C1
1 �a�b�c� 	 1 P1 P1 P1 P1

2 C1
i �a�b�c� 	 �2 P1 P1 P1 P1 �a�b�c� 	 1 (Sh–K)

3 C1
2 �b ��c�a�� �2 P2 P2 P2 P121

�c ��a�b�� �2 P112

4 C2
2 �b ��c�a�� �21 P21 P21 P21 P1211

�c ��a�b�� �21 P1121

5 C3
2

a � b
2

�
b ��c�a�

� �
�2 C2 C2 C2 C121 B2, B112 (IT, 1952)

b � c
2

�
c ��b�a�

� �
�2 A112

a � c
2

�
c ��a�b�

� �
�2 (Sh–K)

6 C1
s �b ��c�a�� 	 m Pm Pm Pm P1m1

�c ��a�b�� 	 m P11m

7 C2
s �b ��c�a�� 	 �c Pc Pc Pc P1c1 Pb, P11b (IT, 1952)

�c ��b�a�� 	 �a P11a �c ��a�b�� 	 �b (Sh–K)

8 C3
s

a � b
2

�
b ��c�a�

� �
	 m Cm Cm Cm C1m1 Bm, B11m (IT, 1952)

b � c
2

�
c ��b�a�

� �
	 m A11m

a � c
2

�
c ��a�b�

� �
	 m (Sh–K)

9 C4
s

a � b
2

�
b ��c�a�

� �
	�c Cc Cc Cc C1c1 Bb, B11b (IT, 1952)

b � c
2

�
c ��b�a�

� �
	 �a A11a

a � c
2

�
c ��a�b�

� �
	 �b (Sh–K)

10 C1
2h �b ��c�a�� 	 m �2 P2�m P2�m P2�m P1 2�m 1

�c ��a�b�� 	 m �2 P11 2�m

11 C2
2h �b ��c�a�� 	 m �21 P21�m P21�m P21�m P1 21�m 1

�c ��a�b�� 	 m �21 P11 21�m

12 C3
2h

a � b
2

�
b ��c�a�

� �
	 m �2 C2�m C2�m C2�m C1 2�m 1 B2�m, B11 2�m (IT, 1952)

b � c
2

�
c ��b�a�

� �
	 m �2 A11 2�m

a � c
2

�
c ��a�b�

� �
	 m �2 (Sh–K)

13 C4
2h �b ��c�a�� 	 �c �2 P2�c P2�c P2�c P1 2�c 1 P2�b, P11 2�b (IT, 1952)

�c ��a�b�� 	 �a �2 P11 2�a �c ��a�b�� 	 �b �2 (Sh–K)

14 C5
2h �b ��c�a�� 	 �c �21 P21�c P21�c P21�c P1 21�c 1 P21�b, P11 21�b (IT, 1952)

�c ��a�b�� 	 �a �21 P11 21�a �c ��a�b�� 	 �b �21 (Sh–K)

15 C6
2h

a � b
2

�
b ��c�a�

� �
	�c �2 C2�c C2�c C2�c C1 2�c 1 B2�b, B11 2�b (IT, 1952)

b � c
2

�
c ��b�a�

� �
	 �a �2 A11 2/a

a � c
2

�
c ��a�b�

� �
	 �b �2 (Sh–K)

16 D1
2 �c ��a �b�� �2 �2 P222 P222 P222 P222

17 D2
2 �c ��a �b�� �21 �2 P2221 P2221 P2221 P2221

18 D3
2 �c ��a �b�� �2: 21 P21212 P21212 P21212 P21212

19 D4
2 �c ��a �b�� �21 : 21 P212121 P212121 P212121 P212121

20 D5
2

a � b
2

�c ��a �b�
� �

�21 �2 C2221 C2221 C2221 C2221

21 D6
2

a � b
2

�c ��a �b�
� �

�2 �2 C222 C222 C222 C222

22 D7
2

a � c
2

�
b � c

2

�
a � b

2
�c ��a �b�

� �
�2 �2 F222 F222 F222 F222

23 D8
2

a � b � c
2

�
c ��a �b�

� �
�2 �2 I222 I222 I222 I222

24 D9
2

a � b � c
2

�
c ��a �b�

� �
�2 �21 I212121 I212121 I212121 I212121
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between symmetry operations. It is possible, however, to derive the
glide/screw parts of the elements in the full symbol directly from the
glide/screw parts of the short symbol.

The product of operations corresponding to non-parallel glide or
mirror planes generates a rotation or screw axis parallel to the
intersection line. The screw part of the rotation is equal to the sum
of the projections of the glide components of the planes on the axis.
The angle between the planes determines the rotation part of the
axis. For 90�, we obtain a twofold, for 60� a threefold, for 45� a
fourfold and for 30� a sixfold axis.

Example: Pbcn � D14
2h �60�

The product of b and c generates a screw axis 21 in the z direction
because the sum of the glide components in the z direction is 1

2.
The product of c and n generates a screw axis 21 in the x direction
and the product between b and n produces a rotation axis 2 in the

y direction because the y components for b and n add up to 1 � 0
modulo integers.

Thus, the full symbol is

P
21

b
2
c

21

n
�

In most cases, the full symbol is identical with the short symbol;
differences between full and short symbols can only occur for space
groups corresponding to lattice point groups (holohedries) and to the
point group m3. In all these cases, the short symbol is extended to the
full symbol by adding the symbol for the maximal purely rotational
subgroup. A special procedure is in use for monoclinic space groups.
To indicate the choice of coordinate axes, the full symbol is treated
like an orthorhombic symbol, in which the directions without
symmetry are indicated by ‘1’, even though they do not correspond
to lattice symmetry directions in the monoclinic case.

Symbols of International Tables

No.
Schoenflies
symbol Shubnikov symbol

1935 Edition Present Edition

Comments*†Short Full Short Full

25 C1
2v �c ��a �b�� �m 	 2 Pmm Pmm2 Pmm2 Pmm2

26 C2
2v �c ��a �b�� ��c 	 21 Pmc Pmc21 Pmc21 Pmc21

27 C3
2v �c ��a �b�� ��c 	 2 Pcc Pcc2 Pcc2 Pcc2

28 C4
2v �c ��a �b�� ��a 	 2 Pma Pma2 Pma2 Pma2

29 C5
2v �c ��a �b�� ��a 	 21 Pca Pca21 Pca21 Pca21

30 C6
2v �c ��a �b�� ��c	 2 Pnc Pnc2 Pnc2 Pnc2 �c ��a �b�� � �ac 	 2 (Sh–K)

31 C7
2v �c ��a �b�� � �ac 	 21 Pmn Pmn21 Pmn21 Pmn21

32 C8
2v �c ��a �b�� ��a	

2 Pba Pba2 Pba2 Pba2

33 C9
2v �c ��a �b�� ��a	

21 Pna Pna21 Pna21 Pna21

34 C10
2v �c ��a �b�� � �ac

	
2 Pnn Pnn2 Pnn2 Pnn2

35 C11
2v

a � b
2

�c ��a �b�
� �

�m 	 2 Cmm Cmm2 Cmm2 Cmm2

36 C12
2v

a � b
2

�c ��a �b�
� �

��c 	 21 Cmc Cmc21 Cmc21 Cmc21

37 C13
2v

a � b
2

�c ��a �b�
� �

��c 	 2 Ccc Ccc2 Ccc2 Ccc2

38 C14
2v

b � c
2

�
c ��a �b�

� �
�m 	 2 Amm Amm2 Amm2 Amm2

39 C15
2v

b � c
2

�
c ��a �b�

� �
�m 	 21 Abm Abm2 Aem2 Aem2

b � c
2



c ��a �b�

� �
��c 	 2 �Sh�K�

Use former symbol Abm2
for generation

���
���

40 C16
2v

b � c
2

�
c ��a �b�

� �
��a 	 2 Ama Ama2 Ama2 Ama2

41 C17
2v

b � c
2

�
c ��a �b�

� �
��a 	 21 Aba Aba2 Aea2 Aea2

b � c
2



c ��a �b�

� �
� �ac 	 2 �Sh�K�

Use former symbol Aba2
for generation

���
���

42 C18
2v

a � c
2

�
b � c

2

�
a � b

2
�c ��a �b�

� �
�m 	 2 Fmm Fmm2 Fmm2 Fmm2

43 C19
2v

a � c
2

�
b � c

2

�
a � b

2
��c ��a �b�

� �
Fdd Fdd2 Fdd2 Fdd2

� 1
2 �ac

	
2

44 C20
2v a � b � c

2

�
c ��a �b�

� �
�m 	 2

Imm Imm2 Imm2 Imm2

45 C21
2v a � b � c

2

�
c ��a �b�

� �
��c 	 2

Iba Iba2 Iba2 Iba2
a � b � c

2

�
c ��a �b�

� �
��a 	 21

�Sh�K�
46 C22

2v a � b � c
2

�
c ��a �b�

� �
��a 	 2

Ima Ima2 Ima2 Ima2

Table 12.3.4.1. Standard space-group symbols (cont.)
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Symbols of International Tables

No.
Schoenflies
symbol Shubnikov symbol

1935 Edition Present Edition

Comments*†Short Full Short Full

47 D1
2h �c ��a �b�� 	 m �2 	 m Pmmm P2�m 2�m 2�m Pmmm P2�m 2�m 2�m

48 D2
2h �c ��a �b�� 	 �ab �2	 �ac Pnnn P2�n 2�n 2�n Pnnn P2�n 2�n 2�n

49 D3
2h �c ��a �b�� 	 m �2 	 �c Pccm P2�c 2�c 2�m Pccm P2�c 2�c 2�m

50 D4
2h �c ��a �b�� 	 �ab �2	 �a Pban P2�b 2�a 2�n Pban P2�b 2�a 2�n

51 D5
2h �c ��a �b�� 	 �a �2 	 m Pmma P21�m 2�m 2�a Pmma P21�m 2�m 2�a

52 D6
2h �c ��a �b�� 	 �a �2	 �ac Pnna P2�n 21�n 2�a Pnna P2�n 21�n 2�a

53 D7
2h �c ��a �b�� 	 �a �21 	 �ac Pmna P2�m 2�n 21�a Pmna P2�m 2�n 21�a

54 D8
2h �c ��a �b�� 	 �a �2 	 �c Pcca P21�c 2�c 2�a Pcca P21�c 2�c 2�a

55 D9
2h �c ��a �b�� 	 m �2	 �a Pbam P21�b 21�a 2�m Pbam P21�b 21�a 2�m

56 D10
2h �c ��a �b�� 	 �ab �2 	 �c Pccn P21�c 21�c 2�n Pccn P21�c 21�c 2�n

57 D11
2h �c ��a �b�� 	 m �21 	 �c Pbcm P2�b 21�c 21�m Pbcm P2�b 21�c 21�m

58 D12
2h �c ��a �b�� 	 m �2	 �ac Pnnm P21�n 21�n 2�m Pnnm P21�n 21�n 2�m

59 D13
2h �c ��a �b�� 	 �ab �2 	 m Pmmn P21�m 21�m 2�n Pmmn P21�m 21�m 2�n

60 D14
2h �c ��a �b�� 	 �ab �21 	 �c Pbcn P21�b 2�c 21�n Pbcn P21�b 2�c 21�n

61 D15
2h �c ��a �b�� 	 �a �21 	 �c Pbca P21�b 21�c 21�a Pbca P21�b 21�c 21�a

62 D16
2h �c ��a �b�� 	 �a �21 	 m Pnma P21�n 21�m 21�a Pnma P21�n 21�m 21�a

63 D17
2h

a � b
2

�c ��a �b�
� �

	 m �21 	 �c Cmcm C2�m 2�c 21�m Cmcm C2�m 2�c 21�m

64 D18
2h

a � b
2

�c ��a �b�
� �

	 �a �21 	 �c Cmca C2�m 2�c 21�a Cmce C2�m 2�c 21�e
Use former symbol Cmca for

generation

65 D19
2h

a � b
2

�c ��a �b�
� �

	 m �2 	 m Cmmm C2�m 2�m 2�m Cmmm C2�m 2�m 2�m

66 D20
2h

a � b
2

�c ��a �b�
� �

	 m �2 	 �c Cccm C2�c 2�c 2�m Cccm C2�c 2�c 2�m

67 D21
2h

a � b
2

�c ��a �b�
� �

	 �a �2 	 m Cmma C2�m 2�m 2�a Cmme C2�m 2�m 2�e
Use former symbol Cmma for

generation

68 D22
2h

a � b
2

�c ��a �b�
� �

	 �a �2 	 �c Ccca C2�c 2�c 2�a Ccce C2�c 2�c 2�e
Use former symbol Ccca for

generation

69 D23
2h

a � c
2

�
b � c

2

�
a � b

2
�c ��a �b�

� �

	 m �2 	 m

Fmmm F2�m 2�m 2�m Fmmm F2�m 2�m 2�m

70 D24
2h

a � c
2

�
b � c

2

�
a � b

2
�c ��a �b�

� �

	 1
2
�ab �2	 1

2 �ac

Fddd F2�d 2�d 2�d Fddd F2�d 2�d 2�d

71 D25
2h

a � b � c
2

�
c ��a �b�

� �
	 m �2 	 m Immm I2�m 2�m 2�m Immm I2�m 2�m 2�m

72 D26
2h

a � b � c
2

�
c ��a �b�

� �
	 m �2 	�c Ibam I2�b 2�a 2�m Ibam I2�b 2�a 2�m

73 D27
2h

a � b � c
2

�
c ��a �b�

� �
	 �a �2 	 �c Ibca I21�b 21�c 21�a Ibca I21�b 21�c 21�a I2�b 2�c 2�a (IT, 1952)

74 D28
2h

a � b � c
2

�
c ��a �b�

� �
	 �a �2 	 m Imma I21�m 21�m 21�a Imma I21�m 21�m 21�a I2�m 2�m 2�a (IT, 1952)

75 C1
4 �c ��a �a�� �4 P4 P4 P4 P4

76 C2
4 �c ��a �a�� �41 P41 P41 P41 P41

77 C3
4 �c ��a �a�� �42 P42 P42 P42 P42

78 C4
4 �c ��a �a�� �43 P43 P43 P43 P43

79 C5
4

a � b � c
2

�
c ��a �a�

� �
�4 I4 I4 I4 I4

80 C6
4

a � b � c
2

�
c ��a �a�

� �
�41 I41 I41 I41 I41
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81 S1
4 �c ��a �a�� ��4 P4 P4 P4 P4

82 S2
4

a � b � c
2

�
c ��a �a�

� �
��4 I4 I4 I4 I4

83 C1
4h �c ��a �a�� 	 m �4 P4�m P4�m P4�m P4�m

84 C2
4h �c ��a �a�� 	 m �42 P42�m P42�m P42�m P42�m

85 C3
4h �c ��a �a�� 	 �ab �4 P4�n P4�n P4�n P4�n

86 C4
4h �c ��a �a�� 	 �ab �42 P42�n P42�n P42�n P42�n

87 C5
4h

a � b � c
2

�
c ��a �a�

� �
	 m �4 I4�m I4�m I4�m I4�m

88 C6
4h

a � b � c
2

�
c ��a �a�

� �
	 �a �41 I41�a I41�a I41�a I41�a

89 D1
4 (c : (a :a)) :4 :2 P42 P422 P422 P422

90 D2
4 �c ��a �a�� �4: 21 P421 P4212 P4212 P4212

91 D3
4 �c ��a �a�� �41 �2 P412 P4122 P4122 P4122

92 D4
4 �c ��a �a�� �41 : 21 P4121 P41212 P41212 P41212

93 D5
4 �c ��a �a�� �42 �2 P422 P4222 P4222 P4222

94 D6
4 �c ��a �a�� �42 : 21 P4221 P42212 P42212 P42212

95 D7
4 �c ��a �a�� �43 �2 P432 P4322 P4322 P4322

96 D8
4 �c ��a �a�� �43 : 21 P4321 P43212 P43212 P43212

97 D9
4

a � b � c
2

�
c ��a �a�

� �
�4 �2 I42 I422 I422 I422

98 D10
4

a � b � c
2

�
c ��a �a�

� �
�41 �2 I412 I4122 I4122 I4122

99 C1
4v �c ��a �a�� �4 	 m P4mm P4mm P4mm P4mm

100 C2
4v �c ��a �a�� �4	�a P4bm P4bm P4bm P4bm

101 C3
4v �c ��a �a�� �42 	 �c P4cm P42cm P42cm P42cm

102 C4
4v �c ��a �a�� �42

	 �ac P4nm P42nm P42nm P42nm

103 C5
4v �c ��a �a�� �4 	 �c P4cc P4cc P4cc P4cc

104 C6
4v �c ��a �a�� �4	 �ac P4nc P4nc P4nc P4nc

105 C7
4v �c ��a �a�� �42 	 m P4mc P42mc P42mc P42mc

106 C8
4v �c ��a �a�� �42

	�a P4bc P42bc P42bc P42bc

107 C9
4v

a � b � c
2

�
c ��a �a�

� �
�4 	 m I4mm I4mm I4mm I4mm

108 C10
4v

a � b � c
2

�
c ��a �a�

� �
�4 	 �c I4cm I4cm I4cm I4cm

109 C11
4v

a � b � c
2

�
c ��a �a�

� �
�41

	
m I4md I41md I41md I41md

110 C12
4v

a � b � c
2

�
c ��a �a�

� �
�41

	�c I4cd I41cd I41cd I41cd
a � b � c

2

�
c �a �a

� �
�41 	 �a �Sh�K�

111 D1
2d �c ��a �a�� ��4 �2 P42m P42m P42m P42m

112 D2
2d �c ��a �a�� ��4: 2 P42c P42c P42c P42c

113 D3
2d �c ��a �a�� ��4 	 �ab P421m P421m P421m P421m

114 D4
2d �c ��a �a�� ��4 	�abc P421c P421c P421c P421c

115 D5
2d �c ��a �a�� ��4 	 m C42m C42m P4m2 P4m2

116 D6
2d �c ��a �a�� ��4 	 �c C42c C42c P4c2 P4c2

117 D7
2d �c ��a �a�� ��4	�a C42b C42b P4b2 P4b2

118 D8
2d �c ��a �a�� ��4 	 �ac C42n C42n P4n2 P4n2

119 D9
2d

a � b � c
2

�
c ��a �a�

� �
��4 	 m F42m F42m I4m2 I4m2

120 D10
2d

a � b � c
2

�
c ��a �a�

� �
��4 	 �c F42c F42c I4c2 I4c2
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121 D11
2d

a � b � c
2

�
c ��a �a�

� �
��4 �2 I42m I42m I42m I42m

122 D12
2d

a � b � c
2

�
c ��a �a�

� �
��4	 1

2
�abc I42d I42d I42d I42d

123 D1
4h �c ��a �a�� 	 m �4 	 m P4�mmm P4�m 2�m 2�m P4�mmm P4�m 2�m 2�m

124 D2
4h �c ��a �a�� 	 m �4 	 �c P4�mcc P4�m 2�c 2�c P4�mcc P4�m 2�c 2�c

125 D3
4h �c ��a �a�� 	 �ab �4

	�a P4�nbm P4�n 2�b 2�m P4�nbm P4�n 2�b 2�m �c �a �a� 	 �ab �4	 �b (Sh–K)

126 D4
4h �c ��a �a�� 	 �ab �4

	 �ac P4�nnc P4�n 2�n 2�c P4�nnc P4�n 2�n 2�c

127 D5
4h �c ��a �a�� 	 m �4

	�a P4�mbm P4�m 21�b 2�m P4�mbm P4�m 21�b 2�m �c �a �a� 	 m �4	 �b (Sh–K)

128 D6
4h �c ��a �a�� 	 m �4

	 �ac P4�mnc P4�m 21�n 2�c P4�mnc P4�m 21�n 2�c

129 D7
4h �c ��a �a�� 	 �ab �4 	 m P4�nmm P4�n 21�m 2�m P4�nmm P4�n 21�m 2�m

130 D8
4h �c ��a �a� 	 �ab �4 	 �c P4�ncc P4�n 2�c 2�c P4�ncc P4�n 2�c 2�c

131 D9
4h �c ��a �a�� 	 m �42 	 m P4�mmc P42�m 2�m 2�c P42�mmc P42�m 2�m 2�c

132 D10
4h �c ��a �a�� 	 m �42 	�c P4�mcm P42�m 2�c 2�m P42�mcm P42�m 2�c 2�m

133 D11
4h �c ��a �a�� 	 �ab �42

	�a P4�nbc P42�n 2�b 2�c P42�nbc P42�n 2�b 2�c �c �a �a� 	 �ab �42
	�b (Sh–K)

134 D12
4h �c ��a �a�� 	 �ab �42

	 �ac P4�nnm P42�n 2�n 2�m P42�nnm P42�n 2�n 2�m

135 D13
4h �c ��a �a�� 	 n �42

	�a P4�mbc P42�m 21�b 2�c P42�mbc P42�m 21�b 2�c �c �a �a� 	 m �42
	�b (Sh–K)

136 D14
4h �c ��a �a�� 	 m �42

	 �ac P4�mnm P42�m 21�n 2�m P42�mnm P42�m 21�n 2�m

137 D15
4h �c ��a �a�� 	 �ab �42 	 m P4�nmc P42�n 21�m 2�c P42�nmc P42�n 21�m 2�c

138 D16
4h �c ��a �a�� 	 ab �42 	 �c P4�ncm P42�n 21�c 2�m P42�ncm P42�n 21�c 2�m

139 D17
4h

a � b � c
2

�
c ��a �a�

� �
	 m �4 	 m I4�mmm I4�m 2�m 2�m I4�mmm I4�m 2�m 2�m

140 D18
4h

a � b � c
2

�
c ��a �a�

� �
	 m �4 	 �c I4�mcm I4�m 2�c 2�m I4�mcm I4�m 2�c 2�m

141 D19
4h

a � b � c
2

�
c ��a �a�

� �
	 �a �41

	
m I4�amd I41�a 2�m 2�d I41�amd I41�a 2�m 2�d

142 D20
4h

a � b � c
2

�
c ��a �a�

� �
	 �a �41

	�c I4�acd I41�a 2�c 2�d I41�acd I41�a 2�c 2�d

143 C1
3 �c ��a�a�� �3 C3 C3 P3 P3

144 C2
3 �c ��a�a�� �31 C31 C31 P31 P31

145 C3
3 �c ��a�a�� �32 C32 C32 P32 P32

146 C4
3

2a � b � c
3

�
a � 2b � 2c

3

�
c ��a�a�

� �
�3 R3 R3 R3 R3 Hexagonal setting (Sh–K)

�a�a�a��3 Rhombohedral setting (Sh–K)

147 C1
3i �c ��a�a�� ��6 C3 C3 P3 P3

148 C2
3i

2a � b � c
3

�
a � 2b � 2c

3

�
c ��a�a�

� �
� �6 R3 R3 R3 R3 Hexagonal setting (Sh–K)

�a�a�a���6 Rhombohedral setting (Sh–K)

149 D1
3 �c ��a�a�� �2 �3 H32 H321 P312 P312

150 D2
3 �c ��a�a�� 	 2 �3 C32 C321 P321 P321

151 D3
3 �c ��a�a�� �2 �31 H312 H3121 P3112 P3112

152 D4
3 �c ��a�a�� 	 2 �31 C312 C3121 P3121 P3121

153 D5
3 �c ��a�a�� �2 �32 H322 H3221 P3212 P3212

154 D6
3 �c ��a�a�� 	 2 �32 C322 C3221 P3221 P3221

155 D7
3

2a � b � c
3

�
a � 2b � 2c

3

�
c ��a�a�

� �

	 2 �3

R32 R32 R32 R32 Hexagonal setting (Sh–K)

�a�a�a��3 �2 Rhombohedral setting (Sh–K)

Table 12.3.4.1. Standard space-group symbols (cont.)

828

12. SPACE-GROUP SYMBOLS AND THEIR USE



Symbols of International Tables

No.
Schoenflies
symbol Shubnikov symbol

1935 Edition Present Edition

Comments*†Short Full Short Full

156 C1
3v �c ��a�a�� �m 	 3 C3m C3m1 P3m1 P3m1

157 C2
3v �a �c �a� 	 m 	 3 H3m H3m1 P31m P31m �c ��a�a�� 	 m 	 3 �Sh�K�

with special comment
158 C3

3v �c ��a�a�� ��c 	 3 C3c C3c1 P3c1 P3c1

159 C4
3v �a �c �a� 	 �c 	 3 H3c H3c1 P31c P31c �c ��a�a�� 	 �c 	 3 �Sh�K�

with special comment
160 C5

3v

2a � b � c
3

�
a � 2b � 2c

3

�
c ��a�a�

� �

	 m 	 3

R3m R3m R3m R3m Hexagonal setting (Sh–K)

�a�a�a��3 	 m Rhombohedral setting (Sh–K)

161 C6
3v

2a � b � c
3

�
a � 2b � 2c

3

�
c ��a�a�

� �

	 �c 	 3

R3c R3c R3c R3c Hexagonal setting (Sh–K)

�a�a�a��3 	�abc Rhombohedral setting (Sh–K)

162 D1
3d �a �c �a� 	 m 	 �6 H3m H3 2�m 1 P31m P31 2�m �c ��a�a�� 	 m 	 �6 (Sh–K)

with special comment

163 D2
3d �a �c �a� 	 �c 	 �6 H3c H3 2�c 1 P31c P31 2�c �c ��a�a�� 	 �c 	 �6 (Sh–K)

with special comment

164 D3
3d �c ��a�a�� �m 	 �6 C3m C3 2�m 1 P3m1 P3 2�m 1

165 D4
3d �c ��a�a�� ��c 	 �6 C3c C3 2�c 1 P3c1 P3 2�c 1

166 D5
3d

2a � b � c
3

�
a � 2b � 2c

3

�
c ��a�a�

� �

�m 	 �6
R3m R3 2�m R3m R3 2�m Hexagonal setting (Sh–K)

�a�a�a���6 	 m Rhombohedral setting (Sh–K)

167 D6
3d

2a � b � c
3

�
a � 2b � 2c

3

�
c ��a�a�

� �

��c 	 �6
R3c R3 2�c R3c R3 2�c Hexagonal setting (Sh–K)

�a�a�a���6 	�abc Rhombohedral setting (Sh–K)

168 C1
6 �c ��a�a�� �6 C6 C6 P6 P6

169 C2
6 �c ��a�a�� �61 C61 C61 P61 P61

170 C3
6 �c ��a�a�� �65 C65 C65 P65 P65

171 C4
6 �c ��a�a�� �62 C62 C62 P62 P62

172 C5
6 �c ��a�a�� �64 C64 C64 P64 P64

173 C6
6 �c ��a�a�� �63 C63 C63 P63 P63

174 C1
3h �c ��a�a�� �3 �m C6 C6 P6 P6

175 C1
6h �c ��a�a�� 	 m �6 C6�m C6�m P6�m P6�m

176 C2
6h �c ��a�a�� 	 m �63 C63�m C63�m P63�m P63�m

177 D1
6 �c ��a�a�� 	 2 �6 C62 C622 P622 P622

178 D2
6 �c ��a�a�� 	 2 �61 C612 C6122 P6122 P6122

179 D3
6 �c ��a�a�� 	 2 �65 C652 C6522 P6522 P6522

180 D4
6 �c ��a�a�� 	 2 �62 C622 C6222 P6222 P6222

181 D5
6 �c ��a�a�� 	 2 �64 C642 C6422 P6422 P6422

182 D6
6 �c ��a�a�� 	 2 �63 C632 C6322 P6322 P6322

183 C1
6v �c ��a�a�� �m 	 6 C6mm C6mm P6mm P6mm

184 C2
6v �c ��a�a�� ��c 	 6 C6cc C6cc P6cc P6cc

185 C3
6v �c ��a�a�� ��c 	 63 C6cm C63cm P63cm P63cm

186 C4
6v �c ��a�a�� �m 	 63 C6mc C63mc P63mc P63mc

187 D1
3h �c ��a�a�� �m 	 3 �m C6m2 C6m2 P6m2 P6m2

188 D2
3h �c ��a�a�� ��c 	 3 �m C6c2 C6c2 P6c2 P6c2

189 D3
3h �c ��a�a�� 	 m �3 	 m H6m2 H6m2 P62m P62m

190 D4
3h �c ��a�a�� 	 m �3 	�c H6c2 H6c2 P62c P62c
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191 D1
6h �c ��a�a�� 	 m �6 	 m C6�mmm C6�m 2�m 2�m P6�mmm P6�m 2�m 2�m

192 D2
6h �c ��a�a�� 	 m �6 	�c C6�mcc C6�m 2�c 2�c P6�mcc P6�m 2�c 2�c

193 D3
6h �c ��a�a�� 	 m �63 	 �c C6�mcm C63�m 2�c 2�m P63�mcm P63�m 2�c 2�m

194 D4
6h �c ��a�a�� 	 m �63 	 m C6�mmc C63�m 2�m 2�c P63�mmc P63�m 2�m 2�c

195 T1 �a ��a�a�� �2�3 P23 P23 P23 P23

196 T2
a � c

2

�
b � c

2

�
a � b

2
�a ��a �a�

� �
�2�3 F23 F23 F23 F23

197 T3
a � b � c

2

�
a ��a �a�

� �
�2�3 I23 I23 I23 I23

198 T4 �a ��a �a�� �21��3 P213 P213 P213 P213

199 T5
a � b � c

2

�
a ��a �a�

� �
�21��3 I213 I213 I213 I213

200 T1
h �a ��a �a�� 	 m��6 Pm3 P2�m 3 Pm3 P2�m 3 Pm3 (IT, 1952)

201 T2
h �a ��a �a�� 	 �ab��6 Pn3 P2�n 3 Pn3 P2�n 3 Pn3 (IT, 1952)

202 T3
h

a � c
2

�
b � c

2

�
a � b

2
�a ��a �a�

� �
	 m��6 Fm3 F2�m 3 Fm3 F2�m 3 Fm3 (IT, 1952)

203 T4
h

a � c
2

�
b � c

2

�
a � b

2
�a ��a �a�

� �
	 1

2 ab��6 Fd3 F2�d 3 Fd3 F2�d 3 Fd3 (IT, 1952)

204 T5
h

a � b � c
2

�
a ��a �a�

� �
	 m��6 Im3 I2�m 3 Im3 I2�m 3 Im3 (IT, 1952)

205 T6
h

�a ��a �a�� 	 �a��6 Pa3 P21�a 3 Pa3 P21�a 3 Pa3 (IT, 1952)

206 T7
h

a � b � c
2

�
a ��a �a�

� �
	 �a��6 Ia3 I21�a 3 Ia3 I21�a 3 Ia3 (IT, 1952)

207 O1 �a ��a �a�� �4�3 P43 P432 P432 P432

208 O2 �a ��a �a�� �42��3 P423 P4232 P4232 P4232

209 O3
a � c

2

�
b � c

2

�
a � b

2
�a ��a �a�

� �
�4�3 F43 F432 F432 F432

210 O4
a � c

2

�
b � c

2

�
a � b

2
�a ��a �a�

� �
�41��3 F413 F4132 F4132 F4132

211 O5
a � b � c

2

�
a ��a �a�

� �
�4�3 I43 I432 I432 I432

212 O6 �a ��a �a�� �43��3 P433 P4332 P4332 P4332

213 O7 �a ��a �a�� �41��3 P413 P4132 P4132 P4132

214 O8
a � b � c

2

�
a ��a �a�

� �
�41��3 I413 I4132 I4132 I4132

215 T1
d �a ��a �a�� ��4�3 P43m P43m P43m P43m

216 T2
d

a � c
2

�
b � c

2

�
a � b

2
�a ��a �a�

� �
��4�3 F43m F43m F43m F43m

217 T3
d

a � b � c
2

�
a ��a �a�

� �
��4�3 I43m I43m I43m I43m

218 T4
d �a ��a �a�� ��4��3 P43n P43n P43n P43n

219 T5
d

a � c
2

�
b � c

2

�
a � b

2
�a ��a �a�

� �
��4��3 F43c F43c F43c F43c

220 T6
d

a � b � c
2

�
a ��a �a�

� �
��4��3 I43d I43d I43d I43d
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12.3.3. Non-symbolized symmetry elements

Certain symmetry elements are not given explicitly in the full
symbol because they can easily be derived. They are:

(i) Rotoinversion axes that are not used to indicate the lattice
symmetry directions.

(ii) Rotation axes 2 included in the axes 4, 4 and 6 and rotation
axes 3 included in the axes 3, 6 and 6.

(iii) Additional symmetry elements occurring in space groups
with centred unit cells. These types of operation can be deduced
from the product of the centring translation (I, g) with a symmetry
operation (W, w). The new symmetry operation �W , g � w� again
has W as rotation part but a different glide/screw part if the
component of g parallel to the symmetry element corresponding to
W is not a lattice vector; cf. Chapter 4.1.

Example
Space group C2�c �15� has a twofold axis along b with screw
part wg � �0, 0, 0�. The translational part of the centring
operation is g � �1

2 , 1
2 , 0�.

An additional axis parallel to b thus has a translation part
g � wg � �1

2 , 1
2 , 0�. The component �0, 1

2 , 0� indicates a screw
axis 21 in the y direction, whereas the component �1

2 , 0, 0�
indicates the location of this axis in �1

4 , y, 0�. Similarly, it can be
shown that glide plane c combined with the centring gives a glide
plane n.

In the same way, in rhombohedral and cubic space groups, a
rotation axis 3 is accompanied by screw axes 31 and 32.

In space groups with centred unit cells, the location parts
of different symmetry elements may coincide. In I42m, for
example, the mirror plane m contains simultaneously a non-
symbolized glide plane n. The same applies to all mirror planes in
Fmmm.

(iv) Symmetry elements with diagonal orientation always occur
with different types of glide/screw parts simultaneously. In space
group P42m the translation vector along a can be decomposed as

w � �1, 0, 0� � �1
2 , 1

2 , 0� � �1
2 , � 1

2 , 0� � wg � wl�

The diagonal mirror plane with normal along 
110� passing through
the origin is accompanied by a parallel glide plane with glide part
�1

2 , 1
2 , 0� shifted by �1

4 , � 1
4 , 0�. The same arguments lead to the

occurrence of screw axes 21, 31 and 32 connected with diagonal
rotation axes 2 or 3.

(v) For some investigations connected with klassengleiche
subgroups, it is convenient to introduce an extended full space-
group symbol that comprises all symmetry elements indicated in
(iii) and (iv). The basic concept may be found in papers by Hermann
(1929) and in IT (1952). These concepts have been applied by
Bertaut (1976) and Zimmermann (1976); cf. Part 4.

Example
The full symbol of space group Imma (74) is

I
21

m
21

m
21

a
�

The I-centring operation introduces additional rotation axes and
glide planes for all three sets of lattice symmetry directions. The
extended full symbol is

I
2, 21

m, n
2, 21

m, n
2, 21

a, b
or I

21

m
21

m
21

a
2
n

2
n

2
b

�

This symbol shows immediately the eight subgroups with a P
lattice corresponding to point group mmm:

Symbols of International Tables

No.
Schoenflies
symbol Shubnikov symbol

1935 Edition Present Edition

Comments*†Short Full Short Full

221 O1
h �a ��a �a�� �4��6 	 m Pm3m P4�m 3 2�m Pm3m P4�m 3 2�m Pm3m (IT, 1952)

222 O2
h �a ��a �a�� �4��6 	�abc Pn3n P4�n 3 2�n Pn3n P4�n 3 2�n Pn3n (IT, 1952)

223 O3
h �a ��a �a�� �42���6 	�abc Pm3n P42�m 3 2�n Pm3n P42�m 3 2�n Pm3n (IT, 1952)

224 O4
h �a ��a �a�� �42���6 	 m Pn3m P42�n 3 2�m Pn3m P42�n 3 2�m Pn3m (IT, 1952)

225 O5
h

a � c
2

�
b � c

2

�
a � b

2
�a ��a �a�

� �
�4��6 	 m Fm3m F4�m 3 2�m Fm3m F4�m 3 2�m Fm3m (IT, 1952)

226 O6
h

a � c
2

�
b � c

2

�
a � b

2
�a ��a �a�

� �
�4��6 	 �c Fm3c F4�m 3 2�c Fm3c F4�m 3 2�c Fm3c (IT, 1952)

227 O7
h

a � c
2

�
b � c

2

�
a � b

2
�a�a �a�

� �

�41���6 	 m

Fd3m F41�d 3 2�m Fd3m F41�d 3 2�m Fd3m (IT, 1952)

228 O8
h

a � c
2

�
b � c

2

�
a � b

2
�a ��a �a�

� �

�41���6 	 �c
Fd3c F41�d 3 2�c Fd3c F41�d 3 2�c Fd3c (IT, 1952)

229 O9
h

a � b � c
2

�
a ��a �a�

� �
�4��6 	 m Im3m I4�m 3 2�m Im3m I4�m 3 2�m Im3m (IT, 1952)

230 O10
h

a � b � c
2

�
a ��a �a�

� �
�41���6 	 1

2
�abc Ia3d I41�a 3 2�d Ia3d I41�a 3 2�d Ia3d (IT, 1952)

* Abbreviations used in the column Comments: IT, 1952: International Tables for X-ray Crystallography, Vol. 1 (1952); Sh–K; Shubnikov & Koptsik (1972).
† Note that this table contains only one notation for the b-unique setting and one notation for the c-unique setting in the monoclinic case, always referring to cell choice 1 of
the space-group tables.

Table 12.3.4.1. Standard space-group symbols (cont.)
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Pmma � Pmmb, Pnma � Pmnb, Pmna � Pnmb and
Pnna � Pnnb�

12.3.4. Standardization rules for short symbols

The symbols of Bravais lattices and glide planes depend on the
choice of basis vectors. As shown in the preceding section,
additional translation vectors in centred unit cells produce new
symmetry operations with the same rotation but different glide/
screw parts. Moreover, it was shown that for diagonal orientations
symmetry operations may be represented by different symbols.
Thus, different short symbols for the same space group can be
derived even if the rules for the selection of the generators and
indicators are obeyed.

For the unique designation of a space-group type, a standardiza-
tion of the short symbol is necessary. Rules for standardization were
given first by Hermann (1931) and later in a slightly modified form
in IT (1952).

These rules, which are generally followed in the present tables,
are given below. Because of the historical development of the
symbols (cf. Chapter 12.4), some of the present symbols do not obey
the rules, whereas others depending on the crystal class need
additional rules for them to be uniquely determined. These
exceptions and additions are not explicitly mentioned, but may be
discovered from Table 12.3.4.1 in which the short symbols are
listed for all space groups. A table for all settings may be found in
Chapter 4.3.

Triclinic symbols are unique if the unit cell is primitive. For the
standard setting of monoclinic space groups, the lattice symmetry
direction is labelled b. From the three possible centrings A, I and C,
the latter one is favoured. If glide components occur in the plane
perpendicular to [010], the glide direction c is preferred. In the
space groups corresponding to the orthorhombic group mm2, the
unique direction of the twofold axis is chosen along c. Accordingly,
the face centring C is employed for centrings perpendicular to the
privileged direction. For space groups with possible A or B centring,
the first one is preferred. For groups 222 and mmm, no privileged
symmetry direction exists, so the different possibilities of one-face
centring can be reduced to C centring by change of the setting. The
choices of unit cell and centring type are fixed by the conventional
basis in systems with higher symmetry.

When more than one kind of symmetry elements exist in one
representative direction, in most cases the choice for the space-
group symbol is made in order of decreasing priority: for reflections
and glide reflections m, a, b, c, n, d, for proper rotations and screw
rotations 6, 61, 62, 63, 64, 65; 4, 41, 42, 43; 3, 31, 32; 2, 21 [cf.
IT (1952), p. 55, and Chapter 4.1].

12.3.5. Systematic absences

Hermann (1928) emphasized that the short symbols permit the
derivation of systematic absences of X-ray reflections caused by the

glide/screw parts of the symmetry operations. If H � �h, k, l�
describes the X-ray reflection and �W , w� is the matrix representa-
tion of a symmetry operation, the matrix can be expanded as
follows:

�W , w� � �W , wg � wl� � �W ,

w1
g

w2
g

w3
g

�
��

�
��� wl��

The absence of a reflection is governed by the relation (i) H 	 W �
H and the scalar product (ii) H 	 wg � hw1

g � kw2
g � lw3

g. A
reflection H is absent if condition (i) holds and the scalar product
(ii) is not an integer. The calculation must be made for all generators
and indicators of the short symbol. Systematic absences, introduced
by the further symmetry operations generated, are obtained by the
combination of the extinction rules derived for the generators and
indicators.

Example: Space group D10
4 � I4122 �98�

The generators of the space group are the integral translations
and the centring translation �xyz, 1

2
1
2

1
2�, the rotation 2 in direction

[100]: �xyz, 000� and the rotation 2 in direction [110]:
�yxz, 00 � 1

4�. The operation corresponding to the indicator is
the product of the two generators:

�xyz, 000� �yxz, 00 � 1
4� � �yxz, 00 1

4��

The integral translations imply no restriction because the scalar
product is always an integer. For the centring, condition (i) with
W � I holds for all reflections (integral condition), but the scalar
product (ii) is an integer only for h � k � l � 2n. Thus,
reflections hkl with h � k � l �� 2n are absent. The screw rotation
4 has the screw part wg � �0, 0, 1

4�. Only 00l reflections obey
condition (i) (serial extinction). An integral value for the scalar
product (ii) requires l � 4n. The twofold axes in the directions
[100] and [110] do not imply further absences because wg � 0.

12.3.6. Generalized symmetry

The international symbols can be suitably modified to describe
generalized symmetry, e.g. colour groups, which occur when the
symmetry operations are combined with changes of physical
properties. For the description of antisymmetry (or ‘black–white’
symmetry), the symbols of the Bravais lattices are supplemented by
additional letters for centrings accompanied by a change in colour.
For symmetry operations that are not translations, a prime is added
to the usual symbol if a change of colour takes place. A complete
description of the symbols and a detailed list of references are given
by Koptsik (1966). The Shubnikov symbols have not been extended
to colour symmetry.
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12.4. Changes introduced in space-group symbols since 1935

BY H. BURZLAFF AND H. ZIMMERMANN

Before the appearance of the first edition of International Tables in
1935, different notations for space groups were in use. A summary
and comparative tables may be found in the introduction to that
edition. The international notation was proposed by Hermann
(1928a,b) and Mauguin (1931), who used the concept of lattice
symmetry directions (see Chapter 12.1) and gave preference to
reflections or glide reflections as generators. Considerable changes
to the original Hermann–Mauguin short symbols were made in
IT (1952).

The most important change refers to the symmetry directions. In
the original Hermann–Mauguin symbols [(IT, 1935)], the distribu-
tion of symmetry elements is prescribed by the point-group symbol
in the traditional setting, for example 42m (not 4m2) but 6m2 (not
62m). This procedure sometimes implies the use of a larger unit cell
than would be necessary. In IT (1952) and in the present Tables,
however, the lattice symmetry directions always refer to the
conventional cell (cf. Part 9) of the Bravais lattice. The results of
this change are (a) different symbols for centring types and (b)
different sequences of the symbols referring to the point group.
These differences occur only in some space groups that have a
tetragonal or hexagonal lattice.

Thus, the two different space groups D1
2d and D5

2d were
symbolized by P42m and C42m in IT (1935) because in both
cases the twofold axis had to be connected with the secondary set of
symmetry directions. The new international symbols are P42m and
P4m2; since in the point group 4�m 2�m 2�m of the Bravais lattice
the secondary and tertiary set cannot be distinguished, the twofold
axis in the subgroups 42m and 4m2 may occur in either the
secondary or the tertiary set. Accordingly, the C-centred cell
of D5

2d � C42m, used in IT (1935), was transformed to a primitive
one with the twofold axis along the tertiary set, resulting in the
symbol P4m2.

The same considerations hold for 6m2 and 62m and for space
groups with a hexagonal lattice belonging to the point groups 32, 3m
and 3m, which can be oriented in two ways with respect to the
lattice.

For example, the point group 3m has two sets of symmetry
directions. If the basis vector a is normal to the mirror plane m, two
hexagonal cells with different centrings are possible:

(i) the hexagonal primitive cell, always described by C in
IT (1935), leads to C3m � C1

3v;
(ii) the hexagonal H-centred cell, with centring points in 2

3
1
3 0 and

1
3

2
3 0, leads to H3m � C2

3v (cf. Part 9).
The latter can be transformed to a primitive cell in which the

mirror plane is normal to the representative of the tertiary set of the
hexagonal lattice. In IT (1952) and the present editions, the
primitive hexagonal cell is described by P. Thus, the above space
groups receive the symbols P3m1 � C1

3v and P31m � C2
3v.

Further changes are:
(i) In IT (1952), symbols for space groups related to the point

groups 422, 622 and 432 contain the twofold axis of the tertiary set.
The advantage is that these groups can be generated by operations
of the secondary and tertiary set. The symbol of the indicator is
provided with the appropriate index to identify the screw part, thus
fixing the intersection parameter.

(ii) Some standard settings are changed in the monoclinic system.
In IT (1935), only one setting (b unique, one cell choice) was
tabulated for the monoclinic space groups. In IT (1952), two choices
were offered, b and c unique, each with one cell choice. In the
present edition, the two choices (b and c unique) are retained but for
each one three different cells are available. The standard short
symbol, however, is that of IT (1935) (b-unique setting).

(iii) In the short symbols of centrosymmetric space groups in the
cubic system, �3 is written instead of 3, e.g. Pm�3 instead of Pm3 [as
in IT (1935) and IT (1952)].

(iv) Beginning with the Fourth Edition of this volume (1995), the
following five orthorhombic space-group symbols have been
modified by introducing the new glide-plane symbol e, according
to a Nomenclature Report of the IUCr (de Wolff et al., 1992).

Space group No. 39 41 64 67 68
Former symbol: Abm2 Aba2 Cmca Cmma Ccca
New symbol: Aem2 Aea2 Cmce Cmme Ccce

The new symbol is indicated in the headline of these space groups.
Further details are given in Chapter 1.3.

Difficulties arising from these changes are avoided by selecting
the lexicographically first one of the two possible glide parts for the
generating operation.

Example: Aea2 � Aba2 � C17
2v �41�

The generators are

A centring: �xyz, 0 1
2

1
2� �1� � �0 1

2
1
2�

glide reflection b�100� � �xyz, 0 1
2 0� �4�

or glide reflection c�100� � �xyz, 00 1
2� �4� � �0 1

2
1
2�

The first possibility is selected.
glide reflection a�010� � �xyz, 1

2 00� �3��
A shift of origin by �� 1

4 , � 1
4 , 0� is necessary

The 1935 symbols and all the changes adopted in the present
edition of International Tables can be seen in Table 12.3.4.1.
Differences in the symbols between IT (1952) and the present
edition may be found in the last column of this table; cf. also Section
2.2.4.
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13.1. Isomorphic subgroups

BY Y. BILLIET AND E. F. BERTAUT

13.1.1. Definitions

A subgroup � of a space group � is an isomorphic subgroup if � is
of the same or the enantiomorphic space-group type as �. Thus,
isomorphic space groups are a special subset of klassengleiche
subgroups. The maximal isomorphic subgroups of lowest index are
listed under IIc in the space-group tables of this volume (Part 7) (cf.
Section 2.2.15). Isomorphic subgroups can easily be recognized
because the standard space-group symbols of � and � are the same
[isosymbolic subgroups (Billiet, 1973)] or the symbol of � is
enantiomorphic to that of �. Every space group has an infinite
number of maximal isomorphic subgroups, whereas the number of
maximal non-isomorphic subgroups is finite (cf. Section 8.3.3). For
this reason, isomorphic subgroups are discussed in more detail in
the present section.

If a, b, c are the basis vectors defining the conventional unit cell
of � and a�, b�, c� the basis vectors corresponding to � the relation

�a�, b�, c�� � �a, b, c�S �13�1�1�1�
holds, where (a, b, c) and �a�, b�, c�� are row matrices and S is a
�3 � 3� matrix. The coefficients Sij of S are integers.*

The index of � in � is equal to �det�S��*, which is the ratio of the
volumes [a�b�c�] and [abc] of the two cells. det�S� is positive if the
bases of the two cells have the same handedness and negative if they
have opposite handedness.

If O and O� are the origins of the coordinate systems (O, a, b, c)
and �O�, a�, b�, c��, used for the description of � and �, the column
matrix of the coordinates of O� referred to the system (O, a, b, c)
will be denoted by s. Thus, the coordinate system �O�, a�, b�, c�� will
be specified completely by the square matrix S and the column
matrix s, symbolized by � � �S, s�.

An example of the application of equation (13.1.1.1) is given at
the end of this chapter.

13.1.1.1. The mathematical expression of equivalence

Let � � �W , w� be the operator of a given symmetry operation
of � referred to (O, a, b, c) and �� � �W �, w�� the operator of the
same operation referred to �O�, a�, b�, c�. Then the following relation
applies

��� � �� or �� � �	1�� �13�1�1�2�
(cf. Bertaut & Billiet, 1979). The latter expression is more
conventional, the former is easier to manipulate. Identifying the
rotational (matrix) and translational (column) parts of �, one
obtains the following two conditions:

SW � � WS,

s 
 Sw� � w 
 Ws � �w 
 t� 
 Ws
�13�1�1�2a�

or

Sw� 	 �w 
 �I 	 W�s � t�� �13�1�1�2b�
Here we have split w into a fractional part �w (smaller than any

lattice translation) and t� which describes a lattice translation in �.
The general expression of the matrix S is

S �
S11 S12 S13

S21 S22 S23

S31 S32 S33

�
�

�
�� �13�1�1�3�

This general form, without any restrictions on the coefficients,
applies only to the triclinic space groups P1 and P�1; P1 has only
isomorphic subgroups (cf. Billiet, 1979; Billiet & Rolley Le Coz,
1980). For other space groups, restrictions have to be imposed on
the coefficients Sij.

13.1.2. Isomorphic subgroups

For convenience, we consider first those crystal systems that
possess a unique direction (the privileged axis being taken parallel
to c). We also include here the monoclinic system (unique axis
either c or b).

13.1.2.1. Monoclinic, tetragonal, trigonal, hexagonal systems

If W is the matrix corresponding to a rotation about the c axis,
W � � W holds if the positive direction is the same for c and c�.† In
consequence, W must commute with S [cf. equation (13.1.1.2a)].
This condition imposes relations on the coefficients Sij of the matrix
so that S and det�S� take the following forms:

Monoclinic system

Mc �
S11 S12 0
S21 S22 0
0 0 S33

�
�

�
�, det�Mc� � S33�S11S22 	 S12S21��

or if b instead of c is used

Mb �
S11 0 S13

0 S22 0
S31 0 S33

�
�

�
�, det�Mb� � S22�S11S33 	 S13S31��

Tetragonal system

T1 �
S11 	S21 0
S21 S11 0
0 0 S33

�
�

�
�, det�T1� � S33�S2

11 
 S2
21��

Hexagonal and trigonal systems

H1 �
S11 	S21 0

S21 S11 	 S21 0

0 0 S33

�
��

�
��,

det�H1� � S33�S2
11 
 S2

21 	 S11S21��
For rhombohedral space groups, the matrix H1 applies only when
hexagonal axes are used. If rhombohedral axes are used, the matrix
S has the form

R1 �
S0 S2 S1

S1 S0 S2

S2 S1 S0

�
��

�
��,

det�R1� � S3
0 
 S3

1 
 S3
2 	 3S0S1S2

� �S0 
 S1 
 S2�
� �S2

0 
 S2
1 
 S2

2 	 S0S1 	 S1S2 	 S2S0��

� In general, this does not hold for non-isomorphic subgroups.
� If the positive directions of c and c� are opposite, W � � W	1, but this does not
bring in any new features.
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13.1.2.1.1. Additional restrictions

If mirror or glide planes parallel to and/or twofold rotation or screw
axes perpendicular to the principal rotation axis exist, further
conditions are imposed upon the coefficients Sij and these are
indicated below (cf. Bertaut & Billiet, 1979).

Monoclinic system
The matrices Mc and Mb apply without any further restrictions

on the coefficients.

Tetragonal system
The matrix T1 is valid for all space groups belonging to the

crystal classes 4, �4 and 4�m.
For all other space groups, restrictions apply to the coefficients

S21 according to the following two rules which are consequences of
equation (13.1.1.2a):

(i) If the last two letters of the Hermann–Mauguin symbol are
different, S21 � 0; the corresponding matrix is called T2.

Example: P42�mmc

T2 �
S11 0 0
0 S11 0
0 0 S33

�
�

�
�, det�T2� � S33S2

11�

(ii) If the last two letters are the same (except for the three cases
mentioned below), two matrices have to be applied, the matrix T2
introduced above and the matrix T1 with S21 � S11; the correspond-
ing matrix is called T3.

T3 �
S11 	S11 0
S11 S11 0
0 0 S33

�
�

�
�, det�T3� � 2S33S2

11�

The following space groups have matrices T2 and T3: P422,
P4mm, P4�mmm, P4122, P4322, P4222, P4cc, P4�mcc, I422, I4mm
and I4�mmm. The three exceptions to the rule mentioned above
are the space groups P4�nmm, P4�ncc and I4122, which allow only
T2.

Hexagonal and trigonal systems
The matrix H1 is valid for all space groups belonging to the

crystal classes 6, �6, 6�m, 3 and �3.
For all other space groups for which the last two letters of the

Hermann–Mauguin symbol are different, S22 � S11, and the matrix
is called H2. Examples are P63�mcm, P312 and P�62m.

H2 �
S11 0 0
0 S11 0
0 0 S33

�
�

�
�, det�H2� � S33S2

11�

If the last two letters of the Hermann–Mauguin symbol are the
same, two matrices have to be applied, the matrix H2 introduced
above and the matrix H1 with S11 � 2S�11 and S21 � S�11; this matrix
is called H3,

H3 �
2S�11 	S�11 0

S�11 S�11 0
0 0 S33

�
�

�
�, det�H3� � 3S33S�211�

Examples are P622, P6�mmm and P6cc.

Rhombohedral space groups
For R3 and R�3, one has the matrix H1 for hexagonal axes and

R1 for rhombohedral axes. For all other rhombohedral space
groups, one has H2 (hexagonal axes) and the matrix R1 with S1 �
S2 (rhombohedral axes). This last matrix is called R2. Example:
R32.

Table 13.1.2.1. Isomorphic subgroups of the plane groups

OBLIQUE SYSTEM

S � S11 S12

S21 S22

� �

Conditions: S11 � 0, S22 � 0, S11S22 � 1, S21 � 0, 	S11�2 � S12 � S11�2

RECTANGULAR SYSTEM

O � S11 0
0 S22

� �

Conditions: S11 � 0, S22 � 0, S11S22 � 1

Oa Ob Oc Od Oe

S11 n1 n1 2n1 
 1 2n1 2n1 
 1

S22 n2 2n2 
 1 2n2 
 1 2n2 n2

SQUARE SYSTEM

T1 � S11 	S21

S21 S11

� �

Conditions: S11 � 0, S21 � 0, S2
11 
 S2

21 � 1

T2 � S11 0
0 S11

� �

Conditions: Ta
2 � S11 � 1� Tb

2 � S11 � 2n1 
 1 � 1

T3 � S11 	S11

S11 S11

� �

Condition: S11 � 0

HEXAGONAL SYSTEM

H1 � S11 	S21

S21 S11 	 S21

� �

Conditions: S11 � 0, 0 � S21 � S11, �S2
11 
 S2

21 	 S11S21� � 1

H2 � S11 0
0 S11

� �

Condition: S11 � 1

H3 � 2S11 	S11

S11 S11

� �

Condition: S11 � 0

Table of plane subgroups

No. 1 p1 � S� No. 2 p2 � S� No. 3 pm � Oa� No. 4 pg � Ob�

No. 5 cm � Oc, Od � No. 6 p2mm � Oa� No. 7 p2mg � Oe� No. 8 p2gg � Oc�

No. 9 c2mm � Oc, Od � No. 10 p4 � T1� No. 11 p4mm � Ta
2, T3�

No. 12 p4gm � Tb
2� No. 13 p3 � H1� No. 14 p3m1 � H2� No. 15 p31m � H2�

No. 16 p6 � H1� No. 17 p6mm � H2, H3�
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R2 �
S0 S1 S1

S1 S0 S1

S1 S1 S0

�
�

�
�, det�R2� � �S0 
 2S1��S0 	 S1�2�

13.1.2.2. Cubic and orthorhombic systems

Cubic system
For cubic space groups, equation (13.1.1.2a) leads to the matrix C:

C �
S 0 0
0 S 0
0 0 S

�
�

�
�, det�C� � S3�

Orthorhombic system
There are six choices of matrices Oi �i � 1, 2, 3, 4, 5, 6�

corresponding to the identical orientation �O1�, to cyclic permuta-
tions of the three axes (O2 and O3) and to the interchange of two

axes (O4, O5 and O6), i.e. to the six orthorhombic ‘settings’.

O1 �
S11 0 0

0 S22 0

0 0 S33

�
��

�
��� O2 �

0 S12 0

0 0 S23

S31 0 0

�
��

�
���

O3 �
0 0 S13

S21 0 0

0 S32 0

�
��

�
��� O4 �

S11 0 0

0 0 S23

0 S32 0

�
��

�
���

O5 �
0 0 S13

0 S22 0

S31 0 0

�
��

�
��� O6 �

0 S12 0

S21 0 0

0 0 S33

�
��

�
���

The determinant is always equal to the product of the three non-
zero coefficients, det�Oi� � S1jS2kS3l.

Table 13.1.2.2. Isomorphic subgroups of the space groups

TRICLINIC SYSTEM

S �
S11 S12 S13

S21 S22 S23

S31 S32 S33

�
�

�
�

Conditions: S11 � 0, S22 � 0, S33 � 0, S11S22S33 � 1,

S21 � S31 � S32 � 0, 	S11�2 � S12 � S11�2,

	 S11�2 � S13 � S11�2, 	S22�2 � S23 � S22�2

MONOCLINIC SYSTEM

Unique axis c

Mc �
S11 S12 0
S21 S22 0
0 0 S33

�
�

�
�

Conditions: S33 � 0, �S11S22 	 S12S21�S33 � 1

S11 S12 S21 S22 S33 Extra condition

Ma
c n1 � 0 0 n3 n4 � 0 n5 	n4�2 � n3 � n4�2

Mb
c n1 � 0 0 n3 n4 � 0 2n5 
 1 	n4�2 � n3 � n4�2

M c
c n1 � 0 2n2 0 2n4 
 1 � 0 2n5 
 1 	n1�2 � n2 � n1�2

Md
c n1 � 0 2n2 0 2n4 � 0 2n5 	n1�2 � n2 � n1�2

M e
c n1 2n2 � 0 n3 � 0 0 2n5 	n2 � n1 � n2

M f
c 2n1 
 1 � 0 0 2n3 n4 � 0 n5 	n4�2 � n3 � n4�2

Mg
c 2n1 
 1 � 0 2n2 0 2n4 
 1 � 0 2n5 
 1 	�2n1 
 1��2 � n2 � �2n1 
 1��2

Mh
c 2n1 
 1 � 0 2n2 0 2n4 � 0 2n5 	�2n1 
 1��2 � n2 � �2n1 
 1��2

M i
c 2n1 
 1 2n2 � 0 n3 � 0 0 2n5 	�n2 
 1��2 � n1 � �n2 	 1��2

M j
c 2n1 
 1 � 0 0 2n3 n4 � 0 2n5 
 1 	n4�2 � n3 � n4�2

Unique axis b

Mb �
S11 0 S13

0 S22 0
S31 0 S33

�
�

�
�

Conditions: S22 � 0, �S11S33 	 S13S31�S22 � 1

S11 S13 S22 S31 S33 Extra condition

Ma
b n1 � 0 n2 n3 0 n5 � 0 	n1�2 � n2 � n1�2

Mb
b n1 � 0 n2 2n3 
 1 0 n5 � 0 	n1�2 � n2 � n1�2

M c
b 2n1 
 1 � 0 0 2n3 
 1 2n4 n5 � 0 	n5�2 � n4 � n5�2

Md
b 2n1 � 0 0 2n3 2n4 n5 � 0 	n5�2 � n4 � n5�2

M e
b 0 n2 � 0 2n3 2n4 � 0 n5 	n4 � n5 � n4

M f
b n1 2n2 n3 0 2n5 
 1 � 0 	n1�2 � n2 � n1�2

Mg
b 2n1 
 1 � 0 0 2n3 
 1 2n4 2n5 
 1 � 0 	�2n5 
 1��2 � n4 � �2n5 
 1��2

Mh
b 2n1 � 0 0 2n3 2n4 2n5 
 1 � 0 	�2n5 
 1��2 � n4 � �2n5 
 1��2

M i
b 0 n2 � 0 2n3 2n4 � 0 2n5 
 1 	�n4 
 1��2 � n5 � �n4 	 1��2

M j
b n1 � 0 2n2 2n3 
 1 0 2n5 
 1 � 0 	n1�2 � n2 � n1�2
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The following general rule exists: only those matrices Oi are
permissible for which, if the non-zero coefficients are replaced
by 1, the corresponding transformation of the axes conserves the
Hermann–Mauguin symbol.

Examples
(1) When the three letters of the Hermann–Mauguin symbol are the

same, as in P222, Pmmm, Pnnn etc., the Hermann–Mauguin
symbol does not change and all six matrices are valid.

(2) When the z axis plays a privileged role and when the x and y
axes are equivalent, only O1 and O6 apply. Examples are P2221,
Pbam and Ccca. In Pmma, the x and y axes are not equivalent
because the interchange leads to Pmmb (the non-equivalence of
the x and y axes can also be recognized by inspection of the full
symbol P21�m 2�m 2�a).

(3) Matrix O1 always applies.

13.1.2.3. Triclinic system

As stated above, P1 has only isomorphic subgroups and the
general nature of the matrix S [equation (13.1.1.3)] requires the use
of special techniques (cf. Chapter 13.2, Derivative lattices); they
apply also to P�1.

13.1.2.4. Parity conditions

In equation (13.1.1.2b), there occurs the choice of the origin by
means of s, the nature of the lattice by means of t� and the nature of
the symmetry operations by means of the column matrices w and w�.
The three factors, origin, lattice type, screw and glide components,
impose parity conditions on the coefficients of the matrix S. Only a
few examples are given here.

When (W, w) and �W �, w�� are operators of lattice translations of
�, say �I , t�� and �I , t��, equation (13.1.1.2b) reduces to

S � t� � t�� �13�1�1�4�

Example
In a tetragonal I lattice, t� is either an integral or a fractional
translation. If t� is �1

2 , 1
2 , 1

2� and the matrix S is replaced by T1,
one obtains

ORTHORHOMBIC SYSTEM

O1 �
S11 0 0
0 S22 0
0 0 S33

�
�

�
�

Conditions: S11 � 0, S22 � 0, S33 � 0, S11S22S33 � 1

S11 S22 S33

Oa
1 n1 n2 n3

Ob
1 n1 n2 2n3 
 1

Oc
1 2n1 
 1 2n2 
 1 n3

Od
1 2n1 
 1 2n2 
 1 2n3 
 1

Oe
1 2n1 2n2 2n3 
 1

Of
1 2n1 2n2 n3

Og
1 2n1 2n2 2n3

Oh
1 2n1 
 1 n2 n3

Oi
1 2n1 
 1 n2 2n3 
 1

O j
1 n1 2n2 
 1 2n3 
 1

Ok
1 n1 2n2 2n3

Ol
1 2n1 
 1 2n2 2n3

O4 �
S11 0 0
0 0 S23

0 S32 0

�
�

�
�

Conditions: S11 � 2n1 � 0, S23 � 	n2 � 0, S32 � 2n3 � 0

O5 �
0 0 S13

0 S22 0
S31 0 0

�
�

�
�

Conditions: S13 � 	n1 � 0, S22 � 2n2 � 0, S31 � 2n3 � 0

O6 �
0 S12 0
S21 0 0
0 0 S33

�
�

�
�

Conditions: S12 � 2n1 � 0, S21 � 	n2 � 0, S33 � 2n3 � 0

TETRAGONAL SYSTEM

T1 �
S11 	S21 0
S21 S11 0
0 0 S33

�
�

�
�

Conditions: S11 � 0, S21 � 0, S33 � 0, �S2
11 
 S2

21�S33 � 1

S11 S21 S33

Ta
1 n1 n2 n3

Tb
1 n1 n2 4n3 
 1

Tc
1 n1 n2 4n3 
 3

Td
1 n1 n2 2n3 
 1

Te
1 2n1 
 1 2n2 2n3 
 1

T f
1 2n1 2n2 
 1 2n3 
 1

Tg
1 2n1 
 1 2n2 
 1 2n3

Th
1 2n1 2n2 2n3

T i
1 2n1 
 1 2n2 n3

T j
1 2n1 2n2 
 1 n3

T2 �
S11 0 0
0 S11 0
0 0 S33

�
�

�
�

Conditions: S11 � 0, S33 � 0, S11S33 � 1

S11 S33

Ta
2 n1 n2

Tb
2 2n1 
 1 n2

Tc
2 n1 4n2 
 1

Td
2 n1 4n2 
 3

Te
2 2n1 
 1 4n2 
 1

T f
2 2n1 
 1 4n2 
 3

Tg
2 n1 2n2 
 1

Th
2 2n1 
 1 2n2 
 1

T i
2 2n1 2n2

T3 �
S11 	S11 0
S11 S11 0
0 0 S33

�
�

�
�

Conditions � S11 � 0, S33 � 0

Ta
3 � S33 � n1� Tb

3 � S33 � 4n1 
 1� Tc
3 � S33 � 4n1 
 1;

Td
3 � S33 � 2n1 
 1� Te

3 � S33 � 2n1

Table 13.1.2.2. Isomorphic subgroups of the space groups
(cont.)

Table 13.1.2.2. Isomorphic subgroups of the space groups
(cont.)
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TRIGONAL AND HEXAGONAL SYSTEMS

Hexagonal axes

H1 �
S11 	S21 0
S21 S11 	 S21 0
0 0 S33

�
�

�
�

Conditions: S11 � 0, 0 � S21 � S11, S33 � 0, �S2
11 
 S2

21 	 S11S21�S33 � 1

Ha
1 � S33 � n1� Hb

1 � S33 � 3n1 
 1� Hc
1 � S33 � 3n1 
 2�

Hd
1 � S33 � 6n1 
 1� He

1 � S33 � 6n1 
 5� H f
1 � S33 � 2n3 
 1

Conditions: S11 � 0, S21 � 0, S33 � 0, �S2
11 
 S2

21 	 S11S21�S33 � 1

S11 S21 S33

Hg
1 3n1 
 1 3n2 3n3 
 1

Hh
1 3n1 
 2 3n2 
 2 3n3 
 1

H i
1 3n1 3n2 
 1 3n3 
 1

H j
1 3n1 
 1 3n2 
 1 3n3 
 2

Hk
1 3n1 
 2 3n2 3n3 
 2

H l
1 3n1 3n2 
 2 3n3 
 2

Hm
1 3n1 
 1 3n2 
 2 3n3

Hn
1 3n1 
 2 3n2 
 1 3n3

Ho
1 3n1 3n2 3n3

H2 �
S11 0 0
0 S11 0
0 0 S33

�
�

�
�

Conditions: S11 � 0, S33 � 0, S11S33 � 1

S11 S33

Ha
2 n1 n2

Hb
2 n1 3n2 
 1

Hc
2 n1 3n2 
 2

Hd
2 3n1 
 1 3n2 
 1

He
2 3n1 
 2 3n2 
 2

H f
2 3n1 3n2

Hg
2 n1 2n2 
 1

Hh
2 3n1 
 1 6n2 
 1

H i
2 3n1 
 2 6n2 
 5

H j
2 3n1 6n2 
 3

Hk
2 n1 6n2 
 1

H l
2 n1 6n2 
 5

H3 �
2S11 	S11 0

S11 S11 0
0 0 S33

�
�

�
�

Conditions: S11 � 0, S33 � 0

Ha
3 � S33 � n1� Hb

3 � S33 � 6n1 
 1�Hc
3 � S33 � 6n1 
 5�

Hd
3 � S33 � 3n1 
 1�He

3 � S33 � 3n1 
 2� H f
3 � S33 � 2n1 
 1

Rhombohedral axes

R1 �
S0 S2 S1

S1 S0 S2

S2 S1 S0

�
�

�
�

Conditions: S0 � 0, S1 � S0, 	 �S0 
 S1� � S2 � S0,

�S0 
 S1 
 S2��S2
0 
 S2

1 
 S2
2 	 S0S1 	 S1S2 	 S2S0� � 1

R2 �
S0 S1 S1

S1 S0 S1

S1 S1 S0

�
�

�
�

Conditions: Ra
2 � S0 � 0, 	 S0�2 � S1 � S0�

R2
b � S0 � 0, 	 S0�2 � S1 � S0, S0 
 2S1 � 2n 
 1

CUBIC SYSTEM

C �
S11 0 0
0 S11 0
0 0 S11

�
�

�
�

Condition: S11 � 1

Ca � S11 � n1� Cb � S11 � 2n1 
 1�

Cc � S11 � 4n1 
 1� Cd � S11 � 4n1 
 3

Table of space subgroups

No. 1 P1 : S; No. 2 P�1 � S; No. 3 P112 � Ma
c � P121 � Mb

a;

No. 4 P1121 � Mb
c � P1211 � Mb

b; No. 5 A112 � Mc
c, Md

c , Me
c;

C121 � Mc
b, Md

b , Me
b; No. 6 P11m � Ma

c � P1m1 � Ma
b; No. 7 P11a � M f

c ;

P1c1 � M f
b; No. 8 A11m � Mc

c, Md
c , Me

c� C1m1 � Mc
b, Md

b , Me
b;

No. 9 A11a � Mg
c , Mh

c , M i
c� C1c1 � Mg

b , Mh
b, M i

b; No. 10 P112�m � Ma
c ;

P12�m1 � Ma
b; No. 11 P1121�m � Mb

c � P121�m1 � Mb
b;

No. 12 A112�m � M c
c, Md

c , Me
c� C12�m1 � Mc

b, Md
b , Me

b;

No. 13 P112�a � M f
c � P12�c1 � M f

b;
No. 14 P1121�a � M j

c � P121�c1 � M j
b ;

No. 15 A112�a � Mg
c , Mh

c , M i
c� C12�c1� Mg

b, Mh
b, M i

b; No. 16 P222 � Oa
1;

No. 17 P2221 � Ob
1; No. 18 P21212 � Oc

1; No. 19 P212121 � Od
1;

No. 20 C2221 � Od
1, Oe

1; No. 21 C222 � Oc
1, Of

1, O4, O5;

No. 22 F222 � Od
1, Og

1; No. 23 I222 � Od
1, Og

1; No. 24 I212121 � Od
1;

No. 25 Pmm2 � Oa
1; No. 26 Pmc21� Ob

1; No. 27 Pcc2 � Ob
1;

No. 28 Pma2 � Oh
1; No. 29 Pca21 � Oi

1; No. 30 Pnc2 � O j
1 ;

No. 31 Pmn21 � Oi
1; No. 32 Pba2 � Oc

1; No. 33 Pna2 � Od
1;

No. 34 Pnn2 � Od
1; No. 35 Cmm2 � Oc

1, Of
1; No. 36 Cmc21 � Od

1;

No. 37 Ccc2 � Od
1, Oe

1; No. 38 Amm2 � O j
1 , Ok

1, O6; No. 39 Abm2 � O j
1 ;

No. 40 Ama2 � Od
1 , Ol

1; No. 41 Aba2 � Od
1; No. 42 Fmm2 � Od

1 , Og
1;

No. 43 Fdd2 � Od
1; No. 44 Imm2 � Od

1, Og
1; No. 45 Iba2 � Od

1;

No. 46 Ima2 � Od
1; No. 47 Pmmm � Oa

1; No. 48 Pnnn � Od
1;

No. 49 Pccm � Ob
1; No. 50 Pban � Oc

1; No. 51 Pmma � Oh
1

No. 52 Pnna � Od
1; No. 53 Pmna � Oi

1; No. 54 Pcca � Oi
1;

No. 55 Pbam � Oc
1; No. 56 Pccn � Od

1; No. 57 Pbcm � O j
1 ;

No. 58 Pnnm � Od
1; No. 59 Pmmn � Oc

1; No. 60 Pbcn � Od
1;

No. 61 Pbca � Od
1; No. 62 Pnma � Od

1; No. 63 Cmcm � Od
1, Oe

1;

No. 64 Cmca � Od
1; No. 65 Cmmm � Oc

1, Of
1, O4, O5;

No. 66 Cccm � Od
1, Oe

1; No. 67 Cmma � Oc
1; No. 68 Ccca � Od

1;

No. 69 Fmmm � Od
1, Og

1; No. 70 Fddd � Od
1; No. 71 Immm � Od

1, Og
1;

No. 72 Ibam � Od
1; No. 73 Ibca � Od

1; No. 74 Imma � Od
1;

No. 75 P4 � Ta
1; No. 76 P41 � Tb

1(subgroups P41�, Tc
1�subgroups P43�;

No. 77 P42 � Td
1; No. 78 P43 � Tb

1�subgroups P43�, Tc
1�subgroups P41�;

No. 79 I4 � Te
1, T f

1, Tg
1, Th

1; No. 80 I41 � Te
1, T f

1; No. 81 P�4 � Ta
1;

No. 82 I�4 � Te
1, T f

1, Tg
1, Th

1; No. 83 P4�m � Ta
1; No. 84 P42�m � Td

1;

No. 85 P4�n � T i
1, T j

1 ; No. 86 P42�n � Te
1, T f

1;

No. 87 I4�m � Te
1, T f

1, Tg
1, Th

1; No. 88 I41�a � Te
1, T f

1;

No. 89 P422 � Ta
2, Ta

3; No. 90 P4212 � Tb
2;

No. 91 P4122 � Tc
2�subgroups P4122�, Td

2�subgroups P4322�,
Tb

3�subgroups P4122�, Tc
3�subgroups P4322�;

No. 92 P41212 � Te
2�subgroups P41212�, T f

2�subgroups P43212�;
No. 93 P4222 � Tg

2, Td
3; No. 94 P42212 � Th

2;

No. 95 P4322 � Tc
2�subgroups P4322�, Td

2�subgroups P4122�,
Tb

3�subgroups P4322�, Tc
3�subgroups P4122�;

No. 96 P43212 � Te
2�subgroups P43212�, T f

2�subgroups P41212�;
No. 97 I422 � Th

2, T i
2, Te

3; No. 98 I4122 � Th
2; No. 99 P4mm � Ta

2, Ta
3;

No. 100 P4bm � Tb
2; No. 101 P42cm � Tg

2; No. 102 P42nm � Th
2;

Table 13.1.2.2. Isomorphic subgroups of the space groups
(cont.)
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S

1
2
1
2
1
2

�
��

�
�� �

1
2 �S11 	 S21�
1
2 �S11 
 S21�
1
2 S33

�
��

�
�� �

n1

n2

n3

�
��

�
�� or

n1 
 1
2

n2 
 1
2

n3 
 1
2

�
��

�
��

�13�1�1�4a�
with n1, n2, n3 integers.

From this it follows that either S11 and S21 have the same
parity and S33 is even, or else S11 and S21 have opposite parities
and S33 is odd.

If (W, w) and �W �, w�� represent the same operation 41 in the
two P lattices of � and �, with �w � w� � �00 1

4�, for s � 0,
equation (13.1.1.2b) reduces to

1
4�S33 	 1� � n or S33 � 4n 
 1, n integer�

There are similar conditions for glide and other screw operations.

The location part s, i.e. the relative positions of the origins O and
O� of group and subgroup, is another important problem. This
problem can be approached in two ways. First, only standard
settings and origins (as defined in the space-group tables of this
volume) of the group � and its subgroup � are considered. In this
case, the origin relation between � and � must be indicated by the
appropriate column s. For instance, in P212121 the matrices
O4, O5, O6 are only possible for s �� o, say s � �	 1

4 , 	 1
4 , 	 1

4�.
Second, one can describe � based on the same origin as �, i.e.
O and O� coincide. In this case, nonstandard descriptions of �
frequently result and one has to indicate the location of the
symmetry elements of � with respect to the origin of �.

Unfortunately, it was not possible to incorporate in the present
tables the implications that the choice of the origin has on the
coefficients Sij (cf. Bertaut, 1956; Billiet, 1978; Bertaut & Billiet,
1979).

The explicit forms of the matrices S for each space group and
each plane group are given in Tables 13.1.2.1 and 13.1.2.2 without
origin indications.

Example
Consider space groups P4�mmm and P4�mcc and envisage the
matrix T3 which has the determinant 2S33S2

11. Its lowest value is 2
with S11 � S33 � 1. The matrix T3 then implies the axis
transformation

a� � a 
 b, b� � 	a 
 b, c� � c�

Envisage also the matrix T2 which has the determinant S2
11S33.

Its lowest value for a proper subgroup is 2 with S11 � 1 and
S33 � 2. The axis transformation is here

No. 103 P4cc � Tg
2, Td

3; No. 104 P4nc � Th
2; No. 105 P42mc � Tg

2;

No. 106 P42bc � Th
2; No. 107 I4mm � Th

2, T i
2, Te

3; No. 108 I4cm � Th
2;

No. 109 I41md � Th
2; No. 110 I41cd � Th

2; No. 111 P�42m � Ta
2;

No. 112 P�42c � Tg
2; No. 113 P�421m � Tb

2; No. 114 P�421c � Th
2;

No. 115 P�4m2 � Ta
2; No. 116 P�4c2 � Tg

2; No. 117 P�4b2 � Tb
2;

No. 118 P�4n2 � Th
2; No. 119 I�4m2 � Th

2, T i
2; No. 120 I�4c2 � Th

2;

No. 121 I�42m � Th
2, T i

2; No. 122 I�42d � Th
2; No. 123 P4�mmm � Ta

2, Ta
3;

No. 124 P4�mcc � Tg
2, Td

3; No. 125 P4�nbm � Tb
2; No. 126 P4�nnc � Th

2;

No. 127 P4�mbm � Tb
2; No. 128 P4�mnc � Th

2; No. 129 P4�nmm � Tb
2;

No. 130 P4�ncc � Th
2; No. 131 P42�mmc � Tg

2; No. 132 P42�mcm � Tg
2;

No. 133 P42�nbc � Th
2; No. 134 P42�nnm � Th

2; No. 135 P42�mbc � Th
2;

No. 136 P42�mnm � Th
2; No. 137 P42�nmc � Th

2; No. 138 P42�ncm � Th
2;

No. 139 I4�mmm � Th
2, T i

2, Te
3; No. 140 I4�mcm � Th

2;

No. 141 I41�amd � Th
2; No. 142 I41�acd � Th

2; No. 143 P3 � Ha
1;

No. 144 P31 � Hb
1�subgroups P31�, Hc

1�subgroups P32�;
No. 145 P32 � Hb

1�subgroups P32�, Hc
1�subgroups P31�;

No. 146 R3 (hexagonal axes): Hg
1, Hh

1, H i
1, H j

1 , Hk
1, H l

1, Hm
1 , Hn

1, Ho
1;

R3 (rhombohedral axes): R1; No. 147 P�3 � Ha
1;

No. 148 R�3 (hexagonal axes): Hg
1, Hh

1, H i
1, H j

1 , Hk
1, H l

1, Hm
1 , Hn

1, Ho
1;

R�3 (rhombohedral axes): R1; No. 149 P312 � Ha
2; No. 150 P321 � Ha

2;

No. 151 P3112 � Hb
2�subgroups P3112�, Hc

2�subgroups P3212�;
No. 152 P3121 � Hb

2�subgroups P3121�, Hc
2�subgroups P3221�;

No. 153 P3212 � Hb
2�subgroups P3212�, Hc

2�subgroups P3112�;
No. 154 P3221 � Hb

2�subgroups P3221�, Hc
2�subgroups P3121�;

No. 155 R32 (hexagonal axes): Hd
2, He

2, H f
2; R32 (rhombohedral axes):

Ra
2; No. 156 P3m1 � Ha

2; No. 157 P31m � Ha
2; No. 158 P3c1 � Hg

2;

No. 159 P31c � Hg
2; No. 160 R3m (hexagonal axes): Hd

2, He
2, H f

2;

R3m (rhombohedral axes): Ra
2; No. 161 R3c (hexagonal axes):

Hh
2, H i

2, H j
2 ; R3c (rhombohedral axes): Rb

2; No. 162 P�31m � Ha
2;

No. 163 P�31c � Hg
2; No. 164 P�3m1 � Ha

2; No. 165 P�3c1 � Hg
2;

No. 166 R�3m (hexagonal axes): Hd
2 , He

2, H f
2; R�3m (rhombohedral

axes): Ra
2; No. 167 R�3c (hexagonal axes): Hh

2, H i
2, H j

2 ;

R�3c (rhombohedral axes): Rb
2; No. 168 P6: Ha

1;

No. 169 P61 � Hd
1�subgroups P61�, He

1�subgroups P65�;
No. 170 P65 � Hd

1�subgroups P65�, He
1�subgroups P61�;

No. 171 P62 � Hb
1�subgroups P62�, Hc

1�subgroups P64�;
No. 172 P64 � Hb

1�subgroups P64�, Hc
1�subgroups P62�;

No. 173 P63 � H f
1; No. 174 P�6 � Ha

1; No. 175 P6�m � Ha
1;

No. 176 P63�m � H f
1; No. 177 P622 � Ha

2; Ha
3;

No. 178 P6122 � Hk
2�subgroups P6122�, H i

2�subgroups P6522�,
Hb

3�subgroups P6122�, Hc
3�subgroups P6522�;

No. 179 P6522 � Hk
2�subgroups P6522�, H l

2�subgroups P6122�,
Hb

3�subgroups P6522�, Hc
3�subgroups P6122�;

No. 180 P6222 � Hb
2�subgroups P6222�, Hc

2�subgroups P6422�,
Hd

3�subgroups P6222�, He
3�subgroups P6422�;

No. 181 P6422 � Hb
2�subgroups P6422�, Hc

2�subgroups P6222�,
Hd

3�subgroups P6422�, He
3�subgroups P6222�; No. 182 P6322 � Hg

2, H f
3;

No. 183 P6mm � Ha
2, Ha

3; No. 184 P6cc � Hg
2, H f

3; No. 185 P63cm � Hg
2;

No. 186 P63mc � Hg
2; No. 187 P�6m2 � Ha

2; No. 188 P�6c2 � Hg
2;

No. 189 P�62m � Ha
2; No. 190 P�62c � Hg

2; No. 191 P6�mmm � Ha
2, Ha

3;

No. 192 P6�mcc � Hg
2, H f

3; No. 193 P63�mcm � Hg
2;

No. 194 P63�mmc � Hg
2; No. 195 P23 � Ca; No. 196 F23 � Ca;

No. 197 I23 � Ca; No. 198 P213 � Cb; No. 199 I213 � Cb;

No. 200 Pm�3 � Ca; No. 201 Pn�3 � Cb; No. 202 Fm�3 � Ca;

No. 203 Fd�3 � Cb; No. 204 Im�3 � Ca; No. 205 Pa�3 � Cb;

No. 206 Ia�3 � Cb; No. 207 P432 � Ca; No. 208 P4232 � Cb;

No. 209 F432 � Ca; No. 210 F4132 � Cb; No. 211 I432 � Ca;

No. 212 P4332 � Cc�subgroups P4332�, Cd�subgroups P4132�;
No. 213 P4132 � Cc�subgroups P4132�, Cd�subgroups P4332�;
No. 214 I4132 � Cb; No. 215 P�43m � Ca; No. 216 F�43m � Ca;

No. 217 I�43m � Ca: No. 218 P�43n � Cb; No. 219 F�43c � Cb;

No. 220 I�43d � Cb; No. 221 Pm�3m � Ca; No. 222 Pn�3n � Cb;

No. 223 Pm�3n � Cb; No. 224 Pn�3m � Cb; No. 225 Fm�3m � Ca;

No. 226 Fm�3c � Cb; No. 227 Fd�3m � Cb; No. 228 Fd�3c � Cb;

No. 229 Im�3m � Ca; No. 230 Ia�3d � Cb.

Table 13.1.2.2. Isomorphic subgroups of the space groups
(cont.)
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a� � a, b� � b, c� � 2c�

This transformation is permitted for P4�mmm but not for
P4�mcc where the parity rules require S33 � 2n 
 1. Thus, the
lowest value of S2

11S33 for a subgroup of space group P4�mcc is 3
and the axis transformation is

a� � a, b� � b, c� � 3c�

13.1.2.5. Plane groups

There is no difficulty in reducing the preceding considerations to
plane groups, where S is a �2 � 2� matrix and s a �2 � 1� matrix.

13.1.2.6. Tables of matrices for isomorphic subgroups

The matrices and the restrictions on the coefficients are listed for
the plane groups in Table 13.1.2.1 and for the space groups in Table
13.1.2.2.

For the triclinic and monoclinic systems, there is an infinite
choice of matrices for each index, owing to the infinite number of
equivalent unit cells. For the other space groups, several different
(but finitely many) choices of matrix occur. In all cases, we have
restricted this choice to one matrix for each group–subgroup
relation so that each subgroup is listed exactly once (apart from
origin choice).

Example
No. 178, P6122, has the matrix Hk

2 for all isomorphic and
isosymbolic subgroups P6122, having the lattices n11a, n11b,
�6n33 
 1�c �n11 � 1, n33 � 0�, whilst Hb

3 is used for all
isomorphic and isosymbolic subgroups with the lattices
n11�2a 
 b�, n11�	a 
 b�, �6n33 
 1�c �n11 � 1, n33 � 0�.
These two kinds of subgroups are obviously different, having
different translation lattices. The same group, P6122, has the
matrix H l

2 for the isomorphic and enantiomorphic subgroups
P6522 of lattices n11a, n11b, �6n33 
 5�c whilst Hc

3 is used for the
isomorphic and enantiomorphic subgroups P6522 of lattices
n11�2a 
 b�, n11�	a 
 b�, �6n33 
 5�c.

In the tables, each system is preceded by the appropriate general
form of the matrix, which is also given in this chapter, followed by
the more specialized matrices such as T2, T3. Under Conditions, we
have listed the nonredundant inequalities and parity conditions*
that ensure the uniqueness of the matrix for each subgroup. Also, we
have used rules in order to avoid repetition of equivalent unit cells.
For instance, for trigonal and hexagonal groups (rhombohedral
groups excepted), we have restricted a� to lie between a and a 
 b
excluding this last vector from the sector of 60� because there is a
repetition after a 60� rotation of the unit cell.

� More exactly ‘congruence modulo � conditions’.
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13.2. Derivative lattices

BY Y. BILLIET AND E. F. BERTAUT

13.2.1. Introduction

The three-dimensional subgroups of space group P1 and the two-
dimensional subgroups of plane group p1 are all isomorphic
subgroups; i.e. these subgroups are pure translation groups and
correspond to lattices. In the past, these lattices have often been
called ‘superlattices’ (the term ‘sublattice’ perhaps would be more
precise). To avoid confusion, the lattices that correspond to the
isomorphic subgroups of P1 and p1 are designated here as
derivative lattices.

The number of derivative lattices (both maximal and nonmax-
imal) of a lattice is infinite and always several derivative lattices of
index �i� � 2 exist. Only for prime indices are maximal derivative
lattices obtained; for any prime p, there are �p2 � p � 1� three-
dimensional derivative lattices of P1, whereas there are �p � 1�
two-dimensional derivative lattices of p1. The number of
nonmaximal derivative lattices is given by more complicated
formulae (cf. Billiet & Rolley Le Coz, 1980).

13.2.2. Construction of three-dimensional derivative
lattices

It is possible to construct in a simple way all three-dimensional
derivative lattices of a lattice (Table 13.2.2.1). Starting from a
primitive unit cell defined by a, b, c, each derivative lattice
possesses exactly one primitive unit cell defined by a�, b�, c� by
means of the following relation

a� � p1a, b� � p2b � q1a, c� � p3c � r1a � q2b

�p1, p2, p3 positive integers, not necessarily prime�

index � p1p2p3 � 1� q1, q2, r1 integers�

	 p1�2 � q1 
 p1�2�	p2�2 � q2 
 p2�2�

	 p1�2 � r1 
 p1�2��

Note that the vector a� has the same direction as the vector a and
the plane �a�, b�� is parallel to the plane (a, b), i.e. the matrix of the
transformation is triangular. Equivalent formulae can be derived by
permutations of the vectors a, b, c which keep the directions of b� or
c� and which preserve the parallelism of the planes �b�, c�� with
(b, c) or �a�, c�� with (a, c).

Table 13.2.2.1. Three-dimensional derivative lattices of indices
2 to 7

The entry for each derivative lattice starts with a running number which is
followed, between parentheses, by the appropriate basis-vector relations. It
should be noted that the seven derivative lattices of index 2 are also recorded in
the space-group table of P1 (No. 1) under Maximal isomorphic subgroups of
lowest index but in the slightly different sequence 1, 2, 3, 6, 5, 4, 7.

Index 2 1�2a, b, c�; 2�a, 2b, c�; 3�a, b, 2c�; 4�2a, b � a, c�;
5�2a, b, c � a�; 6�a, 2b, c � b�; 7�2a, b � a, c � a�

Index 3 1�3a, b, c�; 2�a, 3b, c�; 3�a, b, 3c�; 4�3a, b � a, c�;
5�3a, b, c � a�; 6�a, 3b, c � b�; 7�3a, b 	 a, c�;
8�3a, b, c 	 a�; 9�a, 3b, c 	 b�; 10�3a, b � a, c � a�;
11�3a, b � a, c 	 a�; 12�3a, b 	 a, c � a�; 13�3a, b 	 a, c 	 a�

Index 4 1�4a, b, c�; 2�a, 4b, c�; 3�a, b, 4c�; 4�4a, b � a, c�;
5�4a, b, c � a�; 6�a, 4b, c � b�; 7�4a, b 	 a, c�;
8�4a, b, c 	 a�; 9�a, 4b, c 	 b�; 10�4a, b � 2a, c�;
11�4a, b, c � 2a�; 12�2a, 2b � a, c�; 13�a, 4b, c � 2b�;
14�2a, b, 2c � a�; 15�a, 2b, 2c � b�; 16�4a, b � a, c � a�;
17�4a, b � a, c 	 a�; 18�4a, b 	 a, c � a�;
19�4a, b 	 a, c 	 a�; 20�4a, b � a, c � 2a�;
21�4a, b � 2a, c � a�; 22�2a, 2b � a, c � b�;
23�4a, b 	 a, c � 2a�; 24�4a, b � 2a, c 	 a�;
25�2a, 2b � a, c � a � b�; 26�4a, b � 2a, c � 2a�;
27�2a, 2b � a, c � a�; 28�2a, b � a, 2c � a�; 29�2a, 2b, c�;
30�2a, b, 2c�; 31�a, 2b, 2c�; 32�2a, 2b, c � a�;
33�2a, 2b, c � b�; 34�2a, b � a, 2c�; 35�2a, 2b, c � a � b�

Index 5 1�5a, b, c�; 2�a, 5b, c�; 3�a, b, 5c�; 4�5a, b � a, c�;
5�5a, b, c � a�; 6�a, 5b, c � b�; 7�5a, b 	 a, c�;
8�5a, b, c 	 a�; 9�a, 5b, c 	 b�; 10�5a, b � 2a, c�;
11�5a, b, c 	 2a�; 12�a, 5b, c � 2b�; 13�5a, b 	 2a, c�;
14�5a, b, c � 2a�; 15�a, 5b, c 	 2b�; 16�5a, b � a, c � a�;
17�5a, b � a, c 	 a�; 18�5a, b 	 a, c � a�;
19�5a, b 	 a, c 	 a�; 20�5a, b � a, c � 2a�;
21�5a, b � a, c 	 2a�; 22�5a, b � 2a, c � a�;
23�5a, b 	 2a, c � a�; 24�5a, b � 2a, c 	 2a�;
25�5a, b 	 2a, c � 2a�; 26�5a, b � 2a, c � 2a�;
27�5a, b 	 2a, c 	 a�; 28�5a, b 	 a, c 	 2a�;
29�5a, b 	 2a, c 	 2a�; 30�5a, b � 2a, c 	 a�;
31�5a, b 	 a, c � 2a�

Index 6 1�6a, b, c�; 2�a, 6b, c�; 3�a, b, 6c�; 4�6a, b � a, c�;
5�6a, b, c � a�; 6�a, 6b, c � b�; 7�6a, b 	 a, c�;
8�6a, b, c 	 a�; 9�a, 6b, c 	 b�; 10�6a, b � 2a, c�;
11�6a, b, c � 2a�; 12�a, 6b, c � 2b�; 13�3a, 2b � a, c�;
14�a, 3b, 2c � b�; 15�3a, b, 2c � a�; 16�6a, b 	 2a, c�;
17�6a, b, c 	 2a�; 18�a, 6b, c 	 2b�; 19�3a, 2b 	 a, c�;
20�a, 3b, 2c 	 b�; 21�3a, b, 2c 	 a�; 22�6a, b � 3a, c�;
23�6a, b, c � 3a�; 24�a, 6b, c � 3b�; 25�2a, 3b � a, c�;
26�a, 2b, 3c � b�; 27�2a, b, 3c � a�; 28�6a, b � a, c � a�;
29�6a, b � a, c 	 a�; 30�6a, b 	 a, c � a�;
31�6a, b 	 a, c 	 a�; 32�6a, b � a, c � 2a�;
33�6a, b � a, c 	 2a�; 34�3a, 2b � a, c � b�;
35�3a, 2b 	 a, c � b�; 36�6a, b � 2a, c � a�;
37�6a, b 	 2a, c � a�; 38�6a, b 	 a, c � 2a�;
39�6a, b � 2a, c 	 a�; 40�3a, 2b � a, c � a � b�;
41�6a, b 	 a, c 	 2a�; 42�6a, b 	 2a, c 	 a�;
43�3a, 2b 	 a, c 	 a � b�; 44�6a, b � a, c � 3a�;
45�6a, b � 3a, c � a�; 46�2a, 3b � a, c � b�;
47�6a, b 	 a, c � 3a�; 48�6a, b � 3a, c 	 a�;
49�2a, 3b � a, c 	 b�; 50�6a, b � 2a, c � 2a�;
51�3a, 2b � a, c 	 a�; 52�3a, b 	 a, 2c � a�;
53�6a, b 	 2a, c 	 2a�; 54�3a, 2b 	 a, c 	 a�;
55�3a, b 	 a, 2c 	 a�; 56�6a, b � 2a, c 	 2a�;
57�3a, 2b 	 a, c � a�; 58�3a, b � a, 2c � a�;
59�6a, b 	 2a, c � 2a�; 60�3a, 2b � a, c � a�;
61�3a, b � a, 2c 	 a�; 62�6a, b � 2a, c � 3a�;
63�2a, 3b � a, c � a 	 b�; 64�3a, 2b, c 	 a � b�;
65�6a, b � 3a, c � 2a�; 66�3a, 2b � a, c 	 a � b�;
67�2a, 3b, c � a 	 b�; 68�6a, b 	 2a, c � 3a�;
69�2a, 3b � a, c � b � a�; 70�3a, 2b, c � a � b�;
71�6a, b � 3a, c 	 2a�; 72�3a, 2b 	 a, c � a � b�;
73�2a, 3b, c � a � b�; 74�6a, b � 3a, c � 3a�;
75�2a, 3b � a, c � a�; 76�2a, b � a, 3c � a�; 77�3a, 2b, c�;
78�3a, b, 2c�; 79�2a, 3b, c�; 80�2a, b, 3c�; 81�a, 3b, 2c�;
82�a, 2b, 3c�; 83�3a, 2b, c � a�; 84�3a, b � a, 2c�;
85�2a, 3b, c � b�; 86�3a, 2b, c 	 a�; 87�3a, b 	 a, 2c�;
88�2a, 3b, c 	 b�; 89�3a, 2b, c � b�; 90�2a, 3b, c � a�;
91�2a, a � b, 3c�

Table 13.2.2.1. Three-dimensional derivative lattices of indices
2 to 7 (cont.)
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Example
One can derive easily the 7 derivative lattices of index 2.

1�2a, b, c�� 2�a, 2b, c�� 3�a, b, 2c�� 4�2a, b � a, c��
5�2a, b, c � a�� 6�a, 2b, c � b�� 7�2a, b� a, c � a��

Another primitive cell of a given derivative lattice is obtained if
one of the following three elementary transformations is performed
on the vectors of a primitive cell of this derivative lattice:

(i) the sign of a vector is changed;
(ii) two vectors are interchanged;
(iii) to a vector is added q times another vector (q integer).

(i) and (ii) are left-handed transformations, (iii) is right-handed.

Example
The primitive cell a��, b��, c�� (a�� � 	2b 	 a, b�� � 9a 	 2c 	 2b,
c�� � c 	 a � 3b) belongs to the derivative lattice of index 10
given by the primitive cell a�, b�, c� �a� � 5a, b� � 2b � a, c� �
c 	 2a � b� because these two cells are related by the following

sequence of elementary transformations:

�	2b 	 a, 9a 	 2c 	 2b, c 	 a � 3b���iii�

�	2b 	 a, 9a 	 2c 	 2b, c 	 2a � b���iii�

�	2b 	 a, 5a, c 	 2a � b���i� �2b � a, 5a, c 	 2a � b�
��ii��5a, 2b � a, c 	 2a � b��

(a��, b��, c��) and (a�, b�, c�) have the same handedness.

13.2.3. Two-dimensional derivative lattices

All previous considerations are valid also for two-dimensional
lattices and their derivative lattices (Table 13.2.3.1). The relevant
formula for any index is

a� � p1a, b� � p2b � qa

�a direction is kept�
�p1, p2 positive integers, not necessarily prime;

index � p1p2 � 1� q any integer; 	 p1�2 � q 
 p1�2��
A similar formula is obtained by interchange of a and b.
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mathématique: automorphisme et factorisation matricielle. Acta
Cryst. A35, 485–496.

Billiet, Y. & Rolley Le Coz, M. (1980). Le groupe P1 et ses sous-
groupes. II. Tables de sous-groupes. Acta Cryst. A36, 242–248.

13.2

Billiet, Y. & Rolley Le Coz, M. (1980). Le groupe P1 et ses sous-
groupes. II. Tables de sous-groupes. Acta Cryst. A36, 242–248.

Index 7 1�7a, b, c�; 2�a, 7b, c�; 3�a, b, 7c�; 4�7a, b � a, c�;
5�7a, b, c � b�; 6�a, 7b, c � b�; 7�7a, b 	 a, c�;
8�7a, b, c 	 a�; 9�a, 7b, c 	 b�; 10�7a, b � 2a, c�;
11�7a, b, c 	 3a�; 12�a, 7b, c � 2b�; 13�7a, b 	 3a, c�;
14�7a, b, c � 2a�; 15�a, 7b, c 	 3b�; 16�7a, b 	 2a, c�;
17�7a, b, c � 3a�; 18�a, 7b, c 	 2b�; 19�7a, b � 3a, c�;
20�7a, b, c 	 2a�; 21�a, 7b, c � 3b�; 22�7a, b � a, c � a�;
23�7a, b � a, c 	 a�; 24�7a, b 	 a, c � a�;
25�7a, b 	 a, c 	 a�; 26�7a, b � a, c � 2a�;
27�7a, b � a, c 	 2a�; 28�7a, b � 2a, c � a�;
29�7a, b 	 2a, c � a�; 30�7a, b � 3a, c 	 3a�;
31�7a, b 	 3a, c � 3a�; 32�7a, b � a, c � 3a�;
33�7a, b � a, c 	 3a�; 34�7a, b � 3a, c � a�;
35�7a, b 	 3a, c � a�; 36�7a, b � 2a, c 	 2a�;
37�7a, b 	 2a, c � 2a�; 38�7a, b � 2a, c � 2a�;
39�7a, b 	 3a, c 	 a�; 40�7a, b 	 a, c 	 3a�;
41�7a, b 	 2a, c 	 2a�; 42�7a, b � 3a, c 	 a�;
43�7a, b 	 a, c � 3a�; 44�7a, b � 2a, c � 3a�;
45�7a, b � 3a, c � 2a�; 46�7a, b 	 2a, c 	 3a�;
47�7a, b 	 3a, c � 2a�; 48�7a, b � 2a, c 	 3a�;
49�7a, b 	 3a, c 	 2a�; 50�7a, b 	 2a, c � 3a�;
51�7a, b � 3a, c 	 2a�; 52�7a, b � 3a, c � 3a�;
53�7a, b 	 2a, c 	 a�; 54�7a, b 	 a, c 	 2a�;
55�7a, b 	 3a, c 	 3a�; 56�7a, b � 2a, c 	 a�;
57�7a, b 	 a, c � 2a�

Table 13.2.2.1. Three-dimensional derivative lattices of indices
2 to 7 (cont.)

Table 13.2.3.1. Two-dimensional derivative lattices of indices
2 to 7

The entry for each derivative lattice starts with a running number which is
followed, between parentheses, by the appropriate basis-vector relations.

Index 2 1�2a, b�� 2�a, 2b�� 3�2a, b � a�
Index 3 1�3a, b�� 2�a, 3b�� 3�3a, b � a�� 4�3a, b 	 a�
Index 4 1�4a, b�� 2�a, 4b�� 3�4a, b � a�� 4�4a, b 	 a�� 5�4a, b � 2a�;

6�2a, 2b � a�� 7�2a, 2b�
Index 5 1�5a, b�� 2�a, 5b�� 3�5a, b � a�� 4�5a, b 	 a�� 5�5a, b � 2a��

6�5a, b 	 2a�
Index 6 1�6a, b�� 2�a, 6b�� 3�6a, b � a�� 4�6a, b 	 a�� 5�6a, b � 2a��

6�3a, 2b � a�� 7�6a, b 	 2a�� 8�3a, 2b 	 a�� 9�6a, b � 3a��
10�2a, 3b � a�� 11�3a, 2b�� 12�2a, 3b�

Index 7 1�7a, b�� 2�a, 7b�� 3�7a, b � a�� 4�7a, b 	 a�� 5�7a, b � 2a��
6�7a, b 	 3a�� 7�7a, b 	 2a�� 8�7a, b � 3a�
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14.1. Introduction and definition

BY W. FISCHER AND E. KOCH

14.1.1. Introduction

In crystal structures belonging to different structure types and
showing different space-group symmetries, the relative locations of
symmetrically equivalent atoms nevertheless may be the same (e.g.
Cl in CsCl and F in CaF2). The concept of lattice complexes can be
used to reveal relationships between crystal structures even if they
belong to different space-group types.

14.1.2. Definition

The term lattice complex (Gitterkomplex) had originally been
created by P. Niggli (1919), but it was not used by him with an
unambiguous meaning. Later on, Hermann (1935) modified and
specified the concept of lattice complexes, but the rigorous
definition used here was proposed much later by Fischer & Koch
(1974) [cf. also Koch & Fischer (1978)]. An alternative definition
was given by Zimmermann & Burzlaff (1974) at the same time.

To introduce the concept of lattice complexes, relationships
between point configurations are regarded.

The set of all points that are symmetrically equivalent to a given
one with respect to a certain space group is called a point
configuration (cf. also crystallographic orbit; Section 8.3.2).

In each space group, there exist infinitely many point
configurations. Given a coordinate system, they may be obtained
by varying the coordinates x, y, z of a starting point and by
calculating all symmetrically equivalent points.

Point configurations refer to the arrangements of atoms in crystal
structures. They are analogous to the crystal forms in crystal
morphology, where a crystal form is a set of symmetrically
equivalent faces. Crystal forms are grouped into types designated
by names like ‘cube’, ‘tetragonal dipyramid’ etc. In a similar,
though not strictly analogous way, point configurations are also
grouped into types, called lattice complexes. For example, all point
configurations forming a cubic primitive point lattice belong to the
same lattice complex. Each lattice complex is thus a set of infinitely
many point configurations. The following stepwise procedure
describes all point configurations belonging to the same lattice
complex:

(i) Take all point configurations of a particular Wyckoff position
in a particular space group. Mathematically these point configura-
tions are distinguished by the following property: the site-symmetry
groups of two arbitrary points from any two of the point
configurations are conjugate in the space group (cf. Section 8.3.2).

(ii) Collect all point configurations of Wyckoff positions that
belong to the same Wyckoff set of a given space group (cf. Section
8.3.2). Such Wyckoff positions play an analogous role with respect
to this space group. Their point configurations have the following
property: the site-symmetry groups of two arbitrary points from any
two point configurations are conjugate in the affine normalizer (cf.
Section 15.3.2) of the space group considered.

(iii) Assemble all point configurations of corresponding Wyckoff
sets from all space groups of one of the 219 (affine) space-group
types, i.e. take all point configurations belonging to a particular type
of Wyckoff set (Section 8.3.2). Each affine mapping that maps two
space groups of the same type onto each other simultaneously maps

onto each other the site-symmetry groups of the points from the
point configurations of the corresponding Wyckoff sets.

According to (i), (ii) and (iii), a lattice complex* is defined as
follows:

A lattice complex is the set of all point configurations that may be
generated within one type of Wyckoff set.

Example
Take, in a particular space group of type P4�mmm, the Wyckoff
position 4l x00. The points of each corresponding point
configuration form squares that replace the points of the
tetragonal primitive lattice referring to Wyckoff position 1a.
For all conceivable point configurations of 4l, the squares have
the same orientation, but their edges have different lengths.
Congruent arrangements of squares but shifted by 1

2 c or by
1
2 �a � b� or by 1

2 �a � b � c� give the point configurations of the
Wyckoff positions 4m, 4n and 4o, respectively, in the same space
group. The four Wyckoff positions 4l to 4o, all with site
symmetry m2m., make up a Wyckoff set (cf. Table 14.2.3.2).
They are mapped onto each other, for example, by the
translations 1

2 c, 1
2 �a � b� and 1

2 �a � b � c�, which belong to the
Euclidean (and affine) normalizer of the group. If one space
group of type P4�mmm is mapped onto another space group of
the same type, the Wyckoff set 4l to 4o as a whole is transformed
to 4l to 4o. The individual Wyckoff positions may be inter-
changed, however. The set of all point configurations from the
Wyckoff positions 4l to 4o of all space groups of type P4�mmm
constitutes a lattice complex. Its point configurations may be
derived as described above, but now starting from all space
groups P4�mmm with all conceivable lengths and orientations of
the basis vectors instead of starting from just a particular group.
Accordingly, the point configurations may differ in their
orientation, in the size of their squares and in the distances
between the centres of their squares.

Just as all crystal forms of a particular type may be found in
different point-group types, the same lattice complex may occur in
different space-group types.

Example
The lattice complex ‘cubic primitive lattice’ may be generated,
among others, in Pm�3m 1a, b, in Fm�3m 8c and in Ia�3 8a, b with
site symmetry m�3m, �43m and ��3�, respectively. The type of
Wyckoff set specified by Pm�3m 1a, b leads to the same set of
point configurations as Fm�3m 8c or Ia�3 8a, b. Each point
configuration of this lattice complex can be generated by a
properly chosen space group in each of these space-group types.

All Wyckoff positions, Wyckoff sets and types of Wyckoff set
that generate, as described above, the same set of point
configurations are assigned to the same lattice complex. Accord-
ingly, the following criterion holds: two Wyckoff positions are

� This definition agrees with that given by Fischer & Koch (1974) and Koch &
Fischer (1978), but now the term Wyckoff position is used instead of Punktlage or
point position, Wyckoff set instead of Konfigurationslage or configuration set, type
of Wyckoff set instead of Klasse von Konfigurationslagen or class of configuration
sets. New aspects have been taken into account by Koch & Fischer (1985).
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assigned to the same lattice complex if there is a suitable
transformation that maps the point configurations of the two
Wyckoff positions onto each other and if their space groups belong
to the same crystal family (cf. Sections 8.2.7 and 8.2.8). Suitable
transformations are translations, proper or improper rotations,
isotropic or anisotropic expansions or more general affine mappings
(without violation of the metric conditions for the corresponding
crystal family) and all their products.

By this criterion, the Wyckoff positions of all space groups (1731
entries in the space-group tables, 1128 types of Wyckoff set) are
uniquely assigned to 402 lattice complexes.

The same concept has been used for the point configurations and
Wyckoff positions in the plane groups. Here the Wyckoff positions
(72 entries to the plane-group tables, 51 types of Wyckoff set) are
assigned to 30 plane lattice complexes or net complexes (cf.
Burzlaff et al., 1968).
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14.2. Symbols and properties of lattice complexes

BY W. FISCHER AND E. KOCH

14.2.1. Reference symbols and characteristic Wyckoff
positions

If a lattice complex can be generated in different space-group types,
one of them stands out because its corresponding Wyckoff positions
show the highest site symmetry. This is called the characteristic
space-group type of the lattice complex. The space groups of all the
other types in which the lattice complex may be generated are
subgroups of the space groups of the characteristic type.

Different lattice complexes may have the same characteristic
space-group type but in that case they differ in the oriented site
symmetry of their Wyckoff positions within the space groups of that
type.

The characteristic space-group type and the corresponding
oriented site symmetry express the common symmetry properties
of all point configurations of a lattice complex. Therefore, they can
be used to identify each lattice complex. Within the reference
symbols of lattice complexes, however, instead of the site symmetry
the Wyckoff letter of one of the Wyckoff positions with that site
symmetry is given, as was first done by Hermann (1935). This
Wyckoff position is called the characteristic Wyckoff position of the
lattice complex.

Examples
(1) Pm�3m is the characteristic space-group type for the lattice

complex of all cubic primitive point lattices. The Wyckoff
positions with the highest possible site symmetry m�3m are
la 000 and 1b 1

2
1
2

1
2, from which 1a has been chosen as the

characteristic position. Thus, the lattice complex is designated
Pm�3m a.

(2) Pm�3m is also characteristic for another lattice complex that
corresponds to Wyckoff position 8g xxx .3m. Thus, the reference
symbol for this lattice complex is Pm�3m g. Each of its point
configurations may be derived by replacing each point of a
cubic primitive lattice by eight points arranged at the corners
of a cube.

In Tables 14.2.3.1 and 14.2.3.2, the reference symbols denote the
lattice complex of each Wyckoff position. The reference symbols of
characteristic Wyckoff positions are marked by asterisks (e.g. 2e in
P2�c). If in a particular space group several Wyckoff positions
belong to the same Wyckoff set (cf. Koch & Fischer, 1975), the
reference symbol is given only once (e.g. Wyckoff positions 4l to 4o
in P4�mmm). To enable this, the usual sequence of Wyckoff
positions had to be changed in a few cases (e.g. in P42�mcm). For
Wyckoff positions assigned to the same lattice complex but
belonging to different Wyckoff sets, the reference symbol is
repeated. In I4�m, for example, Wyckoff positions 4c and 4d are
both assigned to the lattice complex P4�mmm a. They do not
belong, however, to the same Wyckoff set because the site-
symmetry groups 2�m.. of 4c and �4.. of 4d are different.

14.2.2. Additional properties of lattice complexes

14.2.2.1. The degrees of freedom

The number of coordinate parameters that can be varied
independently within a Wyckoff position is called its number of
degrees of freedom. For most lattice complexes, the number of
degrees of freedom is the same as for any of its Wyckoff positions.
The lattice complex with characteristic Wyckoff position
Pm�3 12j m�� 0yz, for instance, has two degrees of freedom. If,
however, the variation of a coordinate corresponds to a shift of the

point configuration as a whole, one degree of freedom is lost.
Therefore, I41 8b xyz is the characteristic Wyckoff position of a
lattice complex with only two degrees of freedom, although position
8b itself has three degrees of freedom. Another example is given by
P4�m 4j m�� xy0 and P4 4d 1 xyz. Both Wyckoff positions belong to
lattice complex P4�m j with two degrees of freedom.

According to its number of degrees of freedom, a lattice complex
is called invariant, univariant, bivariant or trivariant. In total, there
exist 402 lattice complexes, 36 of which are invariant, 106
univariant, 105 bivariant and 155 trivariant. The 30 plane lattice
complexes are made up of 7 invariant, 10 univariant and 13
bivariant ones.

Most of the invariant and univariant lattice complexes
correspond to several types of Wyckoff set. In contrast to that,
only one type of Wyckoff set belongs to each trivariant lattice
complex. A bivariant lattice complex may either correspond to one
type of Wyckoff set (e.g. Pm�3 j) or to two types (P4 d, for example,
belongs to the lattice complex with the characteristic position
P4�m j).

14.2.2.2. Limiting complexes and comprehensive complexes

For point groups, the occurrence of limiting crystal forms is well
known. In 4�m, for instance, any tetragonal prism �hk0� is a special
crystal form with face symmetry m.. . In point group 4, on the other
hand, the tetragonal prisms �hk0� belong, as special cases, to the set
of general crystal forms �hkl�, the tetragonal pyramids, and there is
no difference between �hkl� and �hk0� in either the number or the
symmetry of their faces. Therefore, the tetragonal prism is called a
‘limiting form’ of the tetragonal pyramid. In a case like this, all
possible sets of equivalent faces belonging to a special type of
crystal form (the tetragonal prism) may also be generated as a subset
of another more comprehensive type of crystal form (the tetragonal
pyramid). Of course, it is not possible, by considering a tetragonal
prism by itself, to decide whether it has been generated by point
group 4�m or by point group 4. This distinction can be made,
however, if the tetragonal prism shows the right striations or occurs
in combination with other appropriate crystal forms. Low quartz
(oriented point group 321) gives a well known example: the hex-
agonal prism �10�10� has the same site symmetry 1 as any trigonal
trapezohedron �hkil�. Therefore, �10�10� may be recognized as a
limiting form only if the crystal shows in addition at least one
trigonal trapezohedron.

A similar relation may exist between two lattice complexes. Let
L be a lattice complex generated by a Wyckoff position of a space
group � (e.g. by P4�mmm 4l m2m� x00). An appropriate Wyckoff
position of a subgroup � of � (e.g. P4�m 4j m�� xy0) may produce
not only all point configurations of L but other point configurations
in addition (with different orientations of the squares in the
example). The complete set then forms a second lattice complex
M. Such relationships led to the following definition (Fischer &
Koch, 1974, 1978):

If a lattice complex L forms a true subset of another lattice
complex M, the lattice complex L is called a limiting complex of
M and the lattice complex M a comprehensive complex of L.

The point configurations of the limiting complex L are generated
within M by restrictions imposed on the coordinate or/and the
metrical parameters.

In the above example, such a restriction holds for the y
coordinate: the condition y � 0 for Wyckoff position 4j of P4�m
filters out exactly those point configurations that constitute the
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lattice complex P4�mmm l. The latter complex is, therefore, a
limiting complex of the lattice complex P4�m j. In the present case
of restricted coordinates, both complexes belong to the same crystal
family and L has fewer degrees of freedom than M.

Another kind of limiting-complex relation is connected with
restrictions for metrical parameters. All point configurations of the
lattice complex Pm�3m a are also generated by P4�mmm a under the
restriction a � c, i.e. in special space groups of type P4�mmm. Here
L and M have the same number of degrees of freedom, but belong to
different crystal families.

Finally, the two types of parameter restrictions for limiting
complexes may also occur in combination. The trivariant lattice
complex with characteristic Wyckoff position P41212 8b xyz, for
example, contains the invariant cubic lattice complex Fm�3m a as
a limiting complex. The parameter restrictions necessary are
x � 1

2 , y � 0, z � 1
16 , c�a � 4

�
2.

As for a limiting form in crystal morphology, it is often
impossible to decide by which symmetry (space group and Wyckoff
set) a particular point configuration, regarded by itself, has been
generated. If a point configuration belongs to a lattice complex that
is part of a comprehensive complex, this point configuration is a
member of both complexes. As a consequence, the lattice
complexes do not form equivalence classes of point configurations.
Only if a point configuration is inspected in combination with a
sufficient number of other point configurations – like sets of
symmetrically equivalent atoms in a crystal structure – does it make
sense to assign this point configuration to a particular lattice
complex. An example is found in the crystal structures of the spinel
type. Here, the oxygen atoms occupy Wyckoff position 32e xxx in
Fd�3m with x � 3

8 (referred to origin choice 1). If x is restricted to
3
8, the point configurations generated are those of the lattice complex
Fm�3m a (formed by all face-centred cubic point lattices). If for a
spinel-type structure this restriction holds exactly, the point
configurations of the cations would, nevertheless, reveal the true
generating symmetry of the oxygen point configuration. It has,
therefore, to be considered a member of the comprehensive
complex Fd�3m e rather than a member of the lattice complex
Fm�3m a (which includes among others the point configuration of
the copper atoms in the crystal structure of copper). For practical
applications, a point configuration contained in several lattice
complexes may be investigated within the complex that is the least
comprehensive but still allows the physical behaviour under
discussion. This corresponds to the definition of the symmetry of
a crystal generally used in crystallography: the highest symmetry
that can be assigned to a crystal as a whole is that of its least
symmetrical property known to date.

Even though limiting-complex relations are very useful for
establishing crystallochemical relationships between different
crystal structures, a complete study has not yet been carried out.
Apart from isolated examples in the literature, systematic
treatments have been given only for special aspects: plane lattice
complexes (Burzlaff et al., 1968); cubic lattice complexes (Koch,
1974); point complexes, rod complexes and layer complexes
(Fischer & Koch, 1978); extraordinary orbits for plane groups
(Lawrenson & Wondratschek, 1976); noncharacteristic orbits of
space groups except those that are due to metrical specialization
(Engel et al., 1984). The closely related concepts of limiting
complexes and noncharacteristic orbits have been compared by
Koch & Fischer (1985).

14.2.2.3. Weissenberg complexes

Depending on their site-symmetry groups, two kinds of Wyckoff
position may be distinguished:

(i) The site-symmetry group of any point is a proper subgroup of
another site-symmetry group from the same space group. Then, the

Wyckoff position contains, among others, point configurations with
the property that the distance between two suitable chosen points is
shorter than any small number � � 0.

Example
Each point configuration of the lattice complex with the
characteristic Wyckoff position P4�mmm 4j m�2m xx0 may be
imagined as squares of four points surrounding the points of a
tetragonal primitive lattice. For x � 0, the squares become
infinitesimally small. Point configurations with x � 0 show site
symmetry 4�mmm, their multiplicity is decreased from 4 to 1,
and they belong to lattice complex P4�mmm a.

(ii) The site-symmetry group of any point belonging to the
regarded Wyckoff position is not a subgroup of any other site-
symmetry group from the same space group.

Example
In Pmma, there does not exist a site-symmetry group that is a
proper supergroup of mm2, the site-symmetry group of Wyckoff
position Pmma 2e 1

4 0z. As a consequence, the distance between
any two symmetrically equivalent points belonging to Pmma e
cannot become shorter than the minimum of 1

2 a, b and c.

A lattice complex contains either Wyckoff positions exclusively
of the first or exclusively of the second kind. Most lattice complexes
are made up from Wyckoff positions of the first kind.

There exist, however, 67 lattice complexes that do not contain
point configurations with infinitesimal short distances between
symmetry-related points [cf. Hauptgitter (Weissenberg, 1925)].
These lattice complexes have been called Weissenberg complexes
by Fischer et al. (1973). The 36 invariant lattice complexes are
trivial examples of Weissenberg complexes. In addition, there exist
24 univariant (monoclinic 2, orthorhombic 5, tetragonal 7,
hexagonal 5, cubic 5) and 6 bivariant Weissenberg complexes
(monoclinic 1, orthorhombic 2, tetragonal 1, hexagonal 2). The only
trivariant Weissenberg complex is P212121 a. All Weissenberg
complexes with degrees of freedom have the following common
property: each Weissenberg complex contains at least two invariant
limiting complexes belonging to the same crystal family.

Example
Pmma e is a comprehensive complex of Pmmm a and of Cmmm
a. Within the characteristic Wyckoff position, 1

4 00 refers to
Pmmm a and 1

4 0 1
4 to Cmmm a.

Except for the seven invariant plane lattice complexes, there
exists only one further Weissenberg complex within the plane
groups, namely the univariant rectangular complex p2mg c.

14.2.3. Descriptive symbols

14.2.3.1. Introduction

For the study of relations between crystal structures, lattice-
complex symbols are desirable that show as many relations between
point configurations as possible. To this end, Hermann (1960)
derived descriptive lattice-complex symbols that were further
developed by Donnay et al. (1966) and completed by Fischer et
al. (1973). These symbols describe the arrangements of the points in
the point configurations and refer directly to the coordinate
descriptions of the Wyckoff positions. Since a lattice complex, in
general, contains Wyckoff positions with different coordinate
descriptions, it may be represented by several different descriptive

(continued on page 870)
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Table 14.2.3.1. Plane groups: assignment of Wyckoff positions to Wyckoff sets and to lattice complexes

Wyckoff positions of the same Wyckoff set can be recognized by their consecutive listing without repetition of the reference symbol. Characteristic Wyckoff sets
are marked by asterisks.

1 p1
1 a 1 p2 a P[xy]

2 p2
1 a 2 	 p2 a P

1 b 01
2 P

1 c 1
20 P

1 d 1
2

1
2 P

2 e 1 	 p2 e P2xy

3 pm
1 a .m. p2mm a P[y]

1 b 1
20 P[y]

2 c 1 p2mm e P2x[y]

4 pg
2 a 1 p2mg c 2�� PbC1x[y]

5 cm
2 a .m. c2mm a C[y]

4 b 1 c2mm d C2x[y]

6 p2mm
1 a 2mm 	 p2mm a P

1 b 01
2 P

1 c 1
20 P

1 d 1
2

1
2 P

2 e ..m 	 p2mm e P2x

2 f 01
2 P2x

2 g .m. P2y

2 h 1
20 P2y

4 i 1 	 p2mm i P2x2y

7 p2mg
2 a 2.. p2mm a Pa

2 b 01
2 Pa

2 c .m. 	 p2mg c 1
40 2�� PaC1y

4 d 1 	 p2mg d �m� Pa2xy

8 p2gg
2 a 2.. c2mm a C

2 b 1
20 C

4 c 1 	 p2gg c .g. C2xy

9 c2mm
2 a 2mm 	 c2mm a C

2 b 01
2 C

4 c 2.. p2mm a 1
4

1
4 Pab

4 d ..m 	 c2mm d C2x

4 e .m. C2y

8 f 1 	 c2mm f C2x2y

10 p4
1 a 4.. p4mm a P

1 b 1
2

1
2 P

2 c 2.. p4mm a 01
2 C

4 d 1 	 p4 d P4xy

11 p4mm
1 a 4mm 	 p4mm a P

1 b 1
2

1
2 P

2 c 2mm. p4mm a 01
2 C

4 d .m. 	 p4mm d P4x

4 e 1
2

1
2 P4x

4 f ..m 	 p4mm f P4xx

8 g 1 	 p4mm g P4x2y

12 p4gm
2 a 4.. p4mm a C

2 b 2.mm p4mm a 01
2 C

4 c ..m 	 p4gm c 01
2 �g� C2xx

8 d 1 	 p4gm d ..m C4xy

13 p3
1 a 3.. p6mm a P

1 b 1
3

2
3 P

1 c 2
3

1
3 P

3 d 1 	 p3 d P3xy

14 p3m1
1 a 3m. p6mm a P

1 b 1
3

2
3 P

1 c 2
3

1
3 P

3 d .m. 	 p3m1 d P3x�x

6 e 1 	 p3m1 e P3x�x2y

15 p31m
1 a 3.m p6mm a P

2 b 3.. p6mm b G

3 c ..m 	 p31m c P3x

6 d 1 	 p31m d P3x2y

16 p6
1 a 6.. p6mm a P

2 b 3.. p6mm b G

3 c 2.. p6mm c N

6 d 1 	 p6 d P6xy

17 p6mm
1 a 6mm 	 p6mm a P

2 b 3m. 	 p6mm b G

3 c 2mm 	 p6mm c N

6 d ..m 	 p6mm d P6x

6 e .m. 	 p6mm e P6x�x

12 f 1 	 p6mm f P6x2y
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Table 14.2.3.2. Space groups: assignment of Wyckoff positions to Wyckoff sets and to lattice complexes

Wyckoff positions of the same Wyckoff set can be recognized by their consecutive listing without repetition of the reference symbol. Characteristic Wyckoff sets
are marked by asterisks.

1 P1
1 a 1 P�1 a P[xyz]

2 P�1
1 a �1 	 P�1 a P

1 b 001
2 P

1 c 01
20 P

1 d 1
200 P

1 e 1
2

1
20 P

1 f 1
20

1
2 P

1 g 01
2

1
2 P

1 h 1
2

1
2

1
2 P

2 i 1 	 P�1 i P2xyz

3 P2
1 a 2 P2�m a P[y]

1 b 001
2 P[y]

1 c 1
200 P[y]

1 d 1
20

1
2 P[y]

2 e 1 P2�m m P2xz[y]

4 P21

2 a 1 P21�m e 21 PbACI1xz[y]

5 C2
2 a 2 C2�m a C[y]

2 b 001
2 C[y]

4 c 1 C2�m i C2xz[y]

6 Pm
1 a m P2�m a P[xz]

1 b 01
20 P[xz]

2 c 1 P2�m i P2y[xz]

7 Pc
2 a 1 P2�c e c PcA1y[xz]

8 Cm
2 a m C2�m a C[xz]

4 b 1 C2�m g C2y[xz]

9 Cc
4 a 1 C2�c e �1 CcF1y[xz]

10 P2�m
1 a 2�m 	 P2�m a P

1 b 01
20 P

1 c 001
2 P

1 d 1
200 P

1 e 1
2

1
20 P

1 f 01
2

1
2 P

1 g 1
20

1
2 P

1 h 1
2

1
2

1
2 P

2 i 2 	 P2�m i P2y

2 j 1
200 P2y

2 k 001
2 P2y

2 l 1
20

1
2 P2y

2 m m 	 P2�m m P2xz

2 n 01
20 P2xz

4 o 1 	 P2�m o P2xz2y

11 P21�m
2 a �1 P2�m a Pb

2 b 1
200 Pb

2 c 001
2 Pb

2 d 1
20

1
2 Pb

2 e m 	 P21�m e 0 1
4 0 21PbACI1xz

4 f 1 	 P21�m f m Pb2xyz

12 C2�m
2 a 2�m 	 C2�m a C

2 b 01
20 C

2 c 001
2 C

2 d 01
2

1
2 C

4 e �1 P2�m a 1
4

1
40 Pab

4 f 1
4

1
4

1
2 Pab

4 g 2 	 C2�m g C2y

4 h 001
2 C2y

4 i m 	 C2�m i C2xz

8 j 1 	 C2�m j C2xz2y

13 P2�c
2 a �1 P2�m a Pc

2 b 1
2

1
20 Pc

2 c 01
20 Pc

2 d 1
200 Pc

2 e 2 	 P2�c e 001
4 c PcA1y

2 f 1
20

1
4 c PcA1y

4 g 1 	 P2�c g 2 Pc2xyz

14 P21�c
2 a �1 C2�m a A

2 b 1
200 A

2 c 001
2 A

2 d 1
20

1
2 A

4 e 1 	 P21�c e c A2xyz

15 C2�c
4 a �1 C2�m a Cc

4 b 01
20 Cc

4 c 1
4

1
40 F

4 d 1
4

1
4

1
2 F

4 e 2 	 C2�c e 001
4
�1 CcF1y

8 f 1 	 C2�c f 21 Cc2xyz

16 P222
1 a 222 Pmmm a P

1 b 1
200 P

1 c 01
20 P

1 d 001
2 P

1 e 1
2

1
20 P

1 f 1
20

1
2 P

1 g 01
2

1
2 P

1 h 1
2

1
2

1
2 P
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Table 14.2.3.2. Space groups: assignment of Wyckoff positions to Wyckoff sets and to lattice complexes (cont.)

2 i 2.. Pmmm i P2x

2 j 001
2 P2x

2 k 01
20 P2x

2 l 01
2

1
2 P2x

2 m .2. P2y

2 n 001
2 P2y

2 o 1
200 P2y

2 p 1
20

1
2 P2y

2 q ..2 P2z

2 r 1
200 P2z

2 s 01
20 P2z

2 t 1
2

1
20 P2z

4 u 1 	 P222 u P2x2yz

17 P2221

2 a 2.. Pmma e �2� PcB1x

2 b 01
20 �2� PcB1x

2 c .2. 001
4 2�� PcA1y

2 d 1
20

1
4 2�� PcA1y

4 e 1 	 P2221 e �2� PcB1x2yz

18 P21212
2 a ..2 Pmmn a 21�� CI1z

2 b 01
20 21�� CI1z

4 c 1 	 P21212 c 21�� CI1z2xy

19 P212121

4 a 1 	 P212121 a 2121� FAaBbCcIaIbIc1xyz

20 C2221

4 a 2.. Cmcm c �21� CcF1x

4 b .2. 001
4 21�� CcF1y

8 c 1 	 C2221 c �21� CcF1x2yz

21 C222
2 a 222 Cmmm a C

2 b 01
20 C

2 c 1
20

1
2 C

2 d 001
2 C

4 e 2.. Cmmm g C2x

4 f 001
2 C2x

4 g .2. C2y

4 h 001
2 C2y

4 i ..2 Cmmm k C2z

4 j 01
20 C2z

4 k ..2 Cmme g 1
4

1
40 2�� PabF1z

8 l 1 	 C222 l C2x2yz

22 F222
4 a 222 Fmmm a F

4 b 001
2 F

4 c 1
4

1
4

1
4 F

4 d 1
4

1
4

3
4 F

8 e 2.. Fmmm g F2x

8 j 1
4

1
4

1
4 F2x

8 f .2. F2y

8 i 1
4

1
4

1
4 F2y

8 g ..2 F2z

8 h 1
4

1
4

1
4 F2z

16 k 1 	 F222 k F2x2yz

23 I222
2 a 222 Immm a I

2 b 1
200 I

2 c 001
2 I

2 d 01
20 I

4 e 2.. Immm e I2x

4 f 001
2 I2x

4 g .2. I2y

4 h 1
200 I2y

4 i ..2 I2z

4 j 01
20 I2z

8 k 1 	 I222 k I2x2yz

24 I212121

4 a 2.. Imma e 1
40

1
4 ��2 CcBb1x

4 b .2. 1
4

1
40 2�� AaCc1y

4 c ..2 01
4

1
4 �2� BbAa1z

8 d 1 	 I212121 d 1
40

1
4 ��2 CcBb1x2yz

25 Pmm2
1 a mm2 Pmmm a P[z]

1 b 01
20 P[z]

1 c 1
200 P[z]

1 d 1
2

1
20 P[z]

2 e .m. Pmmm i P2x[z]

2 f 01
20 P2x[z]

2 g m.. P2y[z]

2 h 1
200 P2y[z]

4 i 1 Pmmm u P2x2y[z]

26 Pmc21

2 a m.. Pmma e 2�� PcA1y[z]

2 b 1
200 2�� PcA1y[z]

4 c 1 Pmma k 2�� PcA1y2x[z]

27 Pcc2
2 a ..2 Pmmm a Pc[z]

2 b 01
20 Pc[z]

2 c 1
200 Pc[z]

2 d 1
2

1
20 Pc[z]

4 e 1 Pccm q 2�� Pc2xy[z]

28 Pma2
2 a ..2 Pmmm a Pa[z]

2 b 01
20 Pa[z]

2 c m.. Pmma e 1
400 ��2 PaC1y[z]

4 d 1 Pmma i m�� Pa2xy[z]

29 Pca21

4 a 1 Pbcm d �2�1 PacBaCcF1xy[z]

30 Pnc2
2 a ..2 Cmmm a A[z]

2 b 1
200 A[z]

4 c 1 Pmna h 2.. A2xy[z]
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Table 14.2.3.2. Space groups: assignment of Wyckoff positions to Wyckoff sets and to lattice complexes (cont.)

31 Pmn21

2 a m.. Pmmn a ��21 BI1y[z]

4 b 1 Pmmn e ��21 BI1y2x[z]

32 Pba2
2 a ..2 Cmmm a C[z]

2 b 01
20 C[z]

4 c 1 Pbam g b.. C2xy[z]

33 Pna21

4 a 1 Pnma c �121� CcAaFIa1xy[z]

34 Pnn2
2 a ..2 Immm a I[z]

2 b 01
20 I[z]

4 c 1 Pnnm g n.. I2xy[z]

35 Cmm2
2 a mm2 Cmmm a C[z]

2 b 01
20 C[z]

4 c ..2 Pmmm a 1
4

1
40 Pab[z]

4 d .m. Cmmm g C2x[z]

4 e m.. C2y[z]

8 f 1 Cmmm p C2x2y[z]

36 Cmc21

4 a m.. Cmcm c 21�� CcF1y[z]

8 b 1 Cmcm g 21�� CcF1y2x[z]

37 Ccc2
4 a ..2 Cmmm a Cc[z]

4 b 01
20 Cc[z]

4 c ..2 Fmmm a 1
4

1
40 F[z]

8 d 1 Cccm l n�� Cc2xy[z]

38 Amm2
2 a mm2 Cmmm a A[z]

2 b 1
200 A[z]

4 c .m. Cmmm k A2x[z]

4 d m.. Cmmm g A2y[z]

4 e 1
200 A2y[z]

8 f 1 Cmmm n A2x2y[z]

39 Aem2
4 a ..2 Pmmm a Pbc[z]

4 b 1
200 Pbc[z]

4 c .m. Cmme g 01
40 ��2 PbcF1x[z]

8 d 1 Cmme m �m� Pbc2xy[z]

40 Ama2
4 a ..2 Cmmm a Aa[z]

4 b m.. Cmcm c 1
400 ��21 AaF1y[z]

8 c 1 Cmcm f �n� Aa2xy[z]

41 Aea2
4 a ..2 Fmmm a F[z]

8 b 1 Cmce f .2. F2xy[z]

42 Fmm2
4 a mm2 Fmmm a F[z]

8 b ..2 Pmmm a 1
4

1
40 P2[z]

8 c m.. Fmmm g F2y[z]

8 d .m. F2x[z]

16 e 1 Fmmm m F2x2y[z]

43 Fdd2
8 a ..2 Fddd a D[z]

16 b 1 	 Fdd2 b d.. D2xy[z]

44 Imm2
2 a mm2 Immm a I[z]

2 b 01
20 I[z]

4 c .m. Immm e I2x[z]

4 d m.. I2y[z]

8 e 1 Immm l I2x2y[z]

45 Iba2
4 a ..2 Cmmm a Cc[z]

4 b 01
20 Cc[z]

8 c 1 Ibam j b�� Cc2xy[z]

46 Ima2
4 a ..2 Cmmm a Aa[z]

4 b m.. Imma e 1
400 2�� AaCc1y[z]

8 c 1 Imma h 2�� Aa2xy[z]

47 Pmmm
1 a mmm 	 Pmmm a P

1 b 1
200 P

1 c 001
2 P

1 d 1
20

1
2 P

1 e 01
20 P

1 f 1
2

1
20 P

1 g 01
2

1
2 P

1 h 1
2

1
2

1
2

2 i 2mm 	 Pmmm i P2x

2 j 001
2 P2x

2 k 01
20 P2x

2 l 01
2

1
2 P2x

2 m m2m P2y

2 n 001
2 P2y

2 o 1
200 P2y

2 p 1
20

1
2 P2y

2 q mm2 P2z

2 r 01
20 P2z

2 s 1
200 P2z

2 t 1
2

1
20 P2z

4 u m.. 	 Pmmm u P2y2z

4 v 1
200 P2y2z

4 w .m. P2x2z

4 x 01
20 P2x2z

4 y ..m P2x2y

4 z 001
2 P2x2y

8 � 1 	 Pmmm � P2x2y2z
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48 Pnnn
2 a 222 Immm a I

2 b 1
200 I

2 c 001
2 I

2 d 01
20 I

4 e �1 Fmmm a 1
4

1
4

1
4 F

4 f 3
4

3
4

3
4 F

4 g 2.. Immm e I2x

4 h 001
2 I2x

4 i .2. I2y

4 j 1
200 I2y

4 k ..2 I2z

4 l 01
20 I2z

8 m 1 	 Pnnn m n.. I2x2yz

49 Pccm
2 a ��2�m Pmmm a Pc

2 b 1
2

1
20 Pc

2 c 01
20 Pc

2 d 1
200 Pc

2 e 222 Pmmm a 001
4 Pc

2 f 1
20

1
4 Pc

2 g 01
2

1
4 Pc

2 h 1
2

1
2

1
4 Pc

4 i 2.. Pmmm i 001
4 Pc2x

4 j 01
2

1
4 Pc2x

4 k .2. 001
4 Pc2y

4 l 1
20

1
4 Pc2y

4 m ..2 Pmmm i Pc2z

4 n 1
2

1
20 Pc2z

4 o 01
20 Pc2z

4 p 1
200 Pc2z

4 q ..m 	 Pccm q 2�� Pc2xy

8 r 1 	 Pccm r c�� Pc2xy2z

50 Pban
2 a 222 Cmmm a C

2 b 1
200 C

2 c 1
20

1
2 C

2 d 001
2 C

4 e �1 Pmmm a 1
4

1
40 Pab

4 f 1
4

1
4

1
2 Pab

4 g 2.. Cmmm g C2x

4 h 001
2 C2x

4 i .2. C2y

4 j 001
2 C2y

4 k ..2 Cmmm k C2z

4 l 01
20 C2z

8 m 1 	 Pban m b.. C2x2yz

51 Pmma
2 a �2�m� Pmmm a Pa

2 b 01
20 Pa

2 c 001
2 Pa

2 d 01
2

1
2 Pa

2 e mm2 	 Pmma e 1
400 �2� PaB1z

2 f 1
4

1
20 �2� PaB1z

4 g .2. Pmmm i Pa2y

4 h 001
2 Pa2y

4 i .m. 	 Pmma i m�� Pa2xz

4 j 01
20 m�� Pa2xz

4 k m.. 	 Pmma k 1
400 �2� PaB1z2y

8 l 1 	 Pmma l m�� Pa2xz2y

52 Pnna
4 a �1 Cmmm a Aa

4 b 001
2 Aa

4 c ..2 Imma e 1
40

1
4 �2� BbAa1z

4 d 2.. Cmcm c 1
4

1
4

1
4 ��21 BbF1x

8 e 1 	 Pnna e 2�2 Aa2xyz

53 Pmna
2 a 2�m�� Cmmm a B

2 b 1
200 B

2 c 1
2

1
20 B

2 d 01
20 B

4 e 2.. Cmmm g B2x

4 f 01
20 B2x

4 g .2. Pmma e 1
40

1
4 
2�� PcA1y�a

4 h m.. 	 Pmna h .2. B2yz

8 i 1 	 Pmna i .2. B2yz2x

54 Pcca
4 a �1 Pmmm a Pac

4 b 01
20 Pac

4 c .2. Cmme g 001
4 ��2 PacF1y

4 d ..2 Pmma e 1
400 
�2� PaB1z�c

4 e 1
4

1
20 
�2� PaB1z�c

8 f 1 	 Pcca f �22 Pac2xyz

55 Pbam
2 a ��2�m Cmmm a C

2 b 001
2 C

2 c 01
20 C

2 d 01
2

1
2 C

4 e ..2 Cmmm k C2z

4 f 01
20 C2z

4 g ..m 	 Pbam g b.. C2xy

4 h 001
2 b�� C2xy

8 i 1 	 Pbam i b.. C2xy2z

56 Pccn
4 a �1 Fmmm a F

4 b 001
2 F

4 c ..2 Pmmn a 1
4

1
40 
21�� CI1z�c

4 d 1
4

3
40 
21�� CI1z�c

8 e 1 	 Pccn e c.2 F2xyz

57 Pbcm
4 a �1 Pmmm a Pbc

4 b 1
200 Pbc

4 c 2.. Pmma e 01
40 
��2 PbC1x�c

4 d ..m 	 Pbcm d 001
4 2��1 PbcAbCcF1xy

8 e 1 	 Pbcm e 2�m Pbc2xyz

Table 14.2.3.2. Space groups: assignment of Wyckoff positions to Wyckoff sets and to lattice complexes (cont.)
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58 Pnnm
2 a ��2�m Immm a I

2 b 001
2 I

2 c 01
20 I

2 d 01
2

1
2 I

4 e ..2 Immm e I2z

4 f 01
20 I2z

4 g ..m 	 Pnnm g n.. I2xy

8 h 1 	 Pnnm h n.. I2xy2z

59 Pmmn
2 a mm2 	 Pmmn a 21�� CI1z

2 b 01
20 21�� CI1z

4 c �1 Pmmm a 1
4

1
40 Pab

4 d 1
4

1
4

1
2 Pab

4 e m.. 	 Pmmn e 21�� CI1z2y

4 f .m. �21� CI1z2x

8 g 1 	 Pmmn g 1
4

1
40 mm� Pab2xyz

60 Pbcn
4 a �1 Cmmm a Cc

4 b 01
20 Cc

4 c .2. Cmcm c 001
4 21�� CcF1y

8 d 1 	 Pbcn d b2� Cc2xyz

61 Pbca
4 a �1 Fmmm a F

4 b 001
2 F

8 c 1 	 Pbca c bc. F2xyz

62 Pnma
4 a �1 Cmmm a Bb

4 b 001
2 Bb

4 c .m. 	 Pnma c 01
40

�1�21 BbAaFIa1xz

8 d 1 	 Pnma d �ma Bb2xyz

63 Cmcm
4 a 2�m�� Cmmm a Cc

4 b 01
20 Cc

4 c m2m 	 Cmcm c 001
4 21�� CcF1y

8 d �1 Pmmm a 1
4

1
40 P2

8 e 2.. Cmmm g Cc2x

8 f m.. 	 Cmcm f �n� Cc2yz

8 g ..m 	 Cmcm g 001
4 21�� CcF1y2x

16 h 1 	 Cmcm h �n� Cc2yz2x

64 Cmce
4 a 2�m�� Fmmm a F

4 b 001
2 F

8 c �1 Pmmm a 1
4

1
40 P2

8 d 2.. Fmmm g F2x

8 e .2. Pmma e 1
4

1
4

1
4 
2�� PcA1y�ab

8 f m.. 	 Cmce f .2. F2yz

16 g 1 	 Cmce g .2. F2yz2x

65 Cmmm
2 a mmm 	 Cmmm a C

2 b 1
200 C

2 c 1
20

1
2 C

2 d 001
2 C

4 e ��2�m Pmmm a 1
4

1
40 Pab

4 f 1
4

1
4

1
2 Pab

4 g 2mm 	 Cmmm g C2x

4 h 001
2 C2x

4 i m2m C2y

4 j 001
2 C2y

4 k mm2 	 Cmmm k C2z

4 l 01
20 C2z

8 m ..2 Pmmm i 1
4

1
40 Pab2z

8 n m.. 	 Cmmm n C2y2z

8 o .m. C2x2z

8 p ..m 	 Cmmm p C2x2y

8 q 001
2 C2x2y

16 r 1 	 Cmmm r C2x2y2z

66 Cccm
4 a 222 Cmmm a 001

4 Cc

4 b 01
2

1
4 Cc

4 c ��2�m Cmmm a Cc

4 d 01
20 Cc

4 e ��2�m Fmmm a 1
4

1
40 F

4 f 1
4

3
40 F

8 g 2.. Cmmm g 001
4 Cc2x

8 h .2. 001
4 Cc2y

8 i ..2 Cmmm k Cc2z

8 j 01
20 Cc2z

8 k ..2 Fmmm g 1
4

1
40 F2z

8 l ..m 	 Cccm l c�� Cc2xy

16 m 1 	 Cccm m c�� Cc2xy2z

67 Cmme
4 a 222 Pmmm a 1

400 Pab

4 b 1
40

1
2 Pab

4 c 2�m�� Pmmm a Pab

4 d 001
2 Pab

4 e �2�m� 1
4

1
40 Pab

4 f 1
4

1
4

1
2 Pab

4 g mm2 	 Cmme g 01
40 2�� PabF1z

8 h 2.. Pmmm i Pab2x

8 i 001
2 Pab2x

8 j .2. 1
400 Pab2y

8 k 1
40

1
2 Pab2y

8 l ..2 Pmmm i 1
400 Pab2z

8 m m.. 	 Cmme m �m� Pab2yz

8 n .m. 01
40 m�� Pab2xz

16 o 1 	 Cmme o �m� Pab2yz2x

68 Ccce
4 a 222 Fmmm a F

4 b 001
2 F

8 c �1 Pmmm a 1
40

1
4 P2

8 d 01
4

1
4 P2

8 e 2.. Fmmm g F2x

8 f .2. F2y

8 g ..2 Fmmm g F2z

8 h ..2 Cmme g 1
4

1
40 
2�� PabF1z�c
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16 i 1 	 Ccce i c.. F2x2yz

69 Fmmm
4 a mmm 	 Fmmm a F

4 b 001
2 F

8 c 2�m�� Pmmm a 01
4

1
4 P2

8 d �2�m� 1
40

1
4 P2

8 e ��2�m 1
4

1
40 P2

8 f 222 Pmmm a 1
4

1
4

1
4 P2

8 g 2mm 	 Fmmm g F2x

8 h m2m F2y

8 i mm2 F2z

16 j ..2 Pmmm i 1
4

1
4

1
4 P22z

16 k .2. 1
4

1
4

1
4 P22y

16 l 2.. 1
4

1
4

1
4 P22x

16 m m.. 	 Fmmm m F2y2z

16 n .m. F2x2z

16 o ..m F2x2y

32 p 1 	 Fmmm p F2x2y2z

70 Fddd
8 a 222 	 Fddd a D

8 b 1
2

1
2

1
2 D

16 c �1 	 Fddd c T

16 d 1
2

1
2

1
2 T

16 e 2.. 	 Fddd e D2x

16 f .2. D2y

16 g ..2 D2z

32 h 1 	 Fddd h d.. D2x2yz

71 Immm
2 a mmm 	 Immm a I

2 b 01
2

1
2 I

2 c 1
2

1
20 I

2 d 1
20

1
2 I

4 e 2mm 	 Immm e I2x

4 f 01
20 I2x

4 g m2m I2y

4 h 001
2 I2y

4 i mm2 I2z

4 j 1
200 I2z

8 k �1 Pmmm a 1
4

1
4

1
4 P2

8 l m.. 	 Immm l I2y2z

8 m .m. I2x2z

8 n ..m I2x2y

16 o 1 	 Immm o I2x2y2z

72 Ibam
4 a 222 Cmmm a 001

4 Cc

4 b 1
20

1
4 Cc

4 c ��2�m Cmmm a Cc

4 d 1
200 Cc

8 e �1 Pmmm a 1
4

1
4

1
4 P2

8 f 2.. Cmmm g 001
4 Cc2x

8 g .2. 001
4 Cc2y

8 h ..2 Cmmm k Cc2z

8 i 01
20 Cc2z

8 j ..m 	 Ibam j c�� Cc2xy

16 k 1 	 Ibam k c�� Cc2xy2z

73 Ibca
8 a �1 Pmmm a P2

8 b 1
4

1
4

1
4 P2

8 c 2.. Cmme g 001
4 
�2� PbcF1x�a

8 d .2. 1
400 
��2 PacF1y�b

8 e ..2 01
40 
2�� PabF1z�c

16 f 1 	 Ibca f 22� P22xyz

74 Imma
4 a 2�m�� Cmmm a Bb

4 b 001
2 Bb

4 c �2�m� 1
4

1
4

1
4 Aa

4 d 1
4

1
4

3
4 Aa

4 e mm2 	 Imma e 01
40 �2� BbAa1z

8 f 2.. Cmmm g Bb2x

8 g .2. 1
4

1
4

1
4 Aa2y

8 h m.. 	 Imma h �2� Bb2yz

8 i .m. 1
4

1
4

1
4 2�� Aa2xz

16 j 1 	 Imma j �2� Bb2yz2x

75 P4
1 a 4.. P4�mmm a P[z]

1 b 1
2

1
20 P[z]

2 c 2.. P4�mmm a 01
20 C[z]

4 d 1 P4�m j P4xy[z]

76 P41

4 a 1 	 P43 a 41�� Pcc
vDIc1xy[z]

77 P42

2 a 2.. P4�mmm a Pc[z]

2 b 1
2

1
20 Pc[z]

2 c 2.. I4�mmm a 01
20 I[z]

4 d 1 P42�m j �4�� Pc2xy[z]

78 P43

4 a 1 	 P43 a 43�� Pcc
vDIc1xy[z]

79 I4
2 a 4.. I4�mmm a I[z]

4 b 2.. P4�mmm a 01
20 Cc[z]

8 c 1 I4�m h I4xy[z]

80 I41

4 a 2.. I41�amd a vD[z]

8 b 1 	 I41 b 41��
vD2xy[z]

81 P�4
1 a �4�� P4�mmm a P

1 b 001
2 P

1 c 1
2

1
20 P

1 d 1
2

1
2

1
2 P

2 e 2.. P4�mmm g P2z

2 f 1
2

1
20 P2z

2 g 2.. P4�nmm c 01
20 ��2 CI1z

4 h 1 	 P�4 h P4xyz
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82 I�4
2 a �4�� I4�mmm a I

2 b 001
2 I

2 c 01
2

1
4 I

2 d 01
2

3
4 I

4 e 2.. I4�mmm e I2z

4 f 01
2

1
4 I2z

8 g 1 	 I�4 g I4xyz

83 P4�m
1 a 4�m�� P4�mmm a P

1 b 001
2 P

1 c 1
2

1
20 P

1 d 1
2

1
2

1
2 P

2 e 2�m�� P4�mmm a 01
20 C

2 f 01
2

1
2 C

2 g 4.. P4�mmm g P2z

2 h 1
2

1
20 P2z

4 i 2.. P4�mmm g 01
20 C2z

4 j m.. 	 P4�m j P4xy

4 k 001
2 P4xy

8 l 1 	 P4�m l P4xy2z

84 P42�m
2 a 2�m�� P4�mmm a Pc

2 b 1
2

1
20 Pc

2 c 2�m�� I4�mmm a 01
20 I

2 d 01
2

1
2 I

2 e �4�� P4�mmm a 001
4 Pc

2 f 1
2

1
2

1
4 Pc

4 g 2.. P4�mmm g Pc2z

4 h 1
2

1
20 Pc2z

4 i 2.. I4�mmm e 01
20 I2z

4 j m.. 	 P42�m j �4�� Pc2xy

8 k 1 	 P42�m k �4�� Pc2xy2z

85 P4�n
2 a �4�� P4�mmm a C

2 b 001
2 C

2 c 4.. P4�nmm c 01
20 ��2 CI1z

4 d �1 P4�mmm a 1
4

1
40 Pab

4 e 1
4

1
4

1
2 Pab

4 f 2.. P4�mmm g C2z

8 g 1 	 P4�n g �1 C4xyz

86 P42�n
2 a �4�� I4�mmm a I

2 b 001
2 I

4 c �1 I4�mmm a 1
4

1
4

1
4 F

4 d 1
4

1
4

3
4 F

4 e 2.. P4�nmm c 01
20 
��2 CI1z�c

4 f 2.. I4�mmm e I2z

8 g 1 	 P42�n g n.. I4xyz

87 I4�m
2 a 4�m�� I4�mmm a I

2 b 001
2 I

4 c 2�m�� P4�mmm a 01
20 Cc

4 d �4�� P4�mmm a 01
2

1
4 Cc

4 e 4.. I4�mmm e I2z

8 f �1 P4�mmm a 1
4

1
4

1
4 P2

8 g 2.. P4�mmm g 01
20 Cc2z

8 h m.. 	 I4�m h I4xy

16 i 1 	 I4�m i I4xy2z

88 I41�a
4 a �4�� I41�amd a vD

4 b 001
2

vD

8 c �1 I41�amd c vT

8 d 001
2

vT

8 e 2.. I41�amd e vD2z

16 f 1 	 I41�a f a�� vD4xyz

89 P422
1 a 422 P4�mmm a P

1 b 001
2 P

1 c 1
2

1
20 P

1 d 1
2

1
2

1
2 P

2 e 222. P4�mmm a 1
200 C

2 f 1
20

1
2 C

2 g 4.. P4�mmm g P2z

2 h 1
2

1
20 P2z

4 i 2.. P4�mmm g 01
20 C2z

4 j ..2 P4�mmm j P4xx

4 k 001
2 P4xx

4 l .2. P4�mmm l P4x

4 m 1
2

1
2

1
2 P4x

4 n 001
2 P4x

4 o 1
2

1
20 P4x

8 p 1 	 P422 p P4x2yz

90 P4212
2 a 2.22 P4�mmm a C

2 b 001
2 C

2 c 4.. P4�nmm c 01
20 ��2 CI1z

4 d 2.. P4�mmm g C2z

4 e ..2 P4�mbm g .b. C2xx

4 f 001
2 �b� C2xx

8 g 1 	 P4212 g �21� C2xx2yz

91 P4122
4 a .2. 	 P4322 a 003

4 41�� PccIc1x

4 b 1
2

1
2

3
4 41�� PccIc1x

4 c ..2 	 P4322 c 003
8 41�� Pcc

vD1xx

8 d 1 	 P4322 d 003
4 41�� PccIc1x2yz

92 P41212
4 a ..2 	 P43212 a 41�� Ic

vD1xx

8 b 1 	 P43212 b 41�� Ic
vD1xx2yz

93 P4222
2 a 222. P4�mmm a Pc

2 b 1
2

1
20 Pc

2 c 222. I4�mmm a 01
20 I

2 d 01
2

1
2 I

2 e 2.22 P4�mmm a 001
4 Pc
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2 f 1
2

1
2

1
4 Pc

4 g 2.. P4�mmm g Pc2z

4 h 1
2

1
20 Pc2z

4 i 2.. I4�mmm e 01
20 I2z

4 j .2. P42�mmc j ��2 Pc2x

4 k 1
2

1
2

1
2 ��2 Pc2x

4 l 001
2 ��2 Pc2x

4 m 1
2

1
20 ��2 Pc2x

4 n ..2 P42�mcm i 001
4 �2� Pc2xx

4 o 003
4 �2� Pc2xx

8 p 1 	 P4222 p ��2 Pc2x2yz

94 P42212
2 a 2.22 I4�mmm a I

2 b 001
2 I

4 c 2.. I4�mmm e I2z

4 d 2.. P4�nmm c 01
20 
��2 CI1z�c

4 e ..2 P42�mnm f .n. I2xx

4 f 001
2 �n� I2xx

8 g 1 	 P42212 g �21� I2xx2yz

95 P4322
4 a .2. 	 P4322 a 001

4 43�� PccIc1x

4 b 1
2

1
2

1
4 43�� PccIc1x

4 c ..2 	 P4322 c 005
8 43�� Pcc

vD1xx

8 d 1 	 P4322 d 001
4 43�� PccIc1x2yz

96 P43212
4 a ..2 	 P43212 a 43�� Ic

vD1xx

8 b 1 	 P43212 b 43�� Ic
vD1xx2yz

97 I422
2 a 422 I4�mmm a I

2 b 001
2 I

4 c 222. P4�mmm a 01
20 Cc

4 d 2.22 P4�mmm a 01
2

1
4 Cc

4 e 4.. I4�mmm e I2z

8 f 2.. P4�mmm g 01
20 Cc2z

8 g ..2 I4�mmm h I4xx

8 h .2. I4�mmm i I4x

8 i 001
2 I4x

8 j ..2 I4�mcm h 01
2

1
4 �b� Cc2xx

16 k 1 	 I422 k I4x2yz

98 I4122
4 a 2.22 I41�amd a vD

4 b 001
2

vD

8 c 2.. I41�amd e vD2z

8 d ..2 	 I4122 d �2� vD2xx

8 e �2� vD2x�x

8 f .2. 	 I4122 f ��22 vTCcc1x

16 g 1 	 I4122 g �2� vD2xx2yz

99 P4mm
1 a 4mm P4�mmm a P[z]

1 b 1
2

1
20 P[z]

2 c 2mm. P4�mmm a 1
200 C[z]

4 d ..m P4�mmm j P4xx[z]

4 e .m. P4�mmm l P4x[z]

4 f 1
2

1
20 P4x[z]

8 g 1 P4�mmm p P4x2y[z]

100 P4bm
2 a 4.. P4�mmm a C[z]

2 b 2.mm P4�mmm a 1
200 C[z]

4 c ..m P4�mbm g 01
20 �b� C2xx[z]

8 d 1 P4�mbm i ..m C4xy[z]

101 P42cm
2 a 2.mm P4�mmm a Pc[z]

2 b 1
2

1
20 Pc[z]

4 c 2.. P4�mmm a 01
20 Cc[z]

4 d ..m P42�mcm i �2� Pc2xx[z]

8 e 1 P42�mcm n �2� Pc2xx2y[z]

102 P42nm
2 a 2.mm I4�mmm a I[z]

4 b 2.. P4�mmm a 01
20 Cc[z]

4 c ..m P42�mnm f .n. I2xx[z]

8 d 1 P42�mnm i .n. I2xx2y[z]

103 P4cc
2 a 4.. P4�mmm a Pc[z]

2 b 1
2

1
20 Pc[z]

4 c 2.. P4�mmm a 01
20 Cc[z]

8 d 1 P4�mcc m �c� Pc4xy[z]

104 P4nc
2 a 4.. I4�mmm a I[z]

4 b 2.. P4�mmm a 01
20 Cc[z]

8 c 1 P4�mnc h ..2 I4xy[z]

105 P42mc
2 a 2mm. P4�mmm a Pc[z]

2 b 1
2

1
20 Pc[z]

2 c 2mm. I4�mmm a 01
20 I[z]

4 d .m. P42�mmc j ��2 Pc2x[z]

4 e 1
2

1
20 ��2 Pc2x[z]

8 f 1 P42�mmc q ��2 Pc2x2y[z]

106 P42bc
4 a 2.. P4�mmm a Cc[z]

4 b 2.. P4�mmm a 01
20 Cc[z]

8 c 1 P42�mbc h �b2 Cc2xy[z]

107 I4mm
2 a 4mm I4�mmm a I[z]

4 b 2mm. P4�mmm a 01
20 Cc[z]

8 c ..m I4�mmm h I4xx[z]

8 d .m. I4�mmm i I4x[z]

16 e 1 I4�mmm l I4x2y[z]

108 I4cm
4 a 4.. P4�mmm a Cc[z]

4 b 2.mm P4�mmm a 1
200 Cc[z]
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8 c ..m I4�mcm h 1
200 �b� Cc2xx[z]

16 d 1 I4�mcm k ��m Cc4xy[z]

109 I41md
4 a 2mm. I41�amd a vD[z]

8 b .m. 	 I41md b ��d vD2x[z]

16 c 1 	 I41md c ��d vD2x2y[z]

110 I41cd
8 a 2.. I4�mmm a Fc[z]

16 b 1 	 I41cd b �bd Fc2xy[z]

111 P�42m
1 a �42m P4�mmm a P

1 b 1
2

1
2

1
2 P

1 c 001
2 P

1 d 1
2

1
20 P

2 e 222. P4�mmm a 1
200 C

2 f 1
20

1
2 C

2 g 2.mm P4�mmm g P2z

2 h 1
2

1
20 P2z

4 i .2. P4�mmm l P4x

4 j 1
2

1
2

1
2 P4x

4 k 001
2 P4x

4 l 1
2

1
20 P4x

4 m 2.. P4�mmm g 01
20 C2z

4 n ..m 	 P�42m n P4xxz

8 o 1 	 P�42m o P4xxz2y

112 P�42c
2 a 222. P4�mmm a 001

4 Pc

2 c 1
2

1
2

1
4 Pc

2 b 222. I4�mmm a 1
20

1
4 I

2 d 01
2

1
4 I

2 e �4�� P4�mmm a Pc

2 f 1
2

1
20 Pc

4 g .2. P42�mmc j 001
4 ��2 Pc2x

4 h 1
2

1
2

3
4 ��2 Pc2x

4 i 1
2

1
2

1
4 ��2 Pc2x

4 j 003
4 ��2 Pc2x

4 k 2.. P4�mmm g Pc2z

4 l 1
2

1
20 Pc2z

4 m 2.. I4�mmm e 01
2

1
4 I2z

8 n 1 	 P�42c n �2� Pc4xyz

113 P�421m
2 a �4�� P4�mmm a C

2 b 001
2 C

2 c 2.mm P4�nmm c 01
20 ��2 CI1z

4 d 2.. P4�mmm g C2z

4 e ..m 	 P�421m e 01
20 �21� CI1z2xx

8 f 1 	 P�421m f ..m C4xyz

114 P�421c
2 a �4�� I4�mmm a I

2 b 001
2 I

4 c 2.. I4�mmm e I2z

4 d 2.. P4�nmm c 01
20 
��2 CI1z�c

8 e 1 	 P�421c e ..c I4xyz

115 P�4m2
1 a �4m2 P4�mmm a P

1 b 1
2

1
20 P

1 c 1
2

1
2

1
2 P

1 d 001
2 P

2 e 2mm. P4�mmm g P2z

2 f 1
2

1
20 P2z

2 g 2mm. P4�nmm c 01
20 ��2 CI1z

4 h ..2 P4�mmm j P4xx

4 i 001
2 P4xx

4 j .m. 	 P�4m2 j P4xz

4 k 1
2

1
20 P4xz

8 l 1 	 P�4m2 l P4xz2y

116 P�4c2
2 a 2.22 P4�mmm a 001

4 Pc

2 b 1
2

1
2

1
4 Pc

2 c �4�� P4�mmm a Pc

2 d 1
2

1
20 Pc

4 e ..2 P42�mcm i 001
4 �2� Pc2xx

4 f 003
4 �2� Pc2xx

4 g 2.. P4�mmm g Pc2z

4 h 1
2

1
20 Pc2z

4 i 2.. P4�nmm c 01
20 
��2 CI1z�c

8 j 1 	 P�4c2 j ��2 Pc4xyz

117 P�4b2
2 a �4�� P4�mmm a C

2 b 001
2 C

2 c 2.22 P4�mmm a 01
20 C

2 d 01
2

1
2 C

4 e 2.. P4�mmm g C2z

4 f 2.. P4�mmm g 01
20 C2z

4 g ..2 P4�mbm g 01
20 �b� C2xx

4 h 01
2

1
2 �b� C2xx

8 i 1 	 P�4b2 i ..2 C4xyz

118 P�4n2
2 a �4�� I4�mmm a I

2 b 001
2 I

2 c 2.22 I4�mmm a 01
2

1
4 I

2 d 01
2

3
4 I

4 e 2.. I4�mmm e I2z

4 f ..2 P42�mnm f 1
20

3
4 �n� I2xx

4 g 01
2

1
4 �n� I2xx

4 h 2.. I4�mmm e 01
2

1
4 I2z

8 i 1 	 P�4n2 i ..2 I4xyz

119 I�4m2
2 a �4m2 I4�mmm a I

2 b 001
2 I

2 c 01
2

1
4 I

2 d 01
2

3
4 I

4 e 2mm. I4�mmm e I2z

4 f 01
2

1
4 I2z

8 g ..2 I4�mmm h I4xx
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8 h 01
2

1
4 I4xx

8 i .m. 	 I�4m2 i I4xz

16 j 1 	 I�4m2 j I4xz2y

120 I�4c2
4 a 2.22 P4�mmm a 001

4 Cc

4 d 01
20 Cc

4 b �4�� P4�mmm a Cc

4 c 01
2

1
4 Cc

8 e ..2 I4�mcm h 001
4 �b� Cc2xx

8 h 01
20 �b� Cc2xx

8 f 2.. P4�mmm g Cc2z

8 g 01
20 Cc2z

16 i 1 	 I�4c2 i ��2 Cc4xyz

121 I�42m
2 a �42m I4�mmm a I

2 b 001
2 I

4 c 222. P4�mmm a 01
20 Cc

4 d �4�� P4�mmm a 01
2

1
4 Cc

4 e 2.mm I4�mmm e I2z

8 f .2. I4�mmm i I4x

8 g 001
2 I4x

8 h 2.. P4�mmm g 01
20 Cc2z

8 i ..m 	 I�42m i I4xxz

16 j 1 	 I�42m j I4xxz2y

122 I�42d
4 a �4�� I41�amd a vD

4 b 001
2

vD

8 c 2.. I41�amd e vD2z

8 d .2. 	 I�42d d �4�� vTFc1x

16 e 1 	 I�42d e �2� vD4xyz

123 P4�mmm
1 a 4�mmm 	 P4�mmm a P

1 b 001
2 P

1 c 1
2

1
20 P

1 d 1
2

1
2

1
2 P

2 e mmm. P4�mmm a 01
2

1
2 C

2 f 01
20 C

2 g 4mm 	 P4�mmm g P2z

2 h 1
2

1
20 P2z

4 i 2mm. P4�mmm g 01
20 C2z

4 j m.2m 	 P4�mmm j P4xx

4 k 001
2 P4xx

4 l m2m. 	 P4�mmm l P4x

4 m 001
2 P4x

4 n 1
2

1
20 P4x

4 o 1
2

1
2

1
2 P4x

8 p m.. 	 P4�mmm p P4x2y

8 q 001
2 P4x2y

8 r ..m 	 P4�mmm r P4xx2z

8 s .m. 	 P4�mmm s P4x2z

8 t 1
2

1
20 P4x2z

16 u 1 	 P4�mmm u P4x2y2z

124 P4�mcc
2 a 422 P4�mmm a 001

4 Pc

2 c 1
2

1
2

1
4 Pc

2 b 4�m�� P4�mmm a Pc

2 d 1
2

1
20 Pc

4 e 2�m�� P4�mmm a 01
20 Cc

4 f 222. P4�mmm a 01
2

1
4 Cc

4 g 4.. P4�mmm g Pc2z

4 h 1
2

1
20 Pc2z

8 i 2.. P4�mmm g 01
20 Cc2z

8 j ..2 P4�mmm j 001
4 Pc4xx

8 k .2. P4�mmm l 001
4 Pc4x

8 l 1
2

1
2

1
4 Pc4x

8 m m.. 	 P4�mcc m �c� Pc4xy

16 n 1 	 P4�mcc n �c� Pc4xy2z

125 P4�nbm
2 a 422 P4�mmm a C

2 b 001
2 C

2 c �42m P4�mmm a 01
20 C

2 d 01
2

1
2 C

4 e ��2�m P4�mmm a 1
4

1
40 Pab

4 f 1
4

1
4

1
2 Pab

4 g 4.. P4�mmm g C2z

4 h 2.mm P4�mmm g 01
20 C2z

8 i ..2 P4�mmm l C4xx

8 j 001
2 C4xx

8 k .2. P4�mmm j C4x

8 l 001
2 C4x

8 m ..m 	 P4�nbm m 01
20 ��2 C4xxz

16 n 1 	 P4�nbm n ..m C4x2yz

126 P4�nnc
2 a 422 I4�mmm a I

2 b 001
2 I

4 c 222. P4�mmm a 1
200 Cc

4 d �4�� P4�mmm a 1
20

1
4 Cc

4 e 4.. I4�mmm e I2z

8 f �1 P4�mmm a 1
4

1
4

1
4 P2

8 g 2.. P4�mmm g 1
200 Cc2z

8 h ..2 I4�mmm h I4xx

8 i .2. I4�mmm i I4x

8 j 001
2 I4x

16 k 1 	 P4�nnc k ..c I4x2yz

127 P4�mbm
2 a 4�m�� P4�mmm a C

2 b 001
2 C

2 c m.mm P4�mmm a 01
2

1
2 C

2 d 01
20 C

4 e 4.. P4�mmm g C2z

4 f 2.mm P4�mmm g 01
20 C2z

4 g m.2m 	 P4�mbm g 01
20 �b� C2xx

4 h 01
2

1
2 �b� C2xx

8 i m.. 	 P4�mbm i ..m C4xy

8 j 001
2 ��m C4xy

8 k ..m 	 P4�mbm k 01
20 �b� C2xx2z

16 l 1 	 P4�mbm l ..m C4xy2z
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128 P4�mnc
2 a 4�m�� I4�mmm a I

2 b 001
2 I

4 c 2�m�� P4�mmm a 01
20 Cc

4 d 2.22 P4�mmm a 01
2

1
4 Cc

4 e 4.. I4�mmm e I2z

8 f 2.. P4�mmm g 01
20 Cc2z

8 g ..2 P4�mbm g 01
2

1
4 
�b� C2xx�c

8 h m.. 	 P4�mnc h ..2 I4xy

16 i 1 	 P4�mnc i ..2 I4xy2z

129 P4�nmm
2 a �4m2 P4�mmm a C

2 b 001
2 C

2 c 4mm 	 P4�nmm c 01
20 ��2 CI1z

4 d ��2�m P4�mmm a 1
4

1
40 Pab

4 e 1
4

1
4

1
2 Pab

4 f 2mm. P4�mmm g C2z

8 g ..2 P4�mmm l C4xx

8 h 001
2 C4xx

8 i .m. 	 P4�nmm i ..m C4xz

8 j ..m 	 P4�nmm j 01
20 ��2 CI1z4xx

16 k 1 	 P4�nmm k ..m C4xz2y

130 P4�ncc
4 a 2.22 P4�mmm a 001

4 Cc

4 b �4�� P4�mmm a Cc

4 c 4.. P4�nmm c 01
20 
��2 CI1z�c

8 d �1 P4�mmm a 1
4

1
40 P2

8 e 2.. P4�mmm g Cc2z

8 f ..2 I4�mcm h 001
4 �b� Cc2xx

16 g 1 	 P4�ncc g ��c2 Cc4xyz

131 P42�mmc
2 a mmm. P4�mmm a Pc

2 b 1
2

1
20 Pc

2 c mmm. I4�mmm a 01
20 I

2 d 01
2

1
2 I

2 e �4m2 P4�mmm a 001
4 Pc

2 f 1
2

1
2

1
4 Pc

4 g 2mm. P4�mmm g Pc2z

4 h 1
2

1
20 Pc2z

4 i 2mm. I4�mmm e 01
20 I2z

4 j m2m. 	 P42�mmc j ��2 Pc2x

4 k 1
2

1
2

1
2 ��2 Pc2x

4 l 001
2 ��2 Pc2x

4 m 1
2

1
20 ��2 Pc2x

8 n ..2 P4�mmm j 001
4 Pc4xx

8 o .m. 	 P42�mmc o ��c Pc2x2z

8 p 1
2

1
20 ��c Pc2x2z

8 q m.. 	 P42�mmc q ��2 Pc2x2y

16 r 1 	 P42�mmc r ��c Pc2x2y2z

132 P42�mcm
2 a m.mm P4�mmm a Pc

2 c 1
2

1
20 Pc

2 b �42m P4�mmm a 001
4 Pc

2 d 1
2

1
2

1
4 Pc

4 e 222. P4�mmm a 01
2

1
4 Cc

4 f 2�m�� P4�mmm a 01
20 Cc

4 g 2.mm P4�mmm g Pc2z

4 h 1
2

1
20 Pc2z

4 i m.2m 	 P42�mcm i �2� Pc2xx

4 j 001
2 �2� Pc2xx

8 k 2.. P4�mmm g 01
20 Cc2z

8 l .2. P4�mmm l 001
4 Pc4x

8 m 1
2

1
2

1
4 Pc4x

8 n m.. 	 P42�mcm n �2� Pc2xx2y

8 o ..m 	 P42�mcm o �c� Pc2xx2z

16 p 1 	 P42�mcm p �c� Pc2xx2y2z

133 P42�nbc
4 a 222. P4�mmm a 01

2
1
4 Cc

4 b 222. P4�mmm a 001
4 Cc

4 c 2.22 P4�mmm a 01
20 Cc

4 d �4�� P4�mmm a Cc

8 e �1 P4�mmm a 1
4

1
4

1
4 P2

8 f 2.. P4�mmm g 01
20 Cc2z

8 g 2.. P4�mmm g Cc2z

8 h .2. P42�mcm i 001
4 ��2 Cc2x

8 i 003
4 ��2 Cc2x

8 j ..2 I4�mcm h 01
20 �b� Cc2xx

16 k 1 	 P42�nbc k �22 Cc4xyz

134 P42�nnm
2 a �42m I4�mmm a I

2 b 001
2 I

4 c 222. P4�mmm a 01
20 Cc

4 d 2.22 P4�mmm a 01
2

1
4 Cc

4 e ��2�m I4�mmm a 1
4

1
4

1
4 F

4 f 1
4

1
4

3
4 F

4 g 2.mm I4�mmm e I2z

8 h 2.. P4�mmm g 01
20 Cc2z

8 i .2. I4�mmm i I4x

8 j 001
2 I4x

8 k ..2 P42�mmc j 01
2

1
4 �2� Cc2xx

8 l 01
2

3
4 �2� Cc2xx

8 m ..m 	 P42�nnm m ..2 I4xxz

16 n 1 	 P42�nnm n ..2 I4xxz2y

135 P42�mbc
4 a 2�m�� P4�mmm a Cc

4 b �4�� P4�mmm a 001
4 Cc

4 c 2�m�� P4�mmm a 01
20 Cc

4 d 2.22 P4�mmm a 01
2

1
4 Cc

8 e 2.. P4�mmm g Cc2z

8 f 2.. P4�mmm g 01
20 Cc2z

8 g ..2 P4�mbm g 01
2

1
4 
�b� C2xx�c

8 h m.. 	 P42�mbc h �b2 Cc2xy

16 i 1 	 P42�mbc i �b2 Cc2xy2z

136 P42�mnm
2 a m.mm I4�mmm a I

2 b 001
2 I

4 c 2�m�� P4�mmm a 01
20 Cc

4 d �4�� P4�mmm a 01
2

1
4 Cc
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4 e 2.mm I4�mmm e I2z

4 f m.2m 	 P42�mnm f .n. I2xx

4 g 1
2

1
2

1
2 �n� I2xx

8 h 2.. P4�mmm g 01
20 Cc2z

8 i m.. 	 P42�mnm i .n. I2xx2y

8 j ..m 	 P42�mnm j .n. I2xx2z

16 k 1 	 P42�mnm k .n. I2xx2y2z

137 P42�nmc
2 a �4m2 I4�mmm a I

2 b 001
2 I

4 c 2mm. I4�mmm e I2z

4 d 2mm. P4�nmm c 01
20 
��2 CI1z�c

8 e �1 P4�mmm a 1
4

1
4

1
4 P2

8 f ..2 I4�mmm h I4xx

8 g .m. 	 P42�nmc g ..c I4xz

16 h 1 	 P42�nmc h ..c I4xz2y

138 P42�ncm
4 a 2.22 P4�mmm a 001

4 Cc

4 b �4�� P4�mmm a Cc

4 c ��2�m I4�mmm a 1
4

1
4

1
4 F

4 d 1
4

1
4

3
4 F

4 e 2.mm P4�nmm c 01
20 
��2 CI1z�c

8 f 2.. P4�mmm g Cc2z

8 g ..2 P42�mmc j 001
4 �2� Cc2xx

8 h 003
4 �2� Cc2xx

8 i ..m 	 P42�ncm i 1
4

3
4

1
4
�4�� F2xxz

16 j 1 	 P42�ncm j ��m2 Cc4xyz

139 I4�mmm
2 a 4�mmm 	 I4�mmm a I

2 b 001
2 I

4 c mmm. P4�mmm a 01
20 Cc

4 d �4m2 P4�mmm a 01
2

1
4 Cc

4 e 4mm 	 I4�mmm e I2z

8 f ��2�m P4�mmm a 1
4

1
4

1
4 P2

8 g 2mm. P4�mmm g 01
20 Cc2z

8 h m.2m 	 I4�mmm h I4xx

8 i m2m. 	 I4�mmm i I4x

8 j 1
2

1
20 I4x

16 k ..2 P4�mmm l 01
2

1
4 Cc4xx

16 l m.. 	 I4�mmm l I4x2y

16 m ..m 	 I4�mmm m I4xx2z

16 n .m. 	 I4�mmm n I4x2z

32 o 1 	 I4�mmm o I4x2y2z

140 I4�mcm
4 a 422 P4�mmm a 001

4 Cc

4 b �42m P4�mmm a 01
2

1
4 Cc

4 c 4�m�� P4�mmm a Cc

4 d m.mm P4�mmm a 01
20 Cc

8 e ��2�m P4�mmm a 1
4

1
4

1
4 P2

8 f 4.. P4�mmm g Cc2z

8 g 2.mm P4�mmm g 01
20 Cc2z

8 h m.2m 	 I4�mcm h 01
20 �b� Cc2xx

16 i ..2 P4�mmm l 001
4 Cc4xx

16 j .2. P4�mmm j 001
4 Cc4x

16 k m.. 	 I4�mcm k ��m Cc4xy

16 l ..m 	 I4�mcm l 01
2

1
4 �b� Cc4xxz

32 m 1 	 I4�mcm m �c� Cc4xy2z

141 I41�amd
4 a �4m2 	 I41�amd a vD

4 b 001
2

vD

8 c �2�m� 	 I41�amd c vT

8 d 001
2

vT

8 e 2mm. 	 I41�amd e vD2z

16 f .2. 	 I41�amd f ��2 vT2x

16 g ..2 	 I41�amd g vD4xx

16 h .m. 	 I41�amd h �2� vD4xz

32 i 1 	 I41�amd i �2� vD4xz2y

142 I41�acd
8 a �4�� I4�mmm a Fc

8 b 2.22 I4�mmm a 001
4 Fc

16 c �1 I4�mmm a 01
4

1
8 I2

16 d 2.. I4�mmm e Fc2z

16 e .2. 	 I41�acd e 01
4

3
8
�4�� I2Pc21x

16 f ..2 	 I41�acd f 001
4 �2� Fc2xx

32 g 1 	 I41�acd g �22 Fc4xyz

143 P3
1 a 3.. P6�mmm a P[z]

1 b 1
3

2
30 P[z]

1 c 2
3

1
30 P[z]

3 d 1 P�6 j P3xy[z]

144 P31

3 a 1 	 P32 a 31�� PCR�Q1xy[z]

145 P32

3 a 1 	 P32 a 32�� PCRQ1xy[z]

146 R3 (Hexagonal axes)

3 a 3. R�3m a R[z]

9 b 1 	 R3 b R3xy[z]

146 R3 (Rhombohedral axes)

1 a 3. R�3m a P[xxx]

3 b 1 	 R3 b P3yz[xxx]

147 P�3
1 a �3�� P6�mmm a P

1 b 001
2 P

2 c 3.. P6�mmm e P2z

2 d 3.. P�3m1 d .2. GE1z

3 e �1 P6�mmm f N

3 f 001
2 N

6 g 1 	 P�3 g P6xyz

148 R�3 (Hexagonal axes)

3 a �3� R�3m a R

3 b 001
2 R

6 c 3. R�3m c R2z

9 d �1 R�3m e 001
2 M
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9 e M

18 f 1 	 R�3 f R6xyz

148 R�3 (Rhombohedral axes)

1 a �3� R�3m a P

1 b 1
2

1
2

1
2 P

2 c 3. R�3m c P2xxx

3 d �1 R�3m e 1
2

1
2

1
2 J

3 e J

6 f 1 	 R�3 f P6xyz

149 P312
1 a 3.2 P6�mmm a P

1 b 001
2 P

1 c 1
3

2
30 P

1 d 1
3

2
3

1
2 P

1 e 2
3

1
30 P

1 f 2
3

1
3

1
2 P

2 g 3.. P6�mmm e P2z

2 h 1
3

2
30 P2z

2 i 2
3

1
30 P2z

3 j ..2 P�6m2 j P3x�x

3 k 001
2 P3x�x

6 l 1 	 P312 l P3x�x2yz

150 P321
1 a 32. P6�mmm a P

1 b 001
2 P

2 c 3.. P6�mmm e P2z

2 d 3.. P�3m1 d .2. GE1z

3 e .2. P�62m f P3x

3 f 001
2 P3x

6 g 1 	 P321 g P3x2yz

151 P3112
3 a ..2 	 P3212 a 001

3 31�� PC
�Q1x�x

3 b 005
6 31�� PC

�Q1x�x

6 c 1 	 P3212 c 001
3 31�� PC

�Q1x�x2yz

152 P3121
3 a .2. 	 P3221 a 001

3 31�� PCR�Q1x

3 b 005
6 31�� PCR�Q1x

6 c 1 	 P3221 c 001
3 31�� PCR�Q1x2yz

153 P3212
3 a ..2 	 P3212 a 002

3 32�� PC
Q1x�x

3 b 001
6 32�� PC

Q1x�x

6 c 1 	 P3212 c 002
3 32�� PC

Q1x�x2yz

154 P3221
3 a .2. 	 P3221 a 002

3 32�� PCRQ1x

3 b 001
6 32�� PCRQ1x

6 c 1 	 P3221 c 002
3 32�� PCRQ1x2yz

155 R32 (Hexagonal axes)

3 a 32 R�3m a R

3 b 001
2 R

6 c 3. R�3m c R2z

9 d .2 	 R32 d R3x

9 e 001
2 R3x

18 f 1 	 R32 f R3x2yz

155 R32 (Rhombohedral axes)

1 a 32 R�3m a P

1 b 1
2

1
2

1
2 P

2 c 3. R�3m c P2xxx

3 d .2 	 R32 d P3x�x

3 e 1
2

1
2

1
2 P3x�x

6 f 1 	 R32 f P3x�x2yz

156 P3m1
1 a 3m. P6�mmm a P[z]

1 b 1
3

2
30 P[z]

1 c 2
3

1
30 P[z]

3 d .m. P�6m2 j P3x�x[z]

6 e 1 P�6m2 l P3x�x2y[z]

157 P31m
1 a 3.m P6�mmm a P[z]

2 b 3.. P6�mmm c G[z]

3 c ..m P�62m f P3x[z]

6 d 1 P�62m j P3x2y[z]

158 P3c1
2 a 3.. P6�mmm a Pc[z]

2 b 1
3

2
30 Pc[z]

2 c 2
3

1
30 Pc[z]

6 d 1 P�6c2 k ��2 Pc3xy[z]

159 P31c
2 a 3.. P6�mmm a Pc[z]

2 b 3.. P63�mmc c E[z]

6 c 1 P�62c h �2� Pc3xy[z]

160 R3m (Hexagonal axes)

3 a 3m R�3m a R[z]

9 b .m 	 R3m b R3x�x[z]

18 c 1 	 R3m c R3x�x2y[z]

160 R3m (Rhombohedral axes)

1 a 3m R�3m a P[xxx]

3 b .m 	 R3m b P3z[xxx]

6 c 1 	 R3m c P3z2y[xxx]

161 R3c (Hexagonal axes)

6 a 3. R�3m a
�
Rc[z]

18 b 1 	 R3c b �c
�
Rc3xy[z]

161 R3c (Rhombohedral axes)

2 a 3. R�3m a I[xxx]

6 b 1 	 R3c b .n I3yz[xxx]

162 P�31m
1 a �3�m P6�mmm a P

1 b 001
2 P

2 c 3.2 P6�mmm c G
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2 d 001
2 G

2 e 3.m P6�mmm e P2z

3 f ��2�m P6�mmm f N

3 g 001
2 N

4 h 3.. P6�mmm h G2z

6 i ..2 P6�mmm l P6x�x

6 j 001
2 P6x�x

6 k ..m 	 P�31m k P6xz

12 l 1 	 P�31m l P6xz2y

163 P�31c
2 a 3.2 P6�mmm a 001

4 Pc

2 b �3�� P6�mmm a Pc

2 c 3.2 P63�mmc c E

2 d 001
2 E

4 e 3.. P6�mmm e Pc2z

4 f 3.. P63�mmc f E2z

6 g �1 P6�mmm f Nc

6 h ..2 P63�mmc h 001
4 �2� Pc3x�x

12 i 1 	 P�31c i ��c Pc6xyz

164 P�3m1
1 a �3m� P6�mmm a P

1 b 001
2 P

2 c 3m. P6�mmm e P2z

2 d 3m. 	 P�3m1 d .2. GE1z

3 e �2�m� P6�mmm f N

3 f 001
2 N

6 g .2. P6�mmm j P6x

6 h 001
2 P6x

6 i .m. 	 P�3m1 i P6x�xz

12 j 1 	 P�3m1 j P6x�xz2y

165 P�3c1
2 a 32. P6�mmm a 001

4 Pc

2 b �3�� P6�mmm a Pc

4 c 3.. P6�mmm e Pc2z

4 d 3.. P�3m1 d 
�2� GE1z�c

6 e �1 P6�mmm f Nc

6 f .2. P63�mcm g 001
4 ��2 Pc3x

12 g 1 	 P�3c1 g �c� Pc6xyz

166 R�3m (Hexagonal axes)

3 a �3m 	 R�3m a R

3 b 001
2 R

6 c 3m 	 R�3m c R2z

9 e �2�m 	 R�3m e M

9 d 001
2 M

18 f .2 	 R�3m f R6x

18 g 001
2 R6x

18 h .m 	 R�3m h R6x�xz

36 i 1 	 R�3m i R6x�xz2y

166 R�3m (Rhombohedral axes)

1 a �3m 	 R�3m a P

1 b 1
2

1
2

1
2 P

2 c 3m 	 R�3m c P2xxx

3 e �2�m 	 R�3m e J

3 d 1
2

1
2

1
2 J

6 f .2 	 R�3m f P6x�x

6 g 1
2

1
2

1
2 P6x�x

6 h .m 	 R�3m h P6xxz

12 i 1 	 R�3m i P6xxz2y

167 R�3c (Hexagonal axes)

6 a 32 R�3m a 001
4

�
Rc

6 b �3� R�3m a
�
Rc

12 c 3. R�3m c
�
Rc2z

18 d �1 R�3m e
�
Mc

18 e .2 	 R�3c e 001
4 �c

�
Rc3x

36 f 1 	 R�3c f �c
�
Rc6xyz

167 R�3c (Rhombohedral axes)

2 a 32 R�3m a 1
4

1
4

1
4 I

2 b �3� R�3m a I

4 c 3. R�3m c I2xxx

6 d �1 R�3m e J	

6 e .2 	 R�3c e 1
4

1
4

1
4 �n I3x�x

12 f 1 	 R�3c f .n I6xyz

168 P6
1 a 6.. P6�mmm a P[z]

2 b 3.. P6�mmm c G[z]

3 c 2.. P6�mmm f N[z]

6 d 1 P6�m j P6xy[z]

169 P61

6 a 1 	 P61 a 3121�� PCcEC
Qc1xy[z]

170 P65

6 a 1 	 P61a 3221�� PCcEC
�Qc1xy[z]

171 P62

3 a 2.. P6�mmm a PC[z]

3 b 2.. P6222 c Q[z]

6 c 1 	 P62 c 32�� PC2xy[z]

172 P64

3 a 2.. P6�mmm a PC[z]

3 b 2.. P6222 c �Q[z]

6 c 1 	 P62 c 31�� PC2xy[z]

173 P63

2 a 3.. P6�mmm a Pc[z]

2 b 3.. P63�mmc c E[z]

6 c 1 P63�m h 21�� Pc3xy[z]

174 P�6
1 a �6�� P6�mmm a P

1 b 001
2 P

1 c 1
3

2
30 P

1 d 1
3

2
3

1
2 P

1 e 2
3

1
30 P

1 f 2
3

1
3

1
2 P

2 g 3.. P6�mmm e P2z

2 h 1
3

2
30 P2z
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2 i 2
3

1
30 P2z

3 j m.. 	 P�6 j P3xy

3 k 001
2 P3xy

6 l 1 	 P�6 l P3xy2z

175 P6�m
1 a 6�m�� P6�mmm a P

1 b 001
2 P

2 c �6�� P6�mmm c G

2 d 001
2 G

2 e 6.. P6�mmm e P2z

3 f 2�m�� P6�mmm f N

3 g 001
2 N

4 h 3.. P6�mmm h G2z

6 i 2.. P6�mmm i N2z

6 j m.. 	 P6�m j P6xy

6 k 001
2 P6xy

12 l 1 	 P6�m l P6xy2z

176 P63�m
2 a �6�� P6�mmm a 001

4 Pc

2 b �3�� P6�mmm a Pc

2 c �6�� P63�mmc c E

2 d 001
2 E

4 e 3.. P6�mmm e Pc2z

4 f 3.. P63�mmc f E2z

6 g �1 P6�mmm f Nc

6 h m.. 	 P63�m h 001
4 21�� Pc3xy

12 i 1 	 P63�m i m�� Pc6xyz

177 P622
1 a 622 P6�mmm a P

1 b 001
2 P

2 c 3.2 P6�mmm c G

2 d 001
2 G

2 e 6.. P6�mmm e P2z

3 f 222 P6�mmm f N

3 g 001
2 N

4 h 3.. P6�mmm h G2z

6 i 2.. P6�mmm i N2z

6 j .2. P6�mmm j P6x

6 k 001
2 P6x

6 l ..2 P6�mmm l P6x�x

6 m 001
2 P6x�x

12 n 1 	 P622 n P6x2yz

178 P6122
6 a .2. 	 P6122 a 31�2 PCc

Qc1x

6 b ..2 	 P6122 b 0011
12 312� PCcEC

Qc1x�x

12 c 1 	 P6122 c 31�2 PCc
Qc1x2yz

179 P6522
6 a .2. 	 P6122 a 32�2 PCc

�Qc1x

6 b ..2 	 P6122 b 00 1
12 322� PCcEC

�Qc1x�x

12 c 1 	 P6122 c 32�2 PCc
�Qc1x2yz

180 P6222
3 a 222 P6�mmm a PC

3 b 001
2 PC

3 c 222 	 P6222 c Q

3 d 001
2
Q

6 e 2.. P6�mmm e PC2z

6 f 2.. 	 P6222 f Q2z

6 g .2. 	 P6222 g 32�� PC2x

6 h 001
2 32�� PC2x

6 i ..2 	 P6222 i 001
3 32�� PC2x�x

6 j 005
6 32�� PC2x�x

12 k 1 	 P6222 k 32�� PC2x2yz

181 P6422
3 a 222 P6�mmm a PC

3 b 001
2 PC

3 c 222 	 P6222 c �Q

3 d 001
2
�Q

6 e 2.. P6�mmm e PC2z

6 f 2.. 	 P6222 f �Q2z

6 g .2. 	 P6222 g 31�� PC2x

6 h 001
2 31�� PC2x

6 i ..2 	 P6222 i 002
3 31�� PC2x�x

6 j 001
6 31�� PC2x�x

12 k 1 	 P6222 k 31�� PC2x2yz

182 P6322
2 a 32. P6�mmm a Pc

2 b 3.2 P6�mmm a 001
4 Pc

2 c 3.2 P63�mmc c E

2 d 001
2 E

4 e 3.. P6�mmm e Pc2z

4 f 3.. P63�mmc f E2z

6 g .2. P63�mcm g ��2 Pc3x

6 h ..2 P63�mmc h 001
4 �2� Pc3x�x

12 i 1 	 P6322 i ��2 Pc3x2yz

183 P6mm
1 a 6mm P6�mmm a P[z]

2 b 3m. P6�mmm c G[z]

3 c 2mm P6�mmm f N[z]

6 d ..m P6�mmm j P6x[z]

6 e .m. P6�mmm l P6x�x[z]

12 f 1 P6�mmm p P6x2y[z]

184 P6cc
2 a 6.. P6�mmm a Pc[z]

4 b 3.. P6�mmm c Gc[z]

6 c 2.. P6�mmm f Nc[z]

12 d 1 P6�mcc l �c� Pc6xy[z]

185 P63cm
2 a 3.m P6�mmm a Pc[z]

4 b 3.. P6�mmm c Gc[z]

6 c ..m P63�mcm g ��2 Pc3x[z]

12 d 1 P63�mcm j ��2 Pc3x2y[z]

186 P63mc
2 a 3m. P6�mmm a Pc[z]

2 b 3m. P63�mmc c E[z]
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6 c .m. P63�mmc h �2� Pc3x�x[z]

12 d 1 P63�mmc j �2� Pc3x�x2y[z]

187 P�6m2
1 a �6m2 P6�mmm a P

1 b 001
2 P

1 c 1
3

2
30 P

1 d 1
3

2
3

1
2 P

1 e 2
3

1
30 P

1 f 2
3

1
3

1
2 P

2 g 3m. P6�mmm e P2z

2 h 1
3

2
30 P2z

2 i 2
3

1
30 P2z

3 j mm2 	 P�6m2 j P3x�x

3 k 001
2 P3x�x

6 l m.. 	 P�6m2 l P3x�x2y

6 m 001
2 P3x�x2y

6 n .m. 	 P�6m2 n P3x�x2z

12 o 1 	 P�6m2 o P3x�x2y2z

188 P�6c2
2 a 3.2 P6�mmm a Pc

2 c 1
3

2
30 Pc

2 e 2
3

1
30 Pc

2 b �6�� P6�mmm a 001
4 Pc

2 d 1
3

2
3

1
4 Pc

2 f 2
3

1
3

1
4 Pc

4 g 3.. P6�mmm e Pc2z

4 h 1
3

2
30 Pc2z

4 i 2
3

1
30 Pc2z

6 j ..2 P�6m2 j Pc3x�x

6 k m.. 	 P�6c2 k 001
4 ��2 Pc3xy

12 l 1 	 P�6c2 l m�� Pc3x�x2yz

189 P�62m
1 a �62m P6�mmm a P

1 b 001
2 P

2 c �6�� P6�mmm c G

2 d 001
2 G

2 e 3.m P6�mmm e P2z

3 f m2m 	 P�62m f P3x

3 g 001
2 P3x

4 h 3.. P6�mmm h G2z

6 i ..m 	 P�62m i P3x2z

6 j m.. 	 P�62m j P3x2y

6 k 001
2 P3x2y

12 l 1 	 P�62m l P3x2y2z

190 P�62c
2 a 32. P6�mmm a Pc

2 b �6�� P6�mmm a 001
4 Pc

2 c �6�� P63�mmc c E

2 d 001
2 E

4 e 3.. P6�mmm e Pc2z

4 f 3.. P63�mmc f E2z

6 g .2. P�62m f Pc3x

6 h m.. 	 P�62c h 001
4 �2� Pc3xy

12 i 1 	 P�62c i m�� Pc3x2yz

191 P6�mmm
1 a 6�mmm 	 P6�mmm a P

1 b 001
2 P

2 c �6m2 	 P6�mmm c G

2 d 001
2 G

2 e 6mm 	 P6�mmm e P2z

3 f mmm 	 P6�mmm f N

3 g 001
2 N

4 h 3m. 	 P6�mmm h G2z

6 i 2mm 	 P6�mmm i N2z

6 j m2m 	 P6�mmm j P6x

6 k 001
2 P6x

6 l mm2 	 P6�mmm l P6x�x

6 m 001
2 P6x�x

12 n ..m 	 P6�mmm n P6x2z

12 o .m. 	 P6�mmm o P6x�x2z

12 p m.. 	 P6�mmm p P6x2y

12 q 001
2 P6x2y

24 r 1 	 P6�mmm r P6x2y2z

192 P6�mcc
2 a 622 P6�mmm a 001

4 Pc

2 b 6�m�� P6�mmm a Pc

4 c 3.2 P6�mmm c 001
4 Gc

4 d �6�� P6�mmm c Gc

4 e 6.. P6�mmm e Pc2z

6 f 222 P6�mmm f 001
4 Nc

6 g 2�m�� P6�mmm f Nc

8 h 3.. P6�mmm h Gc2z

12 i 2.. P6�mmm i Nc2z

12 j .2. P6�mmm j 001
4 Pc6x

12 k ..2 P6�mmm l 001
4 Pc6x�x

12 l m.. 	 P6�mcc l �c� Pc6xy

24 m 1 	 P6�mcc m �c� Pc6xy2z

193 P63�mcm
2 a �62m P6�mmm a 001

4 Pc

2 b �3�m P6�mmm a Pc

4 c �6�� P6�mmm c 001
4 Gc

4 d 3.2 P6�mmm c Gc

4 e 3.m P6�mmm e Pc2z

6 f ��2�m P6�mmm f Nc

6 g m2m 	 P63�mcm g 001
4 ��2 Pc3x

8 h 3.. P6�mmm h Gc2z

12 i ..2 P6�mmm l Pc6x�x

12 j m.. 	 P63�mcm j 001
4 ��2 Pc3x2y

12 k ..m 	 P63�mcm k m�� Pc6xz

24 l 1 	 P63�mcm l m�� Pc6xz2y

194 P63�mmc
2 a �3m� P6�mmm a Pc

2 b �6m2 P6�mmm a 001
4 Pc

2 c �6m2 	 P63�mmc c E

2 d 001
2 E

4 e 3m. P6�mmm e Pc2z

4 f 3m. 	 P63�mmc f E2z

6 g �2�m� P6�mmm f Nc

6 h mm2 	 P63�mmc h 001
4 �2� Pc3x�x
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12 i .2. P6�mmm j Pc6x

12 j m.. 	 P63�mmc j 001
4 �2� Pc3x�x2y

12 k .m. 	 P63�mmc k m�� Pc6x�xz

24 l 1 	 P63�mmc l m�� Pc6x�xz2y

195 P23
1 a 23. Pm�3m a P

1 b 1
2

1
2

1
2 P

3 c 222.. Pm�3m c J

3 d 1
2

1
2

1
2 J

4 e .3. P�43m e P4xxx

6 f 2.. Pm�3m e P6z

6 i 1
2

1
2

1
2 P6z

6 g 2.. Pm�3 f .3. J2x

6 h 1
2

1
2

1
2 �3� J2x

12 j 1 	 P23 j P6z2xy

196 F23
4 a 23. Fm�3m a F

4 b 1
2

1
2

1
2 F

4 c 1
4

1
4

1
4 F

4 d 3
4

3
4

3
4 F

16 e .3. F�43m e F4xxx

24 f 2.. Fm�3m e F6z

24 g 1
4

1
4

1
4 F6z

48 h 1 	 F23 h F6z2xy

197 I23
2 a 23. Im�3m a I

6 b 222.. Im�3m b J	

8 c .3. I�43m c I4xxx

12 d 2.. Im�3m e I6z

12 e 2.. Im�3 e �3� J 	2x

24 f 1 	 I23 f I6z2xy

198 P213
4 a .3. 	 P213 a 2121�� FY1xxx

12 b 1 	 P213 b 2121�� FY1xxx3yz

199 I213
8 a .3. 	 I213 a 2121�� P2Y 	1xxx

12 b 2.. 	 I213 b 213� SV1z

24 c 1 	 I213 c 2121�� P2Y 	1xxx3yz

200 Pm�3
1 a m�3� Pm�3m a P

1 b 1
2

1
2

1
2 P

3 c mmm.. Pm�3m c J

3 d 1
2

1
2

1
2 J

6 e mm2.. Pm�3m e P6z

6 h 1
2

1
2

1
2 P6z

6 f mm2.. 	 Pm�3 f .3. J2x

6 g 1
2

1
2

1
2 �3� J2x

8 i .3. Pm�3m g P8xxx

12 j m.. 	 Pm�3 j P6z2x

12 k 1
2

1
2

1
2 P6z2x

24 l 1 	 Pm�3 l P6z2x2y

201 Pn�3
2 a 23. Im�3m a I

4 b ��3� Fm�3m a 1
4

1
4

1
4 F

4 c 3
4

3
4

3
4 F

6 d 222.. Im�3m b J	

8 e .3. Pn�3m e ..2 I4xxx

12 f 2.. Im�3m e I6z

12 g 2.. Im�3 e �3� J 	2x

24 h 1 	 Pn�3 h n.. I6z2xy

202 Fm�3
4 a m�3� Fm�3m a F

4 b 1
2

1
2

1
2 F

8 c 23. Pm�3m a 1
4

1
4

1
4 P2

24 d 2�m�� Pm�3m c J2

24 e mm2.. Fm�3m e F6z

32 f .3. Fm�3m f F8xxx

48 g 2.. Pm�3m e 1
4

1
4

1
4 P26z

48 h m.. 	 Fm�3 h F6z2x

96 i 1 	 Fm�3 i F6z2x2y

203 Fd�3
8 a 23. Fd�3m a D

8 b 1
2

1
2

1
2 D

16 c ��3� Fd�3m c T

16 d 1
2

1
2

1
2 T

32 e .3. Fd�3m e ..2 D4xxx

48 f 2.. Fd�3m f D6z

96 g 1 	 Fd�3 g d.. D6z2xy

204 Im�3
2 a m�3� Im�3m a I

6 b mmm.. Im�3m b J 	

8 c ��3� Pm�3m a 1
4

1
4

1
4 P2

12 d mm2.. Im�3m e I6z

12 e mm2.. 	 Im�3 e �3� J	2x

16 f .3. Im�3m f I8xxx

24 g m.. 	 Im�3 g I6z2x

48 h 1 	 Im�3 h I6z2x2y

205 Pa�3
4 a ��3� Fm�3m a F

4 b 1
2

1
2

1
2 F

8 c .3. 	 Pa�3 c bc.. F2xxx

24 d 1 	 Pa�3 d bc.. F6xyz

206 Ia�3
8 a ��3� Pm�3m a P2

8 b 1
4

1
4

1
4 P2

16 c .3. 	 Ia�3 c 22�� P22xxx

24 d 2.. 	 Ia�3 d ��3� J2S	V 	1x

48 e 1 	 Ia�3 e 22�� P26xyz

207 P432
1 a 432 Pm�3m a P

1 b 1
2

1
2

1
2 P

3 c 42.2 Pm�3m c J

3 d 1
2

1
2

1
2 J
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6 e 4.. Pm�3m e P6z

6 f 1
2

1
2

1
2 P6z

8 g .3. Pm�3m g P8xxx

12 h 2.. Pm�3m h .3. J4x

12 i ..2 Pm�3m i P12xx

12 j 1
2

1
2

1
2 P12xx

24 k 1 	 P432 k P6z4xy

208 P4232
2 a 23. Im�3m a I

4 b .32 Fm�3m a 1
4

1
4

1
4 F

4 c 3
4

3
4

3
4 F

6 d 222.. Im�3m b J	

6 e 2.22 Pm�3n c W

6 f 1
2

1
2

1
2 W

8 g .3. Pn�3m e ..2 I4xxx

12 h 2.. Im�3m e I6z

12 i 2.. Pm�3n g .3. W2z

12 j 1
2

1
2

1
2 �3� W2z

12 k ..2 	 P4232 k 1
4

1
4

1
4 42�� F3x�x

12 l 3
4

3
4

3
4 42�� F3x�x

24 m 1 	 P4232 m ..2 I6z2xy

209 F432
4 a 432 Fm�3m a F

4 b 1
2

1
2

1
2 F

8 c 23. Pm�3m a 1
4

1
4

1
4 P2

24 d 2.22 Pm�3m c J2

24 e 4.. Fm�3m e F6z

32 f .3. Fm�3m f F8xxx

48 g ..2 Fm�3m h F12xx

48 h 1
2

1
2

1
2 F12xx

48 i 2.. Pm�3m e 1
4

1
4

1
4 P26z

96 j 1 	 F432 j F6z4xy

210 F4132
8 a 23. Fd�3m a D

8 b 1
2

1
2

1
2 D

16 c .32 Fd�3m c T

16 d 1
2

1
2

1
2 T

32 e .3. Fd�3m e ..2 D4xxx

48 f 2.. Fd�3m f D6z

48 g ..2 	 F4132 g 22�� T3x�x

96 h 1 	 F4132 h ..2 D6z2xy

211 I432
2 a 432 Im�3m a I

6 b 42.2 Im�3m b J	

8 c .32 Pm�3m a 1
4

1
4

1
4 P2

12 d 2.22 Im�3m d W 	

12 e 4.. Im�3m e I6z

16 f .3. Im�3m f I8xxx

24 g 2.. Im�3m g �3� J 	4x

24 h ..2 Im�3m h I12xx

24 i ..2 	 I432 i 1
4

1
4

1
4 4�� P23x�x

48 j 1 	 I432 j I6z4xy

212 P4332
4 a .32 	 P4332 a Y

4 b 1
2

1
2

1
2
Y

8 c .3. 	 P4332 c 43��
Y2xxx

12 d ..2 	 P4332 d 43��
Y3x�x

24 e 1 	 P4332 e 43��
Y3x�x2yz

213 P4132
4 a .32 	 P4332 a 1

2
1
2

1
2
�Y

4 b �Y

8 c .3. 	 P4332 c 41��
�Y2xxx

12 d ..2 	 P4332 d 41��
�Y3x�x

24 e 1 	 P4332 e 41��
�Y3x�x2yz

214 I4132
8 a .32 	 I4132 a Y 	

8 b �Y 	

12 c 2.22 	 I4132 c V

12 d �V

16 e .3. 	 I4132 e 22�� Y 	2xxx

24 f 2.. 	 I4132 f .3. V2z

24 h ..2 	 I4132 h 43��
Y 	3x�x

24 g 41��
�Y 	3x�x

48 i 1 	 I4132 i 22�� Y 	3x�x2yz

215 P�43m
1 a �43m Pm�3m a P

1 b 1
2

1
2

1
2 P

3 c �42�m Pm�3m c J

3 d 1
2

1
2

1
2 J

4 e .3m 	 P�43m e P4xxx

6 f 2.mm Pm�3m e P6z

6 g 1
2

1
2

1
2 P6z

12 h 2.. Pm�3m h .3. J4x

12 i ..m 	 P�43m i P6z2xx

24 j 1 	 P�43m j P6z2xx2y

216 F�43m
4 a �43m Fm�3m a F

4 b 1
2

1
2

1
2 F

4 c 1
4

1
4

1
4 F

4 d 3
4

3
4

3
4 F

16 e .3m 	 F�43m e F4xxx

24 f 2.mm Fm�3m e F6z

24 g 1
4

1
4

1
4 F6z

48 h ..m 	 F�43m h F6z2xx

96 i 1 	 F�43m i F6z2xx2y

217 I�43m
2 a �43m Im�3m a I

6 b �42�m Im�3m b J	

8 c .3m 	 I�43m c I4xxx

12 d �4�� Im�3m d W 	

12 e 2.mm Im�3m e I6z

24 f 2.. Im�3m g �3� J 	4x

24 g ..m 	 I�43m g I6z2xx

48 h 1 	 I�43m h I6z2xx2y
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218 P�43n
2 a 23. Im�3m a I

6 b 222.. Im�3m b J	

6 c �4�� Pm�3n c 1
2

1
2

1
2 W

6 d W

8 e .3. I�43m c I4xxx

12 f 2.. Im�3m e I6z

12 g 2.. Pm�3n g 1
2

1
2

1
2 �3� W2z

12 h .3. W2z

24 i 1 	 P�43n i ..c I6z2xy

219 F�43c
8 a 23. Pm�3m a P2

8 b 1
4

1
4

1
4 P2

24 c �4�� Pm�3m c J2

24 d 1
4

1
4

1
4 J2

32 e .3. P�43m e P24xxx

48 f 2.. Pm�3m e P26z

48 g 1
4

1
4

1
4 P26z

96 h 1 	 F�43c h ��n P26z2xy

220 I�43d
12 a �4�� 	 I�43d a S

12 b
�
S

16 c .3. 	 I�43d c �4�� I2Y 		1xxx

24 d 2.. 	 I�43d d .3. S2z

48 e 1 	 I�43d e .3d S4xyz

221 Pm�3m
1 a m�3m 	 Pm�3m a P

1 b 1
2

1
2

1
2 P

3 c 4�mm�m 	 Pm�3m c J

3 d 1
2

1
2

1
2 J

6 e 4m.m 	 Pm�3m e P6z

6 f 1
2

1
2

1
2 P6z

8 g .3m 	 Pm�3m g P8xxx

12 h mm2.. 	 Pm�3m h .3. J4x

12 i m.m2 	 Pm�3m i P12xx

12 j 1
2

1
2

1
2 P12xx

24 k m.. 	 Pm�3m k P6z4x

24 l 1
2

1
2

1
2 P6z4x

24 m ..m 	 Pm�3m m P6z4xx

48 n 1 	 Pm�3m n P6z4x2y

222 Pn�3n
2 a 432 Im�3m a I

6 b 42.2 Im�3m b J	

8 c ��3� Pm�3m a 1
4

1
4

1
4 P2

12 d �4�� Im�3m d W 	

12 e 4.. Im�3m e I6z

16 f .3. Im�3m f I8xxx

24 g 2.. Im�3m g �3� J 	4x

24 h ..2 Im�3m h I12xx

48 i 1 	 Pn�3n i n.. I6z4xy

223 Pm�3n
2 a m�3� Im�3m a I

6 b mmm.. Im�3m b J 	

6 c �4m�2 	 Pm�3n c W

6 d 1
2

1
2

1
2 W

8 e .32 Pm�3m a 1
4

1
4

1
4 P2

12 f mm2.. Im�3m e I6z

12 g mm2.. 	 Pm�3n g .3. W2z

12 h 1
2

1
2

1
2 �3� W2z

16 i .3. Im�3m f I8xxx

24 j ..2 	 Pm�3n j .3. W4xx

24 k m.. 	 Pm�3n k ..2 I6z2x

48 l 1 	 Pm�3n l ..2 I6z2x2y

224 Pn�3m
2 a �43m Im�3m a I

4 b ��3m Fm�3m a 1
4

1
4

1
4 F

4 c 3
4

3
4

3
4 F

6 d �42�m Im�3m b J	

8 e .3m 	 Pn�3m e ..2 I4xxx

12 f 2.22 Im�3m d W 	

12 g 2.mm Im�3m e I6z

24 h 2.. Im�3m g �3� J 	4x

24 i ..2 	 Pn�3m i 1
4

1
4

1
4
�4�� F6x�x

24 j 3
4

3
4

3
4
�4�� F6x�x

24 k ..m 	 Pn�3m k ..2 I6z2xx

48 l 1 	 Pn�3m l ..2 I6z2xx2y

225 Fm�3m
4 a m�3m 	 Fm�3m a F

4 b 1
2

1
2

1
2 F

8 c �43m Pm�3m a 1
4

1
4

1
4 P2

24 d m.mm Pm�3m c J2

24 e 4m.m 	 Fm�3m e F6z

32 f .3m 	 Fm�3m f F8xxx

48 g 2.mm Pm�3m e 1
4

1
4

1
4 P26z

48 h m.m2 	 Fm�3m h F12xx

48 i 1
2

1
2

1
2 F12xx

96 j m.. 	 Fm�3m j F6z4x

96 k ..m 	 Fm�3m k F6z4xx

192 l 1 	 Fm�3m l F6z4x2y

226 Fm�3c
8 a 432 Pm�3m a 1

4
1
4

1
4 P2

8 b m�3� Pm�3m a P2

24 c �4m�2 Pm�3m c 1
4

1
4

1
4 J2

24 d 4�m�� Pm�3m c J2

48 e mm2.. Pm�3m e P26z

48 f 4.. Pm�3m e 1
4

1
4

1
4 P26z

64 g .3. Pm�3m g P28xxx

96 h ..2 Pm�3m i 1
4

1
4

1
4 P212xx

96 i m.. 	 Fm�3c i ��2 P26z2x

192 j 1 	 Fm�3c j ��2 P26z2x2y

227 Fd�3m
8 a �43m 	 Fd�3m a D

8 b 1
2

1
2

1
2 D

16 c ��3m 	 Fd�3m c T

16 d 1
2

1
2

1
2 T

32 e .3m 	 Fd�3m e ..2 D4xxx

48 f 2.mm 	 Fd�3m f D6z
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symbols. The symbols are further affected by the settings of the
space group. The present section is restricted to the fundamental
features of the descriptive symbols. Details have been described by
Fischer et al. (1973). Tables 14.2.3.1 and 14.2.3.2 give for each
Wyckoff position of a plane group or a space group, respectively,
the multiplicity, the Wyckoff letter, the oriented site symmetry, the
reference symbol of the corresponding lattice complex and the
descriptive symbol.* The comparatively short descriptive symbols
condense complicated verbal descriptions of the point configura-
tions of lattice complexes.

14.2.3.2. Invariant lattice complexes

Invariant lattice complexes in their characteristic Wyckoff
position are represented by a capital letter eventually in
combination with some superscript. The first column of Table

14.2.3.3 gives a complete list of these symbols in alphabetical order.
The characteristic Wyckoff positions are shown in column 3.
Lattice complexes from different crystal families but with the same
coordinate description for their characteristic Wyckoff positions
receive the same descriptive symbol. If necessary, the crystal family
may be stated explicitly by a small letter (column 2) preceding the
lattice-complex symbol: c cubic, t tetragonal, h hexagonal, o
orthorhombic, m monoclinic, a anorthic (triclinic).

96 g ..m 	 Fd�3m g ..2 D6z2xx

96 h ..2 	 Fd�3m h �4�� T6x�x

192 i 1 	 Fd�3m i ..2 D6z2xx2y

228 Fd�3c
16 a 23. Im�3m a I2

32 b .32 Fm�3m a 1
8

1
8

1
8 F2

32 c ��3� Fm�3m a 3
8

3
8

3
8 F2

48 d �4�� Im�3m b J 	2

64 e .3. Pn�3m e 
��2 I4xxx�2

96 f 2.. Im�3m e I26z

96 g ..2 	 Fd�3c g 1
8

1
8

1
8
�42�� F23x�x

192 h 1 	 Fd�3c h d�2 I26z2xy

229 Im�3m
2 a m�3m 	 Im�3m a I

6 b 4�mm�m 	 Im�3m b J 	

8 c ��3m Pm�3m a 1
4

1
4

1
4 P2

12 d �4m�2 	 Im�3m d W 	

12 e 4m.m 	 Im�3m e I6z

16 f .3m 	 Im�3m f I8xxx

24 g mm2.. 	 Im�3m g �3� J 	4x

24 h m.m2 	 Im�3m h I12xx

48 i ..2 	 Im�3m i 1
4

1
4

1
4 4�� P26x�x

48 j m.. 	 Im�3m j I6z4x

48 k ..m 	 Im�3m k I6z4xx

96 l 1 	 Im�3m l I6z4x2y

230 Ia�3d
16 a ��3� Im�3m a I2

16 b .32 	 Ia�3d b Y 		

24 c 2.22 	 Ia�3d c V 	

24 d �4�� 	 Ia�3d d S	

32 e .3. 	 Ia�3d e �4�� Y 		2xxx

48 f 2.. 	 Ia�3d f �3� S	2z

48 g ..2 	 Ia�3d g �4a�� Y 		3x�x

96 h 1 	 Ia�3d h �4a�� I26xyz

Table 14.2.3.2. Space groups: assignment of Wyckoff positions
to Wyckoff sets and to lattice complexes (cont.)

Table 14.2.3.3. Descriptive symbols of invariant lattice
complexes in their characteristic Wyckoff position

Descriptive symbol Crystal family
Characteristic
Wyckoff position

C o Cmmm a

m C2�m a

D c Fd�3m a

o Fddd a

vD t I41�amd a

E h P63�mmc c

F c Fm�3m a

o Fmmm a

G h P6�mmm c

I c Im�3m a

t I4�mmm a

o Immm a

J c Pm�3m c

J 	 c Im�3m b

M h R�3m e

N h P6�mmm f

P c Pm�3m a

h P6�mmm a

t P4�mmm a

o Pmmm a

m P2�m a

a P�1 a

Q h P6222 c

R h R�3m a

S c I�43d a

S	 c Ia�3d d

T c Fd�3m c

o Fddd c

vT t I41�amd c

V c I4132 c

V 	 c Ia�3d c

W c Pm�3n c

W 	 c Im�3m d

Y c P4332 a

Y 	 c I4132 a

Y 		 c Ia�3d b

� Some of the descriptive symbols listed in Table 14.2.3.2 differ slightly from those
derived by Fischer et al. (1973) and used in previous editions of International
Tables for Crystallography Vol. A.
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Example
D is the descriptive symbol of the invariant cubic lattice complex
Fd�3m a as well as of the orthorhombic lattice complex Fddd a.
The cubic lattice complex cD contains – among others – the point
configurations corresponding to the arrangement of carbon
atoms in diamond and of silicon atoms in �-cristobalite. The
orthorhombic complex oD is a comprehensive complex of cD. It
consists of all those point configurations that may be produced by
orthorhombic deformations of the point configurations of cD.

The descriptive symbol of a noncharacteristic Wyckoff position
depends on the difference between the coordinate descriptions of
the respective characteristic Wyckoff position and the position
under consideration. Three cases may be distinguished, which may
also occur in combinations.

(i) The two coordinate descriptions differ by an origin shift. Then,
the respective shift vector is added as a prefix to the descriptive
symbol of the characteristic Wyckoff position.

Example
The orthorhombic invariant lattice complex C is represented in
its characteristic Wyckoff position Cmmm a by the coordinate
triplets 000 and 1

2
1
2 0. In Ibam a, it is described by 00 1

4,
1
2

1
2

1
4 and,

therefore, receives the descriptive symbol 00 1
4 C.

(ii) The multiplicity of the Wyckoff position considered is higher
than that of the corresponding characteristic position. Then, the
coordinate description of this Wyckoff position can be transformed
into that of the characteristic position by taking shorter basis
vectors. Reduction of all three basis vectors by a factor of 2 is
denoted by the subscript 2 on the descriptive symbol. Reduction of
one or two basis vectors by a factor of 2 is denoted by one of the
subscripts a, b or c or a combination of these. The subscript C means
a factor of 3, cc a factor of 4 and Cc a factor of 6.

Examples
The characteristic Wyckoff position of the orthorhombic lattice
complex P is Pmmm a with coordinate description 000. It occurs
also in Pmma a with coordinate triplets 000, 1

2 00, and in Pcca a
with 000, 00 1

2 , 1
2 00, 1

2 0 1
2. The corresponding descriptive symbols

are Pa and Pac, respectively.

(iii) The coordinate description of a given Wyckoff position is
related to that of the characteristic position by inversion or rotation
of the coordinate system. Changing the superscript + into � in the
descriptive symbol means that the considered Wyckoff position is
mapped onto the characteristic position by an inversion through the
origin, i.e. both Wyckoff positions are enantiomorphic. A prime
preceding the capital letter denotes that a 180� rotation is required.

Examples
(1) Y 	 is the descriptive symbol of the invariant lattice complex

I4132 a in its characteristic position. Wyckoff position I4132 b
with the descriptive symbol �Y 	 belongs to the same lattice
complex. The point configurations of I4132 a and I4132 b are
enantiomorphic.

(2) R is the descriptive symbol of the invariant lattice complex
formed by all rhombohedral point lattices. Its characteristic
position R�3m a corresponds to the coordinate triplets
000, 2

3
1
3

1
3 , 1

3
2
3

2
3. The same lattice complex is symbolized by �Rc

in the noncharacteristic position R�3c b with coordinate
description 000, 00 1

2,
2
3

1
3

1
3,

2
3

1
3

5
6,

1
3

2
3

2
3,

1
3

2
3

1
6.

In noncharacteristic Wyckoff positions, the descriptive symbol P
may be replaced by C, I by F (tetragonal system), C by A or B
(orthorhombic system), and C by A, B, I or F (monoclinic system).

If the lattice complexes of rhombohedral space groups are described
in rhombohedral coordinate systems, the symbols R, �Rc, M and �Mc
of the hexagonal description are replaced by P, I, J and J	,
respectively (preceded by the letter r, if necessary, to distinguish
them from the analogous cubic invariant lattice complexes).

14.2.3.3. Lattice complexes with degrees of freedom

The descriptive symbols of lattice complexes with degrees of
freedom consist, in general, of four parts: shift vector, distribution
symmetry, central part and site-set symbol. Either of the first two
parts may be absent.

Example
0 1

2 0 ..2 C4xxz is the descriptive symbol of the lattice complex
P4�nbm m in its characteristic position: 0 1

2 0 is the shift vector,
..2 the distribution symmetry, C the central part and 4xxz the site-
set symbol.

Normally, the central part is the symbol of an invariant lattice
complex. Shift vector and central part together should be interpreted
as described in Section 14.2.3.2. The point configurations of the
regarded Wyckoff position can be derived from that described by
the central part by replacing each point by a finite set of points, the
site set. All points of a site set are symmetrically equivalent under
the site-symmetry group of the point that they replace. A site set is
symbolized by a string of numbers and letters. The product of the
numbers gives the number of points in the site set, whereas the
letters supply information on the pattern formed by these points.
Site sets replacing different points may be differently oriented. In
this case, the distribution-symmetry part of the reference symbol
shows symmetry operations that relate such site sets to one another.
The orientation of the corresponding symmetry elements is
indicated as in the oriented site-symmetry symbols (cf. Section
2.2.12). If all site sets have the same orientation, no distribution
symmetry is given.

Examples
(1) I4xxx 
I�43m 8c xxx� designates a lattice complex, the point

configurations of which are composed of tetrahedra 4xxx in
parallel orientations replacing the points of a cubic body-
centred lattice I. The vertices of these tetrahedra are located on
body diagonals.

(2) ��2 I4xxx 
Pn�3m 8e xxx� represents the lattice complex for
which, in contrast to the first example, the tetrahedra 4xxx
around 000 and 1

2
1
2

1
2 differ in their orientation. They are related

by a twofold rotation ..2 .
(3) 00 1

4 Pc4x is the descriptive symbol of Wyckoff position
P42�mcm 8l x0 1

4. Each corresponding point configuration
consists of squares of points 4x replacing the points of a
tetragonal primitive lattice P. In comparison with P4x,
00 1

4 Pc4x shows a unit-cell enlargement by c� � 2c and a
subsequent shift by the vector 
00 1

4�.
In the case of a Weissenberg complex, the central part of the

descriptive symbol always consists of two (or more) symbols of
invariant lattice complexes belonging to the same crystal family and
forming limiting complexes of the regarded Weissenberg complex.
The shift vector then refers to the first limiting complex. The
corresponding site-set symbols are distinguished by containing the
number 1 as the only number, i.e. each site set consists of only one
point.

Example
In 1

4 00 �2� PaB1z 
Pmma 2e 1
4 0z�, each of the two points 1

4 00
and 3

4 00, represented by 1
4 00 Pa, is replaced by a site set
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containing only one point 1z, i.e. the points are shifted along the z
axis. The shifts of the two points are related by a twofold rotation
.2., i.e. are running in opposite directions. The point configura-
tions of the two limiting complexes Pa and B refer to the special
parameter values z � 0 and z � 1

4, respectively.

The central parts of some lattice complexes with two or three
degrees of freedom are formed by the descriptive symbol of a
univariant Weissenberg complex instead of that of an invariant
lattice complex. This is the case only if the corresponding
characteristic space-group type does not refer to a suitable invariant
lattice complex.

Example
In 1

4 00 �2� PaB1z2y 
Pmma 4k 1
4 yz�, each of the two points 1

4 0z
and 3

4 0�z, represented by 1
4 00 �2� PaB1z, is replaced by a site set 2y

of two points forming a dumb-bell. These dumb-bells are
oriented parallel to the y axis.

The symbol of a noncharacteristic Wyckoff position is deduced
from that of the characteristic position. The four parts of the
descriptive symbol are subjected to the transformation necessary to
map the characteristic Wyckoff position onto the Wyckoff position
under consideration.

Example
The lattice complex with characteristic Wyckoff position Imma
8h 0yz has the descriptive symbol �2� Bb2yz for this position.
Another Wyckoff position of this lattice complex is

Imma 8i x 1
4 z. The corresponding point configurations are

mapped onto each other by interchanging positive x and negative
y directions and shifting by 
1

4
1
4

1
4�. Therefore, the descriptive

symbol for Wyckoff position Imma i is 1
4

1
4

1
4 2�� Aa2xz.

In some cases, the Wyckoff position described by a lattice-
complex symbol has more degrees of freedom than the lattice
complex (see Section 14.2.2.1). In such a case, a letter (or a string of
letters) in brackets is added to the symbol.

Examples
tP[z] for P4 a, aP[xyz] for P1 a.

14.2.3.4. Properties of the descriptive symbols

Different kinds of relations between lattice complexes are
brought out.

Examples
P � P4x � P4x2z, I4xxx � ��2 I4xxx, P4x � I4x.

In many cases, limiting-complex relations can be deduced from
the symbols. This applies to limiting complexes due either to special
metrical parameters (e.g. cP � rP etc.) or to special values of
coordinates (e.g. both P4x and P4xx are limiting complexes of
P4xy). If the site set consists of only one point, the central part of the
symbol specifies all corresponding limiting complexes without
degrees of freedom that are due to special values of the coordinates
(e.g. 2121. FAaBbCcIaIbIc1xyz for the general position of P212121).

872

14. LATTICE COMPLEXES



14.3. Applications of the lattice-complex concept

BY W. FISCHER AND E. KOCH

14.3.1. Geometrical properties of point configurations

To study the geometrical properties of all point configurations in
three-dimensional space, it is not necessary to consider all Wyckoff
positions of the space groups or all 1128 types of Wyckoff set.
Instead, one may restrict the investigations to the characteristic
Wyckoff positions of the 402 lattice complexes. The results can
then be transferred to all noncharacteristic Wyckoff positions of the
lattice complexes, as listed in Tables 14.2.3.1 and 14.2.3.2.

The determination of all types of sphere packings with cubic or
tetragonal symmetry forms an example for this kind of procedure
(Fischer, 1973, 1974, 1991a,b, 1993). The cubic lattice complex
I4xxx, for example, allows two types of sphere packings within its
characteristic Wyckoff position I�43m 8c xxx .3m, namely 9�3�c2
for x � 3�16 and 6�4�c1 for 3�16 � x � 1

4 (cf. Fischer, 1973).
Ag3PO4 crystallizes with symmetry P�43n (Deschizeaux-Cheruy et
al., 1982) and the oxygen atoms occupy Wyckoff position 8e xxx
.3., which also belongs to I4xxx. Comparison of the coordinate
parameter x � 0�1491 for the oxygen atoms with the sphere-
packing parameters listed for I�43m c shows directly that the oxygen
arrangement in this crystal structure does not form a sphere packing.

Other examples for this approach are the derivation of crystal
potentials (Naor, 1958), of coordinate restrictions in crystal
structures (Smirnova, 1962), of Patterson diagrams (Koch &
Hellner, 1971), of Dirichlet domains (Koch, 1973, 1984) and of
sphere packings for subperiodic groups (Koch & Fischer, 1978).

The 30 lattice complexes in two-dimensional space correspond
uniquely to the ‘henomeric types of dot pattern’ introduced by
Grünbaum and Shephard (cf. e.g. Grünbaum & Shephard, 1981;
Grünbaum, 1983).

14.3.2. Relations between crystal structures

Frequently, different crystal structures show the same geometrical
arrangement for some of their atoms, even though their space
groups do not belong to the same type. In these cases, the
corresponding Wyckoff positions either belong to the same lattice
complex or there exist close relationships between them, e.g.
limiting-complex relations.

Examples
(1) The Fe atoms in pyrite FeS2 occupy Wyckoff position

4a 000 ��3. of Pa�3 (descriptive symbol F) that belongs to the
invariant lattice complex Fm�3m a. Accordingly, the Fe atoms in
pyrite form a face-centred cubic lattice as do the Cu atoms in the
element structure of copper.

(2) Cuprite Cu2O crystallizes with symmetry Pn�3m. The oxygen
atoms occupy Wyckoff position 2a 000 �43m (descriptive
symbol I) and the copper atoms position 4b 1

4
1
4

1
4 ��3m

(descriptive symbol 1
4

1
4

1
4 F). Position 2a belongs to lattice

complex Im�3m a and position 4b to Fm�3m a. Therefore, the O
atoms form a body-centred cubic lattice like the W atoms in the
structure of tungsten, and the copper atoms form a face-centred
cubic lattice. The tungsten configuration is shifted by �1

4
1
4

1
4� with

respect to the copper configuration.
(3) K2NaAlF6 (elpasolite, cf. Morss, 1974) and K2PbNi�NO2�6 (cf.

Takagi et al., 1975) crystallize with symmetry Fm�3m and Fm�3,
respectively.

K2NaAlF6

Al 4a m�3m 000 F

Na 4b m�3m 1
2

1
2

1
2

1
2

1
2

1
2 F

K 8c �43m 1
4

1
4

1
4

1
4

1
4

1
4 P2

F 24e 4m�m x00 F6z

x � 0�219

K2PbNi�NO2�6

Ni 4a m�3� 000 F

Pb 4b m�3� 1
2

1
2

1
2

1
2

1
2

1
2 F

K 8c 23� 1
4

1
4

1
4

1
4

1
4

1
4 P2

N 24e mm2�� x00 F6z

x � 0�1966

O 48h m�� 0yz F6z2x

As the descriptive lattice-complex symbols for the various
atomic positions show immediately, the two crystal structures
are very similar. The only difference originates from the
replacement of the fluorine atoms in elpasolite by NO2 groups
in K2PbNi�NO2�6, which causes the symmetry reduction from
Fm�3m to Fm�3.

(4) The crystal structure of CoU (Baenziger et al., 1950) may be
interpreted as a slightly distorted CsCl (or �-brass, CuZn)-type
structure. CsCl corresponds to Wyckoff positions 1a and 1b of
Pm�3m with descriptive symbol P and 1

2
1
2

1
2 P, respectively; Co

and U both occupy Wyckoff position 8a .3. xxx of I213 with
x � 0�0347 for U and x � 0�294 for Co. As the descriptive
symbol 2121�� P2Y �1xxx shows, this Wyckoff position belongs
to a Weissenberg complex with two invariant limiting
complexes, namely P (Pm�3m a) and Y � �I4132 a�. x � 0
corresponds to P2, x � 1

4 to 1
4

1
4

1
4 P2, x � 1

8 to �Y � and x � 7
8 to

�Y �. Consequently, the uranium and cobalt atoms form
approximately a P2 and a 1

4
1
4

1
4 P2 configuration, respectively.

Publications by Hellner (1965, 1976a,b,c, 1977, 1979), Loeb
(1970), Smirnova & Vasserman (1971), Sakamoto & Takahasi
(1971), Niggli (1971), Fischer & Koch (1974), Hellner et al. (1981)
and Hellner & Sowa (1985) refer to this aspect.

14.3.3. Reflection conditions

Wyckoff positions belonging to the same lattice complex show
analogous reflection conditions. Therefore, lattice complexes have
also been used to check the reflection conditions for all Wyckoff
positions in the space-group tables of this volume.

The descriptive symbols may supply information on the
reflection conditions. If the symbol does not contain any
distribution-symmetry part, the reflection conditions of the Wyckoff
position are indicated by the symbol of the invariant lattice complex
in the central part (e.g. P4�nmm g: C4xx shows that the reflection
condition is that of a C lattice, hkl �h � k � 2n). In the case that the
site set consists of only one point, i.e. the Wyckoff position belongs
to a Weissenberg complex, all conditions for general reflections hkl
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that may arise from special choices of the coordinates can be read
from the central part of the symbol (e.g. P4�nmm c: 0 1

2 0 ��2 CI1z
indicates that, by special choice of z, either hkl: h � k � 2n or
hkl: h � k � l � 2n may be produced).

14.3.4. Phase transitions

If a crystal undergoes a phase transition from a high- to a low-
symmetry modification, the transition may be connected with a
group–subgroup degradation. In such a case, the comparison of the
lattice complexes corresponding to the Wyckoff positions of the
original space group on the one hand and of its various subgroups on
the other hand very often shows which of these subgroups are
suitable for the low-symmetry modification.

This kind of procedure will be demonstrated with the aid of a
space group R�3m and its three translation-equivalent subgroups
with index 2, namely R32, R�3 and R3m. In the course of the
subgroup degradation, the Wyckoff positions of R�3m behave
differently:

The descriptive symbols R and 00 1
2 R refer to Wyckoff positions

R�3m 3a and 3b as well as to Wyckoff positions R32 3a and 3b and
R�3 3a and 3b. Therefore, all corresponding point configurations and
atomic arrangements remain unchanged in these subgroups. In
subgroup R3m, however, the respective Wyckoff position is 3a with
descriptive symbol R[z], i.e. a shift parallel to [001] of the entire
point configuration is allowed.

The descriptive symbol R2z for R�3m 6c occurs also for R32 6c
and R�3 6c. Again both subgroups do not allow any deformations of
the corresponding point configurations or atomic arrangements.
Symmetry reduction to R3m, however, yields a splitting of each R2z
configuration into two R[z] configurations. The two z parameters
may be chosen independently.

As M and 00 1
2 M are the descriptive symbols not only of R�3m 9e

and 9d but also of R�3 9e and 9d, R�3 does not enable any
deformation of the corresponding atomic arrangements. In R32
and in R3m, however, the respective point configurations may be
deformed differently, as the descriptive symbols show: R3x and
00 1

2 R3x (R32 9d and 9e), R3x�x[z] (R3m 9b).
Wyckoff positions R�3m 18f and 18g (R6x and 00 1

2 R6x)
correspond to R32 9d and 9e (R3x and 00 1

2 R3x), to
R�3 18f �R6xyz�, and to R3m 18c �R3x�x2y[z]�. In R32, the hexagons
6x around the points of the R lattice are split into two oppositely
oriented triangles 3x, which may have different size. In R�3 and
in R3m, the hexagons may be deformed differently.

Wyckoff position R�3m 18h �R6x�xz� corresponds to sets of
trigonal antiprisms around the points of an R lattice. These
antiprisms may be distorted in R32 18f (R3x2yz) or rotated in R�3
18f (R6xyz). In R3m 9b �R3x�x[z]�, each antiprism is split into two
parallel triangles that may differ in size.

In each of the three subgroups, any point configuration belonging
to the general position R�3m 36i splits into two parts. Each of these
parts may be deformed differently.

14.3.5. Incorrect space-group assignment

In the literature, some crystal structures are still described within
space groups that are only subgroups of the correct symmetry
groups. Many such mistakes (but not all of them) could be avoided
by simply looking at the lattice complexes (and their descriptive
symbols) that correspond to the Wyckoff positions of the different
kinds of atoms. Whenever the same (or an analogous) lattice-
complex description of a crystal structure is also possible within a
supergroup, then the crystal structure has at least that symmetry.

Examples
(1) The crystal structure of �-LiRhO2 has been refined in space

group F4132 (cf. Hobbie & Hoppe, 1986).

Rh 16c �32 1
8

1
8

1
8 T

Li 16d �32 5
8

5
8

5
8

1
2

1
2

1
2 T

O 32e �3� xxx ��2 D4xxx

The same atomic arrangement is possible in the supergroup
Fd�3m of F4132, as can easily be read from Table 14.2.3.2:

Rh 16c ��3m 1
8

1
8

1
8 T

Li 16d ��3m 5
8

5
8

5
8

1
2

1
2

1
2 T

O 32e �3m xxx ��2 D4xxx

Therefore, �-LiRhO2 should be described in Fd�3m.
(2) KIAs4O6 (Pertlik, 1988) has been described with symmetry

P622.

I 1a 622 000 P

K 1b 622 00 1
2 00 1

2 P

As 4h 3�� 1
3

2
3 z G2z

O 6i 2�� 1
2 0z N2z

Space group P6�mmm allows the same atomic arrangement:

I 1a 6�mmm 000 P

K 1b 6�mmm 00 1
2 00 1

2 P

As 4h 3m� 1
3

2
3 z G2z

O 6i 2mm 1
2 0z N2z

Therefore, KIAs4O6 should be described in P6�mmm.

14.3.6. Application of descriptive lattice-complex symbols

Descriptive symbols of lattice complexes – at least those of the
invariant lattice complexes – have been used for the description of
crystal structures (cf. Section 14.3.2 and the literature cited there),
for the nomenclature of three-periodic surfaces (von Schnering &
Nesper, 1987) and in connection with orbifolds of space groups
(Johnson et al., 2001).
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15.1. Introduction and definitions

BY E. KOCH, W. FISCHER AND U. MÜLLER

15.1.1. Introduction

The mathematical concept of normalizers forms the common basis
for the solution of several crystallographic problems:

It is generally known, for instance, that the coordinate description
of a crystal structure trivially depends on the coordinate system
used for the description, i.e. on the setting of the space group and the
site symmetry of the origin. It is less well known, however, that for
most crystal structures there exist several different but equivalent
coordinate descriptions, even if the space-group setting and the site
symmetry of the origin are unchanged. The number of such
descriptions varies between 1 and 24 and depends only on the
type of the Euclidean normalizer of the corresponding space group.
In principle, none of these descriptions stands out against the others.

In crystal-structure determination with direct methods, the
phases of some suitably chosen structure factors have to be
restricted to certain values or to certain ranges in order to specify
the origin and the enantiomorph. The information necessary for a
correct selection of such phases and for their appropriate restrictions
follows directly from the Euclidean normalizer of the space group.
Similar examples are the positioning of the first atom(s) within an
asymmetric unit when using trial-and-error or Patterson methods,
the choice of a basis system for indexing the reflections of a
diffraction pattern or the indexing of the first morphological face(s)
of a crystal.

For the following problems, normalizers also play an important
role: They supply information on the interchangeability of Wyckoff
positions and their assignment to Wyckoff sets (cf. Section 8.3.2
and Chapter 14.1), needed e.g. for the definition of lattice
complexes. They are important for the comparison of crystal
structures, for their assignment to structure types and for the choice
of a standard description for each crystal structure (Parthé & Gelato,
1984, 1985). They allow the derivation of ‘privileged origins’ for
each space group (Burzlaff & Zimmermann, 1980) and facilitate the
complete deduction of subgroups and supergroups of a crystal-
lographic group. They enable an easy classification of magnetic
(black–white or Shubnikov) space groups and of colour space
groups. They may also be used to reduce the parameter range in the
study of geometrical properties of point configurations, e.g. their
inherent symmetry or their sphere packings and Dirichlet partitions
(cf. e.g. Koch, 1984).

In the past, most of these problems have been treated by
crystallographers without the aid of normalizers, but the use of

normalizers simplifies the solution of all these problems and
clarifies the common background (for references, see Fischer &
Koch, 1983).

15.1.2. Definitions

Any pair, consisting of a group � and one of its supergroups �, is
uniquely related to a third intermediate group �����, called the
normalizer of � with respect to �. ����� is defined as the set of all
elements S � � that map � onto itself by conjugation (cf. Section
8.3.6).

����� �� �S � �	 S
1� S � ���
The normalizer ����� may coincide either with � or with � or it
may be a proper intermediate group. In any case, � is a normal
subgroup of its normalizer.

For most crystallographic problems, two kinds of normalizers are
of special interest: (i) the normalizer of a space group (plane group)
� with respect to the group � of all Euclidean mappings (motions,
isometries) in E3 �E2�, called the Euclidean normalizer of �

����� �� �S � �	 S
1� S � ���
(ii) the normalizer of a space group (plane group) � with respect to
the group  of all affine mappings in E3 �E2�, called the affine
normalizer of �

���� �� �S � 	 S
1� S � ���
The Euclidean normalizers of the space groups were first derived

by Hirshfeld (1968) under the name Cheshire groups. They have
been tabulated in more detail by Gubler (1982a,b) and Fischer &
Koch (1983). The Euclidean normalizers of triclinic and monoclinic
space groups with specialized metric have been determined by
Koch & Müller (1990). The affine normalizers of the space groups
have been listed by Burzlaff & Zimmermann (1980), Billiet et al.
(1982) and Gubler (1982a,b). They have also been used for the
derivation of Wyckoff sets and the definition of lattice complexes
by Koch & Fischer (1975), even though there the automorphism
groups of the space groups were tabulated instead of their affine
normalizers.
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15.2. Euclidean and affine normalizers of plane groups and space groups

BY E. KOCH, W. FISCHER AND U. MÜLLER

15.2.1. Euclidean normalizers of plane groups and space
groups

Since each symmetry operation of the Euclidean normalizer �����
maps the space group � onto itself, it also maps the set of all
symmetry elements of � onto itself. Therefore, the Euclidean
normalizer of a space group can be interpreted as the group of
motions that maps the pattern of symmetry elements of the space
group onto itself, i.e. as the ‘symmetry of the symmetry pattern’.

For most space (plane) groups, the Euclidean normalizers are
space (plane) groups again. Exceptions are those groups where
origins are not fully fixed by symmetry, i.e. all space groups of the
geometrical crystal classes 1, m, 2, 2mm, 3, 3m, 4, 4mm, 6 and 6mm,
and all plane groups of the geometrical crystal classes 1 and m. The
Euclidean normalizer of each such group contains continuous
translations (i.e. translations of infinitesimal length) in one, two or
three independent lattice directions and, therefore, is not a space
(plane) group but a supergroup of a space (plane) group.

If one regards a certain type of space (plane) group, usually the
Euclidean normalizers of all corresponding groups belong also to
only one type of normalizer. This is true for all cubic, hexagonal,
trigonal and tetragonal space groups (hexagonal and square plane
groups) and, in addition, for 21 types of orthorhombic space group
(4 types of rectangular plane group), e.g. for Pnma.

In contrast to this, the Euclidean normalizer of a space (plane)
group belonging to one of the other 38 orthorhombic (3 rectangular)
types may interchange two or even three lattice directions if the
corresponding basis vectors have equal length (example: Pmmm
with a � b). Then, the Euclidean normalizer of this group belongs
to the tetragonal (square) or even to the cubic crystal system,
whereas another space (plane) group of the same type but with
general metric has an orthorhombic (rectangular) Euclidean
normalizer.

For each space (plane)-group type belonging to the monoclinic
(oblique) or triclinic system, there also exist groups with specialized
metric that have Euclidean normalizers of higher symmetry than for
the general case (cf. Koch & Müller, 1990). The description of these
special cases, however, is by far more complicated than for the
orthorhombic system.

The symmetry of the Euclidean normalizer of a monoclinic
(oblique) space (plane) group depends only on two metrical
parameters. A clear presentation of all cases with specialized
metric may be achieved by choosing the cosine of the monoclinic
angle and the related axial ratio as parameters. To cover all different
metrical situations exactly once, not all pairs of parameter values
are allowed for a given type of space (plane) group, but one has to
restrict the study to a certain parameter range depending on the type,
the setting and the cell choice of the space (plane) group. Parthé &
Gelato (1985) have discussed in detail such parameter regions for
the first setting of the monoclinic space groups. Figs. 15.2.1.1 to
15.2.1.4 are based on these studies.

Fig. 15.2.1.1 shows a suitably chosen parameter region for the
five space-group types P2, P21, Pm, P2�m and P21�m and for the
plane-group types p1 and p2. Each such space (plane) group with
general metric may be uniquely assigned to an inner point of this
region and any metrical specialization corresponds either to one of
the three boundary lines or to one of their points of intersection and
gives rise to a symmetry enhancement of the respective Euclidean
normalizer.

For each of the other eight types of monoclinic space groups, i.e.
C2, Pc, Cm, Cc, C2�m, P2�c, P21�c and C2�c, and for each setting
three possibilities of cell choice are listed in Part 7, which can be
distinguished by different space-group symbols (example: C12�m1,

Fig. 15.2.1.1. Parameter range for space groups of types P2, P21, Pm, P2�m
and P21�m (plane groups of types p1 and p2). The information in
parentheses refers to unique axis c.

Fig. 15.2.1.2. Parameter range for space groups of types C2, Pc, Cm, Cc,
C2�m, P2�c, P21�c and C2�c:
unique axis b, cell choice 2: P1n1, P12�n1, P121�n1;
unique axis b, cell choice 3: I121, I1m1, I1a1, I12�m1, I12�a1;
unique axis c, cell choice 2: P11n, P112�n, P1121�n;
unique axis c, cell choice 3: I112, I11m, I11b, I112�m, I112�b.

The information in parentheses refers to unique axis c.
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A12�m1, I12�m1, A112�m, B112�m, I112�m). For each setting,
there exist two ways to choose a suitable range for the metrical
parameters such that each group corresponds to exactly one point:

(i) One arbitrarily restricts oneself to cell choice 1, 2 or 3. Then,
the suitable parameter range (displayed in one of the Figs. 15.2.1.2,
15.2.1.3 or 15.2.1.4) is larger than the range shown in Fig. 15.2.1.1
because, in contrast to the space-group types discussed above, some
of the possible metrical specializations do not give rise to any
symmetry enhancement of the Euclidean normalizers. These special
metrical cases refer to the light lines subdividing the parameter
regions of Figs. 15.2.1.2 to 15.2.1.4. Again, all inner points of these
regions correspond to space groups with Euclidean normalizers
without enhanced symmetry, and all points on the heavy-line
boundaries refer to space groups, the Euclidean normalizers of
which show symmetry enhancement.

(ii) For all types of monoclinic space groups, one regards only the
small parameter region shown in Fig. 15.2.1.1, but in return takes
into consideration all three possibilities for the cell choice. Then,

however, not all boundaries of this small parameter region
correspond to Euclidean normalizers with enhanced symmetry.
(Similar considerations are true for oblique plane groups.)

For triclinic space groups, five metrical parameters are necessary
and, therefore, it is impossible to describe the special metrical cases
in an analogous way.

In general, between a space group (or plane group) � and its
Euclidean normalizer �����, two uniquely defined intermediate
groups ���� and ���� exist, such that

� 	 ���� 	 ���� 	 �����

holds. ���� is that class-equivalent supergroup of � that is at the
same time a translation-equivalent subgroup of �����. It is well
defined according to a theorem of Hermann (1929). The group ����
differs from ���� only if � is noncentrosymmetric but ����� is
centrosymmetric; then ���� is that centrosymmetric supergroup of
���� of index 2 that is again a subgroup of �����. It belongs to the

Fig. 15.2.1.3. Parameter range for space groups of types C2, Pc, Cm, Cc,
C2�m, P2�c, P21�c and C2�c:
unique axis b, cell choice 1: P1c1, P12�c1, P121�c1;
unique axis b, cell choice 2: A121, A1m1, A1n1, A12�m1, A12�n1;
unique axis c, cell choice 1: P11a, P112�a, P1121�a;
unique axis c, cell choice 2: B112, B11m, B11n, B112�m, B112�n.

The information in parentheses refers to unique axis c.

Fig. 15.2.1.4. Parameter range for space groups of types C2, Pc, Cm, Cc,
C2�m, P2�c, P21�c and C2�c:
unique axis b, cell choice 1: C121, C1m1, C1c1, C12�m1, C12�c1;
unique axis b, cell choice 3: P1a1, P12�a1, P121�a1, C12�c1;
unique axis c, cell choice 1: A112, A11m, A11a, A112�m, A112�a;
unique axis c, cell choice 3: P11b, P112�b, P1121�b, A112�a.

The information in parentheses refers to unique axis c.
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Laue class of �. If ����� is noncentrosymmetric, an intermediate
group ���� cannot exist.

The groups ���� and ���� are of special interest in connection
with direct methods for structure determination: they cause the
parity classes of reflections; ���� defines the permissible origin
shifts and the parameter ranges for the phase restrictions in the
specification of the origin; and ���� gives information on possible
phase restrictions for the selection of the enantiomorph. For any
space (plane) group �, the translation subgroups of ����, ����,
����� and even �
��� coincide.

The Euclidean normalizers of the plane groups are listed in Table
15.2.1.1, those of triclinic space groups in Table 15.2.1.2, of
monoclinic and orthorhombic space groups in Table 15.2.1.3, and
those of all other space groups in Table 15.2.1.4. Herein all settings
and choices of cell and origin as tabulated in Parts 6 and 7 are taken
into account and, in addition, all metrical specializations giving rise
to Euclidean normalizers with enhanced symmetry. Each setting,
cell choice, origin or metrical specialization corresponds to one line
in the tables. (Exceptions are some orthorhombic space groups with
tetragonal metric: if a � b as well as b � c and c � a give rise to a

symmetry enhancement of the Euclidean normalizer, only the case
a � b is listed in Table 15.2.1.3.)

The first column of Tables 15.2.1.1, 15.2.1.3 and 15.2.1.4 shows
the number of the plane group or space group, the second column
its Hermann–Mauguin symbol together with information on the
setting, cell choice and origin, if necessary. Special metrical
conditions affecting the Euclidean normalizer are tabulated in the
third column of Tables 15.2.1.1 and 15.2.1.3. The term ‘general’
means that only the general metrical conditions for the respective
crystal system are valid. In Table 15.2.1.4, a corresponding column
is superfluous because here a metrical specialization of the space
group does not influence the type of the Euclidean normalizer.

The Euclidean normalizer of the space (plane) group is identified
in the fourth column of Table 15.2.1.3 (15.2.1.1) or in the third
column of Table 15.2.1.4. As Euclidean normalizers are groups of
motions, they can normally be designated by Hermann–Mauguin
symbols. If, however, the origin of the space (plane) group is not
fixed by symmetry (examples: P4, P1m1, P1), the Euclidean
normalizer contains continuous translations in one, two or three
(one or two) independent directions. In these cases, P1, B1, C1, P2 or

Table 15.2.1.1. Euclidean normalizers of the plane groups

For the restrictions of the cell metric of the two oblique plane groups see text and Fig. 15.2.1.3.

Plane group � Euclidean normalizer ����� Additional generators of �����

Index of � in
�����No.

Hermann–
Mauguin
symbol Cell metric Symbol Basis vectors Translations

Twofold
rotation

Further
generators

1 p1 General p22 �1a, �2b r, 0; 0, s �x,�y �2  2  1

a � b, � � 90� p22mm �1a, �2b r, 0; 0, s �x,�y �x, y �2  2  2

2 cos � � �a�b, 90 � � � 120� c22mm �1a, �2�1
2 a � b� r, 0; 0, s �x,�y x � y,�y �2  2  2

a � b, 90 � � � 120� c22mm �1�a � b�, �2�a � b� r, 0; 0, s �x,�y y, x �2  2  2

a � b, � � 90� p24mm �a, �b r, 0; 0, s �x,�y �x, y; y, x �2  2  4

a � b, � � 120� p26mm �a, �b r, 0; 0, s �x,�y y, x; x, x � y �2  2  6

2 p2 General p2 1
2 a, 1

2 b 1
2 , 0; 0, 1

2 4  1  1

a � b, � � 90� p2mm 1
2 a, 1

2 b 1
2 , 0; 0, 1

2 �x, y 4  1  2

2 cos � � �a�b, 90 � � � 120� c2mm 1
2 a, 1

2 a � b 1
2 , 0; 0, 1

2 x � y, � y 4  1  2

a � b, 90 � � � 120� c2mm 1
2 �a � b�, 1

2 �a � b� 1
2 , 0; 0, 1

2 y, x 4  1  2

a � b, � � 90� p4mm 1
2 a, 1

2 b 1
2 , 0; 0, 1

2 �x, y; y, x 4  1  4

a � b, � � 120� p6mm 1
2 a, 1

2 b 1
2 , 0; 0, 1

2 y, x; x, x � y 4  1  6

3 p1m1 p12mm 1
2 a, �b 1

2 , 0; 0, s �x,�y �2  ��  2  1

4 p1g1 p12mm 1
2 a, �b 1

2 , 0; 0, s �x,�y �2  ��  2  1

5 c1m1 p12mm 1
2 a, �b 0, s �x,�y �  2  1

6 p2mm a �� b p2mm 1
2 a, 1

2 b 1
2 , 0; 0, 1

2 4  1  1

a � b p4mm 1
2 a, 1

2 b 1
2 , 0; 0, 1

2 y, x 4  1  2

7 p2mg p2mm 1
2 a, 1

2 b 1
2 , 0; 0, 1

2 4  1  1

8 p2gg a �� b p2mm 1
2 a, 1

2 b 1
2 , 0; 0, 1

2 4  1  1

a � b p4mm 1
2 a, 1

2 b 1
2 , 0; 0, 1

2 y, x 4  1  2

9 c2mm a �� b p2mm 1
2 a, 1

2 b 1
2 , 0 2  1  1

a � b p4mm 1
2 a, 1

2 b 1
2 , 0 y, x 2  1  2

10 p4 p4mm 1
2 �a � b�, 1

2 �a � b� 1
2 , 1

2 y, x 2  1  2

11 p4mm p4mm 1
2 �a � b�, 1

2 �a � b� 1
2 , 1

2 2  1  1

12 p4gm p4mm 1
2 �a � b�, 1

2 �a � b� 1
2 , 1

2 2  1  1

13 p3 p6mm 1
3 �2a � b�, 1

3 ��a � b� 2
3 , 1

3 �x,�y y, x 3  2  2

14 p3m1 p6mm 1
3 �2a � b�, 1

3 ��a � b� 2
3 , 1

3 �x,�y 3  2  1

15 p31m p6mm a, b �x,�y 1  2  1

16 p6 p6mm a, b y, x 1  1  2

17 p6mm p6mm a, b 1  1  1
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P3 (p1, c1, p2), respectively, are used instead of the Bravais letter.*
Setting and origin choice for the Euclidean normalizers are
indicated as for space groups. In a few cases, origin choices not
tabulated in Part 7 are needed.

In the next column, the basis of����� is described in terms of the
basis of �. A factor � is used to indicate continuous translations.

The following three columns specify a set of additional
symmetry operations that generate ����, ���� and �����
successively from the space group �: The first of them shows the
vector components of the additional translations generating ����
from �; components referring to continuous translations are labelled
r, s and t. If ���� differs from ����, i.e. if � is noncentrosymmetric
and ����� is centrosymmetric, the position of an additional centre
of symmetry is given in the second of these columns. The respective
inversion generates ���� from ����. (For plane groups, additional
twofold rotations play the role of these inversions.) If, however,
����� is noncentrosymmetric and, therefore, ���� is undefined,
this fact is indicated by a slash. The last of these columns contains
entries only if � and ����� belong to different Laue classes. The
corresponding additional generators are listed as coordinate triplets.

In the last column, the subgroup index of � in ����� is specified
as the product kglknl, where kg means the index of � in ����, lk the
index of ���� in ���� and nl the index of ���� in �����. [In the
case of a noncentrosymmetric normalizer, the index of � in �����
is given as the product kgnk , where kg means the index of � in ����
and nk the index of ���� in �����.] For continuous translations, kg
is always infinite. Nevertheless, it is useful to distinguish different
cases: �, �2 and �3 refer to one, two and three independent
directions with continuous translations. An additional factor of 2n or
3n indicates the existence of n additional independent translations
which are not continuous.

For triclinic space groups, each metrical specialization gives rise
to a symmetry enhancement of the Euclidean normalizer. The
corresponding conditions for the metrical parameters, however,
cannot be described as easily as in the monoclinic case (for further
information see Part 9 and literature on ‘reduced cells’ cited

therein). Table 15.2.1.2 shows the Euclidean normalizers for P1 and
P1. Each special metrical condition is designated by the Bravais
type of the corresponding translation lattice. In the case of P1, the
Euclidean normalizer is always the inherent symmetry group of a
suitably chosen point lattice with basis vectors 1

2 ac, 1
2 bc and 1

2 cc.
Here, ac, bc and cc do not refer to the primitive unit cell of P1 but to
the possibly centred conventional cell for the respective Bravais
lattice. In the case of P1, the Euclidean normalizer always contains
continuous translations in three independent directions, symbolized
by P3. These normalizers may be easily derived from those for P�1.

15.2.2. Affine normalizers of plane groups and space
groups

The affine normalizer �
��� of a space (plane) group � either is a
true supergroup of its Euclidean normalizer �����, or both
normalizers coincide:

�
��� � ������
As any translation is an isometry, each translation belonging to

�
��� also belongs to �����. Therefore, the affine normalizer and
the Euclidean normalizer of a space (plane) group necessarily have
identical translation subgroups.

By analogy to the isometries of the Euclidean normalizer, the
additional mappings of the affine normalizer also map the set of all
symmetry elements of the space (plane) group onto itself.

In contrast to the Euclidean normalizers, the affine normalizers of
all space (plane) groups of a certain type belong to only one type
of normalizer, i.e. they are isomorphic groups. Therefore, the type
of the affine normalizer �
��� never depends on the metrical
properties of the space group �.

If for all space (plane) groups of a certain type the Euclidean
normalizers also belong to one type, then for each such space
(plane) group the Euclidean and the affine normalizers are identical,
irrespective of any metrical specialization, i.e. ����� � �
���
holds. Then, the affine normalizers are pure groups of motions and
do not contain any further affine mappings. This is true for all cubic,
hexagonal, trigonal and tetragonal space groups (for all hexagonal
and square plane groups) and, in addition, for the space groups of 21
further orthorhombic types (plane groups of 2 further rectangular
types) [examples: �
�Pcca� � Pmmm, �
�Pnc2� � P1mmm].

For each of the other 38 types of orthorhombic space group (5
types of rectangular plane groups), the type of the affine normalizer
corresponds to the type of the highest-symmetry Euclidean
normalizers belonging to that space (plane)-group type. Therefore,
it may also be symbolized by (possibly modified) Hermann–
Mauguin symbols [examples: �
�Pbca� � Pm3, �
�Pccn� �
P4�mmm, �
�Pcc2� � P14�mmm].

As the affine normalizer of a monoclinic or triclinic space group
(oblique plane group) is not isomorphic to any group of motions, it
cannot be characterized by a modified Hermann–Mauguin symbol.
It may be described, however, by one or two matrix–vector pairs
together with the appropriate restrictions on the coefficients. Similar
information has been given by Billiet et al. (1982) for the standard
description of each group. The problem has been discussed in more
detail by Gubler (1982a,b).

In Table 15.2.2.1, the affine normalizers of all triclinic and
monoclinic space groups are given. The first two columns
correspond to those of Table 15.2.1.3 or 15.2.1.4. The affine
normalizers are completely described in column 3 by one or two
general matrix–vector pairs. All unimodular matrices and vectors
used in Table 15.2.2.1 are listed explicitly in Table 15.2.2.2. The
matrix–vector representation of an affine normalizer consists of all

Table 15.2.1.2. Euclidean normalizers of the triclinic space
groups

Basis vectors of the Euclidean normalizers (ac, bc, cc refer to the possibly
centred conventional unit cell for the respective Bravais lattice):

P1 � �ac, �bc, �cc; P�1 � 1
2 ac, 1

2 bc, 1
2 cc.

Euclidean normalizer ����� of

Bravais type 1 P1 2 P�1

aP P3�1 P�1

mP P32�m P2�m

mA P32�m A2�m

oP P3mmm Pmmm

oC P3mmm Cmmm

oF P3mmm Fmmm

oI P3mmm Immm

tP P34�mmm P4�mmm

tI P34�mmm I4�mmm

hP P36�mmm P6�mmm

hR P3�3m1 R�3m

cP P3m�3m Pm�3m

cF P3m�3m Fm�3m

cI P3m�3m Im�3m

(continued on page 894)� In the previous editions, the symbols Z1, Z2 and Z3 �z1, z2� were used.
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15.2. EUCLIDEAN AND AFFINE NORMALIZERS
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15. NORMALIZERS OF SPACE GROUPS AND THEIR USE IN CRYSTALLOGRAPHY



Sp
ac

e
gr

ou
p
�

E
uc

lid
ea

n
no

rm
al

iz
er
� �

��
�

A
dd

iti
on

al
ge

ne
ra

to
rs

of
� �

��
�

In
de

x
of

�
in
� �

��
�

N
o.

H
er

m
an

n–
M

au
gu

in
sy

m
bo

l
C

el
lm

et
ri

c
Sy

m
bo

l
B

as
is

ve
ct

or
s

T
ra

ns
la

tio
ns

In
ve

rs
io

n
th

ro
ug

h
a

ce
nt

re
at

Fu
rt

he
rg

en
er

at
or

s

2
co

s
�
�
�a

�
b,

90
�
�
�

13
5�

P
2
cc

m
� 1

a,
� 2
�1 2

a
�

b�
,1 2

c
r,

0,
0;

0,
s,

0
0,

0,
0

� x
�

y,
y,

z
�

1 4
�

2
2

2
a
�

b
��� 2�

,�
�

13
5�

P
2
4 2
�m

m
c

�b
,�

��a
�

b�
,1 2

c
r,

0,
0;

0,
s,

0
0,

0,
0

x,
2x
�

y,
z;
� x
�

y,
y,

z
�

1 4
�

2
2

4
9

I1
1b

G
en

er
al

P
2
11

2�
m

� 1
a,
� 2

b,
1 2

c
r,

0,
0;

0,
s,

0
0,

0,
0

�
2
2

1
a
�

b,
�
�

90
�

P
2
m

m
m

� 1
a,
� 2

b,
1 2

c
r,

0,
0;

0,
s,

0
0,

0,
0

� x,
y,

z
�

2
2

2
co

s�
�
�a

�
b,

90
�
�
�

18
0�

P
2
m

m
m

� 1
a,
� 2
�a
�

b�
,1 2

c
r,

0,
0;

0,
s,

0
0,

0,
0

� x
�

2y
,y

,z
�

2
2

2
a
�

b,
90

�
�
�

18
0�

P
2
cc

m
� 1
�a
�

b�
,�

2
�a
�

b�
,1 2

c
r,

0,
0;

0,
s,

0
0,

0,
0

y,
x,

z
�

1 4
�

2
2

2
a
�

b,
�
�

90
�

P
2
4 2
�m

m
c

�a
,�

b,
1 2

c
r,

0,
0;

0,
s,

0
0,

0,
0

� x,
y,

z;
y,

x,
z
�

1 4
�

2
2

4
10

P
12

�m
1

G
en

er
al

P
12
�

m
1

1 2
a,

1 2
b,

1 2
c

1 2
,0

,0
;0

,
1 2

,0
;0

,0
,

1 2
8
1

1
a
�

c,
�
�

90
�

P
m

m
m

1 2
a,

1 2
b,

1 2
c

1 2
,0

,0
;0

,
1 2

,0
;0

,0
,

1 2
� x,

y,
z

8
1

2
2

co
s
�
�
�c

�
a,

90
�
�
�

12
0�

B
m

m
m

a
�

1 2
c,

1 2
b,

1 2
c

1 2
,0

,0
;0

,
1 2

,0
;0

,0
,

1 2
x,

y,
x
�

z
8
1

2
a
�

c,
90

�
�
�

12
0�

B
m

m
m

1 2
�a
�

c�,
1 2

b,
1 2
��

a
�

c�
1 2

,0
,0

;0
,

1 2
,0

;0
,0

,
1 2

z,
y,

x
8
1

2
a
�

c,
�
�

90
�

P
4�

m
m

m
1 2

c,
1 2

a,
1 2

b
1 2

,0
,0

;0
,

1 2
,0

;0
,0

,
1 2

� x,
y,

z;
z,

y,
x

8
1

4
a
�

c,
�
�

12
0�

P
6�

m
m

m
1 2

c,
1 2

a,
1 2

b
1 2

,0
,0

;0
,

1 2
,0

;0
,0

,
1 2

z,
y,

x;
� x
�

z,
y,

z
8
1

6
10

P
11

2�
m

G
en

er
al

P
11

2�
m

1 2
a,

1 2
b,

1 2
c

1 2
,0

,0
;0

,
1 2

,0
;0

,0
,

1 2
8
1

1
a
�

b,
�
�

90
�

P
m

m
m

1 2
a,

1 2
b,

1 2
c

1 2
,0

,0
;0

,
1 2

,0
;0

,0
,

1 2
� x,

y,
z

8
1

2
2

co
s
�
�
�a

�
b,

90
�
�
�

12
0�

C
m

m
m

1 2
a,

1 2
a
�

b,
1 2

c
1 2

,0
,0

;0
,

1 2
,0

;0
,0

,
1 2

� x
�

y,
y,

z
8
1

2
a
�

b,
90

�
�
�

12
0�

C
m

m
m

1 2
�a
�

b�
,1 2
�a
�

b�
,1 2

c
1 2

,0
,0

;0
,

1 2
,0

;0
,0

,
1 2

y,
x,

z
8
1

2
a
�

b,
�
�

90
�

P
4�

m
m

m
1 2

a,
1 2

b,
1 2

c
1 2

,0
,0

;0
,

1 2
,0

;0
,0

,
1 2

� x,
y,

z;
y,

x,
z

8
1

4
a
�

b,
�
�

12
0�

P
6�

m
m

m
1 2

a,
1 2

b,
1 2

c
1 2

,0
,0

;0
,

1 2
,0

;0
,0

,
1 2

y,
x,

z;
x,

x
�

y,
z

8
1

6
11

P
12

1
�m

1
G

en
er

al
P

12
�

m
1

1 2
a,

1 2
b,

1 2
c

1 2
,0

,0
;0

,
1 2

,0
;0

,0
,

1 2
8
1

1
a
�

c,
�
�

90
�

P
m

m
m

1 2
a,

1 2
b,

1 2
c

1 2
,0

,0
;0

,
1 2

,0
;0

,0
,

1 2
� x,

y,
z

8
1

2
2

co
s
�
�
�c

�
a,

90
�
�
�

12
0�

B
m

m
m

a
�

1 2
c,

1 2
b,

1 2
c

1 2
,0

,0
;0

,
1 2

,0
;0

,0
,

1 2
x,

y,
x
�

z
8
1

2
a
�

c,
90

�
�
�

12
0�

B
m

m
m

1 2
�a
�

c�,
1 2

b,
1 2
��

a
�

c�
1 2

,0
,0

;0
,

1 2
,0

;0
,0

,
1 2

z,
y,

x
8
1

2
a
�

c,
�
�

90
�

P
4�

m
m

m
1 2

c,
1 2

a,
1 2

b
1 2

,0
,0

;0
,

1 2
,0

;0
,0

,
1 2

� x,
y,

z;
z,

y,
x

8
1

4
a
�

c,
�
�

12
0�

P
6�

m
m

m
1 2

c,
1 2

a,
1 2

b
1 2

,0
,0

;0
,

1 2
,0

;0
,0

,
1 2

z,
y,

x;
� x
�

z,
y,

z
8
1

6
11

P
11

2 1
�

m
G

en
er

al
P

11
2�

m
1 2

a,
1 2

b,
1 2

c
1 2

,0
,0

;0
,

1 2
,0

;0
,0

,
1 2

8
1

1
a
�

b,
�
�

90
�

P
m

m
m

1 2
a,

1 2
b,

1 2
c

1 2
,0

,0
;0

,
1 2

,0
;0

,0
,

1 2
� x,

y,
z

8
1

2
2

co
s
�
�
�a

�
b,

90
�
�
�

12
0�

C
m

m
m

1 2
a,

1 2
a
�

b,
1 2

c
1 2

,0
,0

;0
,

1 2
,0

;0
,0

,
1 2

� x
�

y,
y,

z
8
1

2
a
�

b,
90

�
�
�

12
0�

C
m

m
m

1 2
�a
�

b�
,1 2
�a
�

b�
,1 2

c
1 2

,0
,0

;0
,

1 2
,0

;0
,0

,
1 2

y,
x,

z
8
1

2
a
�

b,
�
�

90
�

P
4�

m
m

m
1 2

a,
1 2

b,
1 2

c
1 2

,0
,0

;0
,

1 2
,0

;0
,0

,
1 2

� x,
y,

z;
y,

x,
z

8
1

4
a
�

b,
�
�

12
0�

P
6�

m
m

m
1 2

a,
1 2

b,
1 2

c
1 2

,0
,0

;0
,

1 2
,0

;0
,0

,
1 2

y,
x,

z;
x,

x
�

y,
z

8
1

6
12

C
12
�

m
1

G
en

er
al

P
12
�

m
1

1 2
a,

1 2
b,

1 2
c

1 2
,0

,0
;0

,0
,

1 2
4
1

1
�
�

90
�

P
m

m
m

1 2
a,

1 2
b,

1 2
c

1 2
,0

,0
;0

,0
,

1 2
� x,

y,
z

4
1

2
co

s�
�
�c

�a
,9

0
�
�
�

13
5�

P
m

m
m

1 2
�a
�

c�,
1 2

b,
1 2

c
1 2

,0
,0

;0
,0

,
1 2

x,
y,

2x
�

z
4
1

2
2

co
s
�
�
�a

�
c,

90
�
�
�

13
5�

B
m

m
m

1 2
a,

1 2
b,

1 2
a
�

c
1 2

,0
,0

;0
,0

,
1 2

� x
�

z,
y,

z
4
1

2
a
�

c
��� 2�
,�

�
13

5�
P

4�
m

m
m

�
1 2
�a
�

c�,
1 2

c,
1 2

b
1 2

,0
,0

;0
,0

,
1 2

x,
y,

2x
�

z;
� x
�

z,
y,

z
4
1

4
12

A
12

�m
1

G
en

er
al

P
12
�

m
1

1 2
a,

1 2
b,

1 2
c

1 2
,0

,0
;0

,
1 2

,0
4
1

1
�
�

90
�

P
m

m
m

1 2
a,

1 2
b,

1 2
c

1 2
,0

,0
;0

,
1 2

,0
� x,

y,
z

4
1

2

T
ab

le
15

.2
.1

.3
.E

uc
li

de
an

no
rm

al
iz

er
s

of
th

e
m

on
oc

li
ni

c
an

d
or

th
or

ho
m

bi
c

sp
ac

e
gr

ou
ps

(c
on

t.)

887

15.2. EUCLIDEAN AND AFFINE NORMALIZERS
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15. NORMALIZERS OF SPACE GROUPS AND THEIR USE IN CRYSTALLOGRAPHY
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15.2. EUCLIDEAN AND AFFINE NORMALIZERS



combinations of matrices and vectors that originate from the
specified pair(s) and from the restrictions on the coefficients. This
set of matrix–vector pairs has of course to include the symmetry
operations of � as well as of �����.

The relatively complicated group structure of these affine
normalizers has to do with the fact that for the corresponding
space groups the permissible basis transformations are more
complicated than for space groups of higher crystal systems.

In contrast to orthorhombic space groups, the metric of a triclinic
or monoclinic space group cannot be specialized in such a way that
all elements of the affine normalizer simultaneously become
isometries.

The affine normalizers of the oblique plane groups p1 and p2 can
be described analogously. The corresponding unimodular matrix

n11 n12

n21 n22

� �

has to be combined with the vector

r

s

� �
or

1
2 n1
1
2 n2

� �

for the representation of �
�p1� and �
�p2�, respectively. n stands
for an integer number, r and s stand for real numbers.

Table 15.2.1.3. Euclidean normalizers of the monoclinic and orthorhombic space groups (cont.)

Space group � Euclidean normalizer ����� Additional generators of �����

Index of
� in �����No.

Hermann–
Mauguin
symbol Cell metric Symbol Basis vectors Translations

Inversion
through a
centre at Further generators

72 Ibam a �� b Pmmm 1
2 a, 1

2 b, 1
2 c 1

2 , 0, 0; 0, 1
2 , 0 4  1  1

a � b P4�mmm 1
2 a, 1

2 b, 1
2 c 1

2 , 0, 0; 0, 1
2 , 0 y, x, z 4  1  2

73 Ibca a �� b �� c �� a Pmmm 1
2 a, 1

2 b, 1
2 c 1

2 , 0, 0; 0, 1
2 , 0 4  1  1

a � b �� c P42�mmc
�2�m2�mn�

1
2 a, 1

2 b, 1
2 c 1

2 , 0, 0; 0, 1
2 , 0 y � 1

4, x � 1
4, z� 1

4 4  1  2

a � b � c Pm�3n 1
2 a, 1

2 b, 1
2 c 1

2 , 0, 0; 0, 1
2 , 0 z, x, y; 4  1  6

y � 1
4, x � 1

4, z� 1
4

74 Imma a �� b Pmmm 1
2 a, 1

2 b, 1
2 c 1

2 , 0, 0; 0, 1
2 , 0 4  1  1

a � b P42�mmc
�2�m2�mn�

1
2 a, 1

2 b, 1
2 c 1

2 , 0, 0; 0, 1
2 , 0 y � 1

4, x � 1
4, z� 1

4 4  1  2
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Table 15.2.1.4. Euclidean normalizers of the tetragonal, trigonal, hexagonal and cubic space groups

The symbols in parentheses following a space-group symbol refer to the location of the origin (‘origin choice’ in Part 7).

Space group � Euclidean normalizer ����� Additional generators of �����

Index of � in
�����No.

Hermann–
Mauguin symbol Symbol Basis vectors Translations

Inversion
through a
centre at

Further
generators

75 P4 P14�mmm 1
2 �a � b�, 1

2 �a � b�, �c 1
2 , 1

2 , 0; 0, 0, t 0, 0, 0 y, x, z �2  ��  2  2

76 P41 P1422 1
2 �a � b�, 1

2 �a � b�, �c 1
2 , 1

2 , 0; 0, 0, t / y, x,�z �2  ��  2

77 P42 P14�mmm 1
2 �a � b�, 1

2 �a � b�, �c 1
2 , 1

2 , 0; 0, 0, t 0, 0, 0 y, x, z �2  ��  2  2

78 P43 P1422 1
2 �a � b�, 1

2 �a � b�, �c 1
2 , 1

2 , 0; 0, 0, t / y, x,�z �2  ��  2

79 I4 P14�mmm 1
2 �a � b�, 1

2 �a � b�, �c 0, 0, t 0, 0, 0 y, x, z �  2  2

80 I41 P14�nbm ��42m� 1
2 �a � b�, 1

2 �a � b�, �c 0, 0, t 1
4 , 0, 0 y, x,�z �  2  2

81 P�4 P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 0, 0, 0 y, x, z 4  2  2

82 I�4 I4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 0, 1
4 0, 0, 0 y, x, z 4  2  2

83 P4�m P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 y, x, z 4  1  2

84 P42�m P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 y, x, z 4  1  2

85 P4�n ��4� P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 y, x, z 4  1  2

85 P4�n ��1� P4�mmm �mmm� 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 y, x, z 4  1  2

86 P42�n ��4� P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 y, x, z 4  1  2

86 P42�n ��1� P4�mmm �mmm� 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 y, x, z 4  1  2

87 I4�m P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 0, 0, 1

2 y, x, z 2  1  2

88 I41�a ��4� P42�nnm ��42m� 1
2 �a � b�, 1

2 �a � b�, 1
2 c 0, 0, 1

2 y, x,�z 2  1  2

88 I41�a ��1� P42�nnm �2�m� 1
2 �a � b�, 1

2 �a � b�, 1
2 c 0, 0, 1

2 y � 1
4, x � 1

4, z � 1
4 2  1  2

89 P422 P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 0, 0, 0 4  2  1

90 P4212 P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 0, 0, 0 4  2  1

91 P4122 P4222 �222�
origin at 4212

1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 / 4  1

92 P41212 P4222 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 / 4  1

93 P4222 P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 0, 0, 0 4  2  1

94 P42212 P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 0, 0, 0 4  2  1

95 P4322 P4222 �222�
origin at 4212

1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 / 4  1

96 P43212 P4222 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 / 4  1

97 I422 P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 0, 0, 1

2 0, 0, 0 2  2  1

98 I4122 P42�nnm ��42m� 1
2 �a � b�, 1

2 �a � b�, 1
2 c 0, 0, 1

2
1
4 , 0, 1

8 2  2  1

99 P4mm P14�mmm 1
2 �a � b�, 1

2 �a � b�, �c 1
2 , 1

2 , 0; 0, 0, t 0, 0, 0 �2  ��  2  1

100 P4bm P14�mmm 1
2 �a � b�, 1

2 �a � b�, �c 1
2 , 1

2 , 0; 0, 0, t 0, 0, 0 �2  ��  2  1

101 P42cm P14�mmm 1
2 �a � b�, 1

2 �a � b�, �c 1
2 , 1

2 , 0; 0, 0, t 0, 0, 0 �2  ��  2  1

102 P42nm P14�mmm 1
2 �a � b�, 1

2 �a � b�, �c 1
2 , 1

2 , 0; 0, 0, t 0, 0, 0 �2  ��  2  1

103 P4cc P14�mmm 1
2 �a � b�, 1

2 �a � b�, �c 1
2 , 1

2 , 0; 0, 0, t 0, 0, 0 �2  ��  2  1

104 P4nc P14�mmm 1
2 �a � b�, 1

2 �a � b�, �c 1
2 , 1

2 , 0; 0, 0, t 0, 0, 0 �2  ��  2  1

105 P42mc P14�mmm 1
2 �a � b�, 1

2 �a � b�, �c 1
2 , 1

2 , 0; 0, 0, t 0, 0, 0 �2  ��  2  1

106 P42bc P14�mmm 1
2 �a � b�, 1

2 �a � b�, �c 1
2 , 1

2 , 0; 0, 0, t 0, 0, 0 �2  ��  2  1

107 I4mm P14�mmm 1
2 �a � b�, 1

2 �a � b�, �c 0, 0, t 0, 0, 0 �  2  1

108 I4cm P14�mmm 1
2 �a � b�, 1

2 �a � b�, �c 0, 0, t 0, 0, 0 �  2  1

109 I41md P14�nbm ��42m� 1
2 �a � b�, 1

2 �a � b�, �c 0, 0, t 1
4 , 0, 0 �  2  1

110 I41cd P14�nbm ��42m� 1
2 �a � b�, 1

2 �a � b�, �c 0, 0, t 1
4 , 0, 0 �  2  1

111 P�42m P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 0, 0, 0 4  2  1

112 P�42c P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 0, 0, 0 4  2  1

113 P�421m P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 0, 0, 0 4  2  1

114 P�421c P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 0, 0, 0 4  2  1

115 P�4m2 P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 0, 0, 0 4  2  1

116 P�4c2 P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 0, 0, 0 4  2  1

117 P�4b2 P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 0, 0, 0 4  2  1

118 P�4n2 P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 0, 0, 0 4  2  1

119 I�4m2 I4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 0, 1
4 0, 0, 0 4  2  1
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120 I�4c2 I4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 0, 1
4 0, 0, 0 4  2  1

121 I�42m P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 0, 0, 1

2 0, 0, 0 2  2  1

122 I�42d P42�nnm ��42m� 1
2 �a � b�, 1

2 �a � b�, 1
2 c 0, 0, 1

2
1
4 , 0, 1

8 2  2  1

123 P4�mmm P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 4  1  1

124 P4�mcc P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 4  1  1

125 P4�nbm �422� P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 4  1  1

125 P4�nbm �2�m� P4�mmm �mmm� 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 4  1  1

126 P4�nnc �422� P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 4  1  1

126 P4�nnc ��1� P4�mmm �mmm� 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 4  1  1

127 P4�mbm P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 4  1  1

128 P4�mnc P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 4  1  1

129 P4�nmm ��4m2� P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 4  1  1

129 P4�nmm �2�m� P4�mmm �mmm� 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 4  1  1

130 P4�ncc ��4� P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 4  1  1

130 P4�ncc ��1� P4�mmm �mmm� 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 4  1  1

131 P42�mmc P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 4  1  1

132 P42�mcm P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 4  1  1

133 P42�nbc ��4� P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 4  1  1

133 P42�nbc ��1� P4�mmm �mmm� 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 4  1  1

134 P42�nnm ��42m� P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 4  1  1

134 P42�nnm �2�m� P4�mmm �mmm� 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 4  1  1

135 P42�mbc P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 4  1  1

136 P42�mnm P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 4  1  1

137 P42�nmc ��4m2� P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 4  1  1

137 P42�nmc ��1� P4�mmm �mmm� 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 4  1  1

138 P42�ncm ��4� P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 4  1  1

138 P42�ncm �2�m� P4�mmm �mmm� 1
2 �a � b�, 1

2 �a � b�, 1
2 c 1

2 , 1
2 , 0; 0, 0, 1

2 4  1  1

139 I4�mmm P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 0, 0, 1

2 2  1  1

140 I4�mcm P4�mmm 1
2 �a � b�, 1

2 �a � b�, 1
2 c 0, 0, 1

2 2  1  1

141 I41�amd ��4m2� P42�nnm ��42m� 1
2 �a � b�, 1

2 �a � b�, 1
2 c 0, 0, 1

2 2  1  1

141 I41�amd �2�m� P42�nnm �2�m� 1
2 �a � b�, 1

2 �a � b�, 1
2 c 0, 0, 1

2 2  1  1

142 I41�acd ��4� P42�nnm ��42m� 1
2 �a � b�, 1

2 �a � b�, 1
2 c 0, 0, 1

2 2  1  1

142 I41�acd ��1� P42�nnm �2�m� 1
2 �a � b�, 1

2 �a � b�, 1
2 c 0, 0, 1

2 2  1  1

143 P3 P16�mmm 2
3 a � 1

3 b, � 1
3 a � 1

3 b, �c 2
3 , 1

3 , 0; 0, 0, t 0, 0, 0 �x,�y, z; y, x, z �3  ��  2  4

144 P31 P1622 2
3 a � 1

3 b, � 1
3 a � 1

3 b, �c 2
3 , 1

3 , 0; 0, 0, t / �x,�y, z; y, x,�z �3  ��  4

145 P32 P1622 2
3 a � 1

3 b, � 1
3 a � 1

3 b, �c 2
3 , 1

3 , 0; 0, 0, t / �x,�y, z; y, x,�z �3  ��  4

146 R3 (hexag.) P1�31m 2
3 a � 1

3 b, � 1
3 a � 1

3 b, �c 0, 0, t 0, 0, 0 �y,�x, z �  2  2

146 R3 (rhomboh.) P1�31m 2
3 a � 1

3 b � 1
3 c,

� 1
3 a � 2

3 b � 1
3 c, ��a � b � c�

r, r, r 0, 0, 0 y, x, z �  2  2

147 P�3 P6�mmm a, b, 1
2 c 0, 0, 1

2 �x,�y, z; y, x, z 2  1  4

148 R�3 (hexag.) R�3m (hexag.) �a,�b, 1
2 c 0, 0, 1

2 �y,�x, z 2  1  2

148 R�3 (rhomboh.) R�3m (rhomboh.) 1
2 ��a � b � c�, 1

2 �a � b � c�,
1
2 �a � b � c�

1
2 , 1

2 , 1
2 y, x, z 2  1  2

149 P312 P6�mmm 2
3 a � 1

3 b, � 1
3 a � 1

3 b, 1
2 c 2

3 , 1
3 , 0; 0, 0, 1

2 0, 0, 0 �x,�y, z 6  2  2

150 P321 P6�mmm a, b, 1
2 c 0, 0, 1

2 0, 0, 0 �x,�y, z 2  2  2

151 P3112 P6222 2
3 a � 1

3 b, � 1
3 a � 1

3 b, 1
2 c 2

3 , 1
3 , 0; 0, 0, 1

2 / �x,�y, z 6  2

152 P3121 P6222 a � b,�a, 1
2 c 0, 0, 1

2 / �x,�y, z 2  2

153 P3212 P6422 2
3 a � 1

3 b, � 1
3 a � 1

3 b, 1
2 c 2

3 , 1
3 , 0; 0, 0, 1

2 / �x,�y, z 6  2

154 P3221 P6422 a � b, � a, 1
2 c 0, 0, 1

2 / �x,�y, z 2  2

155 R32 (hexag.) R�3m (hexag.) �a,�b, 1
2 c 0, 0, 1

2 0, 0, 0 2  2  1

155 R32 (rhomboh.) R�3m (rhomboh.) 1
2 ��a � b � c�, 1

2 �a � b � c�,
1
2 �a � b � c�

1
2 , 1

2 , 1
2 0, 0, 0 2  2  1
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156 P3m1 P16�mmm 2
3 a � 1

3 b, � 1
3 a � 1

3 b, �c 2
3 , 1

3 , 0; 0, 0, t 0, 0, 0 �x,�y, z �3  ��  2  2

157 P31m P16�mmm a, b, �c 0, 0, t 0, 0, 0 �x,�y, z �  2  2

158 P3c1 P16�mmm 2
3 a � 1

3 b, � 1
3 a � 1

3 b, �c 2
3 , 1

3 , 0; 0, 0, t 0, 0, 0 �x,�y, z �3  ��  2  2

159 P31c P16�mmm a, b, �c 0, 0, t 0, 0, 0 �x,�y, z �  2  2

160 R3m (hexag.) P1�31m 2
3 a � 1

3 b, � 1
3 a � 1

3 b, �c 0, 0, t 0, 0, 0 �  2  1

160 R3m (rhomboh.) P1�31m 2
3 a � 1

3 b � 1
3 c,

� 1
3 a � 2

3 b � 1
3 c, ��a � b � c�

r, r, r 0, 0, 0 �  2  1

161 R3c (hexag.) P1�31m 2
3 a � 1

3 b, � 1
3 a � 1

3 b, �c 0, 0, t 0, 0, 0 �  2  1

161 R3c (rhomboh.) P1�31m 2
3 a � 1

3 b � 1
3 c,

� 1
3 a � 2

3 b � 1
3 c, ��a � b � c�

r, r, r 0, 0, 0 �  2  1

162 P�31m P6�mmm a, b, 1
2 c 0, 0, 1

2 �x,�y, z 2  1  2

163 P�31c P6�mmm a, b, 1
2 c 0, 0, 1

2 �x,�y, z 2  1  2

164 P�3m1 P6�mmm a, b, 1
2 c 0, 0, 1

2 �x,�y, z 2  1  2

165 P�3c1 P6�mmm a, b, 1
2 c 0, 0, 1

2 �x,�y, z 2  1  2

166 R�3m (hexag.) R�3m (hexag.) �a,�b, 1
2 c 0, 0, 1

2 2  1  1

166 R�3m (rhomboh.) R�3m (rhomboh.) 1
2 ��a � b � c�, 1

2 �a � b � c�,
1
2 �a � b � c�

1
2 , 1

2 , 1
2 2  1  1

167 R�3c (hexag.) R�3m (hexag.) �a,�b, 1
2 c 0, 0, 1

2 2  1  1

167 R�3c (rhomboh.) R�3m (rhomboh.) 1
2 ��a � b � c�, 1

2 �a � b � c�,
1
2 �a � b � c�

1
2 , 1

2 , 1
2 2  1  1

168 P6 P16�mmm a, b, �c 0, 0, t 0, 0, 0 y, x, z �  2  2

169 P61 P1622 a, b, �c 0, 0, t / y, x,�z �  2

170 P65 P1622 a, b, �c 0, 0, t / y, x,�z �  2

171 P62 P1622 a, b, �c 0, 0, t / y, x,�z �  2

172 P64 P1622 a, b, �c 0, 0, t / y, x,�z �  2

173 P63 P16�mmm a, b, �c 0, 0, t 0, 0, 0 y, x, z �  2  2

174 P�6 P6�mmm 2
3 a � 1

3 b, � 1
3 a � 1

3 b, 1
2 c 2

3 , 1
3 , 0; 0, 0, 1

2 0, 0, 0 y, x, z 6  2  2

175 P6�m P6�mmm a, b, 1
2 c 0, 0, 1

2 y, x, z 2  1  2

176 P63�m P6�mmm a, b, 1
2 c 0, 0, 1

2 y, x, z 2  1  2

177 P622 P6�mmm a, b, 1
2 c 0, 0, 1

2 0, 0, 0 2  2  1

178 P6122 P6222 a, b, 1
2 c 0, 0, 1

2 / 2  1

179 P6522 P6422 a, b, 1
2 c 0, 0, 1

2 / 2  1

180 P6222 P6422 a, b, 1
2 c 0, 0, 1

2 / 2  1

181 P6422 P6222 a, b, 1
2 c 0, 0, 1

2 / 2  1

182 P6322 P6�mmm a, b, 1
2 c 0, 0, 1

2 0, 0, 0 2  2  1

183 P6mm P16�mmm a, b, �c 0, 0, t 0, 0, 0 �  2  1

184 P6cc P16�mmm a, b, �c 0, 0, t 0, 0, 0 �  2  1

185 P63cm P16�mmm a, b, �c 0, 0, t 0, 0, 0 �  2  1

186 P63mc P16�mmm a, b, �c 0, 0, t 0, 0, 0 �  2  1

187 P�6m2 P6�mmm 2
3 a � 1

3 b, � 1
3 a � 1

3 b, 1
2 c 2

3 , 1
3 , 0; 0, 0, 1

2 0, 0, 0 6  2  1

188 P�6c2 P6�mmm 2
3 a � 1

3 b, � 1
3 a � 1

3 b, 1
2 c 2

3 , 1
3 , 0; 0, 0, 1

2 0, 0, 0 6  2  1

189 P�62m P6�mmm a, b, 1
2 c 0, 0, 1

2 0, 0, 0 2  2  1

190 P�62c P6�mmm a, b, 1
2 c 0, 0, 1

2 0, 0, 0 2  2  1

191 P6�mmm P6�mmm a, b, 1
2 c 0, 0, 1

2 2  1  1

192 P6�mcc P6�mmm a, b, 1
2 c 0, 0, 1

2 2  1  1

193 P63�mcm P6�mmm a, b, 1
2 c 0, 0, 1

2 2  1  1

194 P63�mmc P6�mmm a, b, 1
2 c 0, 0, 1

2 2  1  1

195 P23 Im�3m a, b, c 1
2 , 1

2 , 1
2 0, 0, 0 y, x, z 2  2  2

196 F23 Im�3m 1
2 a, 1

2 b, 1
2 c 1

4 , 1
4 , 1

4 0, 0, 0 y, x, z 4  2  2

197 I23 Im�3m a, b, c 0, 0, 0 y, x, z 1  2  2
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198 P213 Ia�3d a, b, c 1
2 , 1

2 , 1
2 0, 0, 0 y � 1

4, x � 1
4, z � 1

4 2  2  2

199 I213 Ia�3d a, b, c 0, 0, 0 y � 1
4, x � 1

4, z � 1
4 1  2  2

200 Pm�3 Im�3m a, b, c 1
2 , 1

2 , 1
2 y, x, z 2  1  2

201 Pn�3 �23� Im�3m a, b, c 1
2 , 1

2 , 1
2 y, x, z 2  1  2

201 Pn�3 ��3� Im�3m ��3m� a, b, c 1
2 , 1

2 , 1
2 y, x, z 2  1  2

202 Fm�3 Pm�3m 1
2 a, 1

2 b, 1
2 c 1

2 , 1
2 , 1

2 y, x, z 2  1  2

203 Fd�3 �23� Pn�3m ��43m� 1
2 a, 1

2 b, 1
2 c 1

2 , 1
2 , 1

2 y, x, z 2  1  2

203 Fd�3 ��3� Pn�3m ��3m� 1
2 a, 1

2 b, 1
2 c 1

2 , 1
2 , 1

2 y, x, z 2  1  2

204 Im�3 Im�3m a, b, c y, x, z 1  1  2

205 Pa�3 Ia�3 a, b, c 1
2 , 1

2 , 1
2 2  1  1

206 Ia�3 Ia�3d a, b, c y � 1
4, x � 1

4, z � 1
4 1  1  2

207 P432 Im�3m a, b, c 1
2 , 1

2 , 1
2 0, 0, 0 2  2  1

208 P4232 Im�3m a, b, c 1
2 , 1

2 , 1
2 0, 0, 0 2  2  1

209 F432 Pm�3m 1
2 a, 1

2 b, 1
2 c 1

2 , 1
2 , 1

2 0, 0, 0 2  2  1

210 F4132 Pn�3m ��43m� 1
2 a, 1

2 b, 1
2 c 1

2 , 1
2 , 1

2
1
8 , 1

8 , 1
8 2  2  1

211 I432 Im�3m a, b, c 0, 0, 0 1  2  1

212 P4332 I4132 a, b, c 1
2 , 1

2 , 1
2 / 2  1

213 P4132 I4132 a, b, c 1
2 , 1

2 , 1
2 / 2  1

214 I4132 Ia�3d a, b, c 0, 0, 0 1  2  1

215 P�43m Im�3m a, b, c 1
2 , 1

2 , 1
2 0, 0, 0 2  2  1

216 F�43m Im�3m 1
2 a, 1

2 b, 1
2 c 1

4 , 1
4 , 1

4 0, 0, 0 4  2  1

217 I�43m Im�3m a, b, c 0, 0, 0 1  2  1

218 P�43n Im�3m a, b, c 1
2 , 1

2 , 1
2 0, 0, 0 2  2  1

219 F�43c Im�3m 1
2 a, 1

2 b, 1
2 c 1

4 , 1
4 , 1

4 0, 0, 0 4  2  1

220 I�43d Ia�3d a, b, c 0, 0, 0 1  2  1

221 Pm�3m Im�3m a, b, c 1
2 , 1

2 , 1
2 2  1  1

222 Pn�3n �432� Im�3m a, b, c 1
2 , 1

2 , 1
2 2  1  1

222 Pn�3n ��3� Im�3m ��3m� a, b, c 1
2 , 1

2 , 1
2 2  1  1

223 Pm�3n Im�3m a, b, c 1
2 , 1

2 , 1
2 2  1  1

224 Pn�3m ��43m� Im�3m a, b, c 1
2 , 1

2 , 1
2 2  1  1

224 Pn�3m ��3m� Im�3m ��3m� a, b, c 1
2 , 1

2 , 1
2 2  1  1

225 Fm�3m Pm�3m 1
2 a, 1

2 b, 1
2 c 1

2 , 1
2 , 1

2 2  1  1

226 Fm�3c Pm�3m 1
2 a, 1

2 b, 1
2 c 1

2 , 1
2 , 1

2 2  1  1

227 Fd�3m ��43m� Pn�3m ��43m� 1
2 a, 1

2 b, 1
2 c 1

2 , 1
2 , 1

2 2  1  1

227 Fd�3m ��3m� Pn�3m ��3m� 1
2 a, 1

2 b, 1
2 c 1

2 , 1
2 , 1

2 2  1  1

228 Fd�3c �23� Pn�3m ��43m� 1
2 a, 1

2 b, 1
2 c 1

2 , 1
2 , 1

2 2  1  1

228 Fd�3c ��3� Pn�3m ��3m� 1
2 a, 1

2 b, 1
2 c 1

2 , 1
2 , 1

2 2  1  1

229 Im�3m Im�3m a, b, c 1  1  1

230 Ia�3d Ia�3d a, b, c 1  1  1

Table 15.2.1.4. Euclidean normalizers of the tetragonal, trigonal, hexagonal and cubic space groups (cont.)
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Table 15.2.2.1. Affine normalizers of the triclinic and monoclinic space groups

Space group �
Matrix–vector pairs in
Table 15.2.2.2No. Hermann–Mauguin symbol

1 P1 M1, v1

2 P�1 M1, v2

3 P121 M2, v3

3 P112 M3, v4

4 P1211 M2, v3

4 P1121 M3, v4

5 C121 M4, v3

5 A121 M5, v3

5 I121 M6, v3; M7, v3

5 A112 M8, v4

5 B112 M9, v4

5 I112 M10, v4; M11, v4

6 P1m1 M2, v5

6 P11m M3, v6

7 P1c1 M5, v5

7 P1n1 M6, v5; M7, v5

7 P1a1 M4, v5

7 P11a M9, v6

7 P11n M10, v6; M11, v6

7 P11b M8, v6

8 C1m1 M4, v5

8 A1m1 M5, v5

8 I1m1 M6, v5; M7, v5

8 A11m M8, v6

8 B11m M9, v6

8 I11m M10, v6; M11, v6

9 C1c1 M6, v5; M12, v7

9 A1n1 M6, v5; M13, v7

9 I1a1 M6, v5; M7, v7

9 A11a M10, v6; M14, v8

Space group �
Matrix–vector pairs in
Table 15.2.2.2No. Hermann–Mauguin symbol

9 B11n M10, v6; M15, v8

9 I11b M10, v6; M11, v8

10 P12/m1 M2, v2

10 P112/m M3, v2

11 P121�m1 M2, v2

11 P1121�m M3, v2

12 C12/m1 M4, v2

12 A12/m1 M5, v2

12 I12/m1 M6, v2; M7, v2

12 A112/m M8, v2

12 B112/m M9, v2

12 I112/m M10, v2; M11, v2

13 P12/c1 M5, v2

13 P12/n1 M6, v2; M7, v2

13 P12/a1 M4, v2

13 P112/a M9, v2

13 P112/n M10, v2; M11, v2

13 P112/b M8, v2

14 P121�c1 M5, v2

14 P121�n1 M6, v2; M7, v2

14 P121�a1 M4, v2

14 P1121�a M9, v2

14 P1121�n M10, v2; M11, v2

14 P1121�b M8, v2

15 C12/c1 M6, v2; M12, v9

15 A12/n1 M6, v2; M13, v10

15 I12/a1 M6, v2; M7, v11

15 A112/a M10, v2; M14, v10

15 B112/n M10, v2; M15, v12

15 I112/b M10, v2; M11, v11

Table 15.2.2.2. Matrices and vectors used in Table 15.2.2.1 for the description of the affine normalizers of monoclinic and
triclinic space groups

n, g and u represent integer, even and odd numbers, respectively, r, s and t real numbers. For all matrices, det�M i� � �1 must hold.

M1 �
n11 n12 n13

n21 n22 n23

n31 n32 n33

�
�

�
� M2 �

n11 0 n13

0 �1 0
n31 0 n33

�
�

�
� M3 �

n11 n12 0
n21 n22 0
0 0 �1

�
�

�
� M4 �

u11 0 n13

0 �1 0
g31 0 u33

�
�

�
� M5 �

u11 0 g13

0 �1 0
n31 0 u33

�
�

�
�

M6 �
u11 0 g13

0 �1 0
g31 0 u33

�
�

�
� M7 �

g11 0 u13

0 �1 0
u31 0 g33

�
�

�
� M8 �

u11 g12 0
n21 u22 0
0 0 �1

�
�

�
� M9 �

u11 n12 0
g21 u22 0
0 0 �1

�
�

�
� M10 �

u11 g12 0
g21 u22 0
0 0 �1

�
�

�
�

M11 �
g11 u12 0
u21 g22 0
0 0 �1

�
�

�
� M12 �

u11 0 u13

0 �1 0
g31 0 u33

�
�

�
� M13 �

u11 0 g13

0 �1 0
u31 0 u33

�
�

�
� M14 �

u11 g12 0
u21 u22 0
0 0 �1

�
�

�
� M15 �

u11 u12 0
g21 u22 0
0 0 �1

�
�

�
�

v1 �
r

s

t

�
��

�
	� v2 �

1
2 n1
1
2 n2
1
2 n3

�
��

�
	� v3 �

1
2 n1

s
1
2 n3

�
��

�
	� v4 �

1
2 n1
1
2 n2

t

�
��

�
	� v5 �

r
1
2 n2

t

�
��

�
	�

v6 �
r

s
1
2 n3

�
��

�
	� v7 �

r
1
4 u2

t

�
��

�
	� v8 �

r

s
1
4 u3

�
��

�
	� v9 �

1
4 u1
1
4 u2
1
2 n3

�
��

�
	� v10 �

1
2 n1
1
4 u2
1
4 u3

�
��

�
	�

v11 �
1
4 u1
1
4 u2
1
4 u3

�
��

�
	� v12 �

1
4 u1
1
2 n2
1
4 u3

�
��

�
	�
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15.3. Examples of the use of normalizers

BY E. KOCH AND W. FISCHER

15.3.1. Introduction

The Euclidean and the affine normalizers of a space group form the
appropriate tool to define equivalence relationships on sets of
objects that are not symmetrically equivalent in this space group but
‘play the same role’ with respect to this group. Two such objects
referring to the same space group will be called Euclidean- or
affine-equivalent if there exists a Euclidean or affine mapping that
maps the two objects onto one another and, in addition, maps the
space group onto itself.

15.3.2. Equivalent point configurations, equivalent
Wyckoff positions and equivalent descriptions of crystal

structures

In the crystal structure of copper, all atoms are symmetrically
equivalent with respect to space group Fm3m. The pattern of Cu
atoms may be described equally well by Wyckoff position 4a 000
or 4b 1

2
1
2

1
2. The Euclidean normalizer of Fm3m gives the relation

between the two descriptions.
Two point configurations (crystallographic orbits)* of a space

group � are called Euclidean- or ��-equivalent (affine- or ��-
equivalent) if they are mapped onto each other by the Euclidean
(affine) normalizer of �.

Affine-equivalent point configurations play the same role with
respect to the space-group symmetry, i.e. their points are embedded
in the pattern of symmetry elements in the same way. Euclidean-
equivalent point configurations are congruent and may be inter-
changed when passing from one description of a crystal structure to
another.

Starting from any given point configuration of a space group �,
one may derive all Euclidean-equivalent point configurations and –
except for monoclinic and triclinic space groups – all affine-
equivalent ones by successive application of the ‘additional
generators’ of the normalizer as given in Tables 15.2.1.3 and
15.2.1.4.

Examples
(1) A point configuration F43m 16e xxx with x1 � 0�10 may be

visualized as a set of parallel tetrahedra arranged in a cubic face-
centred lattice. The Euclidean and affine normalizer of F43m is
Im3m with a� � 1

2 a (cf. Table 15.2.1.4). Since the index kg of �
in ���	 is 4, three additional equivalent point configurations
exist, which follow from the original one by repeated
application of the tabulated translation t�1

4
1
4

1
4	 � 16e xxx with

x2 � 0�35, x3 � 0�60, x4 � 0�85. 
��	 differs from ���	 and an
additional centre of symmetry is located at 000. Accordingly,
the following four equivalent point configurations may be
derived from the first four: 16e xxx with x5 � �0�10,
x6 � �0�35, x7 � �0�60, x8 � �0�85. In this case, the index 8
of � in ����	 equals the number of Euclidean-equivalent point
configurations.

(2) F43m 4a 000 represents a face-centred cubic lattice. The
additional translations of ��F43m	 generate three equivalent
point configurations: 4c 1

4
1
4

1
4 , 4b 1

2
1
2

1
2 and 4d 3

4
3
4

3
4. Inversion

through 000 maps 4a and 4b each onto itself and interchanges 4c

and 4d. Therefore, here the number of equivalent point
configurations is four, i.e. only half the index of � in ����	.

The difference between the two examples is the following: The
reference point 0.1, 0.1, 0.1 of the first example does not change its
site symmetry .3m when passing from F43m to Im3m. Point 000 of
the second example, however, has site symmetry 43m in F43m, but
m3m in Im3m.

The following rule holds without exception: The number of point
configurations equivalent to a given one is equal to the quotient i�is,
with i being the subgroup index of � in its Euclidean or affine
normalizer and is the subgroup index between the corresponding
two site-symmetry groups of any point in the original point
configuration.

As a necessary but not sufficient condition for is �� 1 when
referring to the Euclidean normalizer, the inherent symmetry
(eigensymmetry) of the point configuration considered (i.e. the
group of all motions that maps the point configuration onto itself)
must be a proper supergroup of �. If  designates the intersection
group of ����	 with the inherent symmetry of the point
configuration, the number of Euclidean-equivalent point configura-
tions equals the index of  in ����	.
Example

The Euclidean and affine normalizer of P213 is Ia3d with index
8. Point configuration 4a xxx with x1 � 0 forms a face-centred
cubic lattice with inherent symmetry Fm3m. The reference point
000 has site symmetry .3. in P213 but �3� in Ia3d. The number of
equivalent point configurations, therefore, is i�is � 8�2 � 4. One
additional point configuration is generated by the translation
t�1

2
1
2

1
2	 � 4a xxx with x2 � 1

2, the two others by applying the
d-glide reflection y � 1

4, x � 1
4, z � 1

4 to the first two point
configurations: 4a xxx with x3 � 1

4 and x4 � 3
4. The intersection

group  of the inherent symmetry Fm3m with the normalizer
Ia3d is Pa3. Its index 4 in Ia3d gives again the number of
equivalent point configurations.

The set of equivalent point configurations is always infinite if the
normalizer contains continuous translations but this set may be
described by a finite number of subsets due to non-continuous
translations.

Example
The Euclidean and affine normalizer of P61 is P1622 (a, b, �c).
With the aid of the ‘additional generators’ given in Table
15.2.1.4, one can calculate two subsets of point configurations
that are equivalent to a given general point configuration 6a xyz
with x � x0, y � y0, z � z0: 6a xyz with x0, y0, z0 � t and
y0, x0,�z0 � t. If, however, the coordinates for the original
point configuration are specialized, e.g. to x � y � x1, z � z1 or
to x � y � 0, z � z2, only one subset exists, namely x1, x1, z1 � t
or 0, 0, z2 � t, respectively. The reduction of the number of
subsets is a consequence of the enhancement of the site
symmetry in the normalizer (.2. or 622, respectively), but the
index is, as introduced above, does not necessarily give the
reduction factor for the number of subsets.

It has to be noticed that for most space groups with a Euclidean
normalizer containing continuous translations the index is is larger
than 1 for all point configurations, i.e. the number of subsets of
equivalent point configurations is necessarily reduced. The general
Wyckoff position of such a space group does not belong to a

� For the use of the terms ‘point configuration’ and ‘crystallographic orbit’ see
Koch & Fischer (1985).
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characteristic type of Wyckoff sets (cf. Part 14) and the inherent
symmetry of all corresponding point configurations is enhanced.

Example
The Euclidean and affine normalizer of P6 is P16�mmm (a, b,
�c). As a consequence of the continuous translations, the site
symmetry of any point is at least m.. in P16�mmm. With the aid of
the ‘additional generators’, one calculates four subsets of point
configurations that are equivalent to a given general point
configuration 6d xyz with x � x0, y � y0, z � z0: x0, y0, z0 � t;
�x0,�y0,�z0 � t; y0, x0, z0 � t; �y0,�x0,�z0 � t. The first two
and the second two subsets coincide, however.

According to the above examples, Euclidean- (affine-) equivalent
point configurations may or may not belong to the same Wyckoff
position. Consequently, normalizers also define equivalence
relations on Wyckoff positions:

Two Wyckoff positions of a space group � are called Euclidean-
or ��-equivalent (affine- or ��-equivalent) if their point
configurations are mapped onto each other by the Euclidean (affine)
normalizer of �.

Euclidean-equivalent Wyckoff positions are important for the
description or comparison of crystal structures in terms of atomic
coordinates. Affine-equivalent Wyckoff positions result in Wyckoff
sets (cf. Section 8.3.2 and Chapter 14.1) and form the necessary
basis for the definition of lattice complexes. All site-symmetry
groups corresponding to equivalent Wyckoff positions are con-
jugate in the respective normalizer.

Examples
The Euclidean and affine normalizer of I4m2 is
I4�mmm �1

2 a � 1
2 b, 1

2 a � 1
2 b, 1

2 c	. It maps the point configura-
tions 2a 000, 2b 00 1

2 , 2c 0 1
2

1
4 and 2d 0 1

2
3
4 (body-centred tetrag-

onal lattices) onto each other. Accordingly, Wyckoff positions a
to d are affine-equivalent and together form a Wyckoff set.
Analogous point configurations exist in subgroup P4n2 of I4m2
(again Wyckoff positions a to d). The Euclidean and affine
normalizer of P4n2, however, is P4�mmm �1

2 a � 1
2 b,

1
2 a � 1

2 b, 1
2 c	, not containing t�1

2 0 1
4	. Therefore, Wyckoff

positions a and b form one Wyckoff set, c and d a different
one. This is also reflected in the site-symmetry groups 4.. and
2.22.

The existence of Euclidean-equivalent point configurations
results in different but equivalent descriptions of crystal structures
(exception: crystal structures with symmetry Im3m or Ia3d). All
such equivalent descriptions are derived by applying the additional
generators of the Euclidean normalizer of the space group � to all
point configurations of the original description. Since an adequate
description of a crystal structure always displays the full symmetry
group of that structure, the number of equivalent descriptions must
equal the index of � in ����	.
Example

Ag3PO4 crystallizes with symmetry P43n (cf. Masse et al.,
1976): P at 2a 000, Ag at 6d 1

4 0 1
2 and O at 8e xxx with

x � 0�1486. ���P43n	 � Im3m with index 4 gives rise to three
additional equivalent descriptions: t�1

2
1
2

1
2	 yields P at 2a 000, Ag

at 6c 1
4

1
2 0 and O at 8e xxx with x � 0�1486; inversion through

the origin results in P at 2a 000, Ag at 6d 1
4 0 1

2, O at 8e xxx with
x � �0�1486 and in P at 2a 000, Ag at 6c 1

4
1
2 0 and O at 8e xxx

with x � �0�1486. Although the phosphorus configuration is the
same for all descriptions and the silver and oxygen atoms refer to
only two configurations each, their combinations result in a total
of four different equivalent descriptions of the structure.

If the Euclidean normalizer of a space group contains continuous
translations, each crystal structure with that symmetry refers to an
infinite set of equivalent descriptions. This set may be subdivided
into a finite number of subsets in such a way that the descriptions of
each subset vary according to the continuous translations. The
number of these subsets is given by the product of the finite factors
listed in the last column of Tables 15.2.1.3 and 15.2.1.4.

Example
The tetragonal form of BaTiO3 has been described in space group
P4mm (cf. e.g. Buttner & Maslen, 1992): Ba at 1a 00z with z � 0,
Ti at 1b 1

2
1
2 z with z � 0�482, O1 at 1b 1

2
1
2 z with z � 0�016, and

O2 at 2c 1
2 0z with z � 0�515. ���P4mm	 � P14�mmm

�1
2 �a � b	, 1

2 �a � b	, �c	 gives rise to �2 � �	 � 2 � 1 equivalent
descriptions of this structure. The continuous translation with
vector (00t) yields a first infinite subset of equivalent
descriptions: Ba at 1a 00z with z � t, Ti at 1b 1

2
1
2 z with

z � 0�482 � t, O1 at 1b 1
2

1
2 z with z � 0�016 � t, and O2 at

2c 1
2 0z with z � 0�515 � t. The translation with vector �1

2
1
2 0	

generates a second infinite subset: Ba at 1b 1
2

1
2 z with z � t, Ti at

1a 00z with z � 0�482 � t, O1 at 1a 00z with z � 0�016 � t, and
O2 at 2c 1

2 0z with z � 0�515 � t. Inversion through the origin
causes two further infinite subsets of equivalent coordinate
descriptions of BaTiO3: first, Ba at 1a 00z with z � t, Ti at
1b 1

2
1
2 z with z � 0�518 � t, O1 at 1b 1

2
1
2 z with z � �0�016 � t,

and O2 at 2c 1
2 0z with z � 0�485 � t; second, Ba at 1b 1

2
1
2 z with

z � t, Ti at 1a 00z with z � 0�518 � t, O1 at 1a 00z with
z � �0�016 � t, and O2 at 2c 1

2 0z with z � 0�485 � t.

More details on Euclidean-equivalent point configurations and
descriptions of crystal structures have been given by Fischer &
Koch (1983).

15.3.3. Equivalent lists of structure factors

All the different but equivalent descriptions of a crystal structure
refer to different but equivalent lists of structure factors. These lists
contain the same moduli of the structure factors �F�h	�, but they
differ in their indices h � �h, k, l	 and phases ��h	.

In the previous section, the unit cell (basis and origin) of a space
group � has been considered fixed, whereas the crystal structure or
its enantiomorph was embedded into the pattern of symmetry
elements at different but equivalent locations. In the present
context, however, it is advantageous to regard the crystal structure
as being fixed and to let ����	 transform the basis and the origin
with respect to which the crystal structure is described. This
matches the usual approach to resolve the ambiguities in direct
methods by fixing the origin and the absolute structure.

Each matrix–vector pair (P, p) representing an element of ����	
describes a unit-cell transformation of �. According to Section 5.1.3
the following equations hold:

�a�, b�, c�	, � �a, b, c	P,
a��

b��

c��

�
�

�
� � P�1

a�

b�

c�

�
�

�
�, h� � h P�

As a consequence, the phase ��h	 of a certain structure factor also
changes into ���h�	 � ��h	 � 2�hp.

Similar to equivalent descriptions of a crystal structure, it is
possible to derive all equivalent lists of structure factors: The
additional generators of ���	 are pure translations that leave the
indices h of all structure factors unchanged but transform their
phases according to ���h	 � ��h	 � 2�hp. Therefore, the origin for
the description of the crystal structure may be fixed by appropriate
restrictions of some phases. The number of these phases equals the
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number of additional generators of ���	, given in Table 15.2.1.3
or 15.2.1.4. These generators [together with the inversion that
generates 
��	, if present] also determine the parity classes of the
structure factors and the ranges for the phase restrictions.

The inversion that generates 
��	 changes the handedness of the
coordinate system in direct space and in reciprocal space and,
therefore, gives rise to different absolute crystal structures. The
indices of a given structure factor change from h to h� � �h,
whereas the phase is influenced only if the symmetry centre is not
located at 000.

If no anomalous scattering is observed, Friedel’s rule holds and
the moduli of any two structure factors with indices h and �h are
equal. As a consequence, different absolute crystal structures result
in lists of structure factors and indices that differ only in their
phases. Therefore, one phase may be restricted to an appropriate
range of length � to fix the absolute structure. This is not possible if
anomalous scattering has been observed.

If 
��	 differs from ����	, i.e. if � and ����	 belong to
different Laue classes, the further generators of ����	 always
change the orientation of the basis in direct and in reciprocal space.
Therefore, the indices of the structure factors are permuted, but their
phases are transformed only if p �� 0. The choice between these
equivalent descriptions of the crystal structure is made when
indexing the reflection pattern. In the case of anomalous scattering,
the similar choice between the absolute structures is also combined
with the indexing procedure.

Example
According to Table 15.2.1.3, eight equivalent descriptions exist
for each crystal structure with symmetry F222. Four of them
differ only by an origin shift and the other four are
enantiomorphic to the first four. t�1

4
1
4

1
4	 transforms all phases

according to ���h	 � ��h	 � ���2	�h � k � l	, which gives rise
to four parity classes of structure factors: h � k � l � 4n, 4n � 1,
4n � 2 and 4n � 3 (n integer). As t�1

4
1
4

1
4	 generates all additional

translations of��F222	, restriction of one phase ��h1	 to a range
of length ��2 fixes the origin. Restriction of a second phase
��h2	 to an appropriately chosen range of length � discriminates
between pairs of enantiomorphic descriptions in the absence of
anomalous scattering. For 1�000	, the corresponding change of
phases is ���h	 � ���h	. Table 15.3.3.1 shows, for structure
factors from all parity classes, how their phases depend on the
chosen description of the crystal structure. Only phases from
parity classes h � k � l � 4n � 1 or 4n � 3 determine the origin
in a unique way. The phase ��h2	 that fixes the absolute structure

may be chosen from any parity class but the appropriate range
for its restriction depends on the parity classes of ��h1	 and
��h2	 and, moreover, on the range chosen for ��h1	. If, for
instance, ��h1	 with h � k � l � 4n � 1 is restricted to
��2 � ��h1	 � �, one of the following restrictions may be
chosen for ��h2	 � 0 � ��h2	 � � for h � k � l � 4n; ���2 �
��h2	 � ��2 for h � k � l � 4n � 2����4 � ��h2	 � 3��4 for
h � k � l � 4n � 1; �3��4 � ��h2	 � ��4 for h � k � l �
4n � 3. If, however, the phase ��h1	 of the same first reflection
was restricted to���4 � ��h1	 � 3��4, the possible restrictions
for the second phase change to: 0 � ��h2	 � � for h � k � l �
4n or 4n � 2����2 � ��h2	 � ��2 for h � k � l � 4n � 1 or
4n � 3 (for further details, cf. Koch, 1986).

15.3.4. Euclidean- and affine-equivalent sub- and
supergroups

The Euclidean or affine normalizer of a space group � maps any
subgroup or supergroup of � either onto itself or onto another
subgroup or supergroup of �. Accordingly, these normalizers define
equivalence relationships on the sets of subgroups and supergroups
of � (Koch, 1984b):

Two subgroups or supergroups of a space group � are called
Euclidean- or ��- equivalent (affine- or ��- equivalent) if they are
mapped onto each other by an element of the Euclidean (affine)
normalizer of �, i.e. if they are conjugate subgroups of the
Euclidean (affine) normalizer.

In the following, the term ‘equivalent subgroups (supergroups)’
is used if a statement is true for Euclidean-equivalent and affine-
equivalent subgroups (supergroups), and ���	 is used to designate
the Euclidean as well as the affine normalizer.

The knowledge of Euclidean-equivalent subgroups is necessary
in connection with the possible deformations of a crystal structure
due to subgroup degradation. Affine-equivalent subgroups play an
important role for the derivation and classification of black-and-
white groups (magnetic groups) and of colour groups (cf. for
example Schwarzenberger, 1984). Information on equivalent
supergroups is useful for the determination of the idealized type
of a crystal structure.

For any pair of space groups � and � with � � �, the relation
between the two normalizers ���	 and ���	 controls the
subgroups of � that are equivalent to � and the supergroups of �
equivalent to �. The intersection group of both normalizers,
���,�	 � ���	 � ���	 � � may or may not coincide with
���	 and/or with ���	. The following two statements hold
generally:

(i) The index ig of ���,�	 in ���	 equals the number of
subgroups of � which are equivalent to �. Each coset of ���,�	
in ���	 maps � onto another equivalent subgroup of �.

(ii) The index ih of ���,�	 in ���	 equals the number of
supergroups of � equivalent to �. Each coset of ���,�	 in ���	
maps � onto another equivalent supergroup of �.

Equivalent subgroups are conjugate in � if and only if
� � ���	 �� �. In this case, � contains elements not belonging to
���	 and the cosets of � � ���	 in � refer to the different
conjugate subgroups.

Examples
(1) � � Cmmm has four monoclinic subgroups of type P2�m with

the same orthorhombic metric and the same basis as Cmmm:
�1 � P2�m11, �2 � P12�m1, �3 � P112�m (1 at 000),
�4 � P112�m �1 at 1

4
1
4 0	. According to Table 15.2.1.3, the

Table 15.3.3.1. Changes of structure-factor phases for the
equivalent descriptions of a crystal structure in F222

F222

h � k � l �
4n 4n � 2 4n � 1 4n � 3

t�000	 ��h	 ��h	 ��h	 ��h	
t�1

4
1
4

1
4	 ��h	 �� ��h	 3

2�� ��h	 1
2 �� ��h	

t�1
2

1
2

1
2	 ��h	 ��h	 �� ��h	 �� ��h	

t�3
4

3
4

3
4	 ��h	 �� ��h	 1

2�� ��h	 3
2 �� ��h	

�1�000	 ���h	 ���h	 ���h	 ���h	
�1�1

8
1
8

1
8	 ���h	 �� ��h	 1

2�� ��h	 3
2 �� ��h	

�1�1
4

1
4

1
4	 ���h	 ���h	 �� ��h	 �� ��h	

�1�3
8

3
8

3
8	 ���h	 �� ��h	 3

2�� ��h	 1
2 �� ��h	
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Euclidean normalizer of � is Pmmm�1
2 a, 1

2 b, 1
2 c	. Because of the

orthorhombic metric of all four subgroups, their Euclidean
normalizers ����1	, ����2	, ����3	 and ����4	 are
enhanced in comparison with the general case and coincide
with ����	. Hence, no two of the four subgroups are Euclidean-
equivalent.

(2) � � I4m2�a, b, c	, � � P4�a, b, c	.
���	 � I4�mmm�1

2 a � 1
2 b, 1

2 a � 1
2 b, 1

2 c	 is a supergroup of
index 2 of ���	 � P4�mmm�1

2 a � 1
2 b, 1

2 a � 1
2 b, 1

2 c	 �
��I4m2, P4	. Therefore, I4m2 has two equivalent subgroups
P4 that are mapped onto another by a centring translation of
���	, e.g. by t�0 1

2
1
4	. Both subgroups are not conjugate in I4m2

because � � ���	 equals �. As ���	 coincides with
���,�	, no further supergroups of P4 equivalent to I4m2
exist.

(3) � � Fm3�a, b, c	, � � F23�a, b, c	.
���	 � Im3m�1

2 a, 1
2 b, 1

2 c	 is a supergroup of index 2 of
���	 � Pm3m�1

2 a, 1
2 b, 1

2 c	 � ��Fm3, F23	. Therefore, F23
has two equivalent supergroups Fm3 that differ in their
locations with site symmetry m3 by a centring translation of
Im3m�1

2 a, 1
2 b, 1

2 c	, e.g. by t�1
4

1
4

1
4	. As ���	 coincides with

���,�	, no further subgroups of Fm3 equivalent to F23 exist.
(4) � � Pmma�a, b, c	, � � Pmmn�a, 2b, c	.

The intersection of ���Pmma	 � Pmmm�1
2 a, 1

2 b, 1
2 c	 and

���Pmmn	 � P4�mmm�1
2 a, b, 1

2 c	 is the group
��Pmma, Pmmn	 � Pmmm�1

2 a, b, 1
2 c	, which is a proper

subgroup of both normalizers. As ig equals 2, Pmma has two
affine-equivalent subgroups of type Pmmn that are mapped onto
each other by the additional translation t�0 1

2 0	 of the normalizer
of �. As ih also equals 2, Pmmn has two affine-equivalent
supergroups, Pmma and Pmmb, that are mapped onto each
other, e.g. by the affine ‘reflection’ at a diagonal ‘mirror plane’
of ����	.

15.3.5. Reduction of the parameter regions to be
considered for geometrical studies of point configurations

Each point configuration with space-group symmetry � may be
described by its metrical and coordinate parameters. To cover all
point configurations belonging to a certain space-group type exactly
once, the metrical parameters of � have to be varied without

restrictions, whereas the coordinate parameters x, y and z must be
restricted to one asymmetric unit of �. For the study of the
geometrical properties of point configurations (e.g. sphere-packing
conditions or types of Dirichlet domains, etc.), the Euclidean
normalizers (cf. e.g. Laves, 1931; Fischer, 1971, 1991; Koch,
1984a) as well as the affine normalizers (cf. Fischer, 1968) of the
space groups allow a further reduction of the parameter regions that
have to be considered.

Examples
(1) � � P4�m with asymmetric unit 0 � x � 1

2, 0 � y � 1
2,

0 � z � 1
2: A geometrical consideration may be restricted to

one asymmetric unit of ����	 � ����	 � P4�mmm�1
2 a � 1

2 b,
1
2 a � 1

2 b, 1
2 c	, i.e. to the region 0 � x � 1

2, y � min�x, 1
2 � x	,

0 � z � 1
4. All metrical parameters are unrestricted.

(2) � � P4 with asymmetric unit 0 � x � 1
2, 0 � y � 1

2, 0 � z � 1:
The normalizer ����	 � ����	 � P14�mmm�1

2 a � 1
2 b, 1

2 a �
1
2 b, �c	 restricts the parameter region to be considered to
0 � x � 1

2 , y � min�x, 1
2 � x	, z � 0. Again, no restriction

exists for the metrical parameters.
(3) � � Pmmm with asymmetric unit 0 � x � 1

2, 0 � y � 1
2,

0 � z � 1
2: The Euclidean normalizer ����	 � Pmmm

�1
2 a, 1

2 b, 1
2 c	 reduces the parameter region to be considered

to 0 � x � 1
4, 0 � y � 1

4, 0 � z � 1
4. All metrical parameters

are unrestricted. The affine normalizer ����	 �
Pm3m�1

2 a, 1
2 b, 1

2 c	 enables a further reduction of the parameter
region that has to be studied. For this, two different possibilities
exist:

(i) the metrical parameters remain unrestricted but the
coordinate parameters are limited to one asymmetric unit of
����	, i.e. to 0 � x � 1

4 , 0 � y � x, 0 � z � y;
(ii) the coordinate parameters are not further restricted, but

the metrical parameters have to obey e.g. the relation a � b � c,
i.e. a�c � b�c � 1.

(4) � � P112�m with asymmetric unit 0 � x � 1, 0 � y � 1
2,

0 � z � 1
2. The Euclidean normalizer ����	 � P112�m

�1
2 a, 1

2 b, 1
2 c	 reduces the region that has to be considered for

the coordinate parameters to 0 � x � 1
2 , 0 � y � 1

4 , 0 � z � 1
4,

but it does not impose restrictions on the metrical parameters.
These may be restricted, however, to the range a�b � 1 and
0 � 2 cos � � �a�b (as shown in Fig. 15.2.1.1) by means of the
affine normalizer ���P112�m	.
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15.4. Normalizers of point groups

BY E. KOCH AND W. FISCHER

Normalizers with respect to the Euclidean or affine group may be
defined for any group of isometries (cf. Gubler, 1982a,b). For a
point group, however, it seems inadequate to use a supergroup that
contains transformations that do not map a fixed point of that point
group onto itself. Appropriate supergroups for the definition of
normalizers of point groups are the full isometry groups of the
sphere, m�, and of the circle, �m, in three-dimensional and two-
dimensional space (cf. Galiulin, 1978).

These normalizers are listed in Tables 15.4.1.1 and 15.4.1.2. It
has to be noticed that the normalizer of a crystallographic point
group may contain continuous rotations, i.e. rotations with

infinitesimal rotation angle, or noncrystallographic rotations (�m;
m�,��mm, 8mm, 12mm; 8�mmm, 12�mmm). In analogy to space
groups, these normalizers define equivalence relationships on the
‘Wyckoff positions’ of the point groups (cf. Section 10.1.2). They
give also the relation between the different but equivalent
morphological descriptions of a crystal.

Table 15.4.1.1. Normalizers of the two-dimensional point
groups with respect to the full isometry group of the circle

The upper part refers to the crystallographic, the lower part to the
noncrystallographic point groups as listed in Table 10.1.4.1.

Normalizer Point groups

�m 1, 2, 4, 3, 6

12mm 6mm

8mm 4mm

6mm 3m

4mm 2mm

2mm m

�m n,�,�m

(2n)mm nmm, nm

Table 15.4.1.2. Normalizers of the three-dimensional point
groups with respect to the full isometry group of the sphere

The upper part refers to the crystallographic, the lower part to the
noncrystallographic point groups as listed in Table 10.1.4.2.

Normalizer Point groups

m� 1, 1

m3m 222, mmm, 23, m3, 432, 43m, m3m

��mm 2, m, 2�m, 4, 4, 4�m, 3, 3, 6, 6, 6�m

12�mmm 622, 6mm, 6�mmm

8�mmm 422, 4mm, 4�mmm

6�mmm 32, 3m, 3m, 62m

4�mmm mm2, 42m

m� 2�, m�
m35 235, m35

��mm n, n, n�m,�,��m,�2,�m,��mm

�2n��mmm n22, nmm, n�mmm, n2, nm, nm

n�mmm n2m
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Gubler, M. (1982a). Über die Symmetrien der Symmetriegruppen:
Automorphismengruppen, Normalisatorgruppen und charakteris-
tische Untergruppen von Symmetriegruppen, insbesondere der
kristallographischen Punkt- und Raumgruppen. Dissertation,
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Augmented matrix, 78–79, 86, 721
Auslöschungen (reflection conditions), 29
Automorphism group, 37, 878
Axes

of order infinity, 796
of rotation and rotoinversion, 5, 724, 796–

797, 804, 806, 811
of rotoreflection, 797, 804

Basic crystal and point form, 765, 791
Basis

crystallographic, conventional, primitive, 14,
723, 732, 742–743, 745, 753

of a lattice, 742–743
reduced, 40, 742, 750, 756
vectors, transformation of, 78

Biaxial crystals, 806
Bivariant lattice complex, 848
Blickrichtung (symmetry direction), 18, 44, 818,

819
Bravais

class, 728
flock, 729
(type of) lattice, 14–15, 720, 728, 744, 753,

757
Bravais–Donnay–Harker principle, 805
Bravais–Miller indices, 32
Buerger cell, 750, 756

with maximum deviation, 756
with maximum surface, 756
with minimum deviation, 756
with minimum surface, 756

C and c cell (tetragonal and hexagonal
lattices), 36, 61, 71, 73, 833

Cell
centred and primitive, 4, 14, 29, 743
choice, monoclinic, 17, 19–20, 38–39, 45–46,

62–63
conventional, 14, 44, 743, 757
decentring of, 35–36, 72, 74
deviation of, 756
parameters, 14–15, 33, 723
reduced, 20, 40, 742, 750
symbols, choice of, 62

Central part, lattice complexes, 871
Centre of symmetry (of inversion), 56–59, 811–

812

Centred cell and lattice, 4, 14, 26, 29, 743
Characteristic

crystal and point form, 764–765
space group, 848
(Wyckoff) position, 848, 850–851, 870–871

Cheshire groups, 878
Chirality, 804
Circle group, 904
Circular point groups, 797–798
Classes of general point groups, 796
Column part of a symmetry operation

(motion), 721, 836
Components of a set, 756
Comprehensive lattice complex, 848
Conditions for conventional cells, 757
Conditions limiting possible reflections, 29
Conjugate

elements, 738
subgroups, 28, 738, 795, 802–803, 902

Conventional basis, cell, coordinate system and
origin, 14–15, 17, 24–25, 36, 44, 732, 743,
753, 757–758

Conventional characters, 757–758
Convex sets of Niggli images, 756
Coordinate system

conventional and crystallographic, 14–15, 36,
730, 732

transformation of, 78, 87
Coordinates and coordinate triplets

of a point, 27, 35, 766, 797, 810, 813
of a point, transformation of, 79

Coset and coset decomposition, 724, 738
Covariant and contravariant quantities, 79
Crystal

class, 14, 728, 762, 794–795, 805
class, arithmetic and geometric, 720, 727–728
family, 14–15, 729, 745, 870–871
forms, 763–764, 766, 768, 770, 791, 797, 800,

846, 848
pattern, 722
space, 720
structures, equivalent description of, 900
structures, relations between, 873
system, 14, 730, 762–763, 806

Crystallographic
basis, coordinate system and origin, 14, 723,

742–743, 901
face, crystal and point forms, 791
orbit, 28, 733, 764, 846, 900
point groups, 762–763, 768, 770, 818, 904
space-group type, 727
symmetry operation, 723, 810, 812–813

Cubic
point groups, 15, 786, 799, 819
space groups, 18–19, 23–24, 69, 75, 824
stereodiagrams, 24

Cylindrical point groups, 797, 799

D cell (hexagonal lattice), 15, 73, 82
Decentring of a cell, 35–36, 72, 74
Degrees of freedom, for lattice complexes, 848,

871
Delaunay reduction and sorts, 745, 757
Derivative lattices, 843–844
Deviation of a cell, 756
Diffraction

enhancement, 46

Diffraction
multiple, 45
symbols, 44, 46

Dipole moment, 807
Direct space, 720
Direction indices, transformation of, 79
Dirichlet domain, 742, 873
Dissymmetry, 804
Distribution symmetry, 871
Domain of influence, 742, 745
Dual polyhedra, 763, 767

e glide plane, 7–8, 59
Edge form, pole and symmetry, 766, 768, 797–

798
Eigensymmetry (inherent symmetry)

of crystal and point form, 764, 766, 791, 804
of orbit, 900

Eisenstein–Niggli reduction, 745
Electric moment, 807
Enantiomerism, 804
Enantiomorph, selection of, 902
Enantiomorphic

screw axes, 6
space groups, 35, 53, 727, 836
spheres, 807

Enantiomorphism, 799, 804–805
Enhanced symmetry of Euclidean

normalizers, 880–881
Equivalent

descriptions of crystal structures, 900
lists of structure factors, 901
point configurations, 900
subgroups and supergroups, 902
Wyckoff positions, 900

Etch figures and pits, 805
Euclidean

group, 902, 904
normalizers, 739, 878–879, 881–883, 895,

900, 904
normalizers, enhanced symmetry, 880–881
space, 721

Extended Hermann–Mauguin space-group
symbols, 6, 19, 61–63, 69–71, 73, 75, 831

Extinction symbols, 44–46
Extinctions, 29, 832
Extremal principles, 756

F cell (tetragonal lattice), 66, 71
Face form, pole and symmetry, 763–764, 766,

770, 791, 798–800, 805
Family, crystal, 14–15, 729, 744, 870–871
Ferroelectricity, 807
Fixed point of a symmetry operation

(motion), 722, 810, 812
Fourier synthesis, asymmetric unit, 26
Friedel’s rule, 44, 51, 762, 902

Genera, 757
General

class, 796
face and point, 762–764, 797
form (crystal, face and point), 763–765, 768,

770, 791, 798, 800
point groups, 762, 796, 798, 800, 802–803,

904
position, 26–27, 28, 725, 732, 764, 810
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General
position, diagrams of, 23
reflection conditions, 29
system, 796

Generalized symmetry, 720, 832
Generating point group, 764, 791
Generators of a group, 27, 736, 766, 819, 821–

823
Geometric crystal class, 728, 762
Gitterkomplex (lattice complex), 846
Glide

line, plane and vector, 5–8, 19, 30–31, 39,
724, 811, 813, 821

part of a symmetry operation (motion), 724,
810–811, 813, 821, 822, 825

reflection, 5–6, 722, 810–811, 813
Graphical symbols, 7–10
Grenzform (limiting form), 765
Group–subgroup degradation, 874
Group–subgroup relations, 734
Grundform (basic form), 765

H and h cell (hexagonal lattice), 4, 29, 31, 34,
36, 73, 82, 833

Hemihedry, 762
Hermann–Mauguin

plane-group symbols, 17–18, 61
point-group symbols, 6, 763, 791, 797–799,

818–819
space-group symbols, 6, 17, 18, 21, 38, 40,

62, 821, 823–824
space-group symbols, extended, 6, 19, 62–63,

69–71, 73, 75, 831
symbols, changes of, 19, 61–62, 69–71, 73,

75, 833
Hexagonal

axes, cell and coordinate system, 4, 14–16,
81, 763

Bravais system, 14–15, 730
crystal system and crystal family, 15
plane groups, 61
point groups, 15, 769, 782, 819
space groups, 18, 23, 68, 73, 824

Holohedry and holohedral point group, 15, 728,
743, 762, 763, 796

Icosahedral point groups, 797, 800–801, 802
Incommensurate phases, 720
Index of a subgroup and supergroup, 35–36,

795, 836, 843, 902
Index of a sublattice, 759
Indicators of a group, 819, 822
Indicatrix, optical, 806
Inherent symmetry (eigensymmetry)

of crystal and point form, 764, 766, 791, 804
of orbit, 900

Integral reflection conditions, 29
Intensity distributions, 53
International space-group symbols, 17–18, 794,

818–819, 822–823
Intersection parameter, 823
Intrinsic glide part of a symmetry operation,

724
Intrinsic screw part of a symmetry

operation, 724
Intrinsic translation part of a symmetry

operation, 724, 810, 813
Invariant lattice complex, 848, 870
Invariant (normal) subgroup, 724, 738, 795
Invariants of a transformation, 86
Inversion, 722, 815–816

centre, 5, 9, 56–59, 811–812

Inversion
point of a rotoinversion, 724, 813

Isomers, optical, 804
Isometric mapping and isometry, 721
Isometry group

of the circle, 904
of the sphere, 904

Isomorphic subgroups and supergroups, 36–37,
62, 735, 836–838

Isomorphism of point groups, 762
Isomorphism type of space groups, 726
Isosymbolic groups, 836
Isotropic crystals, 806

Klassengleiche (k) subgroups and
supergroups, 35, 56, 62, 70, 72, 74–75,
735, 831, 836

Kugelgruppe (sphere group), 799

Lagesymmetrie (site symmetry), 28
Lattice

basis, 742–743
centred and primitive, 14, 29, 723
characters, 753–754, 756
complexes, 846, 848, 850–851, 873
complexes, descriptive symbols for, 849, 870,

872–874
complexes, reference symbols for, 848
constants, 723
derivative, 843–844
parameters, 14, 723, 743
point symmetry, 15, 728, 762, 795
symmetry directions, 18, 44, 818, 819
system (Bravais system), 14, 730–731
topological properties of, 742
type (Bravais type), 14–15, 728, 744, 753,

757
Laue class, group and symmetry, 15, 19, 44, 46,

762–763, 805, 902
Limiting

crystal and point form, 763, 765, 767, 791,
800, 848–849

lattice complex, 848, 873
Line (one-dimensional) groups and lattices, 4,

15, 40, 724
Linear

mapping, 722
part of a motion or transformation, 78, 721

Location
of a symmetry element, 56–59, 810, 813
part of a symmetry operation (motion), 810,

813, 821, 823

Mapping, linear, 722
Matrices for point-group symmetry

operations, 766, 802, 815–816
Matrices for unit-cell (basis) transformations, 80
Matrix

augmented, 85, 721
notation of symmetry elements, 810–816
of metrical coefficients (metric tensor), 85,

87, 742, 745
part of a symmetry operation (motion), 721,

810, 812–813, 836
representation of a symmetry operation, 26,

763, 810, 812–813, 821
Maximal subgroups, 35–36, 734, 795–796, 802–

803, 836
Merohedry, 762

twinning by, 45
Metric tensor (matrix of metrical

coefficients), 85, 87, 742, 745

Metrical conventions for labelling of axes, 40,
742

Metrics in point and vector space, 721
Miller indices, 763, 766, 768, 770, 797

transformation of, 78–79, 902
Minimal supergroups, 35, 37, 735, 795–796
Mirror line, plane and point, 5, 40, 811
Missing spectra, 29
Monoclinic

crystal system, 15
point groups, 15, 770, 819
settings and cell choices, 15, 17, 19–20, 38,

45–46, 62–63, 80, 833
space groups, 17–20, 38, 45–46, 62–63, 824

Morphological aspect, 44
Morphology, 804
Motion, 721
Multiple diffraction, 45
Multiplicity

of a crystal (face) form or of a point
form, 764, 797

of a Wyckoff position, 27, 766

n-Dimensional crystallography, 720
Neumann’s principle, 804
Niggli cell, 756
Niggli images, 756

convex sets of, 756
Niggli point, 756
Non-characteristic

crystal and point form, 764–765
orbit, 32, 849

Non-crystallographic point groups, 762, 796,
904

Non-isomorphic subgroups and supergroups, 35,
37, 62, 70, 836

Normal subgroup, 724, 738, 795
Normalizers

affine and Euclidean, 733, 739, 878, 879,
881–883, 895, 899–900

of a group, definition of, 739, 878
of plane groups, 878, 879, 881–882
of point groups, 765, 904
of space groups, 37, 738, 878, 879, 882–883,

895, 899–900

Oblique plane and point groups, 61, 768
Obverse setting of R cell, 4, 17, 23, 29, 37, 52,

73, 81–82, 84
Ogdohedry, 762, 795
One-dimensional (line)

groups and lattices, 4, 15, 40, 724
symmetry elements and operations, 5, 9, 40

Optical
activity and optical properties, 804–806
isomers, 804

Orbit
crystallographic, 28, 733, 764, 846, 849, 900
inherent symmetry (eigensymmetry) of, 900
non-characteristic, 32, 849

Order of a point group, 762, 764, 795–796, 798–
799, 802

Oriented face- and site-symmetry symbol, 28,
766, 791, 800

Origin, conventional and crystallographic, 14,
17, 24–25, 732

Origin shift (transformation), 78, 823
permissible, 901

Orthohexagonal C cell, 74, 81, 833
Orthorhombic

crystal system, 15
point groups, 15, 771, 819
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Orthorhombic
settings, 20, 44, 59, 838
space groups, 18, 20–21, 47, 64, 68, 824

Parity classes of reflections, 902
Parity conditions, 839
Patterson symmetry and function, 19–20
Patterson syntheses, 53
Phase transitions, 874
Physical properties and symmetry, 804
Piezoelectricity and piezoelectric classes, 804–

805, 807
Plane (two-dimensional) lattices, nets and

cells, 4, 15, 844
Plane (two-dimensional) space groups, 14, 18–

19, 20, 31, 61, 724, 837
lattice complexes of, 850
normalizers of, 879, 881–882
symbols for, 17–19, 61
symmetry directions, 18
symmetry elements and operations, 5, 7, 9

Point
configurations, 846, 849
configurations, geometrical properties, 873
forms, 763–764, 766, 768, 770, 791, 797–800
lattice, 723
position, 27, 846
space, 720
symmetry (of a lattice), 15, 28, 728, 762, 795

Point groups
and physical properties, 804
crystallographic, 762–763, 768, 770, 818, 904
definition of, 724–725, 728, 732, 762
determination from physical properties, 804
diagrams and tables of, 762–763, 768, 770,

800
general and non-crystallographic, 762, 796,

904
normalizers of, 765, 904
one-dimensional, 15, 40
subgroups and supergroups of, 795, 802–803
symbols for, 15, 762–763, 798, 818
symmetry elements and operations of, 5, 7, 9,

815–816
Polar axis, direction and point group, 804, 806–

807
Pole, edge and face, 763–766, 768, 770, 791,

797–800, 805
Polyhedron and polygon (crystal and point

form), 763, 765
Position

general and special, 23, 26, 27–28, 725, 732,
764, 766, 810

vectors, transformation of, 79, 87
Positive affine space-group type, 727
Possible space groups, 45–46
Primitive basis, cell and lattice, 4, 14, 26, 29,

723, 743, 745, 843
Printed symbols, 2, 4–5
Priority rule, 39, 59
Projection

of a centred cell (lattice), 34
of a symmetry element, 34

Projection symmetry
of a point group, 768, 770, 800
of a space group, 17, 33–34

Projections, stereographic, of point groups, 763,
768, 770, 800

Proper affine space-group type, 727
Proper subgroup, 734
Punktlage (position), 27, 846
Punktsymmetrie (site symmetry), 28

Pyroelectricity and pyroelectric classes, 804–
805, 807

Quasicrystals, 720

R cell (rhombohedral lattice), 4, 17, 23, 37, 73,
81–82, 84

Realization of a limiting crystal form, 765, 795
Reciprocal lattice, 766
Rectangular plane and point groups, 61, 768
Reduced basis and cell, 20, 40, 742, 750, 756

main conditions, 750
special conditions, 750–751

Reduced form, 750
Reflection conditions, 29, 44, 46, 832, 873
Reflection (mirror reflection), 5, 722

line, plane and point, 5, 7–9, 40, 811
Refraction, 806
Reverse setting of R cell, 4, 17, 29, 37, 52, 73,

81, 84
Rhombohedral

axes, cell, coordinate system and lattice, 4,
14–16, 29, 81–82, 84, 763, 836

lattice (Bravais) system, 14, 16–17, 730
space groups, 4, 14, 17–18, 23, 29, 68, 824,

837
Rotation and rotoinversion, 5, 722, 810–811

axes and points, 5, 9–10, 724, 796–797, 804,
806, 811–812

sense of, 6, 810–813
Rotation part of a symmetry operation

(motion), 721, 810, 812–813, 821, 836
Rotoreflection axes, 797, 804

S centring, 4, 15, 743
Schoenflies

point-group symbols, 763, 794, 797–799, 818
space-group symbols, 17, 63, 821, 824

Screw
axes and vectors, 5, 9–10, 30–31, 724, 810,

812–813
part of a symmetry operation (motion), 724,

810, 812–813, 821, 822, 825
rotation, 5, 722, 810, 812–813, 821

Second-harmonic generation, 805, 807
Seitz symbol, 721
Selling–Delaunay reduction, 745
Sense of rotation and rotoinversion, 6, 810–813
Serial reflection conditions, 30–31
Settings

monoclinic and orthorhombic, 17, 20, 38,
44–47, 62–64, 68, 80, 833, 836

rhombohedral, obverse and reverse, 4, 17, 29,
52, 81–82

Shift of origin, 78, 87–88
Shift vector, lattice complexes, 871
Shubnikov

point-group symbols, 818–819
space-group symbols, 821, 824

Site-set symbol, 871
Site symmetry, 28, 732, 764–766, 791, 797, 800,

846
Space-group type

affine, 726–727
crystallographic, 727
positive affine, 727
proper affine, 727

Space groups
changes of, 833
classification of, 14, 726
definition of, 724, 726
determination of, 29, 44, 46, 51

Space groups
diagrams of, 17, 20
enantiomorphic, 35, 53, 727, 836
incorrect assignment of, 874
isomorphism type, 726
lattice complexes of, 851
normalizers of, 37, 738, 879, 882–883, 895,

899–900
one-dimensional (line groups), 15, 40
subgroups and supergroups of, 35–38, 56, 62,

734, 836, 843, 902
symbols, changes of, 19, 62
symbols for, 17, 18, 38–40, 821, 823–824
symmorphic, 19, 725, 727
two-dimensional (plane groups), 15

Special
face and point, 764
form (crystal, face and point), 763, 764, 766,

791, 800
position, 28, 732, 764
reflection conditions, 29, 32

Specialized metric, Euclidean normalizers, 879,
881

Sphere group, 799, 904
Sphere packings, 873
Spherical point groups, 797, 799, 802
Square plane and point groups, 61, 768
Stereodiagrams, cubic, 24
Stereographic projections of point groups, 763,

768, 770, 800
Structural (non-space-group) absences, 32
Structure factors, equivalent lists of, 901–902
Subgroups and supergroups

affine and Euclidean (normalizer)
equivalent, 902

conjugate, 28, 738, 795, 802
definition of, 734
index of, 35–36, 724, 795, 836, 843
isomorphic and non-isomorphic, 35–38, 62,

70, 735, 836
isosymbolic, 836
klassengleich (k), 35, 56, 62, 70, 72, 74–75,

735, 831, 836
maximal (subgroups), 36, 734, 795–796, 802–

803, 836
minimal (supergroups), 37, 735, 795–796
normal or invariant (subgroups), 724, 738,

795
of point groups, 795–796, 802–803
of space groups, 35–38, 56, 62, 734, 836, 843,

902
proper, 734
translationengleich (t), 35, 56, 62, 71–72, 74–

75, 735, 796
Sublattices

index of, 759
number of, 759

Subperiodic groups, 720
Symbols

for Bravais (types of) lattice, 14–15
for centring types (modes) of cells, 4, 39
for crystal families, 14–15
for lattice complexes, 848
for line (one-dimensional) groups, 4, 15, 40
for Patterson symmetries, 20
for plane (two-dimensional) groups, 4, 15,

17–18, 61
for point groups and crystal classes, 15, 762–

763, 794–795, 798, 800, 818–819
for site and face symmetries, 28, 768, 770,

791, 797, 800
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Symbols
for space groups, 17, 18, 40, 62–63, 821, 823–

824
for space groups, changes of, 19, 62, 70–71,

75, 833
for symmetry elements and operations, 5, 7,

763, 810, 812–813
Symétrie ponctuelle (site symmetry), 28
Symmetrische Sorten, 744, 745, 748, 749, 757
Symmetry

axes, centre, lines and planes, 5, 7–9, 763,
796, 810

directions, 18, 44, 818, 819, 833
elements, additional, 56, 61–62, 71, 74–75,

831
elements, definition and symbols, 5–10, 724,

818, 821
elements, diagrams of, 7, 20, 763
enhancement of Euclidean normalizers, 880–

881
generalized, 720
group, 722
inherent (eigensymmetry), 764, 766, 791,

804
non-crystallographic, 762, 796, 798, 904
of a Patterson function, 19
of diffraction record, 762
of physical properties, 804
of sites (points), 28, 732, 764–766, 791, 797,

800
of special projections, 17, 33, 764
operation, definition and symbols, 5–6, 26–

27, 722, 723, 810, 812–813, 815–816, 818,
821

operation, matrix representation of, 26, 28,
763, 810, 812–813, 821, 836

operations, matrices for, 766, 802, 815–816
operations, transformation of, 86

Symmorphic space group, 19, 725, 727
System

crystal, lattice and Bravais, 14–15, 44, 730,
762–763

general, 796
lattice, 730–731

Systematic (space-group) absences, 29, 44, 832

Tensor properties, 804, 807
Tetartohedry, 762, 795
Tetragonal

crystal system, 15
point groups, 15, 773
space groups, 18, 23, 50, 66, 71, 824

Topological characteristic of lattice
characters, 756

Topological properties of lattices, 742
Transformation

affine, 78, 84
invariants of, 86
linear part of, 78
of basis vectors and coordinate system, 78,

87, 901
of direction indices, 79
of matrix of the geometrical coefficients

(metric tensor), 87
of Miller indices, 78–79, 902
of origin (origin shift), 78, 87–88, 901
of point coordinates, 79, 86
of position vectors, 79, 87
of symmetry operations (motions), 78,

86
of unit cell, 78, 901

Translation
and translation vector, 56–57, 722, 810,

812
part of a symmetry operation (motion), 721,

722, 724, 810, 812, 821, 823, 836
subgroup of a space group, 724, 744

Translationengleiche (t) subgroups and
supergroups, 35, 56, 62, 71–72, 74–75,
735, 796

Triclinic
crystal system, 15
point groups, 770, 819
space groups, 18, 20, 46, 62–63, 824

Trigonal
crystal system, 14, 15
point groups, 15, 776, 819
space groups, 14, 23, 52, 68, 73, 824

Trivariant lattice complex, 848
Truncation of a polyhedron, 767
Twinning, 45, 806

Two-dimensional (plane)
lattice complexes, 850
lattices, nets and cells, 4, 15, 61, 844
point groups, 15, 763, 768, 798
space groups, 14, 18, 20, 31, 61, 724, 837
space groups, normalizers of, 879, 881–882
space groups, symbols for, 18–19, 61
symmetry directions, 18
symmetry elements and operations, 5, 7, 9

Type
of lattice (Bravais type), 14–15, 728, 744
of limiting crystal and point forms, 765
of point group, 762
of reduced cell, 20, 750
of Wyckoff sets, 734, 846

Uniaxial crystals, 806
Unique monoclinic axis, 17–18, 20, 38–39, 62–

63
Unit cell, 723, 742

transformation of, 78, 901
Univariant lattice complex, 848

Vector
glide and screw, 5, 7–10, 30–31, 724, 811
lattice, 723
part of a symmetry operation (motion), 721,

810, 812
set of a crystal structure, 19
space, 721

Voronoi domain and Voronoi type, 742, 744,
749, 751

Weissenberg complexes, 849, 871
Wigner–Seitz cell, 742
Wirkungsbereich (domain of influence), 742
Wyckoff

letter (notation), 27, 733, 764, 766, 797
position, 27, 733, 764, 765–766, 846, 848–

851, 870, 873, 901
set, 733–734, 846, 848, 850–851, 873, 901

Zonal reflection conditions, 30, 45
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